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Turbulent boundary layers at Mach 4.9 with the ratio of wall temperature to recovery
temperature from 0.5 to 1.5 are investigated by means of direct numerical simula-
tion. Various fundamental properties relevant to the influence of wall temperature on
Morkovin’s scaling, standard and modified strong Reynolds analogies, and coherent vor-
tical structures have been studied. It is identified that the scaling relations proposed for
cool and adiabatic wall conditions, such as Morkovin’s scaling and the modified strong
Reynolds analogy, are also applicable for hot wall condition. Moreover, the relation
between the density and temperature fluctuations under the second-order approximation
is derived and verified to provide a reliable prediction. Based on the analysis of coherent
vortical structures, it is found that the orientation of vortex core can be quantitatively
determined by means of the vector with its direction and modulus using the local strain
direction and the imaginary part of the eigenvalue of velocity gradient tensor, respec-
tively. As the increase of wall temperature, the spanwise distance between the two legs
of hairpin vortex increases, and the mean swirling strength and the angle of vortical
structure with respect to the wall plane also increase in the inner layer. The statistical
properties relevant to vortical structures are nearly insensitive to the wall temperature
in the outer layer.

Keywords: compressible flow; turbulent boundary layer

1. Introduction

Both supersonic and hypersonic turbulent boundary layers occur usually in high-speed
vehicles and also involve the fundamental challenges in fluid mechanics. One of the impor-
tant differences between them is the wall temperature conditions [1]. For a flight vehicle at
supersonic speeds, the surface temperature is essentially adiabatic, while for a flight vehicle
at hypersonic speeds, the surface temperature is significantly lower than the adiabatic wall
temperature (i.e. cool wall) due to considerable radiative cooling and internal heat transfer.
Moreover, in the propulsion systems, the surface temperature is significantly larger than
the adiabatic wall temperature (i.e. hot wall) due to the combustion of propellant. Thus,
various fundamental mechanisms dictating the flow characteristics of hypersonic turbulent
boundary layers are still of great interest for future detailed studies.

For compressible turbulent boundary layers, Morkovin’s hypothesis [2] is one of the
most important scaling laws, which indicates that the differences from incompressible tur-
bulence can be predicted by the mean variations of fluid properties for moderate free-stream
Mach numbers about less than 5. The essential dynamics of supersonic turbulent boundary
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layers closely resemble incompressible ones based on experimental measurement [3] and
numerical simulation [4,5]. The other important relationship in the analysis of compressible
turbulent boundary layer is the strong Reynolds analogy (SRA), which connects temper-
ature fluctuation to streamwise velocity fluctuation and is used to extend incompressible
turbulence models to compressible flows. Even though the validity of Morkovin’s hypoth-
esis as well as the standard and modified SRA has been assessed through a wide range
of wall temperatures [1], free-stream Mach numbers [6,7] and enthalphy conditions [8],
equivalent information is not yet known for the hot wall.

The coherent vortical structures play an important role in turbulent boundary layers [9].
Theodorsen [10] first proposed that incompressible turbulent boundary layers are populated
by horseshoe-shaped vortices or hairpin-like structures attached to the wall, which can
be described as a pair of counter-rotating quasi-streamwise vortices near the wall. He
also postulated that horseshoe-shaped vortices incline along the principal extensive strain
direction by an angle of 45◦ with respect to the wall. Head and Bandyopadhyay [11]
also experimentally confirmed the structural features in terms of the flow visualisation of
individual hairpin vortices. Ong and Wallace [12] then achieved the similar results from
the analysis of the covariance integrands of the vorticity components in the streamwise
and wall-normal planes. Typically, Ganapathisubramani et al. [13] studied the geometric
orientation of vortex cores in the logarithmic layer and in the wake region using dual-plane
particle image velocimetry. They noticed that the most probable elevation, represented by
the angle formed by the vortex core with respect to the wall plane, is about 38◦ in the
logarithmic layer and 33◦ in the wake region, and the most probable eddy inclination angle,
represented by the angle taken in the streamwise–wall-normal plane, is approximately 45◦

in both the regions. Even though the structural features of incompressible boundary layers
seem to be well understood, the relevant behaviours of compressible counterparts are much
less known.

