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Abstract

Large eddy simulation of thermally stratified turbulent open channel flows with low- to high-Prandtl number is per-

formed. The three-dimensional filtered Navier–Stokes and energy equations under the Boussinesq approximation are

numerically solved using a fractional-step method. Dynamic subgrid-scale (SGS) models for the turbulent SGS stress

and heat flux are employed to close the governing equations. The objective of this study is to reveal the effects of both

the Prandtl number (Pr) and Richardson (Ris) number on the characteristics of turbulent flow, heat transfer, and large-

scale motions in weakly stratified turbulence. The stably stratified turbulent open channel flows are calculated for Pr

from 0.1 up to 100, Ris from 0 to 20, and the Reynolds number (Res) 180 based on the wall friction velocity and

the channel height. To elucidate the turbulent flow and heat transfer behaviors, some typical quantities, including

the mean velocity, temperature and their fluctuations, turbulent heat fluxes, and the structures of the velocity and tem-

perature fluctuations, are analyzed.

� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Understanding and prediction of turbulent heat and

mass transfer processes from a solid boundary and near

an interfacial surface are of great interest in both appli-

cations and fundamentals. In the problem of heat trans-

fer by fluid flow, the Prandtl number (Pr) can range

from order of unity or less to hundreds. In the case of

the heat transfer at low or moderate Prandtl number,

a significant temperature gradient exists not only in the
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diffusive sublayer but also in the region outside the sub-

layer. High-Prandtl number heat transfer is of special

importance in the understanding of the heat transfer

near a free surface and/or in a turbulent boundary layer

flow. The heat diffusive sublayer for the high-Prandtl

number heat transfer by the interface or the solid bound-

ary is very thin, and the heat transfer efficiency is pri-

marily controlled by turbulent motions very close to

the interface or the boundary. Thus, it is a challenging

task to study the heat transfer at high Prandtl number,

in particular, considering thermal stratification effect

where an active scalar (e.g., thermal energy) is trans-

ferred in turbulent boundary layer and/or across the

interface.
ed.
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Nomenclature

B additive constant in the logarithmic law of

the velocity profile

BT additive constant in the logarithmic law of

the temperature profile

C SGS model coefficient

g gravitational acceleration

k thermal conductivity

K von Kárman constant in the logarithmic law

of the velocity profile

KT von Kárman constant in the logarithmic law

of the temperature profile

Nu Nusselt number

�p resolved modified pressure

Pr Prandtl number

PrT turbulent Prandtl number

qF averaged heat flux through the free surface

qi SGS turbulent heat flux

Rem Reynolds number based on the bulk mean

velocity

Res Reynolds number based on the friction

velocity

Rig local gradient Richardson number

Ris Richardson number based on the friction

velocity

Rkk trace of SGS Reynolds stress

Sij resolved strain rate tensor

t time

T resolved temperature

T+ resolved temperature normalized by the fric-

tion temperature

T
0+ resolved temperature fluctuation normalized

by the friction temperature

TB temperature at the bottom wall

TF temperature at the free surface

Ts friction temperature

u resolved streamwise velocity component

ub bulk mean velocity

�ui resolved velocity components

u0i resolved velocity fluctuations

us friction velocity

v resolved spanwise velocity component

w resolved vertical velocity component

x streamwise coordinate

xi Cartesian coordinate axes

y spanwise coordinate

z vertical coordinate

zþB vertical coordinate normalized by the fric-

tion velocity from the wall

zþF vertical coordinate normalized by the fric-

tion velocity from the free surface

b thermal expansion coefficient

d height of the channel

di1 delta function along the streamwise direc-

tion

D size of grid filterbD size of test filter

sij SGS turbulent stress tensor

m molecular kinematic viscosity

j thermal diffusivity

h i average in time and in the plane parallel to

the wall

h iS average in the plane parallel to the wall

Subscript

rms root mean square

Superscript

+ normalized quantity by wall parameters
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Thermally stratified turbulent open channel flow is

employed as a typical problem to be investigated in this

study. Some experiments have been undertaken to reveal

the most characteristics of open turbulent flows [1–6].

However, considerable difficulty in making accurate

velocity and scalar measurements very near the bound-

ary and the interfacial surface, in particular for high Pra-

ndtl number with very thin diffusive sublayer, is

unavoidable. To some extent, direct numerical simula-

tion (DNS) approach can be used to analyze the behav-

iors of turbulence structure and scalar transport near the

free surface, allowing precise determination of the veloc-

ity field very close to the interfacial surface. Due to the

expensive cost of the DNS, some previous work was

only limited their investigations to low Reynolds (usu-

ally Res 6 180, based on the wall friction velocity and
the channel depth) and Prandtl (Pr 6 2) number. The

DNS calculations [8–10] have been performed to deal

with turbulence structures near the free surface in an

open channel flow with a zero-shear interface. Recently,

some work [11,12] has been carried out to study turbu-

lence structure and scalar transport near the free surface

in open turbulent channel flows.

