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Abstract

Large eddy simulation (LES) of turbulent channel flow with mass transfer has been performed to investigate the
effect of the Schmidt number on the turbulence behaviors. The three-dimensional filtered Navier—Stokes equations and
the concentration equation are numerically solved using a fractional-step method. Dynamic subgrid-scale (SGS) models
for the turbulent SGS stresses and mass fluxes are employed to closure the governing equations. The objectives of this
study are to examine the reliability of the LES technique for predicting the turbulent mass transfer at high-Schmidt
numbers and to analyze the behavior of turbulent mass diffusion from a solid boundary to the adjacent shear flow at
different Schmidt numbers. Fully developed turbulent channel flows with constant difference of concentrations imposed
on different walls are calculated for a wide range of the Schmidt number from 0.1 up to 200 and the Reynolds number
13 800 based on the centerline mean velocity and the half-width of the channel. To show the effects of Schmidt number
on the turbulent mass transfer, mean and fluctuating resolved concentrations, mass transfer coefficient, turbulent mass

fluxes, and some instantaneous flow and concentration fields are exhibited and analyzed.
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1. Introduction

Turbulent mass and heat transfer from wall or be-
tween two solid boundaries are of great interest in a
variety of engineering applications. Experimental and
numerical studies have been performed to investigate
this problem at various Reynolds (Re) and Schmidt (Sc)
numbers. However, very few results in the literature
were concerned with the concentration fluctuations and
velocity—concentration correlations in the mass transfer
of the turbulent boundary layer, in particular, at high-
Schmidt number. For a better understanding of the
mechanisms controlling the turbulent mass transfer
from a rigid boundary, it is helpful to examine the
concentration and velocity fluctuations and their corre-
lations simultaneously.
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In the problem of mass transfer by fluid flow, the
Schmidt number can be ranged from order of unity or
less for gaseous substances in air, to hundreds for sa-
linity in water, and to thousands for color dyes in water.
Such problems can be described by the concentration
variable that is solely advected by the fluid and trans-
ported by the random motion of micro-particles, but
which is neither created nor destroyed within the flow
and does not directly affect the flow field. The funda-
mental mechanism and main statistical characteristics of
the fluctuating mass transfer need to be investigated in
detail. In the case of the mass transfer at low or mod-
erate Schmidt numbers, a significant concentration
gradient exists not only in the diffusive sublayer but also
in the region outside the sublayer. High-Schmidt num-
ber mass transfer is of special importance in the under-
standing of the mass transfer in a turbulent boundary
layer flow. The mass diffusive sublayer for the high-
Schmidt number mass transfer by the rigid boundary is
very thin, and the mass transfer efficiency is primarily
controlled by turbulent motions very closing to the wall.
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Nomenclature

C concentration

C resolved concentration

(o4 resolved concentration fluctuation

Cs concentration on the upper wall

C_;s concentration on the bottom wall

C, friction concentration

D molecular diffusivity

G SGS model coeflicient

K¢ turbulent mass transfer coefficient

p resolved modified pressure

Pr Prandtl number

qi SGS turbulent mass flux

Re Reynolds number

Sy resolved strain rate tensor

Sc Schmidt number

Ser turbulent Schmidt number

t time

Un centerline mean velocity of the channel
resolved streamwise velocity component

u; resolved velocity components

u velocity fluctuations

u, friction velocity

v resolved wall-normal velocity component
w resolved spanwise velocity component
X; Cartesian coordinate axes

y wall-normal coordinate

0 half-width of the channel

5% thickness of diffusive sublayer

4 size of grid filter

) size of test filter

Ty SGS turbulent stress tensor

v molecular kinematic viscosity

() time and spatial averaging

Subscripts

rms root mean square

min minimum

Superscript

+ normalized quantity by wall parameters

The complexity of turbulence interactions near the wall
results in unusual behaviors of the concentration fluc-
tuations. Thus it is a challenging task to study the mass
transfer at high-Schmidt numbers.

