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Abstract

Oscillating turbulent channel flow with heat transfer has been investigated by use of large eddy simulation (LES)

technique. Three-dimensional filtered Navier–Stokes and energy equations are numerically solved by fractional-step

method. Dynamic subgrid-scale (SGS) models for the turbulent SGS stresses and heat fluxes are employed to closure

the governing equations. The objective of this study is to examine the reliability of the LES technique for predicting the

turbulent oscillatory heat transfer and to analyze the behavior of turbulent heat diffusion from a solid boundary to the

adjacent oscillatory shear flow. In this study, oscillating turbulent channel flow with a constant difference of temper-

ature imposed on both the walls is calculated for the Prandtl number (Pr) from 0.1 up to 100 and the Reynolds number

(Res) 350 based on the friction velocity and the half-width of the channel. The frequency of driving pressure gradient for

the oscillating turbulent channel flow ranges low, medium and high values. Some typical turbulence statistical quantities

and structures of velocity and temperature fluctuations are analyzed.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Understanding and prediction of heat transfer be-

tween solid wall and adjacent turbulent fluid flow are of

great interest in both applications and fundamentals.

Meanwhile, inherent unsteadiness of the driving condi-

tions (e.g., time-varying driving pressure gradient)

characterizes a variety of turbulent flows. Statistically

unsteady turbulent flows have received relatively little

attention compared to steady ones. To the best of our

knowledge, very few results concerning the effects of the

Prandtl number on the heat transfer in statistically un-

steady turbulent flows were reported.

In the problem of heat transfer by fluid flow, the

Prandtl number can be ranged from order of unity or

less to hundreds. In the case of the heat transfer at low
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or moderate Prandtl number, a significant temperature

gradient exists not only in the diffusive sublayer but also

in the region outside the sublayer. High-Prandtl number

heat transfer is of special importance in the under-

standing of the heat transfer in a turbulent boundary

layer flow. The heat diffusive sublayer for the high-

Prandtl number heat transfer by the rigid boundary is

very thin, and the heat transfer efficiency is primarily

controlled by turbulent motions very closing to the wall.

The complexity of turbulence interactions near the wall

results in unusual behaviors of temperature fluctuations.

Thus it is a challenging task to study the heat transfer at

high-Prandtl number.

As well known, direct numerical simulation (DNS)

approach can be used to calculate and analyze the

temperature and velocity fluctuations near the wall.

However, due to the expensive cost of DNS, previous

work only limited their investigations to low- or med-

ium-Prandtl number (usually Pr6 10) flow [1–7]. In fact,

it is obviously impossible at the present time to use DNS

approach to solve problems in which both the Reynolds
ed.
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Nomenclature

AP amplitude of driving pressure gradient

C SGS model coefficient

Kþ
T mean turbulent heat transfer coefficient

Kþ
TP phase-averaged turbulent heat transfer

coefficient

�p resolved modified pressure

Pr Prandtl number

PrT turbulent Prandtl number

qi SGS turbulent heat flux

Re Reynolds number

Res Reynolds number based on the friction

velocity

Rkk trace of SGS Reynolds stress

Sij resolved strain rate tensor

t time

tP period of driving pressure gradient

T resolved temperature

T 0 resolved temperature fluctuation

Tþ resolved temperature normalized by the

friction temperature

Td temperature on the upper wall

T�d temperature on the bottom wall

Ts friction temperature

u resolved streamwise velocity component

�ui resolved velocity components

u0i resolved velocity fluctuations

us friction velocity

v resolved spanwise velocity component

w resolved wall-normal velocity component

xi Cartesian coordinate axes

z wall-normal coordinate

zþ wall-normal coordinate normalized by the

friction velocity

d half-width of the channel

di1 delta function along the streamwise direc-

tion

dþT thickness of diffusive sublayer
�D size of grid filter
�̂D size of test filter

xP frequency of driving pressure gradient

sij SGS turbulent stress tensor

m molecular kinematic viscosity

j thermal diffusivity

h i average in the whole time and in the plane

parallel to the wall plate

h iP phase-average at the same phase and space-

average in the plane parallel to the wall plate

h iS average in the plane parallel to the wall plate

Subscripts

rms root mean square

min minimum

Superscript

+ normalized quantity by wall parameters
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and Prandtl numbers are large, since the number of

