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Abstract

Non-Newtonian fluid flow in a stenosed coronary bypass is investigated numerically using the Carreau–Yasuda model for the

shear thinning behavior of the blood. End-to-side coronary bypass anastomosis is considered in a simplified model geometry where

the host coronary artery has a 75% severity stenosis. Different locations of the bypass graft to the stenosis and different flow rates in

the graft and in the host artery are studied. Particular attention is given to the non-Newtonian effect of the blood on the primary and

secondary flow patterns in the host coronary artery and the wall shear stress (WSS) distribution there. Interaction between the jet

flow from the stenosed artery and the flow from the graft is simulated by solving the three-dimensional Navier–Stokes equation

coupled with the non-Newtonian constitutive model. Results for the non-Newtonian flow, the Newtonian flow and the rescaled

Newtonian flow are presented. Significant differences in axial velocity profiles, secondary flow streamlines and WSS between the

non-Newtonian and Newtonian fluid flows are revealed. However, reasonable agreement between the non-Newtonian and the

rescaled Newtonian flows is found. Results from this study support the view that the residual flow in a partially occluded coronary

artery interacts with flow in the bypass graft and may have significant hemodynamic effects in the host vessel downstream of the

graft. Non-Newtonian property of the blood alters the flow pattern and WSS distribution and is an important factor to be

considered in simulating hemodynamic effects of blood flow in arterial bypass grafts.

r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Anastomotic intimal hyperplasia and thrombosis are
often implicated in the failure of coronary bypass
surgery. In vivo animal models reveal that the heel,
toe, suture-line and the artery wall opposite to the
junction are most prone to intimal thickening (Imparato
et al., 1972; Sottiurai et al., 1989). Several initiating
factors have been speculated in the pathogenesis of the
intimal thickening, one of which is the local variation in
the wall shear stress (WSS) (Cole et al., 1998; Ethier
e front matter r 2005 Elsevier Ltd. All rights reserved.
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et al., 1998; Perktold et al., 1998). In vitro experiments
have been carried out to measure velocity distribution
and to visualize flow pattern in end-to-side anastomosis
(Crawshaw et al., 1980; Rittgers et al., 1978; Keynton et
al., 1991). Hemodynamic effects of the blood flow are
believed to play an important role in the initiation and
development of the intimal thickening following cor-
onary bypass surgery (Caro et al., 1971; Friedman et al.,
1981; Zarins et al., 1983; Nerem, 1992). There have been
a number of theoretical studies on Newtonian flow in
bypass grafts (e.g., Perktold et al., 1998; Lee et al., 2001;
Lu et al., 2002). Rheological properties of the blood,
which may affect significantly local hemodynamics,
however, have not been rigorously investigated in end-
to-side coronary bypass anastomosis (Thurston, 1973,
1979; Chen and Lu, 2004, 2005).
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Numerical simulation is an important tool in inves-
tigating blood flow in arteries. Previous studies investi-
gated unsteady blood flow (e.g., Tu and Deville, 1996),
in three-dimensional (3D) geometries (e.g., Hofer et al.,
1996; Santamarina et al., 1998; Weydahl and Moore Jr.,
2001), and in 3D geometries reconstructed from arteries
using data from experiments (e.g., Friedman and Ding,
1998; Perktold et al., 1998). The influence of the angle of
the anastomosis and flow divisions in models of artery
bypass on the WSS and flow patterns has been studied
extensively (e.g., Fei et al., 1994; Henry et al., 1996;
Inzoli et al., 1996; Bertolotti and Deplano, 2000;
Bertolotti et al., 2001). Non-Newtonian effects of blood
flow in arterial bifurcations were also considered (e.g.,
Lou and Yang, 1993; Gijsen et al., 1999a, b; Chen and
Lu, 2004, 2005).