Many efforts have been devoted to the experimental
investigation and numerical simulation of this problem.
Buch and Dahm [1,2] and Shaw and Hanratty [3] ex-
perimentally studied the small-scale structure of con-
served scalar fields in turbulent shear flows for the cases
of Sc > 1 and Sc = 1. Kader and Yaglom [4] studied the
laws of mass transfer for fully developed turbulent wall
flows. In the numerical simulation, it is necessary to
accurately calculate and analyze the concentration and
velocity fluctuations near the wall. The numerical cal-
culation, in particular, the direct numerical simulation
(DNS) can reasonably predict the fluctuating quantities,
the correlations of the fluctuations, the structures of the
concentration field, and the scalar spectrum. However,
because of the expensive cost of DNS, the previous work
based on DNS was only limited to low-Schmidt and
low- to medium-Reynolds flows. Yeung et al. [5] used
the DNS to study the mass diffusion with Sc up to 4.
Similar studies on passive heat transfer with the Prandtl
number Pr < 10 by turbulent flow were reported in [6—
10]. Lyons et al. [11,12] also studied the passive heat
transfer between the walls of a channel at the Prandtl
number unity. However, it is almost impossible to solve
those problems, in which both the Reynolds and Sch-
midt numbers are high, using the DNS since the number
of mesh points required to describe all the concentration

scales is of order Sc’Re®/*. So, the limitation of the grid
resolution has restricted the DNS to low values of the
Schmidt number.

It is now well established that large eddy simulation
(LES) technique, which is much cheaper than DNS since
it solves only the large-scale components of turbulent
flow and models the subgrid-scales (SGS) effects via SGS
models, provides an efficient tool to study the detailed
features of turbulent flows. In the LES, the SGS model
plays a key role. A dynamic SGS model was proposed
by Germano et al. [13,14] which overcomes some in-
trinsic drawbacks of the classical Smagorinsky model.
The dynamic model received a large success in the past
years and it gave a new impetus on the applications and
developments of new strategies for the LES. This ap-
proach was also extended to the compressible turbulence
by Moin et al. [15]. Later, Wang and Pletcher [16] used
this compressible version to investigate the turbulent
flow in a channel with significant heat transfer. Calmet
and Magnaudet [17] used the dynamic mixed model
proposed by Zang et al. [18] to carry out the calculation
of mass transfer in a turbulent channel flow. In addition,
linear eddy model was used by Chakravarthy and Me-
non [19] to study Reynolds and Schmidt number effects
on the turbulent scalar mixing. Those studies make a
highly tempting to use dynamic SGS models for study-
ing high-Schmidt-number mass transfer near rigid
boundaries.

Usually, a fully developed turbulent channel flow is
used as a typical flow because of its simple geometry and
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fundamental nature in understanding the mass transfer
between fluid and solid walls. In this paper, LES tech-
nique is employed to investigate the fully developed
turbulent channel flow with the mass transfer. The three-
dimensional resolved incompressible Navier—Stokes
equations and the concentration equation are solved
simultaneously by the fractional-step method proposed
by Kim and Moin [20]. Dynamic SGS models for SGS
turbulent stresses and turbulent mass fluxes are used to
closure the equations. Some typical quantities are dis-
cussed based on the present LES calculation.

This paper is organized as follows. The mathematical
formulation and the dynamic SGS model for the tur-
bulent stresses and mass fluxes are described in Section
2. Numerical method is briefly given in Section 3. In
Section 4, some relevant quantities including mean and
fluctuating resolved concentrations, mass transfer coef-
ficient, and turbulent mass flux are discussed. Finally,
concluding remarks are given in Section 5.

2. Governing equations

Numerical solutions are obtained by solving the
three-dimensional, time-dependent filtered incompre-
ssible Navier-Stokes equations and concentration
equation simultaneously. To non-dimensionalize the
governing equations, as shown schematically in Fig. 1,
the half-width ¢ of the channel is used as the length scale,
the mean velocity U, at the central line as the velocity
scale, and the difference of concentration between the
upper and lower walls AC as the concentration scale.
Then the non-dimensional governing equations are given
as

where t; = R; — 6;Ru/3, R; =um; —uit;, q; = Cu;—
Ciu;, overbar “~” represents the resolved variable, the
Reynolds number Re is defined as Re = U,,J/v, and the
Schmidt number Sc as Sc = v/D, here v is the kinematic
viscosity and D is the molecular diffusivity of scalar, and
p is the resolved modified pressure, which contains a
term Ry / 3.