mesh points required to describe all the scales is of order

Pr3Re9=4. However, it is now well established that large

eddy simulation (LES) technique, which is much cheaper

than the DNS since it solves only the large-scale com-

ponents of turbulent flow and models the subgrid-scales

(SGS) effects via SGS models, provides an effective tool

to study detailed features of turbulent flows. Usually,

the SGS model is a key problem in the LES and a dy-

namic SGS model was proposed by Germano et al. [8]

which overcame some shortcomings of the Smagorinsky

model [9]. The dynamic model gained a remarkable

success in the past decade and it gave a new impetus to

the development of new strategies for LES [10–15]. On

account of the improvements made by the new SGS

models, it becomes highly tempting to use the dynamic

SGS model for studying the turbulent heat transfer at

high-Prandtl number.

On the other hand, statistically unsteady turbulent

flows driven by time-varying external force have re-

ceived very little attention compared to statistically

steady ones. Spalart and Baldwin [16] carried out the

DNS of a turbulent oscillating boundary layer and dealt
with the transition problem in the purely oscillating

flow. Lu et al. [17] performed the LES for an oscillating

turbulent flow past a circular cylinder. Then, Hsu et al.

[18] first employed the LES technique coupled with dy-

namic SGS model to investigate an oscillating turbulent

flow over a plate and confirmed that the LES approach

based on the dynamic SGS model is suited to tackle

unsteady problems. Recently, Scotti and Piomelli [19]

carried out the LES of pulsating turbulent channel flow

driven by an oscillating pressure gradient and verified

that the LES approach can predict reasonably unsteady

turbulent behavior.

In this paper, LES technique is employed to investi-

gate oscillating turbulent channel flow with heat trans-

fer. To authors’ knowledge, it is the first time to study

the problem, in particular for high-Prandtl number heat

transfer, by use of the LES approach. The oscillating

turbulent channel flow driven by a time-varying pressure

gradient with constant difference of temperature im-

posed on different walls is calculated. Three-dimensional

resolved incompressible Navier–Stokes equations are

solved by the fractional-step method proposed by Ver-

zicco and Orlandi [20]. Dynamic SGS models for SGS
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turbulent stresses and turbulent heat fluxes are em-

ployed to closure the equations.
2. Mathematical formulations

To investigate turbulent oscillatory heat transfer in a

channel flow, the three-dimensional, time-dependent

filtered incompressible Navier–Stokes and energy equa-

tions are simultaneously solved. To non-dimensionalize

these equations, the half-width of the channel d is used

as the length scale, the mean friction velocity us, which
will be defined in the following, as the velocity scale, and

the difference of temperature between the upper and

lower walls DT as the temperature scale. Then, the non-

dimensional governing equations are given as

o�ui
oxi

¼ 0 ð1Þ

o�ui
ot

þ o

oxj
ð�ui�ujÞ ¼ � o�p

oxi
þ 1

Res

o2�ui
oxjoxj

� osij
oxj

þ Pgdi1 ð2Þ

oT
ot

þ oðT�ujÞ
oxj

¼ 1

Res Pr
o2T
oxjoxj

� oqj
oxj

ð3Þ

where sij ¼ Rij � dijRkk=3, Rij ¼ uiuj � �ui�uj, qj ¼ Tuj �
T�uj, overbar ‘‘�’’ represents the resolved variable, the

Reynolds number Res is defined as Res ¼ usd=m, and the

Prandtl number Pr as Pr ¼ m=j with m being the kine-

matic viscosity and j the thermal diffusivity of the fluid.

�ui and T are the resolved velocity and temperature. Here,

the resolved velocity �ui (i ¼ 1; 2; 3), for writing conve-

nience, is represented as u, v and w in the streamwise (x),
spanwise (y) and wall-normal (z) directions, respectively.
�p is the resolved modified pressure, which contains a

term Rkk=3. Pgdi1 denotes an external pressure gradient

along the streamwise direction, and the pressure gradi-

ent Pg represents

Pg ¼ 1þ AP cosðxP tÞ ð4Þ

where xP ¼ 2p=tP , and AP , xP and tP denote the

amplitude, frequency and period of oscillating pressure

gradient, respectively. Then, as used by Scotti and

Piomelli [19], the friction velocity us is defined based on

the mean part of the pressure gradient in Eq. (4).