In this study, steady non-Newtonian flow in a
simplified geometry for coronary bypass is simulated
under different flow conditions and graft locations. The
3D Navier–Stokes equations coupled with the non-
Newtonian constitutive model are solved numerically
using a finite element method. To compare the flow
behavior of the non-Newtonian fluid with that of the
Newtonian fluid, results for the Newtonian fluid with
the original Reynolds number and the rescaled Reynolds
number are calculated. Interaction between the flow
from the bypass graft and the flow from the partially
occluded host artery is investigated, when anastomosis is
at different distances to the site of the stenosis. The
emphasis of the study is on the primary and secondary
flows and WSS distribution in the host artery down-
stream of the bypass graft, and how non-Newtonian
effects of the blood affect these distributions.
Fig. 1. Schematic drawing of a distal vascular anastomosisa. The

bypass graft has the same diameter, D, as the host artery. The distance

between the heel of the graft and the center of the stenosis is d. (a)

Global view; (b) view in the x�z plane of symmetry.
2. Methods

The flow is assumed to be steady and laminar.
Governing equations for an incompressible fluid, i.e.,
Navier–Stokes equations, are

r
@u

@t
þ u � ru

� �
¼ �rpþ r � T, (1)

r � u ¼ 0, (2)

where u is the fluid velocity vector, r the density and p

the pressure. T is the stress tensor and is linearly
dependent on the rate of deformation tensor D with a
relation of T ¼ 2Zð_gÞD, where D ¼ 1

2
ðruþruTÞ, Z

represents the viscosity of the blood, and _g is the shear
rate. For a non-Newtonian fluid, Z is a function of _g,
and for a Newtonian fluid Z is a constant and is
independent of the shear rate _g.

The shear thinning and viscoelasticity of the blood are
related to its microscopic structures and are determined
mainly by red blood cells in the blood, e.g., aggregation,
deformation and alignment of red blood cells (Chien et
al., 1970; Thurston, 1973, 1979). Studies on the steady
non-Newtonian flow in a carotid bifurcation model
indicate that the shear thinning is the dominant non-
Newtonian property of the blood affecting the velocity
distribution (Gijsen et al., 1999a, b), although viscoelas-
ticity of the blood has been demonstrated to affect flow
patterns (Liepsch and Moravec, 1984; Ku and Liepsch,
1986). In the present study, the Carreau–Yasuda shear
thinning model (Bird et al., 1987) was used,

Z� Z1
Z0 � Z1

¼ ½1þ ðl_gÞa�ðn�1Þ=a, (3)

where _g represents a scalar quantity of the rate of
deformation tensor, defined as _g ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2trðD2Þ

p
. The other

parameters in Eq. (3) are employed from the experi-
mental data based on the analog blood fluid (Gijsen et
al., 1999a, b) and written as Z1 ¼ 2:2� 10�3 Pa s,
Z0 ¼ 22� 10�3 Pa s, l ¼ 0:110 s, a ¼ 0:644, n ¼ 0:392
and r ¼ 1410 kg=m3.

As shown in Fig. 1, a simplified anastomosis model is
represented as the intersection of two cylinders with the
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Table 1

Flow rates in bypass graft and in the stenosed host artery

Case reference Flow rate in graft Flow rate in host artery

Q12 Q/2 Q/2

Q34 3Q/4 Q/4

Q78 7Q/8 Q/8
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same diameter D at a junction angle of 451. As reported
by Ofili et al. (1995), the diameter of the left anterior
descending coronary is approximately 3mm (i.e.,
D ¼ 3mm). A 75% lumen axisymmetric stenosis is
considered and is described by a Gaussian profile (Siouff
et al., 1998),

RðxÞ

R0
¼ 1�

1

2
exp �

4ðx� xsÞ
2

R2
0

 !
, (4)

where R(x) is the radius of the constricted part in the
host coronary with R0 ¼ 1:5mm, xs represents the
position of stenosis. The stenosis takes different posi-
tions upstream from the heel (in Fig. 1b): d ¼ 1:5D, 2D

and 3D, and for easy reference in following sections,
they are denoted as cases D1.5, D2 and D3, respectively.
The case without stenosis is referred to as D0.

In order to compare results between the non-New-
tonian and Newtonian flows, calculations were also
performed using the Newtonian fluid employed by
Gijsen et al. (1999b). Based on the experimental data
of the analog blood fluid (Gijsen et al., 1999a, b), a
concentrated solution of potassium thiocyanate in water
(KSCN, 71% by weight) was employed as the New-
tonian control fluid with the Newtonian viscosity
Z ¼ 2:9� 10�3 Pa s. In the calculation, a typical Rey-
nolds number, Re ¼ 250, is used for the steady arterial
flow. Based on the diameter of the host coronary artery
(D ¼ 3mm), the fluid density ðr ¼ 1410 kg=m3Þ and
viscosity (Z ¼ 2:9� 10�3 Pa s), the mean velocity at the
outlet of the host artery is approximately 0.1714m/s and
the flow rate Q ¼ 1:708� 10�3 kg=s.