The dynamics of coherent vortical structures of supersonic boundary layers have been
recognised to be important. The relevant experimental investigations are still scarce because
of the limitation of measurement techniques. Some available supersonic experimental data
indicated little influence of compressibility on the statistical properties of coherent vortical
structures [14]. Pirozzoli et al. [15] quantitatively analysed coherent vortical structures in
supersonic boundary layer at Mach 2 by means of a spatial direct numerical simulation
(DNS). They predicted structural similarities with the incompressible case. In particular,
the inner layer including the viscous sublayer and the buffer layer is mostly populated
by quasi-streamwise vortices inclined at 10◦ with respect to the wall, and the outer layer
including the logarithmic layer and the wake region is populated by a large variety of
structures including hairpin vortices and hairpin packets. Wang and Lu [16] investigated
the inclination angles of coherent vortical structures in supersonic turbulent boundary layer
at Mach 2 by means of statistical analysis of the covariance integrand of two vorticity
components, and noticed that the results obtained are similar to the incompressible case.
To our knowledge, however, the relevant study of the effect of wall temperature on the
orientation of vortical structures in compressible turbulent boundary layer has never been
performed.

In the present study, the statistical properties of compressible turbulent boundary layers
under isothermal-wall conditions are investigated by means of DNS at Mach number Mδ =
4.9. The purpose of this study is to achieve an improved understanding of some of the
fundamental properties relevant to the influence of wall temperature on Morkovin’s scaling,
standard and modified SRA relations, and coherent vortical structures.
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This paper is organised as follows. The flow conditions and simulation details are
presented in Section 2. The results and the relevant validations are then given in Section 3,
and concluding remarks in Section 4.

2. Simulation details

2.1. Simulation method

The numerical treatment is briefly described here. The three-dimensional compressible
Navier–Stokes equations are employed. To non-dimensionalise the equations, we use the
boundary layer edge variables including the density ρδ , temperature Tδ , speed of sound cδ ,
and the boundary layer thickness at the inlet δ0 as characteristic quantities. The equations
are numerically solved by a seventh-order weighted essentially non-oscillatory scheme
for the convective terms [17] and a sixth-order central difference scheme for the viscous
terms. The temporal integration is performed using a fourth-order Runge–Kutta algorithm
[18]. The relevant numerical strategy has been verified to be reliable in the simulation of
compressible turbulent boundary layers [19,20]. Moreover, we should indicate that recent
developments in numerical algorithms have also shown that compressible computations
can be performed using central, non-dissipative scheme, which are inherently superior to
upwind schemes [21,22].

The initial and boundary conditions are presented as follows. A compressible turbulent
boundary layer obtained in our previous work [19] is employed to initialise the present
simulation by means of initialisation procedures given by Martı́n [23]. The inflow boundary
condition is treated using the rescaling method proposed by Xu and Martı́n [24]. Periodic
conditions are used in the spanwise direction to exploit homogeneity. No-slip condition
is applied on the wall. The wall temperature is prescribed for three typical cases given
below in detail. A sponge layer is placed before the outlet boundary where the variables are
extrapolated from the interior [25]. In order to minimise the reflection of small disturbances
back into the computational domain, non-reflecting boundary conditions are specified at
the upper boundary.

2.2. Flow conditions

To study the effect of wall temperature, we consider compressible turbulent boundary
layers with free-stream Mach number Mδ = 4.9 and wall-to-recovery temperature ratio
Tw/Tr ranging from 0.5 to 1.5, where Tr ≡ Tδ

(
1 + r((γ − 1)/2)M2

δ

)
with r = 0.89. Table 1

lists the boundary layer properties at the inlet for three typical cases after the initial
transient, providing wall temperature Tw/Tδ and different definitions of Reynolds number,
where Reδ2 ≡ ρδuδθ/μw, Reθ ≡ ρδuδθ/μδ , Reτ ≡ ρwuτ δ/μw, and Re ≡ ρδuδδ/μδ . The
subscripts δ and w denote quantities at the boundary layer edge and at the wall, respectively.

Table 1. Boundary layer properties at the inlet for the DNS cases.

Case Mδ Tw/Tr Tw/Tδ Reδ2 Reθ Reτ Re

M5T2 4.9 0.5 2.62 1817 3480 532 0.58 × 105

M5T5 4.9 1.0 5.25 1826 5559 397 1.09 × 105

M5T8 4.9 1.5 7.91 1903 7612 353 1.73 × 105
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Table 2. Grid resolution and domain size for the DNS cases.