In fact, it is obviously impossible to use DNS ap-

proach to solve problems in which both the Reynolds

and Prandtl numbers are large, since the number of

mesh points required to describe all the scales is of order

Pr3Re9/4. However, it is now well established that large

eddy simulation (LES) technique, which is much cheaper

than the DNS since it solves only the large-scale compo-

nents of turbulent flow and models the subgrid-scale

(SGS) effects via SGS models, provides an effective tool
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to study some detailed features of turbulent flows. The

SGS model is a key problem in the LES. A dynamic

SGS model was proposed by Germano et al. [13] which

overcome some shortcomings of the classical Smagorin-

sky model [14]. The dynamic model gained a remarkable

success in the past decade and gave a new impetus to the

development of reasonable strategies for the LES

[15,16]. On account of the improvements made by the

SGS models, it becomes highly tempting to use the dy-

namic SGS model for studying turbulent heat transfer

at high Prandtl (or Schmidt) number [17–19]. Further-

more, to obtain reliable LES results for turbulent flow

at a free surface, it is needed to ensure that replacing

DNS by LES will not produce significant deviation in

the large scales of turbulent flow field. Based on recent

work [20,21], it is confirmed that, since turbulence dis-

tortion is less severe near a free surface than near a solid

wall, there is no doubt that the LES approach provides

an accurate description of the large-scale dynamics in

the surface-influenced region.

Turbulence structure is considerably affected when an

active scalar is transferred in turbulent boundary layer

and/or across the free surface. Usually, turbulence statis-

tics in stably stratified flows depends on the local Rich-

ardson number, defined by the local velocity and

temperature gradients, and the effect of thermal stratifi-

cation plays an important role in the turbulent heat

transfer [22–24]. Only have Nagaosa and Saito [25]

investigated stably stratified open turbulent channel flow

using the DNS for Pr = 1 and Ris = 0, 10 and 20. They

indicated that the turbulence structure and scalar trans-

fer near the free surface in stratified flows are compli-

cated since the stratification influences the turbulence

structure, in particular in the turbulent boundary layer

near the wall. To the best of our knowledge, however,

little work for thermally stratified open turbulent chan-

nel flows with low- to high-Prandtl number has been car-

ried out to deal with the characteristics of turbulence

and heat transfer. In this study, based on the LES tech-

nique, stably stratified turbulent open channel flows for

Pr from 0.1 up to 100, Ris from 0 to 20 and Res = 180

are investigated.

This paper is organized as follows. The mathematical

formulation and the dynamic SGS models for modeling

SGS turbulent stresses and heat fluxes are described in

Section 2. The numerical method is given in Section 3.

In Section 4, some typical statistical turbulence and heat

transfer quantities are discussed. Finally, concluding

remarks are summarized in Section 5.
2. Mathematical formulations

To study thermally stratified turbulent open channel

flow, the three-dimensional filtered incompressible Na-

vier–Stokes and energy equations under the Boussinesq
approximation are solved. To non-dimensionalize the

governing equations, the wall friction velocity us is used

as the velocity scale, the channel height d as the length

scale, and the temperature difference DT between the

free surface (TF) and the bottom wall (TB) as the temper-

ature scale. The non-dimensional governing equations

are given as

o�ui
oxi

¼ 0 ð1Þ

o�ui
ot

þ o

oxj
ð�ui�ujÞ

¼ � o�p
oxi

þ 1

Res

o2�ui
oxjoxj

� osij
oxj

þ di1 þ RiseT di3 ð2Þ

oT
ot

þ
o T�uj
� �
oxj

¼ 1

ResPr
o2T
oxjoxj

�
oqj
oxj

ð3Þ

where sij = Rij � dijRkk/3, Rij ¼ uiuj � �ui�uj, qj ¼ Tuj�
T�uj, overbar ‘‘–’’ represents the resolved variable.eT ¼ T � hT iS, and h iS stands for an average over a

plane parallel to the horizontal wall. �ui and T are the re-

solved velocity and temperature. �p is the resolved mod-

ified pressure, which contains a term Rkk/3. In this

study, the resolved velocity �ui (i = 1,2,3), for writing

convenience, is represented as u, v and w in the stream-

wise (x), spanwise (y) and vertical (z) directions, respec-

tively. Res = usd/t represents the Reynolds number and

Pr = t/j is the molecular Prandtl number with t being

the kinematic viscosity and j the thermal diffusivity.