To understand the equivalent viscous behavior of
blood circulation in the host artery, a rescaled New-
tonian flow is introduced. In order to define the
corresponding rescaled Reynolds number, a character-
istic shear rate (i.e., _gc) is needed. Different definitions of
the characteristic shear rate for the blood flow in large
arteries exist. Some use the wall shear rate (e.g., Mann
and Tarbell, 1990; Cho and Kensey, 1991), which is
often the highest shear rate occurring in blood flow.
Others use the averaged shear rate in the artery (e.g.,
Thurston, 1973, 1979; Baaijens et al., 1993; Ballyk et al.,
1994; Gijsen et al., 1999b; Chen and Lu, 2004, 2005). In
this study, the averaged shear rate at the outlet of the
host artery is used,

_gc ¼
2V

R0
, (5)

where V and R0 represent the mean velocity at the outlet
and the radius of the host coronary tube, respectively.
Based on the mean velocity of 0.1714m/s and host
diameter of 3mm, the averaged shear rate is 228.5 s�1.
From Eq. (3), with parameters by Gijsen et al.
(1999a, b), the equivalent viscosity is approximately
4.7� 10�3 Pa s. The rescaled Reynolds number is
estimated to be 154.5, based on D ¼ 3mm,
r ¼ 1410 kg=m3, and the mean velocity of 0.1714m/s.

As in previous studies (Weydahl and Moore Jr., 2001;
Lu et al., 2002; Chen and Lu, 2004, 2005), fully
developed velocity profiles are imposed at the two inlet
sections (i.e., graft and host coronary). The residual
blood flow in the constricted artery progressively
decreases during the weeks following the surgery until
the stenosed vessel is completely occluded (Kakos et al.,
1972). Three different ratios between flow rates in the
graft and in the host artery are used to simulate different
hemodynamic conditions, as listed in Table 1 (Bertolotti
and Deplano, 2000). The outflow boundary conditions
are treated as a traction-free surface, and imposed 20D

downstream from the anastomosis in order to avoid
perturbations in the upstream flow field. Vessels are
assumed to be rigid and no-slip velocity condition is
applied on the vessel walls.

A finite element method based on the fractional-step
velocity correction is used to solve Eqs. (1) and (2)
numerically. The finite element spatial discretization is
performed using the Galerkin weighted residual method.
The discretized formulation was described by Kovacs
and Kawahara (1991) in detail. The computational
method has been validated in our previous studies for
Newtonian and non-Newtonian fluid flows in a non-
planar bifurcation model (Lu et al., 2002; Chen and Lu,
2004, 2005). To validate the computational method in
the anastomosis model, axial velocity profiles of the
Newtonian flow in the symmetry plane (i.e., x� z plane)
are calculated and compared to data obtained by
Bertolotti and Deplano (2000) in Fig. 2. Good agree-
ment between the two results is seen for both D1.5 and
D0 cases, when the flow in the bypass graft is 1

2
, 3
4
and 7

8
of

the total flow, i.e., Q12, Q34 and Q78.
3. Results

3.1. Velocity profiles

Near the anastomosis, flow pattern is complex and is
related to the initiation and development of intimal
thickening (Imparato et al., 1972; Sottiurai et al., 1989).
The change in the flow direction from the graft to
the host vessel causes flow distortion due to the
centrifugal force and the transverse pressure gradient



ARTICLE IN PRESS

D1.5-Q12 D1.5-Q34 D1.5-Q78 

D0-Q12 D0-Q34 D0-Q78 

x/D=toe 1 2

0 2U

2U

Top wall

Bottom wall x/D=toe 1 2 x/D=toe 1 2

x/D=toe 1 2

0 Top wall

Bottom wall x/D=toe 1 2 x/D=toe 1 2

(a)

(b)

Fig. 2. Validation of the numerical method by axial velocity profiles in the symmetry plane. The ratio between flows in the stenosed artery and in the

bypass graft takes different values. Symbol & denotes data by Bertolotti and Deplano (2000) and solid line is for result from the present study. (a)