Case Lx/δ0 Ly/δ0 Lz/δ0 Nx Ny Nz �x+ �y+ �z+
w

M5T2 20 3 12 1400 360 256 7.6 4.4 0.87
M5T5 20 3 12 1024 256 256 7.7 4.6 0.78
M5T8 20 3 12 1024 256 256 6.8 4.1 0.81

Following the approach of Duan, Beekman, and Martı́n [1], we here match Reδ2 for different
wall-temperature cases in order to keep wall temperature as the only scaling parameter.
According to the wall temperature, M5T2 and M5T8 are referred to be as the cool and
the hot wall conditions, respectively. The wall temperature for M5T5 is prescribed to be
nearly the recovery temperature Tr; therefore, M5T5 is referred to be as the adiabatic wall
condition.

2.3. Simulation parameters

The computational domain size and grid resolution have been carefully examined. The
domain is chosen as Lx × Ly × Lz = 20δ0 × 3δ0 × 12δ0. The number of grid points
(Nx × Ny × Nz) and the grid size (�x × �y × �z) are given in Table 2, where x, y,
and z represent the streamwise, spanwise, and wall-normal directions, respectively. The
mesh is uniformly distributed in the streamwise and spanwise directions, and is stretched
by a hyperbolic tangent mapping function in the wall-normal direction. The superscript +
indicates scaling with wall values including the friction velocity uτ = (τw/ρw)1/2 and the
viscous length scale δv = νw/uτ .

Further, to assess the adequacy of the domain size, Figure 1 typically shows the stream-
wise two-point correlations of the streamwise, spanwise, and wall-normal velocity fluctu-
ations and of the density and temperature fluctuations for M5T5. It is identified that the
correlations nearly vanish at larger separations, indicating that the domain length used in
the present study is sufficient. Similar characters have also been obtained for the other two
cases. Furthermore, the present simulation has been validated by comparing the calculated
results with previous DNS data [6], which will be given in Section 3.1. Moreover, the present
numerical strategy has already been validated for compressible turbulent boundary layers

Figure 1. Two-point correlations Rα′α′ for the streamwise, spanwise, and wall-normal velocity
components, density, and temperature at z/δ0 = 0.1 for M5T5.
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in our recent papers [19,20]. We have carefully examined the physical model and numerical
approach used in this study and have verified that the calculated results are reliable.

At the selected flow condition, a fully developed turbulent state is reached in the region
of 5 < x/δ0 < 15. In order to study the statistical properties of the turbulent boundary
layer, we used 250 flow samples with equal intervals in time over approximately four non-
dimensional time units (δ0/cδ) for each case. The samples are collected over a small portion
of the boundary layer with 9 < x/δ0 < 11. Because of the small variation of Reynolds
number, the growth of the boundary layer is negligible and all statistical properties are
regarded to be functions only of the wall-normal coordinate [15,19].

To clearly present the post-process, some symbols used in this paper are introduced as
follows. The Reynolds average of a variable f in time and in space along the streamwise
and spanwise directions is denoted by f̄ , and the corresponding fluctuation is defined
as f ′ = f − f̄ . The Favre average is a density-weighted average f̃ = ρf /ρ̄. Then, the
fluctuation about the Favre average is obtained as f ′′ = f − f̃ .

3. Results and discussion

3.1. Turbulence statistics

The Morkovin’s hypothesis, the relationship between the mean temperature and mean
streamwise velocity, and the fluctuations of quantities have been investigated for adiabatic
and cool wall conditions [1]. However, the relevant properties for hot wall condition are
needed to be analysed and are assessed here based on the present DNS data.

3.1.1. Mean flow

The van Driest transformed velocity U+
VD represents the density-weighted mean streamwise

velocity and is described as

U+
VD =

∫ ū+

0
(ρ̄/ρ̄w)1/2dū+. (1)

Figure 2 shows the van Driest transformed velocity. For comparison, the incompressible
linear and logarithmic laws are also plotted and are represented as U+

VD = z+ and U+
VD =

1/κ lnz+ + C, respectively, where κ ≈ 0.41 and C ≈ 5.2 [26]. The profiles for different
wall-temperature conditions are essentially consistent with the incompressible linear scaling

Figure 2. The van Driest transformed velocity with linear scaling and logarithmic scaling lines [26]
for different wall-temperature conditions.
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42 Y.-B. Chu et al.