Ris is the Richardson number defined as Ris ¼
bgDTd=u2s , where g is the gravitational acceleration, b
is the thermal expansion coefficient which is assumed

to be small enough so that the Boussinesq approxima-

tion is applicable.

In Eqs. (2) and (3), sij and qj represent SGS turbulent

stress and heat flux, which need to be modeled by SGS

models. The overall expressions of the SGS stress and

the SGS turbulent heat flux are written as, respectively

sij ¼ �2CD
2
S
�� ��Sij; qj ¼ �CD

2

PrT
S
�� �� oT

oxj
ð4Þ

where Sij ¼ 1
2

oui
oxj

þ ouj
oxi

� �
, S
�� �� ¼ 2SijSij

� 	1
2. D is the filter

width, and PrT represents the turbulent Prandtl number.

Here, the model coefficients of C and PrT in Eq. (4)

are obtained by use of the approach proposed by Ger-

mano et al. [13]. After introducing a test filtering with

a filter width bD to Eqs. (1)–(3), the coefficients C and

PrT can be dynamically determined as

C ¼ � 1

D
2

hLijMijiS
hMijMijiS

; PrT ¼ �CD
2 hF iF iiS
hEiF iiS

ð5Þ

where

Mij ¼ 2a2 bS��� ��� bSij �
1

3
bSkkdij


 �
� m̂ij;
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Lij ¼ �ui�uj
^

��̂ui�̂uj �
1

3
�uk�uk

^
��̂uk �̂uk

� 

dij;

mij ¼ 2 S
�� �� Sij �

1

3
Skkdij


 �
;

Ei ¼ �̂ui
bT � �uiT

^
;

F i ¼ a2 bS��� ���bBi � S
�� ��Bi

^
; and Bj ¼

oT
oxj

:

Here, a ¼ bD=D is chosen as 2 in the present calcula-

tion, h iS denotes a spatial averaging over the horizontal

plane to remove the calculation oscillation [13].

At the bottom wall z = 0, no-slip velocity condition is

imposed. Assuming the free surface being in the absence

of significant surface deformation, the boundary condi-

tions applied at z = 1, for a shear-free interface without

deformation, are given as

�w ¼ 0;
o�u
oz

¼ o�v
oz

¼ 0 ð6Þ
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Fig. 1. Mean streamwise velocity at Pr = 1 (a) and 100 (b) and the vert

Pr = 1 (c) and 100 (d).
The flow and temperature fields are assumed to be

statistically homogeneous in the streamwise and span-

wise directions. Thus, periodic boundary conditions

are employed in both the directions. Two different con-

stant temperatures, i.e., TF = 0.5 and TB = �0.5, are im-

posed on the free surface and the wall, respectively. Heat

transfer computation is started after the flow field has

statistically reached a fully developed turbulent state.

Initial temperature field is set to be a linear distribution

along the z-direction and homogeneous in the horizontal

plane.
3. Numerical methods

To perform LES calculation, a fractional-step meth-

od proposed by Verzicco and Orlandi [26] is employed

to solve Eqs. (1)–(3). Spatial derivatives are discretized

by a second order central difference. Time advancement

is carried out by the semi-implicit scheme using the

Crank–Nicholson scheme for the viscous terms and the
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three-stage Runge–Kutta scheme for the convective

terms. The discretized formulation was described in de-

tail by Verzicco and Orlandi [26].

In this study, the size of computational domain is

4pd · 3pd/2 · d with the corresponding grid number

128 · 96 · 96 in the streamwise, spanwise and vertical

directions, respectively. The domain size is chosen such

that two-point correlations in both the streamwise and

spanwise directions are negligibly small. The grid inde-

pendence of the present calculation has been ensured

for every simulation. The grid is uniform along the

streamwise and spanwise directions. In the vertical direc-

tion, to increase the grid resolution near the free surface

and the wall, the mesh is stretched with a transformation

used in [27], so that the grid distribution is sufficient to

resolve the viscous sublayer and diffusive sublayer near

the boundaries [18,27].

The present computational LES code has been veri-

fied extensively in our previous work [18,19,27–29]. It

can be ensured that our calculation is reliable for the

prediction of statistical quantities of turbulent flow

and heat transfer for thermally stratified turbulent flows.
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Fig. 2. The von Kárman constant K and KT (a) and the

additive constant B and BT (b) in the log law of the velocity and

temperature profiles versus the Richardson number at Pr = 1.
4. Results and discussion

4.1. Velocity statistics

The buoyancy force in thermally stratified turbulent

channel flow has a significant influence on the vertical

turbulent transport and internal energy conversion be-

tween turbulent kinetic energy and turbulent potential

energy. The velocity and temperature fields are coupled

and affected each other. To exhibit the effect of Ris on

the velocity statistics at different Pr numbers, Fig. 1a

and b shows the mean streamwise velocity versus zþB , de-
fined as zþB ¼ zus=m, for several Ris numbers at Pr = 1

and 100. As shown in Fig. 1a for Pr = 1, in the sublayer,

zþB < 10, the results follow the linear law quite well. In

the region of zþB > 20, as Ris increases from 0 to 20,

the flow speeds up. Clearly, the bulk mean velocity ub in-

creases with the increase of Ris although the friction

velocity on the wall is not changed. This is evidence that

the turbulent boundary layer appears the tendency of

relaminarization in stably stratified flow, which is consis-

tent with the results predicted for stably stratified turbu-

lent two-walled channel flows with Pr = 0.71 [30,31].