With stenosis (D1.5); (b) without stenosis (D0).
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in the cross-sectional plane. In addition, the residual
flow from the stenosed artery creates a jet flow
interacting with the flow from the graft. Fig. 3 shows
the development of the axial velocity profiles in the
symmetry plane (i.e., the x� z plane) from the toe to
two vessel diameters downstream in the host artery. It is
found that in the region near the toe, axial flow is
significantly influenced by the interaction between the jet
flow from the stenosed artery and that from the graft. At
the toe, the peak velocity shifts toward the centerline of
the artery as the flow rate in the graft increases, i.e.,
from Q12 to Q34 and Q78, for both the Newtonian and
non-Newtonian flows. The jet flow from the stenosed
artery tends to increase the peak value of the axial
velocity, especially at D1.5–Q12 in Fig. 3a where the
stenosis is closest to the anastomosis and flow rate in the
stenosed artery equals that in the bypass graft. The jet
effect reduces as the distance x=D increases, i.e., from
D1.5 to D3 and D0, where the location of the stenosis
can be viewed as infinitely far away from the heel at D0.
Meanwhile, as the coronary inflow decreases (e.g., at
Q34, Q78), the influence of the jet flow is hardly
noticeable at the toe, particularly as the distance of the
stenosis increases (e.g., D2, D3, or D0). At sections
downstream of the toe, the axial velocity profiles are
clearly skewed toward the bottom wall of the artery. The
peak velocity is closer to the bottom wall as the flow rate
in the graft increases (e.g., from Q1/2 to Q34 and Q78).
Further downstream, the axial peak velocity gradually
returns to the center of the artery. These flow features
are consistent with previous findings (Fei et al., 1994;
Inzoli et al., 1996; Bertolotti and Deplano, 2000).

Comparison between the axial velocity of the New-
tonian and the non-Newtonian flows reveals that the
velocity profiles of the non-Newtonian flow show
significant flattening, especially in the region close to
the toe. The shear thinning effect of the non-Newtonian
flow reduces the peak velocity of the flow where the
shear rate is the lowest and increases velocity near the
wall where the shear rate is high. Shift of the peak
velocity toward the bottom wall is less significant for the
non-Newtonian flow. This can be seen most clearly at
the cross section x=D ¼ 2 when flow from the graft
dominates, i.e., at Q78, where the difference in the axial
velocity profiles between the non-Newtonian and the
Newtonian flows is significant. The rescaled Newtonian
flow, in comparison, agrees well to the non-Newtonian
flow, although there are noticeable differences in the
peak values of the axial velocity. These findings agree to
those obtained by Gijsen et al. (1999a, b) and Chen and
Lu (2004, 2005), where non-Newtonian flow in carotid
bifurcation was studied.

The profiles of the axial velocity in the perpendicular
plane (i.e., x� y plane) are presented in Fig. 4. At the
toe, the jet flow induces an obvious peak value of the
axial velocity at the center of the artery, in particular in
the case Q12 where the 50% of the total flow is from the
stenosed artery. The maximum velocity decreases as the
distance between the stenosis and the anastomosis
increases (e.g., at D2, D3 and D0), and a typical flat



ARTICLE IN PRESS

D0-Q12 D0-Q34 D0-Q78 

0 2U Top wall

Bottom wall

x/D=toe 1 2 x/D=toe 1 2 x/D=toe 1 2

D3-Q12 D3-Q34 D3-Q78 

x/D=toe 1 2 x/D=toe 1 2 x/D=toe 1 2

D2-Q12 D2-Q34 D2-Q78 

x/D=toe 1 2 x/D=toe 1 2 x/D=toe 1 2

D1.5-Q12 D1.5-Q34 D1.5-Q78 

x/D=toe 1 2 x/D=toe 1 2 x/D=toe 1 2

(a)

(b)

(c)

(d)

Fig. 3. Axial velocity profiles of the non-Newtonian flow (solid line), the Newtonian flow (dashed line) and the rescaled Newtonian flow (dash-dot