Figure 3. Test of modified Crocco relations for different wall-temperature cases.

and logarithmic scaling lines, even though the logarithmic region is narrow due to low-
Reynolds-number flows. It is also observed that the additive constant C for the cooled wall
case is slightly higher than the other two cases. Moreover, the region of linear viscous
sublayer shrinks with the decrease of wall temperature, indicating that the influence of
wall temperature mainly occurs in the near-wall region. The relevant phenomena are also
consistent with the previous DNS results for adiabatic and cool wall conditions [1].

Further, we investigate the relation of the mean temperature and mean streamwise
velocity. The modified Crocco relation by Walz [27] is commonly used to analyse the mean
temperature and streamwise velocity in zero-pressure-gradient turbulent boundary layers,
namely,

T̄

Tδ

= Tw

Tδ

+ Tr − Tw

Tδ

(
ū

uδ

)
+ Tδ − Tr

Tδ

(
ū

uδ

)2

. (2)

Then, Duan and Martı́n [8] proposed a generalised form of the modified Crocco relation,

T̄

Tδ

= Tw

Tδ

+ Tr − Tw

Tδ

f

(
ū

uδ

)
+ Tδ − Tr

Tδ

(
ū

uδ

)2

, (3)

where f (ū/uδ) is an empirical function based on the DNS data fitting and is given as [8]
f (ū/uδ) = 0.8259(ū/uδ) + 0.1741(ū/uδ)2.

Figure 3 shows the comparison between the modified Crocco relations and DNS results.
It is seen that an agreement of the present DNS result and the prediction using Equations (2)
and (3) occurs for the adiabatic and hot wall conditions. The deviation of the data obtained
by Equation (2) from the DNS result is obvious with the largest discrepancy about 5% for
the cool wall condition, and an improved prediction is obtained by Equation (3). According
to the profiles in Figure 3, it is identified that the relations of Equations (2) and (3) are
reasonably applicable for hot wall condition.

3.1.2. Turbulence quantities

The effect of wall temperature on turbulence intensities and thermodynamic quantities
fluctuations is investigated. Figure 4 shows the turbulence intensities and density-weighted
intensities in the streamwise, spanwise, and wall-normal directions across the boundary
layer for different wall-temperature conditions. As a typical validation, it is seen that the
present results agree well with the previous DNS data of Duan et al. [6] for an adiabatic
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Figure 4. Turbulence intensities and density-weighted turbulence intensities of the (a,b) streamwise,
(c,d) spanwise, and (e,f) wall-normal fluctuating velocity components for different wall-temperature
conditions. Symbols denote the DNS data of Duan et al. [6] for an adiabatic turbulent boundary layer
at Mδ = 4.9 and Reδ2 = 1578.

turbulent boundary layer at Mδ = 4.9 and Reδ2 = 1578. Then, by Morkovin’s scaling which
takes into account the variation of the mean flow properties, the profiles of the density-
weighted intensities collapse together for different wall-temperature conditions, especially
for z/δ < 0.4. Moreover, the turbulence intensity in the streamwise is significantly stronger
than the ones in the spanwise and wall-normal directions. The turbulence intensities in all
the directions are weakened with the increase of wall temperature.

The fluctuations of thermodynamic quantities are shown in Figures 5 and 6. For com-
parison, the present results agree with the DNS data [6]. As shown in Figure 5, for the
root-mean-square (rms) value of pressure fluctuation normalised by p̄w and ρ̄wū2

τ , the mag-
nitude of pressure fluctuation normalised by p̄w decreases obviously with the increase of
wall temperature. A better collapse of the profiles is achieved when p′

rms is normalised by
ρ̄wū2

τ , especially for z/δ < 0.4. Figure 6 shows the rms values of density and temperature
fluctuations normalised by the corresponding mean values. Opposite to the pressure fluc-
tuation, a significant increase is observed in the magnitudes of density and temperature
fluctuations as the wall temperature increases.
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Figure 5. Profiles of p′
rms versus z/δ, scaled by (a) p̄w and (b) ρ̄wū2

τ .