In Egs. (2) and (3), 7;; and g, represent SGS turbulent
stress and mass flux, respectively, which need to be
modeled by SGS models. It is assumed that the mass
concentration is a passive scalar that does not influence
the flow dynamics. Thus the concentration depends on
both Re and Sc independently. The overall expressions
of the SGS stresses and the SGS turbulent mass flux
read, respectively

T,‘j = —2GZZ|§‘§U (4)
and
—2
GA™ — oC
- _ 27 5= 5
4= 5 Sl (5)
where
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Here, the model coefficients of G and Sct in Egs. (4) and
(5) are determined by use of the approach proposed by
Germano et al. [14]. After introducing a test filtering

~

with a filter width 4 to Egs. (1)—(3), the coefficients G
and Scr can be dynamically determined, by a least-
square approach, as
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Fig. 1. Sketch of channel flow with mass transfer.
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Here, « = 4/ is chosen as 2 in the present calculation,
()5 denotes some kind of spatial averaging to remove the
calculation oscillation [14]. In the present calculation for
turbulent channel flow, the average is taken in the plane
parallel to the wall plate since both the flow field and the
concentration field are assumed statistically homoge-
neous in the streamwise and spanwise directions.

In this study, a fully developed turbulent channel
flow with mass transfer, as shows in Fig. 1, is calculated.
The flow and concentration fields are assumed to be
statistically homogeneous in the streamwise (x) and
spanwise (z) directions. Thus periodic boundary condi-
tions are employed in those directions. Two different
constant concentrations Cs = 0.5 and C_; = —0.5 are
imposed on the top and bottom walls respectively, which
drive the mass transfer. At the walls y = +1, no-slip and
no-penetration velocity conditions are imposed.

3. Numerical methods

Eqgs. (1)-(3) are discretized using the second-order
accurate finite-difference scheme for both spatial and
temporal derivatives. A staggered grid is used to solve
the governing equations. The system of discretized
equations is solved by a fractional-step method and the
advancement in time is performed by the semi-implicit
scheme using the Crank—Nicolson scheme for the vis-
cous terms and three-stage Runge-Kutta scheme for the
convective terms. The low-storage Runge-Kutta meth-
ods have the additional advantage that they require the
minimum amount of computer memory for this class of
schemes. Spatial derivatives are approximated by a
second-order central difference. The relevant discretized
formulation was described in detail by Verzicco and
Orlandi [21] and Verzicco and Camussi [22].

4. Results and discussion

In the present study, the Schmidt number is chosen
from 0.1 to 200 and the Reynolds number based on the
centerline mean velocity and the half-width of the
channel is 13 800. The computational domain is 279, 26
and 4nd/3 with corresponding grid number being
65 x 97 x 65, in the streamwise (x), wall-normal (y) and
spanwise (z) directions, respectively. The chosen com-
putation domain ensures that the two-point correlations
separated by those length scales in the streamwise and
spanwise directions are negligibly small. The grid inde-
pendence of the computational results has been checked

in advance. The grid is uniform along x- and z-direc-
tions. In the wall-normal direction (y), to increase the
grid resolution near both the walls, the mesh size is
stretched following the transformation used by Moin
and Kim [23,24]

vi= é tanh[¢; tanh™ (a)] (7)
where ¢, =14+2(j—1)/(N—1) and j=1,...,N. The
value of a is selected so that the grid distribution in the
y-direction is sufficient to resolve the viscous sublayer
and diffusive sublayer near the boundary. Therefore, the
larger the Schmidt number is, the larger the parameter a
(0 <a<1) should be. The minimum mesh sizes
Ayl =043, 032, 021 and 0.16 are here used for
Sc =1, 10, 100 and 200, respectively. Mass transfer
computation is started after the flow field has reached a
fully developed turbulent state. Initial concentration
field is set to be a linear distribution along the y-direc-
tion and homogeneous in the horizontal planes.