In Eqs. (2) and (3), sij and qj represent SGS turbulent

stress and heat flux, respectively, which need to be

modeled by SGS models. It is assumed that the heat

transfer is a passive scalar that does not influence the

flow dynamics. Thus the temperature depends on both

Res and Pr independently. The overall expressions of the
SGS stresses and turbulent heat flux are given as

sij ¼ �2C�D2 S
�� ��Sij; qj ¼ �C�D2

PrT
jSj oT

oxj
ð5Þ
where Sij ¼ ðo�ui=oxj þ o�uj=oxiÞ=2, jSj ¼ ½2SijSij�1=2. �D is

the filter width, and PrT represents the turbulent Prandtl

number.

The model coefficients of C and PrT in Eq. (5) are

obtained by the approach proposed by Germano et al.

[8]. After introducing a test filtering with a filter width
�̂D to Eqs. (1)–(3), the coefficients C and PrT can be

dynamically determined, by a least-square approach, as

C ¼ � 1

�D2

hLijMijiS
hMijMijiS

; PrT ¼ �C�D2 hFiFiiS
hHiFiiS

ð6Þ

where

Mij ¼ 2a2jŜj Ŝij

h
� 1

3
Ŝkkdij

i
� m̂ij;

Lij ¼ �ui�uj
^

� �̂ui�̂uj � 1
3
ð�uk�uk

^
� �̂uk �̂ukÞdij;

mij ¼ 2jSj Sij

�
� 1

3
Skkdij

�
; Ei ¼ �̂uiT̂ � �uiT

^
;

Fi ¼ a2jŜjB̂i � jSjB
^

i and Bj ¼
oT
oxj

Here, a ¼ �̂D=�D is chosen as 2 in the present calculation,

h iS denotes some kind of spatial averaging to remove

the calculation oscillation [8]. It is still needed to note

that the validity of the dynamic SGS models to study

this kind of unsteady turbulent flow has been established

[17–19].

In this study, no-slip and no-penetration velocity

conditions are imposed at both the channel walls

z ¼ �1. The flow and temperature fields are assumed to

be statistically homogeneous in the streamwise and

spanwise directions. Thus, periodic boundary conditions

are employed in those directions. Two different constant

temperatures Td ¼ 0:5 and T�d ¼ �0:5 are imposed on

the top and bottom walls, which drive the heat transfer.

Initial temperature field is set to be a linear distribution

along the z-direction and homogeneous in the horizontal

planes. Heat transfer computation is started after the

flow field has statistically reached a fully developed

turbulent state.
3. Numerical methods

To perform LES calculation, a fractional-step

method developed by Verzicco and Orlandi [20] is em-

ployed to solve Eqs. (1)–(3). Spatial derivatives are dis-

cretized by a second order central difference. Time

advancement is carried out by the semi-implicit scheme

using the Crank–Nicolson scheme for the viscous terms

and the three-stage Runge–Kutta scheme for the con-

vective terms. The discretized formulation was described

in detail by Verzicco and Orlandi [20].

In this study, the size of computational domain is

3pd� 4pd=3� 2d with the corresponding grid number

97· 97· 97 in the streamwise, spanwise and wall-normal
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directions, respectively. The domain size is chosen such

that two-point correlations in both the streamwise and

spanwise directions are negligibly small. The grid inde-

pendence of the present calculation has been ensured for

each simulation. The grid is uniform along the stream-

wise and spanwise directions. As well known, in a wall

bounded flow, the resolution for resolving the viscous

sublayer near the wall is a critical problem in LES [21].

Thus, to increase the grid resolution near both the walls

in the wall-normal direction, the mesh is stretched fol-

lowing the transformation used in [15,22], so that the

grid distribution in the z-direction is sufficient to resolve

the viscous sublayer and diffusive sublayer near the

boundary.

