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Abstract
Thermally stratiﬁed turbulent channel ﬂow with temperature oscillation on the bottom wall of the channel is
investigated by use of large eddy simulation (LES) approach coupled with dynamic subgrid-scale (SGS) models. The
objective of this study is to deal with the inﬂuence of the temperature oscillation on characteristics of thermally
stratiﬁed turbulent ﬂow and to examine the eﬀectiveness of the LES technique on predicting unsteady turbulent ﬂow
driven by time-varying buoyancy force. To validate the present calculation, thermally stratiﬁed turbulent channel ﬂow
is computed and compared with available data obtained by direct numerical simulation (DNS), which conﬁrm that the
present approach can be used to study stably and unstably stratiﬁed turbulent ﬂow satisfactorily. Further, to elucidate
the eﬀect of the temperature oscillation on turbulent ﬂow with diﬀerent Richardson numbers and oscillation periods,
some statistical quantities including the phase-averaged resolved velocities, temperature and their ﬂuctuations, turbulent heat ﬂuxes, and turbulence structures based on instantaneous velocity and temperature ﬂuctuations are
analyzed.
 2004 Elsevier Ltd. All rights reserved.
Keywords: Large eddy simulation (LES); Turbulent channel ﬂow; Thermally stratiﬁed turbulence; Subgrid scale (SGS) model; Heat
transfer; Temperature oscillation

1. Introduction
Thermally stratiﬁed shear turbulence is a kind of
complex ﬂow driven by both shear and buoyancy forces.
Inherent unsteadiness of driving condition (e.g., timevarying buoyancy force) occurs extensively in natural
phenomena and engineering applications and characterizes a variety of time-dependent thermal turbulent
ﬂows. For example, in the oceans, where the thermocline
plays an important role, the value of the Brunt–V€ais€al€a
frequency changes from 1 up to 10 cycles for hour [1];
the Richardson number thus varies in time rather than
in constant value. It indicates that thermal ﬂows associated unsteady heating conditions are general. Mean-
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while, turbulent ﬂow coupled with heat transfer is
important in the fundamental research of turbulence. To
the best of our knowledge, however, thermally stratiﬁed
turbulent channel ﬂow with temperature oscillation on
the bottom wall of the channel, where statistically unsteady turbulent ﬂow is driven by time-varying buoyancy force, can be employed as a typical case for
unsteady thermal turbulent ﬂow and has never been
examined. In the following, the relevant work on thermally stratiﬁed shear turbulent ﬂows and statistically
unsteady turbulent ﬂows driven by time-varying forces is
brieﬂy reviewed.
The ﬁrst study of stratiﬁed homogeneous shear ﬂows
was taken by Rohr et al. [2], who showed that, at a
gradient Richardson number of about 0.25, the turbulence neither grows nor decays. At lower Richardson
numbers, the turbulent kinetic energy grows; at higher
ones, the turbulence decays. Direct numerical simulation (DNS) of stably stratiﬁed sheared homogeneous
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Nomenclature
Ek
EkP
f
F ðv0 Þ
F ðw0 Þ
g
Sðv0 Þ
Sðw0 Þ
tP
T
T0
TB
TU
C

p
Pr
PrT
qi
Res
Rib
Ris
S ij
t
u

volume-integrated turbulent kinetic energy
phase-average of the volume-integrated
turbulent kinetic energy
frequency of temperature oscillation
ﬂatness factor of the wall-normal velocity
ﬂuctuation
ﬂatness factor of the spanwise velocity ﬂuctuation
gravitational acceleration
skewness factor of the wall-normal velocity
ﬂuctuation
skewness factor of the spanwise velocity
ﬂuctuation
period of temperature oscillation
resolved temperature
resolved temperature ﬂuctuation
temperature on the bottom wall of the
channel
temperature on the upper wall of the channel
SGS model coeﬃcient
resolved modiﬁed pressure
Prandtl number
turbulent Prandtl number
SGS turbulent heat ﬂux
Reynolds number based on the friction
velocity
Richardson number based on the bulk
velocity
Richardson number based on the friction
velocity
resolved strain rate tensor
time
resolved streamwise velocity

turbulence was performed by Gerz et al. [3] and demonstrated the presence of persistent counter-gradient
ﬂuxes at small scales under strong stratiﬁcation. For
stratiﬁed wall-bounded ﬂows, the qualitative diﬀerence
between the inner and outer layers of turbulent wallbounded ﬂows along with the spatial inhomogeneity of
the ﬂow introduces diﬀerent Richardson numbers as
relevant parameters. Typically, Iida and coworkers [4,5]
performed the DNS to study unstably and stably stratiﬁed turbulent channel ﬂows. Internal gravity wave for
stably stratiﬁed turbulent channel ﬂow was found to be
built up in the core region, where the turbulent heat ﬂux
is suppressed drastically and the steep mean velocity and
temperature gradients result.
It is well known that large eddy simulation (LES)
technique, which is much cheaper than the DNS since it
solves only the large-scale components of turbulent ﬂow

u0
i
u
u0i
us
v
v0
w
w0
xi
y
yþ
b
d
D
b
D
sij
m
j
h i
h iS
h iT

resolved streamwise velocity ﬂuctuation
resolved velocity
resolved velocity ﬂuctuation
friction velocity of unstratiﬁed turbulent
channel ﬂow
resolved wall-normal velocity
resolved wall-normal velocity ﬂuctuation
resolved spanwise velocity
resolved spanwise velocity ﬂuctuation
Cartesian coordinate axes
wall-normal coordinate
wall-normal coordinate normalized by the
friction velocity
thermal expansion coeﬃcient
half-width of the channel
size of grid ﬁlter
size of test ﬁlter
SGS turbulent stress tensor
molecular kinematic viscosity
thermal diﬀusivity
phase-average at the same phase and spaceaverage over the plane parallel to the wall
space-average over the plane parallel to the
wall
time-average in the whole time region and
space-average over the plane parallel to the
wall