To validate quantitatively the present calculation, a
fully developed turbulent channel flow is calculated at
Re = 13800, which has been repeatedly used in the LES
and DNS literature [17,24]. The root mean square (rms)
values of the resolved streamwise, spanwise and wall-
normal velocity fluctuations, normalized by the friction
velocity, are shown in Fig. 2 and compared with the
previous LES results given by Calmet and Magnaudet
[17]. The streamwise component u! . reaches its maxi-
mum at y© &~ 14 and the maximum value is 3.3, which is
in very good agreement with the computational results
given in [23,24] (not shown here) and slightly deviates
the value of 3.2 given by [17]. The maximal values of
fluctuations of the spanwise velocity (w! ) and the wall-

rms
normal velocity (v/;.) are 1.0 and 0.9 approximately, in

4
i u’ Present LES
[ - - —- V" Present LES
1 w" Present LES
3k = u Calmet etal.
L Ao V' Calmet etal.
*3 w' Calmet etal.
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1
O/..-’Av..l“\‘l‘,‘.lll“
20 40 60 80
+
y

Fig. 2. Distributions of resolvable turbulent intensities along
the streamwise, spanwise and wall-normal directions in the wall
region.
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good agreement with the measurements of Kreplin and
Eckelmann [25]. The present computational code has
also been verified by our previous studies [26-28]. Thus,
it can be confirmed that our calculation is reliable for the
prediction of statistical quantities of the turbulent flow
and mass transfer.

To depict the behavior of the turbulent mass transfer
in the vicinity of the wall, the mean concentration near
the bottom wall, ie., (CT)=[(C(y))— C(-1)]/C., is
plotted in Fig. 3 versus y* = (v + 1)u,/v in logarithmic
scale, where u, represents the friction velocity, ( ) de-
notes an averaging in the plane parallel to the wall plate
and in time, and C, is defined as

D (9(C
c.-L(@)
u, \ 0y
It is seen that higher concentration appears at larger
Schmidt number in the vicinity of the wall. Similar to the
mean velocity distribution, there exists a buffer layer

followed by a logarithmic region in the mean concen-
tration profile, where, (C*) behaves as

(C*) = alny* + B(Sc) 9)

(8)

y==0

Kader and Yaglom [4] found o = 2.12 approximately
while Kader [29] gave an empirical expression for the
function f(Sc) that describes the experimental results in
the logarithmic region of the fully turbulent boundary
layer. The curves of (9) are plotted in Fig. 3. It is in-
teresting to note that, as expected, the slope of « is ap-
proximately constant for Sc =0.3, 1 and 10, almost
independent of the Schmidt number. This means that
the y*-logarithmic plots of the mean concentration
profile may be nearly parallel for different Sc numbers,
which was also confirmed by Kawamura et al. [7] based
on DNS calculations.

60 ;
T—
—=— Sc=10 _ _.==T
| —¥— Sc=1 i
45— 503 H

------- Linear Law
—+—== Logarithm Law

U30F

Fig. 3. Profiles of mean resolved concentration for different
Schmidt numbers.

Within the diffusive sublayer near the boundary,
Shaw and Hanratty [3] theoretically suggested a relation
between the non-dimensional thickness 87 of the mass
diffusive sublayer and its dynamic equivalent §; through
the Schmidt number,

08 =8c7'Ps; (10)

To illustrate the behavior of the diffusive sublayer, mean
velocity and concentration profiles at Sc = 1 are shown
in Fig. 4, where the velocity and concentration are
normalized by u, and C, defined in (8), respectively. As
shown in Fig. 4, it can be identified that - =4, in
agreement with Eq. (10) at Sc = 1. In Fig. 4, the mean
concentration data calculated by Calmet et al. [17] is
also plotted and compared well with the present results.

Fig. 5 shows the profile of the mean concentration at
Sc = 100 in the near wall region. It is seen that the mean
concentration profile exhibits a buffer layer followed by
a logarithmic region in accordance with the relation (9).
By checking the mean concentration profiles in Figs. 4
and 5, we can see that the values of the thickness of the
diffusive sublayer turn to be quite close to the Sc~!/3
dependency predicted by (10). Experimental and com-
putational data by Nagano and Shimada [30] at Sc = 95
and Re = 10* are also given in Fig. 5. Although the
parameters Sc and Re in the present calculation are
somewhat different from those in [30], both results are
still in good agreement with each other.