line) in the x�z plane. The ratio between flows in the stenosed artery and in the bypass graft takes different values. (a) D1.5; (b) D2; (c) D3; (d) D0.
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velocity profile is found at the toe in the case D0–Q12 (in
Fig. 4d). The peak velocity at the toe increases as the
flow rate in the bypass graft increases for both the
Newtonian and the non-Newtonian flows. Downstream
of the toe, typical M-shape velocity profiles are formed
at x=D ¼ 2, which are consistent with observations in
abdominal aorta model and coronary artery branch by
Perktold et al. (1998). The location of the double peaks
in the M-shape velocity profile becomes closer to the
lateral walls as the flow rate in the graft increases, which
is similar to the findings by Bertolotti and Deplano
(2000). The trough of the M-shape velocity profile at the
center of the artery is more pronounced at higher flow
rate in the graft, caused by the stronger inertia in the
flow from the graft. This feature is confirmed by the
presence of stronger secondary flows in the cross-
sectional plane, which will be shown later. Difference
in the velocity profiles between the non-Newtonian and
the Newtonian flows can be seen most clearly at the
cross section, x=D ¼ 2. The shear-thinning behavior of
the non-Newtonian fluid induces flattened velocity
profiles, and the typical M-shape velocity profiles
become less evident. The rescaled Newtonian flow, on
the other hand, produces axial velocity profiles that
agree reasonably well to those of the non-Newtonian
flow.
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Fig. 4. Axial velocity profiles in the x�y plane of the non-Newtonian flow (solid line), the Newtonian flow (dashed line) and the rescaled Newtonian

flow (dash-dot line) flows. The ratio of flows in the stenosed artery and in the bypass graft takes different values. (a) D1.5; (b) D2; (c) D3; (d) D0.
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3.2. Velocity contours and secondary flow patterns

Development of the velocity with the distance in the
host artery can be seen in velocity contours at different
cross sections. In Fig. 5a, axial velocity contours at the
toe and x=D ¼ 1, 2.5 and 5, are presented for the case
D1.5. In the figure, velocity contours have the same
range of values in all panels for easy comparison.
Interaction between the flow from the bypass graft and
the jet flow from the stenosed artery is clearly illustrated
in these contours. At the toe, maximum velocity
becomes more and more dominated by the flow from
the graft and its location shifts toward the top wall as we
move from the top panel (i.e., Q12) to the bottom panel
(i.e., Q78). The crescent contours of the axial velocity
emerge at x=D ¼ 1 and grow stronger at x=D ¼ 2:5.
When flow becomes more and more dominated by fluid
from the bypass graft, e.g., at Q34 and Q78, the
crescent-shaped velocity contours become more obvious
and skew closer to the bottom wall. At x=D ¼ 5,
velocity develops toward a more parabolic profile,
particularly when the flow is non-Newtonian. In
comparison, the crescent-shaped distortion is weaker
for the non-Newtonian flow. This means that the non-
Newtonian effect of the fluid weakens the secondary
flows in sections downstream of the anastomosis. The
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Fig. 5. Comparison between the non-Newtonian flow (top) and the Newtonian flow (bottom) at four different cross sections: at the toe and at

x=D ¼ 1, 2.5 and 5 in the case D1.5. Flow rate in the bypass graft equals 1
2
(top panels), 3

4
(middle panels) and 7

8
(bottom panels) of the total flow rate.

(a) Axial velocity contours; (b) secondary flow streamlines.
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velocity contours are consistent with the axial velocity
profiles in Figs. 3 and 4, where flattened velocity profiles
are observed for the non-Newtonian flow due to the
shear-thinning behavior of the fluid.

Secondary flow streamlines at the four cross sections
are shown in Fig. 5b for the case D1.5. In the figure,
streamlines have the same range of values in all panels
for easy comparison. Due to the flow from the bypass
graft, there are pronounced movement of fluid from the
top wall toward the bottom wall in the middle of the
cross section. Meanwhile, an opposite fluid motion is
generated by the transverse pressure gradient, thus
counter-rotating vortices (Dean vortices) are evident in
sections downstream of the toe. When the flow from the
stenosed artery is strong, e.g., at Q12, the cores of the
secondary counter-rotating vortices are closer to the top
wall of the artery, in comparison to those when the
residual flow is weak, e.g., at Q78. The difference in the
location of the vortices becomes less obvious in sections
far away from the toe, when the secondary flows weaken
in strength along the artery and vortices move toward
the center of the vessel. As the flow rate in the bypass
graft increases, motions in the z-direction increase
relative to the transverse ones. At Q78, fluid movement
in the z-direction is of the same order as that in the x-
direction, the intensity of the two symmetric vortices is
the highest. Non-Newtonian fluid weakens the strength
of the secondary motion of the flow in the artery in all
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sections at all flow rates. This can be seen most clearly at
x=D ¼ 5 at Q12, where vortices are evident in New-
tonian flow (bottom figure) but are absent in the
corresponding non-Newtonian flow (top figure).
3.3. Wall shear stress (WSS)