Subscript
rms
root mean square
Superscript
+
normalized quantity by wall parameters

and models the subgrid-scales (SGS) eﬀects via SGS
models, provides an eﬀective tool to study some detailed
features of turbulent ﬂows. The SGS model is a key
problem in the LES. A dynamic SGS model was proposed by Germano et al. [6] which overcome some
shortcomings of the classical Smagorinsky model [7].
The dynamic model gained a remarkable success in the
past decade and gave a new impetus to the development
of new strategies for LES. In the present authors’ group,
the dynamic SGS models, including subgrid turbulent
stress and heat ﬂux models, were proposed and applied
to stably and unstably stratiﬁed turbulent channel ﬂows
[8,9]. Recently, Garg et al. [10] performed the LES of
stably stratiﬁed turbulent channel ﬂow. The Boussinesq
form of the governing equations was used and a
dynamic eddy viscosity model was employed for the
parameterization of the SGS stresses and density ﬂuxes.
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Armenio and Sarkar [11] performed an investigation of
stably stratiﬁed turbulent channel ﬂow with moderateto-large levels of stratiﬁcation to exhibit internal wave
activity in the core of the channel.
Even though oscillating turbulent boundary layers
have been extensively studied [12,13], statistically unsteady turbulent ﬂows driven by time-varying force,
e.g., time-varying buoyancy force considered here, have
received little attention compared to statistically steady
ones. Lu et al. [14] performed the LES for an oscillating ﬂow past a circular cylinder. Then, Hsu et al.
[15] dealt with an oscillating turbulent ﬂow over a ﬂat
plate and veriﬁed that the LES approach coupled with
the dynamic SGS model is suited to tackle unsteady
problem. Scotti and Piomelli [16] investigated pulsating
turbulent channel ﬂow driven by oscillating pressure
gradient and demonstrated that the LES can reasonably predict unsteady turbulence behavior. Recently,
Wang and Lu [17] studied turbulent heat transfer in an
oscillating turbulent channel ﬂow by use of LES technique.
In this study, LES is employed to investigate thermally stratiﬁed turbulent channel ﬂow with temperature
oscillation on the bottom wall of the channel at diﬀerent
Richardson numbers and oscillation periods. The threedimensional resolved incompressible Navier–Stokes and
energy equations are solved by the fractional-step
method proposed by Verzicco and Orlandi [18]. Dynamic SGS models of turbulent stress and turbulent heat
ﬂux are used.
This paper is organized as follows. The mathematical
formulations and the dynamic SGS models for modeling
turbulent stresses and heat ﬂuxes are described in Section 2. The numerical methods and validation are given
in Section 3. In Section 4, some quantities including the
phase-averaged resolved velocities, temperature and
their ﬂuctuations and turbulent heat ﬂux, and turbulence structures based on instantaneous velocity and
temperature ﬂuctuations are discussed. Finally, concluding remarks are summarized in Section 5.

2. Mathematical formulations
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bulent channel ﬂow as the velocity scale, and the
amplitude of oscillating temperature on the bottom wall
DT as the temperature scale. The non-dimensional
governing equations are then given as,
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i
where the ‘‘overbar’’ denotes the ﬁltered variables, u
(i ¼ 1, 2, 3), corresponding to u, v, w, represents the
resolved velocity components in the streamwise (x), wallnormal (y) and spanwise (z) directions, respectively. 
p is
the resolved pressure plus Rkk =3. The ﬁxed streamwise
pressure gradient is accounted for by the term di1 in
Eq. (2). Te ¼ T  hT iS , and h iS stands for an average
over a plane parallel to the horizontal walls. Res ¼ us d=m
represents the Reynolds number and Pr ¼ m=k is the
molecular Prandtl number with m being the kinematic
viscosity of the ﬂuid and j, the thermal diﬀusivity. Ris is
the Richardson number deﬁned as Ris ¼ bg DT d=u2s ,
where b is the thermal expansion coeﬃcient which assumed small enough so that the Boussinesq approximation is applicable, and g is the gravitational
acceleration. Usually, the Richardson number Ris is used
to characterize buoyancy eﬀect in stably or unstably
stratiﬁed channel ﬂow. Here, it also represents a reference parameter with maximum temperature diﬀerence
on both the walls when the temperature on the bottom
wall is forced to vary with time.
In Eqs. (2) and (3), sij and qj represent SGS turbulent
stress and heat ﬂux, respectively, which need to be
modeled by SGS models. The overall expressions of the
SGS stresses and turbulent heat ﬂux are read as
2