Fig. 6 shows the global profiles of mean concentra-
tion for different Sc numbers from 0.1 to 200. It is seen
that the diffusive boundary layer thickness gets thinner
and thinner with the increase of the Schmidt number. If
we re-normalize the profiles by using C; in (8) versus y*
in the vicinity of the wall, it is easy to find that the values
of the diffusive sublayer thickness at different Sc¢ num-
bers are related approximately by the Sc~'/3 law given in

20
I C" Present LES e
| === ui Present LES Vil
s . C" LES by Calmet etal. 7
15F ==== Logarithm Law of C A 2
- _..—..— Linear Law of C” e
+/\ I y
=
\Y
A
¥
&}
Vv

grs

Fig. 4. Distributions of mean resolved concentration and
streamwise velocity at Sc = 1.
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Fig. 5. Profile of mean resolved concentration at S¢c = 100 and
comparison with experimental and computational data.

Fig. 6. Profiles of mean resolved concentration for different
Schmidt numbers.

(10) and by the Sc™%? law predicted by the experiment
[3]-

Now, we discuss the Schmidt number dependence of
turbulent mass transfer coefficient K!. The calculated
results given by the present study are shown in Fig. 7,
and K} is defined as

w-aae (%), ah

where AC is the difference of concentrations on different
walls. Kader and Yaglom [4] suggests the Sc dependence
of K& as K& ~ Sc™2/% as Sc — oo. Shaw and Hanratty [3]
found K} ~ Sc™7 from their experiment. Some data
predicted by Calmet et al. [17] is also presented in Fig. 7.

10" .
AN
A
AN
107 F N
2 - A - Present LES RN
N
A
O  DatainCalmetetal. “\}_
3
"""" Sc™ Law RV
e - Sc¢*” Law .\:'tj_:
-3 ) el | "
10" 10° 10" 10° 10°
Sc

Fig. 7. Distribution of turbulent mass transfer coefficient ver-
sus the Schmidt number.

0.12

0.08

Crms

0.04 /8

—&— Sc=0.1
—— Sc=0.3

Fig. 8. Profiles of the rms of the resolvable concentration
across the channel (a) and close to the wall (b).
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Fig. 9. Distributions of the vertical (a) and streamwise (b)
turbulent mass fluxes for different Schmidt numbers.

It can be identified that they are in good agreement with
each other.

Fig. 8 shows the profiles of the rms values of the
resolvable concentration fluctuation (C.,s) across the
channel (Fig. 8a) and near the wall (Fig. 8b) for Sc = 0.1
to 200. At Sc = 0.1, 0.3 and 1, the intensity of the fluc-
tuating part of the concentration is high all over the
channel. Unlike the velocity fluctuations, the concen-
tration intensity reaches a maximum at the central plane
of the channel (Fig. 8a). According to Lyons and
Hanratty [11,12], this difference is due to the fact that the
different boundary conditions of concentration imposed
on different walls cause a non-zero mean concentration
gradient in the center of the channel. It is noticed that
there is a local extremum in the concentration fluctua-
tion at approximately y* = 17 from the closest channel
wall for Sc = 1, which is close to the maximum of the
streamwise velocity fluctuation that occurs approxi-
mately at y© = 15, as shown in Fig. 2. As the distance
from the wall goes to zero, both the fluctuations of ve-
locity and concentration approach to zero linearly with
a slope varying with Sc as shown in Fig. 8b. At Sc = 50,
100 and 200, it has been shown that large concentration
fluctuations are significant only close to the wall and the
maximum of them shifts towards the wall as the Schmidt
number increases.

To reveal the character of turbulent mass transfer
near the solid walls of a fully developed turbulent
channel flow, Figs. 9a and 9b show the variations of the
wall-normal and streamwise turbulent mass fluxes versus
yt, respectively, in the wall region for different Schmidt
numbers from 0.1 to 100. As the Schmidt number in-
creases, the mass fluxes by turbulent transport (¢'C’) and
(1/C") become increasingly significant in the region near
the wall. Furthermore, we can expand (¢'C’) and (v'C")
into power series of y* in the vicinity of wall,

Fig. 10. Contours of instantaneous resolvable streamwise velocity fluctuation field in the (x,z) plane at y* = 1.5 approximately: Solid

lines mean positive values and dashed lines negative values.
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Wy = Se(fiy? + foy" +-+1) (12) Here, note that o' =cy" +cyt +---, due to
(al)’/ay) ‘y:ié =0.