Furthermore, to explore the influence of Pr on the mean

velocity, as shown in Fig. 1b for Pr = 100, the mean

velocity profiles for several Ris numbers, unlike the case

of Pr = 1 in Fig. 1a, are nearly similar with each other. It

is reasonably predicted that the effect of Ris on the mean

velocity is somewhat negligible in weakly stratified high-

Prandtl number turbulent flows.

As indicated by Garg et al. [30] and Arya [32], a log-

arithmic region in weakly stratified boundary layer still
appears. By examining the velocity profiles in Fig. 1a,

they have a logarithmic form,

huþi ¼ ð1=KÞ ln zþB þ B ð7aÞ

where K and B represent the von Kárman constant and

the additive constant in the log law of the velocity pro-

file, respectively. Both K and B depend on Ris and are

obtained from Fig. 1a. As shown in Fig. 2, K and B de-

crease with the increase of Ris. According to Prandtl�s
mixing length model [33], the turbulent eddy viscosity

in the logarithmic layer is mT 
 lmjdh�ui=dzj2, where

lm � Kz is the mixing length. Under stable stratification,

turbulence intensities are suppressed and the vertical

length scale decreases, which is accounted for by

decreasing K.

Fig. 1c and d shows the vertical velocity fluctuation

normalized by the bulk mean velocity ub at Pr = 1 and

100. The turbulence intensities considerably decrease
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for low- to moderate-Prandtl number (e.g., Pr = 1) tur-

bulent flows due to stable stratification. The tendency

of re-laminarization of turbulent boundary layer is char-

acterized by the decrease of the turbulence intensities.

However, as shown in Fig. 1d for high-Prandtl number

flow, the stratification effect on the turbulence intensities

is insignificant.

To exhibit the effect of Pr on turbulence statistics,

Fig. 3 shows the mean velocity and turbulence intensities

for several Pr numbers at Ris = 20. As Pr decreases, the

flow speeds up and the bulk mean velocity increases.

Correspondingly, the turbulence intensities decrease.

Thus, the effect of decreased Pr is to enhance the relam-

inarizing effect of stable stratification. It is also disclosed

that the effect of Pr has a considerable influence on tur-

bulence statistics. Mètais and Herring [34] performed a

DNS of freely evolving stably stratified turbulence with

Pr = 1 and well compared their DNS data with experi-

mental data for Pr = 200 [35]. Then, they argued that

the large-scale structures are similar in both the DNS

and the experiment. Based on our calculated results,

however, it is verified that the effect of Pr plays an
important role in the dynamics of turbulence in ther-

mally stratified flows.

4.2. Temperature and thermal statistics

Fig. 4a and b shows the mean temperature profiles

for different Ris numbers at Pr = 1 and 100, respectively,

where hT+i is defined as hTþi ¼ ½hT i � T B�=T s with Ts

being the friction temperature at the wall,

T s ¼ ðj=usÞ ohT i=oz
�� ��

z¼0
. Similar to the mean velocity

distribution in Fig. 1a and b, there exists a buffer layer

followed by a logarithmic region in the mean tempera-

ture profile; hT+i behaves as
hTþi ¼ ð1=KT Þ ln zþB þ BT ð7bÞ

where KT and BT represent the von Kárman constant

and the additive constant in the log law of the mean tem-

perature profile. It is confirmed that KT and BT depend

on Ris. For unstratified turbulent flow, i.e., Ris = 0, Ka-

der and Yaglom [36] found 1/KT = 2.12 approximately,

which is consistent with our predicted data shown in

Fig. 2, while Kader [37] gave an empirical expression
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for the function BT that describes the experimental re-

sults in the logarithmic region of the fully turbulent

boundary layer. Based on the temperature profiles in

Fig. 4a for Pr = 1, as Ris increases, both KT and BT de-

crease in Fig. 2.