Thermally stratiﬁed turbulent channel ﬂow with
temperature oscillation on the bottom wall is considered. The temperature on the upper wall (TU ) is maintained as a constant and chosen as TU ¼ 0, and the
temperature on the bottom wall (TB ) is subjected to vary
sinusoidally about zero with an amplitude DT . The
governing equations are the three-dimensional ﬁltered
incompressible Navier–Stokes and the energy equations
under the Boussinesq approximation based on a tophat
ﬁlter. To non-dimensionalize the governing equations,
the half-height of the channel d is used as the length
scale, the friction velocity us of unstratiﬁed shear tur-

2

sij ¼ 2CD jSjS ij ;

qj ¼ 

CD
oT
jSj
PrT
oxj

ð5Þ
1

ui =oxj þ o
uj =oxi Þ=2, jSj ¼ ½2S ij S ij 2 . PrT
where S ij ¼ ðo
represents the turbulent Prandtl number. D is the ﬁlter
width, as proposed by Germano et al. [6], is deﬁned
as D ¼ ðD1 D2 D3 Þ1=2 with Dj (j ¼ 1, 2, 3) being the grid
spacing in the j direction.
The model coeﬃcients of C and PrT in Eq. (5) are
obtained by the approach proposed by Germano et al.
[6]. After introducing a test ﬁltering (i.e., a tophat ﬁlter
b to Eqs. (1)–(3),
considered here) with a ﬁlter width D
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the coeﬃcients C and PrT can be dynamically determined
as
1 hLij Mij iS
2 hFi Fi iS
; PrT ¼ CD
ð6Þ
2
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S j Bj
Fi ¼ a2 j b
oxj
b
is chosen as 2 in the present calculaHere, a ¼ D=D
C¼

tion. The spatial average of h iS in Eq. (6) is to remove
the calculation oscillation [6]. It is still needed to note
that the validity of the dynamic SGS models to study
statistically unsteady turbulent ﬂow has been established
by performing detailed validation and veriﬁcation in
[15–17].
No-slip and no-penetration velocity conditions are
imposed on the walls. Periodic boundary conditions are
employed in the streamwise and spanwise directions.
After a fully developed turbulent channel ﬂow is established, a ﬁxed temperature on the upper wall and an
oscillating temperature on the bottom wall are imposed.
Here, the non-dimensional temperature on the upper
wall of the channel is TU ¼ 0, and the non-dimensional
temperature on the bottom wall represents TB ¼
 sinð2pt=tP Þ, where tP represents the period of temperature oscillation.

To validate the present calculation procedure, some
typical DNS results for stably and unstably stratiﬁed
turbulent channel ﬂow performed by Iida and coworkers
[4,5] are used to compare with our results. Here, two
typical cases for Res ¼ 150 and Rib ¼ 0 and 0.18 (or
Ris ¼ 0 and 12 approximately), where Rib is the Richardson number based on the bulk velocity of the turbulent channel ﬂow, are employed to validate the
present calculation. Fig. 1 shows the distributions of
turbulent intensities normalized by the friction velocity
and the temperature ﬂuctuation normalized by the friction temperature. It is seen that our calculated results
are in good agreement with the DNS data. Other turbulent quantities (not shown here) are also calculated
and agree well with the DNS results. Based on recent
investigation [21,22] for the eﬀect of turbulence models
and numerical errors in LES, the dynamic mixed SGS
model [23] is also used to examine the inﬂuence of turbulence model in LES on the present calculated results.
As shown in Fig. 1a, both the results calculated by the
dynamic Smagorinsky model [6] and the dynamic mixed
model [23] agree well each other; it is conﬁrmed that the
SGS model and grid resolution used in this study can
accurately calculate the turbulent ﬂow.
To ensure that the computed results are independent
of the time steps and the grid sizes, results calculated by
3
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Trms

A fractional-step method proposed by Verzicco and
Orlandi [18] is employed to solve Eqs. (1)–(3). Spatial
derivatives are discretized with a second order central
diﬀerence on a staggered grid for all the terms in the
equations. Time advancement is carried out by the semiimplicit scheme mixing the Crank–Nicolson scheme for
the viscous terms and the third-order Runge–Kutta
scheme for the convective terms. The low-storage
Runge–Kutta methods have the additional advantage
that the minimum amount of computer run-time memory is realized. The discretized formulation was described in detail by Verzicco and Orlandi [18].
The size of computational domain is 4pd  2d  2pd
with the corresponding grid number 97 · 97 · 65 in the
streamwise, wall-normal and spanwise directions. The
computational domain size is chosen such that twopoint correlations in the streamwise and spanwise
directions are negligibly small. The grid is uniform along
both the streamwise and spanwise directions. In the
wall-normal direction, to increase the grid resolution
near both the walls, the mesh is stretched following the
transformation used in [19,20], so that the grid distribution in the wall-normal direction is suﬃcient to resolve the viscous sublayer and diﬀusive sublayer near the
boundary.