To illustrate WSS distribution in the host artery, WSS
along three lines in the artery, i.e., upstream of the
junction (line A�A0 in Fig. 1b), downstream of the
junction (line B�B0) and along the bottom wall (line
C�C0), are shown in Fig. 6. Significant difference in
WSS between the non-Newtonian and Newtonian flows
is observed at these locations. Here, the WSS is
normalized by the mean WSS for Newtonian flow at
the outlet of the host artery, i.e., Sc ¼ Zð8V=DÞ, where Z
is the Newtonian viscosity, V the mean velocity at the
D1.5-Q12 D1.5

D3-Q12 D3-Q

D0-Q12 D0-Q

x/D

W
SS

-4 -3 -2 -1
-0.8

-0.4

0

0.4

0.8

W
SS

-0.8

-0.4

0

0.4

0.8

x/
-4 -3

-0.8

-0.4

0

0.4

0.8

x/D

W
SS

-4 -3 -2 -1
0

0.4

0.8

1.2

x/
-4 -3

0

0.4

0.8

1.2

x/D
-2.5 -2 -1.5 -1

-0.8

-0.4

0

0.4

0.8

x
-2.5 -2

(a)

Fig. 6. Distribution of the wall shear stress of the non-Newtonian flow (solid l

(dash-dot line) in the host artery. In the figure, the ratio between flows in the

distance between the graft and the stenosis varies: (a) along the line A�A0; (
outlet of the host artery and D the diameter of the host
artery.

In Fig. 6a, distributions of WSS along the line A�A0

are given for different flow inputs and stenosis locations.
When the residual flow in the stenosed artery is
strongest, i.e., at Q12, negative WSS exists along most
part of the line when the stenosis is close to the junction,
i.e., in the case D1.5. The negative value in WSS
indicates flow recirculation downstream of the stenosis
near the top wall. As the distance between the stenosis
and the junction increases, i.e. in case D3, WSS
increases. When the stenosis is far away from the
junction, i.e., D0, there is no recircualting flow near
the heel of the graft and WSS is positive along A�A0.
As the flow in the bypass graft becomes more dominat-
ing, i.e., at Q34 and Q78, WSS along A�A0 increases in
value except in the case D0, where reduced flow rate
in the stenosed artery results in lowered WSS. The
-Q34 D1.5-Q78 

34 D3-Q78 

34 D0-Q78 

D
-2 -1

x/D
-4 -3 -2 -1

-0.8

-0.4

0

0.4

0.8

D
-2 -1

x/D
-4 -3 -2 -1

0

0.4

0.8

1.2

/D
-1.5 -1

-0.8

-0.4

0

0.4

0.8

x/D
-2.5 -2 -1.5 -1

ine), the Newtonian flow (dashed line) and the rescaled Newtonian flow

stenosed artery and in the bypass graft takes different values, and the

b) along the line B�B0; (c) along the line C�C0.



ARTICLE IN PRESS

D0-Q12 D0-Q34 D0-Q78 
x/D

W
SS

0 2 4 6 8 10

0

1

2

x/D
0 2 4 6 8 10

0

1

2

x/D
0 2 4 6 8 10

0

1

2

D3-Q12 D3-Q34 D3-Q78 
x/D

W
SS

0 2 4 6 8 10

0

1

2

x/D
0 2 4 6 8 10

0

1

2

x/D
0 2 4 6 8 10

0

1

2

D1.5-Q12 D1.5-Q34 D1.5-Q78 
x/D

W
SS

0 2 4 6 8 10

0

1

2

x/D
0 2 4 6 8 10

0

1

2

x/D
0 2 4 6 8 10

0

1

2

(b)

Fig. 6. (Continued)
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location of the zero WSS (i.e., the stationary point on
the top wall where WSS changes from negative to
positive) moves toward the stenosis. The recirculating
flow downstream of the stenosis becomes weaker in
strength and smaller in size. Near the heel of the
anastomosis, there are rapid changes in WSS in all cases.
Higher values in WSS are observed for the non-
Newtonian flow in all cases. In comparison to New-
tonian flow, the size of the recirculating flow down-
stream of the stenosis is much smaller in size and much
weaker in strength, as indicated by the magnitude of the
negative WSS.