To validate quantitatively the present calculation,

some typical DNS results of Na et al. [7] are used to

examine our calculated results. Here, two cases with

Res ¼ 150 and Pr¼ 1 and 10, which were studied by Na

et al. [7] using DNS, are investigated. The distributions

of mean temperature are shown in Fig. 1a. It is seen that
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Fig. 1. Validation and verification for the present calculations:

(a) mean temperature profiles for Pr ¼ 1 and 10 and compari-

son with DNS data [7] with condition 1: grid number

65· 97 · 65 and time step 0.001 as well as condition 2: grid

number 129· 193· 129 and time step 0.0005; (b) mean tem-

perature profile for a fully developed turbulent channel flow

with a passive heat transfer at Pr ¼ 100 and comparison with

experimental and computational data [23].
our calculated result is in good agreement with the DNS

data. Moreover, we have compared other turbulent

quantities with some typical previous DNS results (not

shown here) and can confirm that our calculation code

enables the LES results to be satisfactory. To demon-

strate that the computed results are independent of the

time steps and grid sizes, the results calculated by dif-

ferent grid numbers and time steps are also shown in

Fig. 1a.

Further, to exhibit the performance of the present

LES at high-Prandtl number, a typical case is considered

for a fully developed turbulent channel flow with a

passive heat transfer at Pr ¼ 100 and Re ¼ 104 based on

the mean velocity and the half-width of the channel. Fig.

1b shows the profile of mean temperature normalized by

the friction temperature. Experimental and computa-

tional data given by Nagano and Shimada [23] at Pr¼ 95

with the same Reynolds number are depicted in Fig. 1b.

Although the Prandtl number in this calculation is

somewhat different from that in [23], both the results are

reasonably in good agreement with each other.
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Fig. 2. Distributions of the mean streamwise velocity and its

fluctuation at medium frequency (i.e., case 2), and comparison

with data obtained numerically by Scotti and Piomelli [19] and

experimentally by Tardu et al. [24]: (a) mean streamwise

velocity; (b) mean streamwise velocity fluctuation.
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4. Results and discussion

Typical calculations have been undertaken for the

Prandtl number Pr¼ 0.1 to 100, and the Reynolds

number Res ¼ 350. The oscillating turbulent flow with

the mean and the oscillating parts is driven by the

pressure gradient. The amplitude (AP ) and frequency

(xP ) of the oscillating pressure gradient in Eq. (4) are

given as follows: xP ¼ 0:56, AP ¼ 8 (hereafter, referred

to as case 1); xP ¼ 3:5, AP ¼ 50 (case 2); and xP ¼ 14:0,
AP ¼ 200 (case 3), which were investigated numerically

by Scotti and Piomelli [19]. Three cases correspond to

low, medium and high frequency with the ratio between

the oscillating and mean centerline velocity approxi-

mately 0.7.

4.1. Turbulent flow characteristics

To demonstrate the mean quantities of oscillating

turbulent flow, Fig. 2 shows the mean streamwise

velocity (i.e., h�ui) and its fluctuation (i.e., hu0rmsi) for the
oscillating turbulent channel flow. It is interesting to find

that there exists a buffer layer followed by a standard

logarithmic region in the velocity profile, which is closely

similar to that of a fully developed turbulent channel

flow driven by a constant pressure gradient. To validate
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Fig. 3. Profiles of the phase-averaged streamwise velocity and velocit

streamwise velocity fluctuation; (c) spanwise velocity fluctuation; (d)
the present calculation further, numerical and experi-

mental results [19,24] are shown in Fig. 2. The experi-

mental data are consistently higher than those obtained

numerically by the LES, and the present calculated re-

sults are in better agreement with the experimental data

[24].

As well known, the oscillating channel flow differs

significantly from the steady one. Fig. 3a shows the

phase-averaged streamwise velocity (i.e., h�uiP ) profiles

during the cycle. Based on the velocity profiles, a layer

that obeys the semi-logarithmic law exists above the

viscous sublayer, especially when the centerline velocity

is near its maximum. However, the semi-logarithmic law

regions in the accelerating phase are narrower and closer

to the wall (e.g., 0tP=8 and tP=8), while those in the

decelerating phase are broader and more far away from

the wall (e.g., 3tP=8 and 4tP=8). This behavior reveals the
difference in turbulence characteristics between the

accelerating and decelerating phases, which was verified

experimentally [25] and numerically [18].