A density fluctuation is usually estimated using the first-order approximation and as-
suming that the pressure fluctuation is negligible in a turbulent boundary layer [23]. Then,
a relation reaches

ρ ′

ρ̄
= −T ′

T̄
. (4)

In this study, we further use a second-order approximation to derive the relation. Then, the
equation of state under the second-order approximation is expressed as

p′

p̄
= ρ ′

ρ̄
+ T ′

T̄
+

(
ρ ′

ρ̄

)(
T ′

T̄

)
. (5)

By neglecting the pressure fluctuation, we obtain the relation between the density and
temperature fluctuations:

ρ ′

ρ̄
= −T ′/T̄

1 + T ′/T̄
. (6)

Figure 7 shows the joint probability density functions (PDFs) of temperature fluctuation
(T ′/T̄ ) and density fluctuation (ρ ′/ρ̄) at z+ = 15 and z/δ = 0.5. The conditional average
values of density fluctuation 〈ρ ′/ρ̄|T ′/T̄ 〉 are drawn by red lines. The first- and second-order

Figure 6. Profiles of (a) ρ ′
rms/ρ̄ and (b) T ′

rms/T̄ versus z/δ for different wall-temperature conditions.
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Journal of Turbulence 45

Figure 7. Joint PDFs of T ′/T̄ and ρ ′/ρ̄ on a logarithmic scale for (a,b) M5T2, (c,d) M5T5, and
(e,f) M5T8. Left column for z+ = 15, right column for z/δ = 0.5. The outer contour level is −3 and
the inner contour level is 0. The increment of contours is 0.5. The red, green, and blue lines are given
by 〈ρ ′/ρ̄|T ′/T̄ 〉, Equations (4), and (6), respectively.
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approximations are denoted by green and blue lines, respectively. It is seen that for the two
wall-normal locations, the discrepancy between Equation (4) and DNS results significantly
increases as the temperature fluctuation increases. However, an excellent agreement of
Equation (6) with the conditional average values of density fluctuation is obtained, except
for the range of T ′ > 0 in Figure 7(a) which shows the results at z+ = 15 for M5T2.
Therefore, the second-order approximation developed in this study demonstrates a better
prediction with respect to the first-order approximation.

Furthermore, the small deviation of Equation (6) and DNS results is associated with
neglecting the pressure fluctuation in the proceeding derivation. It is seen from Figure 5(a)
that, with the increase of wall temperature and distance away from the wall, the normalised
pressure fluctuation decreases; thus, fluid particles are more clustered near the blue lines
which denote the second-order approximation. This behaviour is also confirmed by the
results of the outer layer for the hot wall condition as shown in Figure 7(f), where the
contours of the joint PDFs mostly lie near the blue line. Therefore, Equation (6) can be
applied to make a more reliable prediction of the relation between density and temperature
fluctuations in compressible turbulent boundary layers.

3.2. Reynolds analogies

The Reynolds analogies and the relevant properties are further investigated for different
wall conditions. Morkovin [2] proposed five SRA relations. We will mainly analyse three
typical ones in this study. One relation of them is described as

T ′′
rms/T̃

(γ − 1)M2(u′′
rms/ũ)

≈ 1, (7)

with M2 ≡ ũ2/γRT̃ .
Figure 8 shows the profiles using Equation (7). It is seen that the profile is around

unity over z/δ > 0.02 only for adiabatic wall condition (i.e. M5T5). The left-hand side of
Equation (7) increases with the increase of wall temperature. Accounting for the influence
of heat flux, Huang et al. [28] proposed a modified Reynolds analogy (HSRA), which is

Figure 8. Plot of the strong Reynolds analogy expressed by Equation (7) for different wall-
temperature conditions.
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Journal of Turbulence 47

Figure 9. Plot of modified strong Reynolds analogy by Huang et al. [28], as expressed by Equation
(8), for different wall-temperature conditions.

given by

T ′′
rms/T̃

(γ − 1)M2(u′′
rms/ũ)

≈ 1

Prt (1 − (∂T̃t/∂T̃ ))
, (8)

where Tt is the total temperature and Prt is the turbulent Prandtl number. It has been
verified that HSRA performs well for turbulent boundary layers with both adiabatic and
cool wall conditions [1,4,6,29]. This behaviour is also confirmed from the profiles pre-
dicted by Equation (8) in Figure 9. Moreover, it is also determined that the relation (8)
is reliably applicable for hot wall condition except the near-wall region and removes the
wall-temperature dependence of Equation (7).

Another SRA relation is related to the turbulent Prandtl number which is given as [2]

Prt = ρu′′w′′(∂T̃ /∂z)

ρw′′T ′′(∂ũ/∂z)
≈ 1. (9)

Then, Figure 10 plots the turbulent Prandtl number across the boundary layer. It is seen
that Prt is essentially around unity in the boundary layer with a gradual decrease versus the
normal-wall distance and seems insensitive to the wall conditions considered here.