Similar to the behavior of the mean velocity profiles

(Fig. 1a and b), as shown in Fig. 4b for Pr = 100, the

change of the mean temperature profile due to the strat-

ification effect is also nearly negligible. However, as

shown in Fig. 4c and d for the profiles of the tempera-

ture fluctuation (Tþ
rms) normalized by Ts, it is evident

that the influence of Ris on Tþ
rms is obvious for both

Pr = 1 and 100, in particular near the free surface.

Meanwhile, the local maximum of Tþ
rms near the free sur-

face is higher than that near the bottom wall; this phe-

nomenon is consistent with previous work [12,27]. As

Pr increases, the peak value of Tþ
rms near the free surface

(or the wall) increases, and their positions shift towards

the free surface (or the wall). As Ris increases, the peak

value of Tþ
rms near the free surface increases and its posi-

tion moves away from the free surface. Due to stable

stratification effect, when Ris increases, the velocity

fluctuations (Fig. 1) decrease and the temperature fluctu-
ation (Fig. 4) increases. The mechanism can be explained

by internal energy conversion between the turbulent

kinetic energy and turbulent potential energy that is

related to the square of the temperature fluctuation

[30].

To reveal further the effect of Pr on the mean temper-

ature, Fig. 5 shows the mean temperature profiles plot-

ted by both normalized scales at Ris = 20. To exhibit

the global behavior of the mean temperature, as shown

in Fig. 5a, it is noted that the diffusive sublayer becomes

thinner and thinner with the increase of Pr. Shaw and

Hanratty [38] investigated experimentally and theoreti-

cally on fully developed turbulent wall flow with passive

heat transfer, and proposed that the diffusive sublayer

thickness at different Pr numbers was related approxi-

mately to the Pr�1/3 law predicted by theoretical analysis

and to the Pr�0.3 law by experiment. From Fig. 5, it is

identified that the values of the diffusive sublayer thick-

ness near the bottom wall for different Pr numbers are

still very close to those laws in weakly stratified turbu-

lent flows. By checking the profiles in Fig. 5a, it is also

noted that the values of the diffusive sublayer thickness

near the free surface are related to the law Pr�1/2
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approximately, which is determined based on standard

surface renewal model [5]. This behavior can be con-

firmed further by the variation of turbulent heat transfer

coefficient (or the Nusselt number) versus Pr at the free

surface in the following.

In Fig. 5b, the zþB -logarithmic plots of the mean tem-

perature profile near the wall may be nearly parallel for

different Pr numbers. The slope of 1/KT in Eq. (7b) var-

ies with Ris (Fig. 2); however, it is approximately con-

stant for several Pr numbers, almost independent of

Pr, which is consistent with the findings for unstratified

flows [18,27,39].

Here, we try to explain why the stratification effect on

the velocity statistics is negligibly small in weakly strat-

ified high-Prandtl number turbulent flow. The primary

parameter associated with stratification in shear flows

is the gradient Richardson number, Rig = N2/S2, where

N is the Brunt–Väisälä frequency and S is the mean

shear rate, which appears to be the important local

determinant of buoyancy effects [30,31]. The buoyancy

flux in stratified boundary layer is boundary-driven with
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the turbulence originating near the wall where Rig is

small. Then, passing to the outer boundary region, the

local values of Rig are large for low- to moderate-Pra-

ndtl number because a significant temperature gradient

exists in the region outside the sublayer (Fig. 5a), but

still small for large-Prandtl number because the temper-

ature is nearly constant over the most core region of the

channel. Thus, it is reasonable to predict the buoyancy

effect has little influence on the velocity statistics in

weakly stratified high-Prandtl number turbulent flows.

To elucidate the effects of Pr and Ris on the temper-

ature fluctuation, Fig. 6 shows the profiles of the temper-

ature fluctuation plotted logarithmically to emphasize

the behaviors near the wall and the free surface for some

typical parameters. In the wall (or free surface) vicinity,

the temperature fluctuation can be expanded, in terms of

zþB (or zþF ¼ ð1� zÞus=m), as [40],

Tþ
rms ¼ aB1zþB þ aB2zþ

2

B þ � � � near the wall ð8aÞ

Tþ
rms ¼ aF1zþF þ aF2zþ

2

F

þ � � � near the free surface ð8bÞ
Usually, the expansion coefficients are dependent of

the relevant parameters (e.g., Ris, Res). As shown in

Fig. 6, the expansions of Eq. (8) can be confirmed based

on the agreement of the leading terms in Eq. (8) with the

profiles in the regions of the wall and the free surface.

The Nusselt number is an important parameter rele-

vant to the heat transfer coefficient and, at the free sur-

face, is defined as

Nu ¼ qFd
kDT

ð9Þ

where qF represents the averaged heat flux through the

free surface, and k is the thermal conductivity. Fig. 7

shows the Nusselt number versus Pr. It is confirmed that

the distribution of Nu is well related to the law Pr1/2 for

unstratified (Ris = 0) and stratified (Ris = 10, 20) flows

and decreases with the increase of Ris for the same

Pr. This behavior is quite rational because stable strati-

fication dissociates the surface-renewal motions and

restrains the heat transfer at the free surface.