urms , vrms , wrms

3. Numerical methods and validation
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Fig. 1. Comparison of the present LES results with DNS data
[5] for the turbulent intensities at Rib ¼ 0 (a) and temperature
ﬂuctuation (b), where LES represents the results calculated by
the dynamic mixed SGS model.
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The buoyancy force has a signiﬁcant inﬂuence on the
vertical turbulent transport and internal energy conversion between turbulent kinetic energy and turbulent
potential energy. For thermally stratiﬁed shear turbulent
channel ﬂow with temperature oscillation on the wall,
the turbulent channel ﬂow is undergone by time-varying
buoyancy force induced by the temperature variation.
When the temperature on the bottom wall is lower (or
higher) than that on the upper wall, the channel ﬂow
behaves similarly as stably (or unstably) stratiﬁed ﬂow.
Thus, as the temperature on the bottom wall is forced to
vary with time in certain periods and amplitudes, stably
and unstably stratiﬁed ﬂow evolutions occur alternately
in one cycle.
To reveal global character and statistically unsteady
behavior of thermally stratiﬁed turbulent channel ﬂow
induced by the temperature oscillation on the bottom
wall, as used by Garg et al. [10], the volume-integrated
turbulent kinetic energy Ek is deﬁned as
Z
1 1 0 2
hðu Þ þ ðv0 Þ2 þ ð
w0 Þ2 iS dy
ð7Þ
Ek ¼
2 1
where u0i ¼ ui  hui iS . Then, Fig. 2 shows the time evolution of Ek and its phase-average (i.e., EkP ). The distribution of Ek for Ris ¼ 50 and tP ¼ 6:4 and the
corresponding sinusoidal curve of the temperature var-
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4.1. Time evolution of resolved turbulent kinetic energy

1
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4. Results and discussion
Calculations have been performed for Ris ¼ 0, 50 and
128, tP ¼ 3:2 and 6.4, Pr ¼ 0:71, and Res ¼ 180. Due to
inherent unsteadiness of the driving force, i.e., timevarying buoyancy force induced by the temperature
oscillation, the phase-averaged statistical turbulent
quantities are calculated by taking the average at the
same phase and over the plane parallel to the wall. To
remove initial eﬀect, the phase-averaged statistical
quantities are calculated in several oscillation periods
after the initial inﬂuence has been swept.

2

EK
TB

EK

diﬀerent grid numbers and time steps were carefully
examined in our previous study [24] and agree well each
other (cf. Fig. 2 in [24]). Moreover, extensive validations
and veriﬁcations have been performed in our previous
work for unstably stratiﬁed turbulent channel ﬂow [8,9],
oscillating turbulent channel ﬂow driven by unsteady
external force [15], oscillating turbulent channel ﬂow
with heat transfer [17], and turbulent passive scalar
transfer at high Prandtl number [20,24]. Thus, it can be
conﬁrmed that our calculation is reliable for the prediction of statistical quantities of thermally stratiﬁed
turbulent shear ﬂows.
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2
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(b)

0.25
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t / tP

0.75

-2
1

Fig. 2. Time evolution of the volume-integrated turbulent kinetic energy (Ek ) and its phase-average (EkP ): (a) Ek , and (b)
EkP .

iation are shown in Fig. 2a. It is reasonably predicted
that Ek varies quasi-periodically with time. By comparing with the phases corresponding to the lowest peaks of
Ek and TB , it is found that Ek changes with a phase lag
about tP =4 with respect to TB . This behavior implies that
the turbulent ﬂow needs time to reﬂect the temperature
variation on the wall.
The phase-average value of Ek , denoted by EkP , is
depicted in Fig. 2b. By viewing the proﬁle of Ris ¼ 50
and tP ¼ 6:4, when the temperature on the bottom wall
is lower than that on the upper wall during
0 < t=tP < 1=2, the turbulent channel ﬂow behaves
similarly as stable stratiﬁcation and turbulence intensities are suppressed. Thus, EkP decreases smoothly during
0 < t=tP < 1=2. When the temperature on the bottom
wall is higher than that on the upper wall during
1=2 < t=tP < 1, the turbulent channel ﬂow behaves as
unstable stratiﬁcation. As shown in Fig. 2b, EkP increases gradually in 1=2 < t=tP < 0:7, then changes
quickly to high value from t=tP ¼ 0:7 to 0.8 approximately, ﬁnally decreases asymptotically in 0:8 < t=tP
< 1.
4.2. Phase-averaged velocity and temperature
Fig. 3 shows the proﬁles of the phase-averaged
velocity for Ris ¼ 50 and tP ¼ 6:4. The velocity proﬁle
evolution appears the tendency of re-laminarization
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Fig. 3. Proﬁles of the phase-averaged velocity for Ris ¼ 50 and
tP ¼ 6:4.
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from t=tP ¼ 3=4 through 4/4 (or 0/4) to 2/4 near the
bottom wall. From the velocity proﬁles in logarithmic
scale, it is found that the logarithmic region disappears
whereas the linear sublayer is extended. Then, the
velocity proﬁle from t=tP ¼ 2=4 to 3/4 develops gradually to blunt distribution due to unstable stratiﬁcation
eﬀect. The velocity proﬁle at t=tP ¼ 3=4 exhibits that
there exists a buﬀer layer followed by a logarithmic region after redrawing it using the logarithmic scale. This
behavior is consistent with the variation of the resolved
turbulent kinetic energy shown in Fig. 2 and with the
previous work [8–11]. As the inﬂuence of time-varying
buoyancy force, remarkable variation of the phaseaveraged velocity occurs near the bottom wall, and the
proﬁles of the velocity at diﬀerent phases coincide closely each other near the upper wall with y > 0:85
approximately.
The proﬁles of the phase-averaged temperature are
shown in Fig. 4 for tP ¼ 6:4, and Ris ¼ 50 and 0. The
proﬁles of the temperature vary obviously in the lower
half-channel region. It is interesting to note that the
phase-averaged temperature has a positive shift-value
about 0.15 over the core region of 0:5 < y < 0:8
approximately in Fig. 4a. To examine the stratiﬁcation
eﬀect on the mean temperature distribution, the proﬁles
of the phase-averaged temperature for Ris ¼ 0 (i.e.,
passive heat transfer) is shown in Fig. 4b, and approaches zero in the region of 0:5 < y 6 1:0. Thus, the
distinction in Fig. 4a and b shows that dynamic coupling
eﬀect of the turbulent ﬂow and the temperature ﬁeld
results the shift-value of the mean temperature distribution for thermally stratiﬁed turbulent channel ﬂow
coupled with the temperature varying with time on the
wall.
Fig. 4c shows the proﬁle of the mean temperature
(i.e., hT iT ) calculated by taking the average over the
plane parallel to the wall during the whole time region of
several oscillation periods. The mean temperature proﬁle for Ris ¼ 50 and tP ¼ 6:4 depicts negative value near