The distributions of the phase-averaged root-mean-

square values (or turbulence intensities) of the velocity

fluctuations are demonstrated in Fig. 3b–d. The inten-

sity of hu0rmsiP (Fig. 3b) is generally higher than those of

other two components hv0rmsiP (Fig. 3c) and hw0
rmsiP (Fig.

3d). The peak values of hu0rmsiP in the decelerating phase
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y fluctuations at medium frequency: (a) streamwise velocity; (b)

wall-normal velocity fluctuation.
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Fig. 4. Profiles of the mean and phase-averaged temperature at

medium frequency: (a) mean temperature for different Prandtl

numbers; (b) phase-averaged temperature for Pr ¼ 1.
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are higher than those in the accelerating phase, i.e., the

streamwise velocity fluctuation is mainly generated

during the deceleration and suppressed during the

acceleration. This behavior was confirmed experimen-

tally [25] and numerically [18]. However, the variation of

the spanwise and wall-normal intensities near the wall

during the cycle has the opposite behavior with respect

to the change of the streamwise intensity, and the

behavior is consistent with the finding [19]. Thus, the

distributions of the spanwise and wall-normal intensities

near the wall at the phases from 0tP=8 to 3tP=8 exhibit

obviously lower than those at the phases from 4tP=8 to

7tP=8. Further, based on the analysis of the Reynolds-

stress budgets at different phases (not shown here),

turbulence production characteristics during the accel-

eration and deceleration phases agree with the evolution

of the velocity fluctuations in Fig. 3.

4.2. Turbulent heat transfer

To demonstrate the behavior of turbulent heat

transfer in the vicinity of the wall, the mean temperature

near the bottom wall, i.e., hTþi ¼ ½hT ðzÞi � T ð�1Þ�=Ts, is
shown in Fig. 4a versus zþ ¼ ðzþ 1Þus=m in logarithmic

scale, where the friction temperature Ts is defined as

Ts ¼ ðj=usÞ½ohT i=oz�z¼�1. It is seen that higher tempera-

ture appears at larger Prandtl number in the vicinity of

the wall. Similar to the mean velocity distribution, there

exists a buffer layer followed by a logarithmic region in

the mean temperature profile, where hTþi behaves as
hTþi ¼ b1ðPrÞzþ and hTþi ¼ a ln zþ þ b2ðPrÞ ð7Þ

where 1=a represents the von Karman constant for the

mean temperature profile, b1 and b2 do not vary with zþ

but change with the Prandtl number. Kader and Yaglom

[26] found a ¼ 2:12 approximately while Kader [27] gave

an empirical expression for the function b2 that describes

the experimental results in the logarithmic region of the

fully turbulent boundary layer. The logarithmic curve of

(7) is plotted in Fig. 4a. It is interesting to note that the

slope of a is approximately constant for Pr¼ 0.1, 1, 10,

50 and 100, almost independent of the Prandtl number.

This means that the zþ-logarithmic plots of mean tem-

perature profile may be nearly parallel for different Pr
numbers, which was confirmed based on DNS calcula-

tions [5,6].

Within the diffusive sublayer near the boundary,

Shaw and Hanratty [28] proposed theoretically a rela-

tion between the non-dimensional thickness dþT of the

heat diffusive sublayer and its dynamic equivalent dþu
through the Prandtl number for statistically steady tur-

bulent flow with heat transfer, dþT ¼ Pr�1=3dþu . To illus-

trate the behavior of mean diffusive sublayer, based on

the mean temperature profiles in Fig. 4a, it can be found

that the mean diffusive boundary layer thickness gets

thinner and thinner with the increase of the Prandtl
number. If we renormalize these profiles in the vicinity

of the wall, it is easy to obtain that the values of mean

diffusive sublayer thickness for different Pr numbers are

related approximately by the Pr�1=3 law given theoreti-

cally or by the Pr�0:3 law predicted experimentally [28].