To validate the present prediction, we compare our

results with the gas flux measurements of Komori

et al. [2] and the empirical correlation developed by
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Rashidi et al. [5]. They correlated their experimental re-

sults with the subsurface hydrodynamics with the aid of

the surface renewal approximation. The correlations can

be normalized using only the Reynolds and Prandtl

numbers as

NuPr�1=2 ¼ 4:21� 10�3Re0:927m ðKomori et al: [2]Þ
ð10aÞ

NuPr�1=2 ¼ 3:22� 10�3Re0:938m ðRashidi et al: [5]Þ
ð10bÞ

where Rem is the Reynolds number based on the bulk

mean velocity ub. Based on our data at Ris = 0, Rem is

calculated as 2695 approximately. Fig. 7 depicts com-

parisons of Nu predicted by the present LES together

with the empirical correlations expressed by Eq. (10).

The results predicted by the present calculation at

Ris = 0 are in a reasonable agreement with correlations

given by Eq. (10) and lay between them. Despite some-

what difference between the present prediction and the

correlations, we consider the present Nu prediction

acceptable since, to make a fair comparison, unavoid-
(a) (

(c) (z
+

F

<
T

'+
u'

>

100 101 102

10-4

10-3

10-2

10-1

10
0

10
1

10
2

Pr=0.1
Pr=1
Pr=10
Pr=100z

F

+

+

z
B

+

<
T

'+
u'

>

100 101 102
10

-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

Pr=0.1 
Pr=1
Pr=10
Pr=100z

B

+2

Fig. 9. Profiles of the streamwise (a) and vertical (b) turbulent heat fl

turbulent heat fluxes near the free surface at Ris = 20.
able experimental errors must be considered. Further,

the comparisons in Fig. 7 also indicate clearly that the

correlations in Eq. (10) must be modified to be feasible

for the prediction of Nu in stably stratified flows for dif-

ferent Ris numbers.

Fig. 8 shows the resolved vertical turbulent heat

fluxes near the free surface and the wall at Pr = 1 and

100. Note that the temperature fluctuation in the heat

fluxes is normalized by the friction temperature. In

Fig. 8a and c for Pr = 1, as Ris increases, the vertical tur-

bulent heat fluxes (i.e., �hw 0T
0+i) decreases obviously,

especially near the free surface. However, as shown in

Fig. 8b and d, the stratification effect on the turbulent

heat fluxes is small for high-Prandtl number flow; this

behavior is consistent with the change of turbulence sta-

tistics described earlier.

Furthermore, considering the wall boundary and the

shear free conditions, the turbulent heat flux �hw 0T
0+i

can be expanded into power series of zþB and zþF in the

vicinities of the wall and the free surface,

�hw0T 0þi ¼ a1zþ
3

B þ a2zþ
4

B þ � � � near the wall ð11aÞ
b)
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�hw0T 0þi ¼ b1z
þ2

F þ b2z
þ3

F

þ � � � near the free surface ð11bÞ

Then, both curves of the square and cubic laws with

the vertical distance zþF and zþB are plotted in Fig. 8 with

logarithmic scales to illustrate the first terms in Eq. (11).

As expected, the turbulent heat fluxes agree well with the

leading terms in Eq. (11). The total heat flux, which is

the sum of the wall-normal turbulent and molecular heat

flux, is also depicted in Fig. 8. As expected, based on the-

oretical analysis, it is seen that the normalized total heat

flux equals nearly to unity under the temperature bound-

ary conditions used here. This behavior also ensures that

the temperature field is fully developed and the present

calculation is accurately reliable.

Further, to elucidate the effect of Pr on the turbulent

heat fluxes, Fig. 9 shows the streamwise and vertical tur-

bulent heat fluxes near the wall and the free surface for
Fig. 10. Contours of the instantaneous temperature fluctuation (left co

plane (y, zþB ) near the wall for Ris = 20: (a) Pr = 0.1; (b) 1; (c) 10; and (d

negative values. Increments of the temperature and vertical velocity fl
several Pr numbers at Ris = 20. As Pr increases, the tur-

bulent heat fluxes become increasingly significant in the

near regions of the free surface and the wall.