<T>

0. 5

0
Riτ = 50, tP = 6.4
Riτ = 50, tP = 3.2
Riτ = 128, tP = 3.2
Riτ = 0, tP = 6.4

-0.2

-0.4
-1

(c)

-0.5

0
y

0.5

1

Fig. 4. Distributions of the phase-averaged and mean temperature. (a) Phase-averaged temperature for Ris ¼ 50 and tP ¼ 6:4,
(b) phase-averaged temperature for Ris ¼ 0 and tP ¼ 6:4, and
(c) whole time averaged temperature.

the bottom wall due to the inﬂuence of the forced temperature oscillation on the bottom wall. Then the mean
temperature exhibits a plateau distribution over the
most core region of the channel, and decreases gradually
to zero at the upper wall. Meanwhile, it is reasonably
predicted that the mean temperature distribution for
Ris ¼ 0 is zero over the channel.
4.3. Velocity and temperature ﬂuctuations and heat ﬂuxes
To examine the eﬀect of the temperature oscillation
on turbulence quantities, the velocity and temperature
ﬂuctuations are discussed. The temperature variation on
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the bottom wall induces an oscillating thermal transfer
that interacts with turbulent ﬂow to produce a timevarying response to turbulence quantities. As turbulent
ﬂow is inﬂuenced by stable or unstable stratiﬁcation,
turbulence intensity is reduced and strengthened alternately in one cycle. Fig. 5 shows the proﬁles of the
phase-averaged turbulent intensities for Ris ¼ 50 and
tP ¼ 6:4 at several phases. The corresponding turbulent
intensities of unstratiﬁed turbulent channel ﬂow at the
same Reynolds number (referred to as Ris ¼ 0) are also
plotted in Fig. 5. The evolution of the streamwise turbulent intensity urms in one cycle is similar to that of
turbulent kinetic energy in Fig. 2b. The proﬁle of urms
near the bottom wall decreases gradually from
t=tP ¼ 0=4 to 2/4, and changes quickly to high level

4
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t / tP = 3/4
Ri =0
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0
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0
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distribution at t=tP ¼ 3=4. According to the distributions
of vrms and wrms in Fig. 5b and c, it can be concluded that
the increase of EkP from t=tP ¼ 0:7 to 0.8 in Fig. 2b is
mainly contributed by urms .
The vertical turbulent intensity vrms is shown in Fig.
5b. At t=tP ¼ 1=4 and 2/4, the distributions of vrms for
Ris ¼ 50 are lower than that for Ris ¼ 0 near the bottom
wall due to stable stratiﬁcation eﬀect. This character is
consistent with the previous work for stably stratiﬁed
turbulent channel ﬂows [8–11]. Then, the proﬁles of vrms
for Ris ¼ 50 at t=tP ¼ 3=4 and 0/4 (or 4/4) are higher
than the distributions of Ris ¼ 0 due to unstable stratiﬁcation eﬀect. Note that the distributions of vrms for
Ris ¼ 50 in the vicinity of the upper wall are higher than
that for Ris ¼ 0. It can be explained as locally unstable
stratiﬁcation eﬀect, because, as shown in Fig. 4a and c,
the mean temperature near the upper wall decreases
gradually to zero and a negative temperature gradient is
generated near the upper wall. Since the temperature
gradient is parallel to the buoyancy force, the temperature oscillation directly inﬂuences the change of the
vertical velocity ﬂuctuation vrms , then induces the variation of the horizontal components urms and wrms
through the resolved pressure–strain correlation which
governs the exchange of energy among the three components. Thus, as shown in Fig. 5c, the variation of
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7c and d for Ri ¼ 0, the proﬁles of hT 0 v0 i and hT 0 u0 i for
t=tP ¼ 0=4 and 2/4 (or for t=tP ¼ 1=4 and 3/4) exhibit
antisymmetric distribution. Compared to the distributions in Fig. 7c and d, the vertical heat ﬂux hT 0 v0 i for
Ris ¼ 50 is reduced at t=tP ¼ 1=4 and 2/4, and strengthened at t=tP ¼ 3=4 and 0/4 (or 4/4) near the bottom wall.
Due to locally unstable stratiﬁcation eﬀect near the upper wall, the proﬁles of hT 0 u0 i depict small peaks there at
several phases.
The term contributed by the buoyancy force in the
budget transport equations of the resolved turbulent
kinetic energy (i.e., hu0i u0i i) and the resolved wall-normal
Reynolds stress (i.e., hu02 u02 i, or hv0 v0 i) can be written as
2Ris hT 0 v0 i. Thus, the proﬁles in Fig. 7a, when multiplied
by 2Ris , represent the budget term induced by the
buoyancy force. Combining with Fig. 5b, it is reasonably to ﬁnd that the hT 0 v0 i in Fig. 7a contributes high
level distribution of vrms in Fig. 5b at t=tP ¼ 0=4. The
values of hT 0 v0 i are relatively small and the vrms exhibits
lower distributions near the bottom wall at t=tP ¼ 1=4
and 2/4. Meanwhile, the proﬁle of hT 0 v0 i with small value
at t=tP ¼ 1=4 and 2/4 corresponds to lower distribution
of EkP for Ris ¼ 50 and tP ¼ 6:4 in Fig. 2b, indicating
that turbulent kinetic energy is suppressed due to stable
stratiﬁcation. Then, the hT 0 v0 i increases in the vicinity
of the bottom wall at t=tP ¼ 3=4, correspondingly vrms
increases in Fig. 5b. Thus, this budget term (i.e.,