In Fig. 6b, distribution of WSS along the line B�B0 is
presented for different flow inputs and stenosis loca-
tions. Positive WSS is observed at the top wall of the
artery downstream of the bypass junction. When the
flow input from the stenosed artery reduces and flow is
dominated by the inflow from the bypass graft, i.e., at
Q78, there is a small negative WSS near the toe of the
bypass graft (for Newtonian flow only), indicating a
small flow recirculating zone there. There is a sudden
drop in WSS at x=D � 0:6 where minimum WSS exists
for both the Newtonian and the non-Newtonian flows.
This is caused by the fact that flow there has a strong
component in the transverse direction (as shown in the
secondary flow streamlines in Fig. 5b) and the peak axial
velocity is furthest from the top wall of the artery (as
shown in axial velocity contours in Fig. 5a). Further
downstream, WSS increases with distance in the flow
direction and reaches a constant value when flow
becomes fully developed. Non-Newtonian flow results
in bigger WSS along the entire length of the line B�B0

for all flow conditions studied, which can be expected
from the more centrally distributed axial velocity
contours (than those of the Newtonian flow) shown in
Fig. 5a.

In Fig. 6c, distributions of WSS along the bottom wall
(i.e., line C�C0) are presented. In the stenosed artery,
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Fig. 6. (Continued)
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flow recirculation downstream of the stenosis results in
negative WSS (except in case D0 where there is no
stenosis and no flow recirculation occurs), which is
rather similar to that observed in Fig. 6a. WSS at the
bottom wall increases with the distance in the flow
direction, reaching maximum at x=D � 0:6. This corre-
sponds well to the minimum WSS on the top wall at the
same x distance. Near the toe of the graft, there is rapid
increase in the WSS which in part is due to the
additional flow from the bypass graft, and in part due
to the fact that flow is forced onto the bottom wall of the
artery. As the flow rate in the graft increases, the peak
value of WSS is higher. This character is consistent with
previous findings (Fei et al., 1994; Inzoli et al., 1996;
Bertolotti and Deplano, 2000). Further downstream in
the artery, WSS at the bottom wall decreases gradually
and reaches a constant value when fully developed flow
is established. Again, WSS of the non-Newtonian flow is
higher than that of the Newtonian flow. However, at
Q78, a lower peak WSS is observed for the non-
Newtonian flow than that for the Newtonian flow. This
is caused by the high flow rate in the bypass graft, which
results in big shear rate at the bottom wall. The shear-
thinning effect of the non-Newtonian fluid reduces the
peak WSS.

To illustrate WSS distribution in the graft vessel, WSS
along two lines, i.e., heel side of the graft (line A�A00 in
Fig. 1b) and toe side (line B�B00), are shown in Fig. 7.
Velocity profiles (not shown here) in the graft vessel
demonstrate typical parabolic distributions for the
Newtonian, rescaled Newtonian and non-Newtonian
flows. No flow recirculation is observed in the graft
vessel. WSS increases rapidly near the toe region for all
flow conditions. Increase in the flow rate in the graft
results in higher WSS. WSS for the non-Newtonian flow
is higher than that of the Newtonian flow, and the
rescaled Newtonian flow gives nearly identical WSS to
that of the non-Newtonian flow.
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The agreement between WSS of the rescaled New-
tonian flow and that of the non-Newtonian flow is
somewhat less than satisfactory along the line A�A0.
This is caused by the fact that the mean velocity used in
Eq. (5) (i.e., the mean velocity at the outlet) is a poor
representation of the flow in the stenosed artery. Better
overall agreement is seen in the artery downstream of
the junction. The rescaled Newtonian fluid, as predicted,
underestimates WSS in regions with low wall shear rate
and overestimates WSS in regions with high shear rate.
This behavior has been confirmed by Gijsen et al.
(1999a, b) and Chen and Lu (2004, 2005). The applica-
tion of the rescaled Newtonian fluid is difficult to be
generalized for different geometries and flow conditions;
however, it is noted that the WSS predicted by the
rescaled Newtonian flow is reasonably consistent with
that of the non-Newtonian flow along lines B�B0 and
C�C0 in the host artery as well as along lines A�A00 and
B�B00 in the graft.
4. Discussion