Similarly, the streamwise turbulent heat flux hu 0T 0+i
can be also expressed as power series of zþB and zþF near

the boundaries,

hu0T 0þi ¼ c1zþ
2

B þ c2zþ
3

B þ � � � near the wall ð12aÞ

hu0T 0þi ¼ d1zþF þ d2zþ
2

F

þ � � � near the free surface ð12bÞ

Fig. 9 also depicts the curves to exhibit the first terms

in Eqs. (11) and (12). Although the influence of the strat-

ification effect appears, the turbulent heat fluxes in the

streamwise and vertical directions are still in good agree-

ment with the leading terms in Eqs. (11) and (12) near

the boundaries.
lumn) and vertical velocity fluctuation (right column) in a cross

) 100. Here, solid lines represent positive values and dashed lines

uctuations are 0.02 and 0.2, respectively.
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4.3. Structures of the temperature and velocity fluctuation

The stratification effect on the turbulent structures

has been extensively investigated in pervious work

[25,30,31]. Here, the structures of the temperature and

velocity fluctuation near the wall and the free surface

are briefly analyzed to exhibit the influence of the

Prandtl number.

Fig. 10 shows the contours of the instantaneous tem-

perature and vertical velocity fluctuation near the wall in

a cross plane (y, zþB ) for Ris = 20, Pr = 0.1, 1, 10 and 100.

The organized streaks of the high- and low-temperature

fluctuation exhibit the coherent structures due to the

succession of ejection and sweeping events. It is noted

that smaller scale structures near the wall occur for high-

er Pr number. The scale of temperature fluctuation de-

creases with the increase of Pr in a manner inversely

proportional to Pr1/2 [41]. The vertical size of the closed

contours clearly shows that the heat transfer takes place
Fig. 11. Contours of the instantaneous temperature fluctuation (left co

plane (y, zþF ) near the free surface for Ris = 20: (a) Pr = 0.1; (b) 1; (c) 1

velocity fluctuations are 0.02 and 0.1, respectively.
in a very thin region for high-Prandtl number flow. Be-

cause weak stratification effect is considered here, the or-

ganized streak structures of the vertical velocity

fluctuation for several Pr numbers are nearly similar to

each other. The velocity fluctuation appears somewhat

close to the wall at high-Prandtl number.

Correspondingly, the instantaneous temperature and

vertical velocity fluctuations near the free surface in a

cross plane (y, zþF ) are also shown in Fig. 11. It is evident

that the structure scale in the temperature fluctuation

decreases with the increase of Pr. These structures

spread over the region near the free surface; it is because

a large fraction of surface renewal events originate from

the buffer region of the wall boundary layer [5–7]. Mean-

while, it is noted that the vertical velocity fluctuation oc-

curs obviously close to the free surface at high-Prandtl

number because the velocity is affected by thermal effect

with thinner diffusive sublayer for higher Prandtl

number.
lumn) and vertical velocity fluctuation (right column) in a cross

0; and (d) 100. Here, increments of the temperature and vertical
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Based on the patterns of the velocity and temperature

fluctuations near the boundaries for different Ris num-

bers (not shown here), it is noted that the formation of

streaks near the wall is suppressed with the increase of

Ris. This behavior is also confirmed in stably stratified

turbulent two-walled channel flows [30,31] as well as is

closely related to the reduction of the friction coefficient

at the wall [42] and to the decrease of turbulent heat flux

at the free surface as shown in Fig. 7. The dissociation of

the streaky structures in the near wall region also means

that the frequency of the bursting eddies decreases in

stably stratified turbulence. Meanwhile, according to

Komori et al. [2], about 90% of bursting eddies gener-

ated in the near wall turbulent boundary layer evolve

the surface-renewal motions. Thus, the frequency of

the surface-renewal motions decreases due to the effect

of stable stratification.

Further, the temperature fluctuation patterns in a

plane parallel to the wall at zþB ¼ 0:35 (near the wall)
Fig. 12. Contours of the instantaneous temperature fluctuation near

zþF ¼ 0:35 (right column) for Ris = 20: (a) Pr = 0.1; (b) 1; (c) 10; and (
and zþF ¼ 0:35 (near the free surface) for differentPr num-

bers are shown in Fig. 12, where the high- and low-tem-

perature streaks are visualized. The patterns clearly

illustrate the evolution of temperature fluctuation with

absent and dense streaky structures for different Pr num-

bers; this behavior is consistent with the profiles of the

temperature fluctuation in Fig. 6. In the near wall region,

absent streaky structures appear at low Pr number, e.g.,

Pr = 0.1 and 1 in Fig. 12a and b, and fairly dense and long

streaky structures occur at high Pr number, e.g., Pr = 10

and 100 in Fig. 12c and d. As discussed above, because

the surface renewal events mainly originate from the buf-

fer region of the wall, it is reasonably observed that the

temperature fluctuation with the absent and dense strea-

ky structures near the free surface well corresponds to

that near the wall. Thus, the temperature fluctuation near

the free surface increases with the increase of Pr, which is

reasonably related to the behavior of the Nusselt number

at the free surface versus Pr as shown in Fig. 7.
the wall at zþB ¼ 0:35 (left column) and near the free surface at

d) 100. Here, increment of the temperature fluctuation is 0.005.
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5. Concluding remarks

Large eddy simulation of thermally stratified turbu-

lent open channel flow is carried out to reveal the effects

of Ris and Pr on the characteristics of turbulent flow,

heat transfer, and large-scale motions in weakly strati-

fied turbulence. The profiles of the mean velocity and

temperature have been examined for several Ris and

Pr numbers; there exists a buffer layer followed by a log-

arithmic region in the velocity and temperature profiles.