Further, the phase-averaged temperature (i.e.,

hTþiP ¼ ½hT ðzÞiP � T ð�1Þ�=Ts) profiles for Pr ¼ 1 are

shown in Fig. 4b. Similar to the mean temperature dis-

tribution in Fig. 4a, the buffer layer and the logarithmic

region still appear approximately in the phase-averaged

temperature profiles. Following the relation (7), the phase-

averaged temperature, hTþiP , can also be written as

hTþiP ¼ b1ðt=tP ; PrÞzþ and

hTþiP ¼ a ln zþ þ b2ðt=tP ; PrÞ ð8Þ

where b1 and b2 are dependent on the Prandtl number

and the phase (t=tP ) while a is still chosen as a ¼ 2:12
approximately found by Kader and Yaglom [26]. As

expected, the slope of a is approximately constant from

Fig. 4b, and almost independent of the Prandtl number

and the phase.

Based on the mean and phase-averaged temperature,

we discuss the Prandtl number dependence of the cor-

responding mean and phase-averaged turbulent heat

transfer coefficients, Kþ
T , K

þ
TP, respectively, defined as
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Kþ
T ¼ j

usDTc

ohT i
oz

� ����
z¼�1

and

Kþ
TP ¼ j

usDTc

ohT iP
oz

� ����z¼�1 ð9Þ

where DTc is the difference of temperature between

the wall and the core of the channel flow. Kader and

Yaglom [26] suggests the Pr dependence of Kþ
T as

Kþ
T � Pr�2=3 as Pr ! 1 for fully developed statistically

steady turbulent wall flow with heat transfer. Shaw and

Hanratty [28] found Kþ
T � Pr�0:7 from their experiment.

As shown in Fig. 5, it is found that the turbulent heat

transfer coefficient Kþ
T and Kþ

TP calculated by the mean

and phase-averaged quantities of the oscillatory heat

transfer fall approximately between the Pr�0:7 law pre-

dicted experimentally [28] and the Pr�2=3 law proposed

theoretically [26]. Thus, the mean and phase-averaged

quantities of the oscillating turbulent flow with heat

transfer still obey reasonably the relation predicted

theoretically or experimentally for fully developed sta-

tistically steady turbulent wall flow with heat transfer.

Fig. 6a shows the profiles of mean temperature

fluctuation (i.e., hT 0
rmsi) for Pr¼ 0.1 to 100. Here, the

temperature fluctuation is normalized by the friction
Pr
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Fig. 5. Distribution of the mean and phase-averaged turbulent

heat transfer coefficients versus Prandtl number at medium

frequency: (a) mean turbulent heat transfer coefficient; (b)

phase-averaged turbulent heat transfer coefficient.
temperature Ts and, for writing convenience, is still de-

noted as T 0 in the following description. At Pr ¼ 0:1, the
intensity of the fluctuating part of temperature is high all

over the channel. Unlike the velocity fluctuations, the

temperature intensity reaches a maximum at the central

plane of the channel. According to Lyons et al. [29,30],

this character is due to the fact that the different

boundary conditions of the temperature imposed on

different walls cause a non-zero mean temperature gra-

dient in the center of the channel. At Pr ¼ 1, it is noticed

that there is a local extremum in the temperature fluc-

tuation at approximately zþ ¼ 18 from the closest

channel wall, which is close to the maximum of the

streamwise velocity fluctuation that occurs approxi-

mately at zþ ¼ 16, as shown in Fig. 2. As the distance

from the wall goes to zero, both the fluctuations of

velocity and temperature approach to zero linearly with

a slope varying with the Prandtl number. At Pr ¼ 50 and

100, it has been shown that large temperature fluctua-

tions are significant only close to the wall and the

maximum of them shifts towards the wall as the Prandtl

number increases.

The phase-averaged temperature fluctuation (i.e.,

hT 0
rmsiP ) for Pr ¼ 1 at different phases is shown in Fig. 6b.
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Fig. 6. Profiles of the mean and phase-averaged temperature

fluctuation at medium frequency: (a) mean temperature fluc-

tuation for different Prandtl numbers; (b) phase-averaged

temperature fluctuation for Pr ¼ 1.
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The distributions of the temperature fluctuation near the

wall at the phases from 0tP=8 to 3tP=8 are obviously

lower than those at the phases from 4tP=8 to 7tP=8.
Because the temperature fluctuation is closely relevant to

the velocity fluctuations, the variation of the tempera-

ture fluctuation is consistent with the change of the

velocity fluctuations in Fig. 3.