spanwise turbulent intensity wrms is similar to that of vrms
during the cycle.
Fig. 6 shows the distributions of the temperature
ﬂuctuation (Trms ). As shown in Fig. 6a for Ris ¼ 50 and
tP ¼ 6:4, the temperature ﬂuctuation exhibits a plateau
distribution over the most core region at t=tP ¼ 0=4.
Then a peak of Trms is formed in the vicinity of the
bottom wall. The position of the peak moves away from
the bottom wall as the peak value of Trms decreases. At
t=tP ¼ 3=4, a highest peak occurs. The proﬁles of Trms for
Ris ¼ 0 are also illustrated in Fig. 6b, as expected,
coincide together for t=tP ¼ 0=4 and 2/4 (or for t=tP ¼
1=4 and 3/4). Compared to Fig. 6b, the temperature
ﬂuctuation Trms for Ris ¼ 50 is reduced and strengthened
alternately near the bottom wall due to the signiﬁcant
inﬂuence of the temperature oscillation. Meanwhile, as
the locally unstable stratiﬁcation eﬀect induced by the
negative mean temperature gradient near the upper wall,
the peaks with small values for Trms appear at several phases for Ris ¼ 50 in Fig. 6a, however, Trms approaches zero asymptotically with y ! 1 for Ris ¼ 0 in
Fig. 6b.
Fig. 7 shows the proﬁles of the vertical and streamwise heat ﬂuxes (i.e.,hT 0 v0 i and hT 0 u0 i) at several phases.
In Fig. 7a and b for Ris ¼ 50 and tP ¼ 6:4, the vertical
and streamwise heat ﬂuxes demonstrate signiﬁcant
change near the bottom wall at diﬀerent phases. In Fig.
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2Ris hT 0 v0 i) reasonably predicts the evolution of the vertical turbulent intensity.
The skewness and ﬂatness factors of the velocity
ﬂuctuations at several phases are plotted in Fig. 8. The
skewness factor of the wall-normal velocity ﬂuctuation
Sðv0 Þ is positive near the upper wall for all phases in Fig.
8a. Correspondingly, Sðv0 Þ is negative near the bottom
wall at t=tP ¼ 3=4 and 0/4, representing the largeamplitude wall-normal velocity ﬂuctuations due to arrival of high-speed ﬂuid from regions away from the
wall. Sðv0 Þ is positive near the bottom wall at t=tP ¼ 1=4
and 2/4, indicating the large-amplitude wall-normal
velocity ﬂuctuations probably associated low-speed ﬂuid
leaving the wall region. The skewness factor of the
spanwise velocity ﬂuctuation Sðw0 Þ is approximately
equal to zero over the channel in Fig. 8b, which
corresponds to the skewness factor of a Gaussian distribution. In Fig. 8c and d, the ﬂatness factors of the
wall-normal velocity ﬂuctuation F ðv0 Þ and the spanwise
velocity ﬂuctuation F ðw0 Þ reach their maximum at both
the walls, and form secondary peak near the bottom wall
at diﬀerent positions. In particular for F ðv0 Þ in Fig. 8c, it
is interesting to note that the position of the peak moves
away from the bottom wall and the value of F ðv0 Þ decreases from t=tP ¼ 1=4 to 3/4. Thus, it is reasonable to
predict that the change of the ﬂatness factors indicates
that turbulence is highly intermittent in the near bottom
wall region because of the inﬂuence of the temperature
oscillation on the bottom wall.

4.4. Structures of turbulent ﬂow and temperature
To get better insight into the ﬂow structures, some
typical instantaneous ﬂow patterns are visualized. Fig. 9
shows the instantaneous contours of the wall-normal
velocity ﬂuctuation at several phases, in a plane parallel
to the wall at y þ ¼ 20. The patterns clearly illustrate the
evolution of turbulent intensities with absent and healthy streaky structures at diﬀerent phases. At t=tP ¼ 3=4
and 0/4 (or 4/4), fairly healthy streaky structures can be
observed, corresponding to the strengthened vertical
turbulent intensity shown in Fig. 5b. At t=tP ¼ 3=4, very
long streaks generate with respect to t=tP ¼ 0=4. This
phenomenon is related to the energy transfer between
the wall-normal and horizontal directions based on the
analysis of the Reynolds-stress budgets [19]. As stable
stratiﬁcation eﬀect plays as a dominating factor from
t=tP ¼ 1=4 to 2/4, turbulence is signiﬁcantly suppressed
and the absent streaky structures appear. Then, the
vertical turbulent intensity increases gradually from
t=tP ¼ 2=4 and is signiﬁcantly strengthened at t=tP ¼
3=4. The evolution shown in Fig. 9 is well consistent
with the previous observations [8,9] as well as with the
development of the vertical turbulent intensity given in
Fig. 5b.
The instantaneous patterns of the streamwise velocity
ﬂuctuation and the temperature ﬂuctuation during one
cycle (not shown here) are also observed at the same
plane as plotted in Fig. 9. It is found that the
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Fig. 9. Instantaneous contours of the wall-normal velocity ﬂuctuation in a x–z plane at y þ ¼ 20. (a) t=tP ¼ 0=4, (b) 1/4, (c) 2/4, and
(d) 3/4.