Arterial diseases tend to develop in regions with flow
separation, recirculation, low and oscillating WSSs,
which are believed to be atheromatic factors (Giddens et
al., 1976; Araim et al., 2001). Once plaque develops and
encroaches into the lumen, further flow disturbances are
inevitable (Ku, 1997). There is increasing interest in
analyzing the stresses and flow patterns in stenosed
coronary bypasses due to thrombosis and anastomotic
intimal hyperplasia following coronary bypass surgeries.
In the present study, primary and secondary flows and
WSS distribution in a stenosed artery are calculated
with different distances of grafting and different ratios
between flows from the graft and the stenosed artery.
The axial velocity profiles are seen to skew toward the
opposite wall to the anastomosis and counter-rotating
vortices (Dean vortices) are formed downstream of the
junction. High values of the WSS appear at the opposite
wall to the anastomosis near the junction, where flow
from the graft impacts on the arterial wall. Due to the
shear-thinning effect of the non-Newtonian flow, the
axial velocity profiles are flattened and the secondary
flows (i.e., counter-rotating vortices) are weakened in
the artery. Flow recirculation occurs downstream of the
stenosis and near the toe of the graft. The strength of the
recirculating flow and the size of the recirculation zone
are significantly reduced when the non-Newtonian
behavior of the blood is considered.

The residual flow from the stenosed artery interacts
with the flow from the graft and contributes to overall
velocity and WSS distribution near the junction. As the
flow rate in the stenosed artery decreases following
surgery, the residence time for atherogenic particles
(e.g., platelets and macrophages) in the stenosed artery
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increases, promoting the deposition and adhesion of the
particles in the diseased artery (Caro et al., 1971). Flow
from the bypass graft introduces secondary motions in
the artery. Near the toe of the graft, there are steep
variations in the WSS at both the top wall and the
bottom wall of the artery, which may correlate to the
occurrence of hyperplasia downstream of the toe. The
high values of WSS at the opposite wall to the
anastomosis may induce platelet activation and aggre-
gation (Worthley et al., 2001). The distance between the
graft and the stenosis is seen to affect flow and WSS
distribution at the junction and downstream sections. As
the distance increases, the jet flow over the stenosis
dissipates before it reaches the junction. Flow recircula-
tion stops short of the heel of the graft, minimizing risks
of intimal hyperplasia at the anastomosis. Flow
structures, pressure and WSS distribution have an
important effect on the suture-line, where the compli-
ance mismatch between the graft and the host artery is a
source of failure of the bypass grafting. Interaction
between flows from the graft and the stenosed artery
results in steep variations in the WSS near the heel and
the toe of the graph (seen in Figs. 6a and 6b). When
combined with flow recirculation near these regions,
they facilitate intimal proliferation and thrombogenesis
near the suture-line.

Arterial flow and WSS distribution are strongly
affected by rheological properties of the blood. Sig-
nificant differences in velocity profiles, secondary flow
patterns and WSS distributions are seen between the
Newtonian and the non-Newtonian flows in the study.
The shear thinning behavior of the blood allows for
approximation using a rescaled viscosity based on a
characteristic shear rate of the flow. However, there is
no universally accepted definition of the characteristic
shear rate, and inconsistency between the rescaled
Newtonian flow and the non-Newtonian flow is
inevitable regardless of the choice of the characteristic
shear rate. In the present study, the averaged shear rate
based on the mean arterial velocity at the outlet is used.
The rescaled Newtonian flow is found to give reasonable
representation of the non-Newtonian flow in most
situations. The non-Newtonian behavior of the blood
also introduces differences in the flow field of the blood
in different age populations. In elderly people, the
characteristic shear rate is lower and the rescaled
viscosity is therefore higher (Reneman et al., 1985).
The opposite occurs in young people, where blood
behaves more like a Newtonian fluid due to higher
characteristic shear rate in the circulation.

In conclusion, non-Newtonian behavior of the blood
is a key factor affecting the primary and secondary flow
patterns near the junction between the bypass graft and
the stenosed artery. The WSS values and distributions
are also significantly altered. It is, therefore, essential to
take into consideration of the non-Newtonian effect of
the blood, when the relationship between hemodynamic
factors of the blood circulation and vascular diseases is
investigated. A simple Newtonian fluid model for the
blood may lead to false interpretation of experimental
observations, particularly when complex vascular geo-
metries are considered, e.g., near arterial bypass grafts,
where the shear thinning effect of the blood may result
in much reduced flow recirculation and vortices in the
blood stream.
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