Both the von Kárman constant and the additive con-

stant in the log law of these profiles decrease with the

increase of Ris. However, the plots of the mean temper-

ature profiles in the logarithmic region may be nearly

parallel for different Pr numbers, and thus their slopes

are almost independent of Pr number. It is found that

the stratification effect has little influence on the velocity

statistics in weakly stratified high-Prandtl number tur-

bulent flow, although the effect is significant on turbu-

lent behaviors for low- to moderate-Prandtl number

turbulent flows. Meanwhile, as Pr decreases, the flow

speeds up and the bulk mean velocity increases and

the turbulence intensities decrease. The effect of de-

creased Pr is thus to enhance the relaminarizing effect

of stable stratification. Under stable stratification influ-

ence, as Ris increases, the velocity fluctuations decrease

and the temperature fluctuation increases; this behavior

is relevant to the mechanism of internal energy conver-

sion between the turbulent kinetic energy and the poten-

tial energy.

The Nusselt number at the free surface predicted

by the present LES is well consistent with the law

Pr1/2 for both unstratified and stratified flows. The

Nusselt number decreases with the increase of Ris; it

is because stable stratification dissociates the surface-

renewal motions and restrains the heat transfer at the

free surface. Based on our calculated results, it is sug-

gested that the correlations related to the Nusselt num-

ber with the Reynolds and Prandtl numbers, proposed

by Komori et al. [2] and Rashidi et al. [5], must be

modified for stratified turbulent flow. The turbulent

heat fluxes for unstratified and stratified flows are in

good agreement with some local features expressed by

analytical predictions near the wall and the free

surface.

Based on the structures of the instantaneous temper-

ature and velocity fluctuations, it is revealed that the tur-

bulent heat transfer takes place in a very thin region at

high-Prandtl number and only the smallest structures

subsisting very close to the wall are involved in the heat

transfer process. The effect of Pr on the organized streak

structures of the velocity fluctuations is somewhat not

remarkable for weakly stratified turbulent flow. How-

ever, the influence of Pr on the structures of the temper-

ature fluctuations is significant.
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[34] O. Mètais, J.R. Herring, Numerical simulations of freely

evolving turbulence in stably stratified fluids, J. Fluid

Mech. 202 (1989) 117–148.

[35] E.C. Itsweire, K.N. Helland, C.W. Van Atta, The evolu-

tion of grid-generated turbulence in a stably stratified fluid,

J. Fluid Mech. 162 (1986) 299–338.

[36] B.A. Kader, A.M. Yaglom, Heat and mass transfer laws

for fully turbulent wall flows, Int. J. Heat Mass Transfer 15

(1972) 2329–2342.

[37] B.A. Kader, Temperature and concentration profiles in

fully turbulent boundary layers, Int. J. Heat Mass Transfer

24 (1981) 1541–1545.

[38] D.A. Shaw, T.J. Hanratty, Turbulent mass transfer rates

to a wall for large Schmidt number, AIChE J. 23 (1977)

28–35.

[39] H. Kawamura, H. Abe, Y. Matsuo, DNS of turbulent heat

transfer in channel flow with respect to Reynolds and

Prandtl number effects, Int. J. Heat Fluid Flow 20 (1999)

196–207.

[40] R.A. Antonia, J. Kim, Turbulent Prandtl number in the

near wall region of a turbulent channel flow, Int. J. Heat

Mass Transfer 34 (1991) 1905–1908.

[41] H. Tennekes, J.L. Lumley, A First Course in Turbulence,

MIT Press, Cambridge, MA, 1972, pp. 95–97.

[42] G. Hetsroni, J.L. Zakin, A. Mosyak, Low-speed streaks in

drag-reduced turbulent flow, Phys. Fluids 9 (1997) 2397–

2404.


	Large eddy simulation of stably stratified turbulent open channel flows with low- to high-Prandtl number
	Introduction
	Mathematical formulations
	Numerical methods
	Results and discussion
	Velocity statistics
	Temperature and thermal statistics
	Structures of the temperature and velocity fluctuation

	Concluding remarks
	Acknowledgments
	References