(W' Cy =Sc(giy” + gyt +-) (13)

Fig. 11. Contours of instantaneous resolvable concentration fluctuation field in the (x,z) plane at y* = 1.5 approximately. (a)
Sc =100, (b) Sc = 10, and (c) Sc = 1: Solid lines mean positive values and dashed lines negative values.
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Both curves of the square and cubic laws with the turbulent mass fluxes in the streamwise and wall-normal
wall-normal distance are plotted in Fig. 9 with logarithm directions agree well with the leading term behavior in
scales to illustrate the first terms in (12) and (13). The (12) and (13) in the near wall region, respectively.

40

30

\u\ \

1 ) 3 4

T Y TIT
HERIEITN \

i lllnl,

(b)

Fig. 12. Contours of the concentration fluctuation in the y™—z plane. (a) Sc = 100, (b) Sc = 10, and (c) Sc = 1: Solid lines mean positive
values and dashed lines negative values.
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Fig. 10 shows the structures of instantaneous re-
solvable streamwise velocity fluctuation field in the (x, z)
plane at y* = 1.5 approximately. The well-known high-
speed streaks (dense solid lines) are clearly seen in Fig.
10. Moin and Kim [23] postulated that the wall layer
may be viewed as a bed of low-speed fluid that is con-
stantly subjected to the arrival of energetic eddies from
the outer layers. These energetic eddies form the high-
speed streaks in the wall region. The instantaneous re-
solvable concentration fluctuation fields in the (x,z)
plane are shown in Fig. 11 for Sc =1, 10 and 100. One
can identify the local spots in accordance with the high-
and low-concentration regions alternately. These ob-
servations imply that the turbulent mixing of mass
concentration is controlled by the turbulence dynamics
in the near wall regions.

Contours of the resolved concentration fluctuation
close to the wall in a cross plane (y*,z) for Sc =1, 10
and 100 are shown in Fig. 12, where the high- and low-
concentration streaks are visualized. The organized
streaks of the concentration fluctuation exhibit the co-
herent structures due to the succession of ejection and
sweeping events. The vertical size of the closed concen-
tration contours clearly shows that the mass transfer
takes place in a much thinner region at Sc = 100 than at
Sc = 1. Consequently, nearly all the turbulent structures
existing in the wall region are effective in the mass
transfer process at Sc = 1, but only the smallest struc-
tures subsisting very close to the wall are involved in
the transfer process at Sc = 100.

5. Concluding remarks

LES of fully developed turbulent channel flow with
mass transfer is performed for the Schmidt number
from 0.1 up to 200 and the Reynolds number 13 800.
The three-dimensional resolved incompressible Navier—
Stokes equations and the concentration equation are
solved simultaneously using a fractional-step method.
Dynamic SGS models for the turbulent stresses and
mass fluxes are used to closure governing equations.
Statistical turbulence quantities including the mean and
fluctuating concentrations, the mass transfer coefficients
and the turbulent mass fluxes are obtained and analyzed.
The decisive validation of the present approach has been
achieved by comparing our calculated results with some
available computational, theoretical and experimental
results, in particular, for high-Schmidt-number flows. At
high-Schmidt number, it has been established that dif-
fusive sublayer thickness 6; and turbulent mass transfer
coeflicient K behave like Sc™!/3 and Sc=%/? as predicted
theoretically by Kader and Yaglom [4], or approxi-
mately like Sc=%3 and Sc°¢ suggested experimentally by
Shaw and Hanratty [3]. The profiles of mean concen-
tration and the concentration fluctuation have been ex-

amined in detail. There exists a buffer layer followed by
a logarithmic region in the mean concentration profile.
At low and medium Schmidt numbers, the concentra-
tion fluctuation is high in the whole channel except
the wall region. However, at high-Schmidt number, the
concentration fluctuation over the central part of the
channel is negligibly small because the gradient of mean
concentration is nearly zero there. It is also verified that
the streamwise and vertical turbulent mass fluxes vary in
the manners of y* * and yt : respectively, in the wall vi-
cinity. From the sketches of instantaneous concentration
fluctuation contours, it is demonstrated that the mass
transfer takes place in a very thin region at high-Schmidt
number and only the smallest structures subsisting very
close to the wall are involved in the mass transfer process.
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