To reveal the character of mean turbulent heat

transfer near the solid walls of the oscillating turbulent

channel flow, Fig. 7 shows the variations of the mean

streamwise and wall-normal turbulent heat fluxes versus

zþ, respectively, in the wall region for different Prandtl

numbers from 0.1 to 100. As the Prandtl number in-

creases, the heat fluxes by turbulent transport hu0T 0i and
hw0T 0i become increasingly significant in the region near

the wall. Furthermore, we can expand hu0T 0i and hw0T 0i
into power series of zþ in the vicinity of wall,

hu0T 0i ¼ a1zþ
2 þ a2zþ

3 þ � � � ð10aÞ

hw0T 0i ¼ b1zþ
3 þ b2zþ

4 þ � � � ð10bÞ

Here, note that w0 ¼ c1zþ
2 þ c2zþ

3 þ � � �, due to

ðow0=ozÞjz¼�1 ¼ 0.

Both curves of the square and cubic laws with the

wall-normal distance are plotted in Fig. 7 with loga-

rithmic scales to illustrate the first terms in (10). The
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Fig. 7. Distributions of the mean streamwise and vertical tur-

bulent heat fluxes at medium frequency: (a) streamwise turbu-

lent heat flux; (b) vertical turbulent heat flux.
turbulent heat fluxes in the streamwise and wall-normal

directions agree well with the leading term behavior in

(10) in the near wall region.

The corresponding phase-averaged streamwise and

wall-normal turbulent heat fluxes (i.e., hu0T 0iP and

hw0T 0iP ) at Pr ¼ 1 during the cycle are shown in Fig. 8.

The variation of the streamwise and wall-normal tur-

bulent heat fluxes is relevant to the corresponding

change of the velocity fluctuations in the streamwise and

wall-normal directions. The distributions of hu0T 0iP in

the decelerating phase are higher than those in the

accelerating phase, i.e., the streamwise turbulent heat

flux is mainly generated during the deceleration and

suppressed during the acceleration. Corresponding to

the development of the wall-normal velocity fluctuation

in Fig. 3, the distributions of the wall-normal turbulent

heat flux near the wall during the phases from 0tP=8 to

3tP=8 are lower than those during the phases from 4tP=8
to 7tP=8. Meanwhile, both curves of the square and

cubic laws with the wall-normal distance are demon-

strated in Fig. 8. The turbulent heat fluxes in the

streamwise and wall-normal directions at different pha-

ses agree well with the leading term behavior in (10) in

the near wall region.
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streamwise turbulent heat flux; (d) wall-normal turbulent heat flux.
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4.3. Effect of the driving frequency on turbulent flow and

heat transfer

The phase-averaged quantities for low and high fre-

quency, corresponding to case 1 and case 3, are briefly

discussed. Fig. 9 shows the distributions of the phase-

averaged velocity during the cycle for both low and high

frequencies. At low frequency in Fig. 9a, the entire flow

is strongly affected by the oscillation from the mean

velocity profiles and the flow relaminarizes during the

cycle with little residual turbulent fluctuations (not

shown here). At high frequency in Fig. 9b, the mean

velocity profile in the outer region remains essentially

unaltered and a logarithmic layer with the usual slope is

illustrated.

To reveal the effect of driving frequency on turbulent

heat transfer, Figs. 10 and 11 show the phase-averaged

temperature and its fluctuation, and the phase-averaged

streamwise and wall-normal turbulent heat fluxes at

Pr ¼ 1 for low and high frequency. The corresponding

quantities at medium frequency are shown in Figs. 4b,

6b and 8, respectively. As expected, at low frequency in

Fig. 10, the difference of those quantities for different

phases is obvious. However, at high driving frequency in

Fig. 11, little difference is seen with respect to the sta-

tistically steady case. This behavior agrees well with

previous numerical results [18,19] and experimental data

[31,32]. Meanwhile, as shown in Figs. 10c,d and 11c,d

the turbulent heat fluxes in the streamwise and
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wall-normal directions are consistent perfectly with the

leading term behavior in (10) in the near wall region.