well-known low- and high-speed streaks are clearly
illustrated and the local hot spots in accordance with the
high- and low-temperature regions are identiﬁed. These
observations imply that the turbulent mixing of temperature is controlled by the turbulence dynamics in the
near wall regions. Meanwhile, the time development of
the instantaneous streamwise velocity ﬂuctuation and
temperature ﬂuctuation at diﬀerent phases agrees well
with the phase-averaged quantities in Figs. 5a and 6a,
respectively.
The contours of the temperature ﬂuctuation in the
vertical cross-section in the vicinity of the bottom wall
are shown in Fig. 10. The streaky structures clearly
demonstrate the development of the temperature ﬂuc-

tuation and are well consistent with the distributions
of the temperature ﬂuctuation given in Fig. 6a. At
t=tP ¼ 0=4, the streaky structures spread over the channel in Fig. 10a, corresponding to a plateau distribution
of Trms in Fig. 6a. At t=tP ¼ 1=4, the organized streaks of
the temperature ﬂuctuation mainly distribute over the
region about y ¼ 0:75 in Fig. 10b, and a peak of Trms
occurs at the same location in Fig. 6a. As the temperature on the bottom wall is zero at t=tP ¼ 2=4, the temperature ﬂuctuation intensity becomes weaken. Finally,
very healthy streaky structures can be observed near the
bottom wall at t=tP ¼ 3=4 (Fig. 10d), and strong temperature ﬂuctuation intensity also appears in Fig. 6a at
the same phase.
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exhibit small negative values near the bottom wall due
to the inﬂuence of the forced temperature oscillation.
Then, the plateau distributions with positive shift-values
over the most core region of the channel are observed,
and the shift-value of the mean temperature increases
with the increase of the Richardson number and/or the
period of oscillation. It represents that the dynamic
coupling eﬀect between the turbulent ﬂow and the temperature ﬁeld is strengthened with increasing the Richardson number and the period of oscillation.
To investigate the inﬂuence of the Richardson number and the period of oscillation on the velocity ﬂuctuation, the distributions of the wall-normal velocity
ﬂuctuation (vrms ) are shown in Fig. 11. Similar to the
proﬁles in Fig. 5b, the distributions of vrms at t=tP ¼ 1=4
and 2/4 for the cases of Ris ¼ 50 and 128 are lower than
these for Ris ¼ 0 near the bottom wall. During
1=2 < t=tP < 1, the turbulent channel ﬂow behavior is
similar to unstably stratiﬁed ﬂow and turbulence intensities are strengthened. Thus, as shown typically in Fig.
11a and b, the proﬁles of vrms at t=tP ¼ 3=4 and 0/4 (or 4/
4) for Ris ¼ 50 and 128 are larger than the distributions
for Ris ¼ 0 in the most core region. Meanwhile, the
vertical turbulent intensity increases with increasing the
Richardson number and/or the period of oscillation
during 1=2 < t=tP < 1.
The distributions of the temperature ﬂuctuation
(Trms ) are shown in Fig. 11c and d, typically, at

4.5. Eﬀect of Richardson number and oscillation period on
turbulent ﬂow and temperature
As well known, thermal stratiﬁcation eﬀect becomes
more signiﬁcant with the increase of the Richardson
number. Meanwhile, when the period of oscillation is
large (at a limit case tP ! 1, i.e., quasi-steady regime),
as proposed by Binder et al. [25], the turbulence has
enough time to relax to the local equilibrium for
approaching fully developed turbulent ﬂow. Thus, it is
interesting to examine the eﬀect of the Richardson
number and the period of oscillation on the thermally
stratiﬁed turbulent ﬂows. Here, the parameters are
chosen as the Richardson number Ris ¼ 0, 50 and 128,
the period of oscillation tP ¼ 3:2 and 6.4, and typical
results are brieﬂy discussed.
Fig. 2b shows the proﬁles of the volume-integrated
turbulent kinetic energy. It is found that the phase difference between EkP and TB is somewhat diﬀerent for
three cases. EkP decreases gradually for these cases because the turbulent channel ﬂow behavior is similar to
thermally stable stratiﬁed ﬂow in 0 < t=tP < 1=2. Then,
EkP changes smoothly in 1=2 < t=tP < 0:7, and increases
quickly from t=tP ¼ 07 to 0.8 approximately. It is reasonably predicted that the amplitude of EkP at Ris ¼ 128
is larger than that at Ris ¼ 50.
Fig. 4c shows the proﬁles of the time–mean temperature for these cases. The mean temperature proﬁles
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Fig. 11. Distributions of the wall-normal velocity ﬂuctuation (vrms ) and the temperature ﬂuctuation (Trms ) for diﬀerent Richardson
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Fig. 12. Distributions of the vertical and streamwise heat ﬂuxes for diﬀerent Richardson numbers and oscillating periods. (a) hT 0 u0 i at
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t=tP ¼ 1=4 and 2/4. The peaks of Trms are formed in the
vicinity of the bottom wall, and the position of the peak
moves away from the bottom wall as the value of Trms
decreases. As discussed above, the turbulent channel
ﬂow character is similar to stably stratiﬁed ﬂow at
t=tP ¼ 1=4 and 2/4. The peak value of Trms near the
bottom wall increases with increasing the Richardson
number. This behavior is consistent with the previous
prediction for stably stratiﬁed turbulent channel ﬂow
[10,11]. As proposed by Binder et al. [25], when the
period of the oscillation increases, turbulence intensity
(or turbulent kinetic energy) is strengthened. Thus, due
to the mechanism of internal energy conversion between
turbulent kinetic energy and potential energy, the peak
value of Trms at tP ¼ 3:2 and Ris ¼ 50 is reasonably
higher than that at tP ¼ 6:4 in Fig. 11c and d. Correspondingly, based on the calculated results at t=tP ¼ 1=4
and 2/4 (not shown here), the peak value of vrms at
tP ¼ 3:2 and Ris ¼ 50 is somewhat lower than that at
tP ¼ 6:4.
Fig. 12 shows the proﬁles of the vertical and
streamwise heat ﬂuxes (i.e.,hT 0 v0 i and hT 0 u0 i) at
t=tP ¼ 0=4 and 2/4. In Fig. 12a and b, due to locally
unstable stratiﬁcation eﬀect in the vicinity of the upper
wall, the hT 0 u0 i proﬁle depicts small peak there. At
t=tP ¼ 0=4, due to the inﬂuence of unstable stratiﬁcation,
the proﬁles of hT 0 u0 i are negative near the bottom wall
and the distributions of hT 0 v0 i are positive. However, at

t=tP ¼ 2=4, as the eﬀect of stable stratiﬁcation, the
opposite behavior appears with respect to the proﬁles of
hT 0 v0 i and hT 0 u0 i at t=tP ¼ 0=4. As discussed above, hT 0 v0 i
also reﬂects the eﬀect of the buoyancy force on the
budgets of the resolved turbulent kinetic energy. Thus,
the eﬀect of the buoyancy force becomes more important with the increase of the Richardson number and/or
the period of oscillation, as shown in Fig. 12c and d.

5. Concluding remarks
Thermally stratiﬁed turbulent channel ﬂow with
temperature oscillation on the bottom wall of the
channel has been investigated by use of large eddy
simulation for the Richardson number Ris ¼ 0, 50 and
128, the period of oscillation tP ¼ 3:2 and 6.4, the Prandtl number Pr ¼ 0:71, and the Reynolds number
Res ¼ 180. Statistical turbulence quantities including the
phase-averaged velocity, temperature and their ﬂuctuations, turbulent heat ﬂuxes, and the structures of turbulent ﬂow and temperature are obtained to examine the
eﬀect of temperature oscillation on characteristics of
thermally stratiﬁed turbulent channel ﬂow.
When the temperature oscillation is forced on the
bottom wall, the turbulent channel ﬂow is aﬀected by the
time-varying buoyancy force and behaves similarly as
stably and unstably stratiﬁed ﬂow alternately. Based on

Y.-H. Dong, X.-Y. Lu / International Journal of Heat and Mass Transfer 47 (2004) 2109–2122

our calculated results, it is reasonably predicted that the
tendency of re-laminarization and the enhancement of
turbulent ﬂow in the region near the bottom wall appear
alternately during the cycle. According to the evolution of
the volume-integrated turbulent kinetic energy, it varies
quasi-periodically with a phase lag with respect to the
temperature variation. It implies that the turbulent ﬂow
needs time to reﬂect the temperature oscillation on the
wall. The phase diﬀerence between turbulent kinetic energy and the temperature oscillation is somewhat diﬀerent
for diﬀerent Richardson numbers and oscillation periods.
As the dynamic coupling eﬀect between turbulent
ﬂow and temperature ﬁeld, the proﬁle of the mean and
phase-averaged temperature exhibits a plateau distribution with a positive shift-value over the most core region
of the channel. The shift-value of the mean temperature
increases with the increase of the Richardson number
and/or the period of oscillation. Turbulent heat ﬂuxes
are calculated to exhibit their variation during the cycle,
in particular for the wall-normal heat transfer which is
closely related to the budget term contributed by the
buoyancy force in the transport equation of the resolved
turbulent kinetic energy. The budget term due to the
time-varying buoyancy force quite well predicts the
evolution of statistically unsteady turbulence intensity,
and the eﬀect of the buoyancy force becomes more
important with the increase of the Richardson number
and/or the period of oscillation.
The instantaneous patterns of the velocity and temperature ﬂuctuations clearly demonstrate the structures
of turbulent ﬂow and temperature varying with time and
are well consistent with the distributions of the corresponding statistical quantities along the wall-normal
direction. These observations imply that the turbulent
heat transfer is controlled by the turbulence dynamics in
the near wall regions, in particular near the bottom wall
on which the temperature oscillation is forced.
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