4.4. Turbulence structure

The effect of the oscillating flow on the turbulent

statistics stems from a profoundly different topology of

turbulent structures. The structures of instantaneous

velocity and temperature fluctuations are briefly dis-

cussed to support the time evolution of the turbulent

quantities described in the above. Fig. 12 shows the

patterns of instantaneous streamwise velocity and tem-

perature fluctuation in the (x; y) plane at zþ ¼ 8 for

medium frequency (i.e., case 2). As the flow picks up

momentum, very long and smooth streaks develop and

burst into a localized turbulent spot in Fig. 12a, even-

tually fill the whole channel in Fig. 12b. Those streak-

structures undergoing a spot-like transition were

reported experimentally by Sarpkaya [33]. The corre-

sponding instantaneous temperature fluctuation fields at

Pr ¼ 1 are shown in Fig. 12c and d. One can identify the

local spots in accordance with the high- and low-tem-

perature regions alternately. These visualizations imply

that the turbulent mixing of temperature is controlled by

the turbulence dynamics in the near wall region.

Contours of the resolved temperature fluctuation

close to the wall in a cross plane (y; zþ) for Pr ¼ 1, 10

and 100 at medium frequency are shown in Fig. 13,
where the high- and low-temperature streaks are visu-

alized. The organized streaks of the temperature fluc-

tuation exhibit the coherent structures due to the

succession of ejection and sweeping events. It is identi-

fied that smaller scale structures near the solid boundary

appear at higher Prandtl number. The scale in the tem-

perature fluctuation decreases with the increase of Pra-

ndtl number in a manner inversely proportional to Pr1=2

indicated by Tennekes and Lumley [34]. The vertical size

of the closed temperature contours clearly shows that

the heat transfer takes place in a much thinner region at

Pr ¼ 100 than at Pr ¼ 1. Consequently, nearly all the

turbulent structures existing in the wall region are

effective in the heat transfer process at Pr ¼ 1, but only

the smallest structures subsisting very close to the wall

are involved in the transfer process at Pr ¼ 100.
5. Concluding remarks

Large eddy simulation of an oscillating turbulent

channel flow with heat transfer is performed for the

Prandtl number from 0.1 up to 100 and the Reynolds

number 350. The frequency of driving pressure gradient

for the oscillating turbulent channel flow ranges low,

medium and high values. Statistical turbulence quanti-

ties including the mean and phase-averaged velocity,

temperature and their fluctuations, heat transfer coeffi-
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cients, turbulent heat fluxes are obtained and analyzed.

At high-Prandtl number, it has been established that the

mean and phase-averaged quantities of the oscillating

turbulent flow with heat transfer still obey reasonably

those relations predicted theoretically or experimentally

for fully developed statistically steady turbulent wall

flow case. The mean diffusive sublayer thickness dþT and

the mean (and phase-averaged) turbulent heat transfer

coefficients Kþ
T (and Kþ

TP) behave like Pr
�1=3 and Pr�2=3 as

proposed theoretically by Kader and Yaglom [26], or

like Pr�0:3 and Pr�0:7 predicted experimentally by Shaw

and Hanratty [28]. Based on the profiles of the mean and

phase-averaged temperature and temperature fluctua-

tion, there exists a buffer layer followed by a logarithmic

region in the mean and phase-averaged temperature

profiles. At low-Prandtl number, the temperature fluc-

tuation is high in the whole channel except the wall re-
gion. However, at high-Prandtl number, the temperature

fluctuation over the core region of the channel is negli-

gibly small because the gradient of the mean tempera-

ture is nearly zero there. It is verified that the mean and

phase-averaged streamwise and vertical turbulent heat

fluxes vary in the manners of zþ
2

and zþ
3

, respectively, in

the wall vicinity. Based on the structures of instanta-

neous temperature fluctuation contours, it is confirmed

that the heat transfer takes place in a very thin region at

high-Prandtl number and only the smallest structures

subsisting very close to the wall are involved in the heat

transfer process.
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