Further, the correlation between temperature and velocity fluctuations is also the SRA
relation, that is,

− Ru′′T ′′ ≈ 1. (10)

Then, Figure 11 shows this correlation across the boundary layer. It is seen that u′′ and T ′′

are not perfectly anti-correlated and −Ru′′T ′′ is around 0.6 in the outer part of the boundary
layer for all the three wall conditions, consistent with the results reported by Duan et al. [1]
for the adiabatic and cool cases. Moreover, the positive correlation occurs in a region close
to the wall for the cool case. This behaviour is associated with the local mean temperature
gradient [1] and is also noticed in cooled-wall flows [1,30].
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48 Y.-B. Chu et al.

Figure 10. Plot of Prt for different wall-temperature conditions.

3.3. Coherent vortical structures

A fundamental and important issue in the analysis of coherent vortical structures is about
how to define the vortex and its topological structure. Following the topological definition
proposed by Chong et al. [31], Zhou et al. [32] used the iso-surface of the imaginary part of
the eigenvalue of velocity gradient tensor to visualise vortices. This approach eliminates the
region with vorticity but no local spiralling motion. Further, Pirozzoli et al. [15] employed
the anisotropic velocity gradient tensor A∗

ij = ∂ui/∂xj − ϑ/3δij to identify the vortex,
where ϑ is the dilatation ∂ui/∂xi. Then, a vortex is identified as the local region where
A∗ has one real eigenvalue (λr) and two complex conjugate ones (λ±

c = λcr ± iλci). The
eigendirection associated with λr is represented as υ̂r , and the eigendirection associated
with λ±

c as υ̂
±
c = υ̂cr ± iυ̂ci . The imaginary part of the eigenvalue λ±

c is referred to as the
local swirling strength of the vortex [32].

The three-dimensional instantaneous vortical structures educed by swirling strength
criterion is exhibited in Figure 12 for the adiabatic condition. It is observed that the boundary
layer is populated by symmetric hairpin-like and asymmetric hairpin-like (or cane-like)
structures attached to the wall [33]. Once the vortical structures are educed, the orientation
of the vortices needs to be quantitatively determined. The criteria of vortex orientation
were examined systematically and summarised by Pirozzoli et al. [15] based on the DNS
data of compressible turbulent boundary layer at Mδ = 2. They found that three typical

Figure 11. Plot of −Ru′′T ′′ for different wall-temperature cases.
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Figure 12. Instantaneous vortical structures educed by iso-surface of swirling strength (λci = 2cδ/δ0)
and coloured by z/δ0 for the adiabatic condition (M5T5).

criteria, including local vorticity vector (i.e. ω-criterion), swirling plane normal direction
(i.e. υ̂c-criterion, where υ̂c = υ̂cr × υ̂ci), and local strain direction (i.e. υ̂r -criterion), are
nearly equivalent for vortex orientation in the outer layer, and exhibit some differences in
the inner layer. Actually, a universally accepted criterion of vortex orientation, in particular
for sheet-like structures which are also important in supersonic boundary layers, has not
been given; therefore, the determination of vortex orientation is still an issue.

3.3.1. Orientation

Here, we study systematically the ω-, υ̂c-, and υ̂r -criteria for vortex orientation in the inner
and outer layers of compressible turbulent boundary layers. First, the preferred orientation
of vorticity filaments is investigated using statistical analysis of the covariance of two
vorticity components, which is defined as [12]

ωiωj =
∫ ∫

ωiωjP (ωi, ωj )dωidωj , (11)

where P(ωi, ωj) is the joint PDF of ωi and ωj. The integral of the covariance integrand
ωiωjP(ωi, ωj) represents the contribution of the particular simultaneous combination of
sign and magnitude of ωi and ωj to the vorticity covariance ωiωj [12].
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50 Y.-B. Chu et al.

Figure 13. Covariance integrands of (a,d) streamwise and spanwise, (b,e) streamwise and wall-
normal, and (c,f) spanwise and wall-normal components of ω/〈ω2〉1/2 in the (a–c) inner layer and
(d–f) outer layer the adiabatic condition (M5T5). The contour increment is 0.01 and outer contours
are one increment above zero. Solid contour lines are positive and dashed contour lines are negative.
The red line passes through the origin and the peak in the contours.

The covariance integrands of vorticity components for the adiabatic condition are shown
in Figure 13, where the vorticity components are normalised by 〈ω2〉1/2. The projection of
vorticity filaments on the streamwise–spanwise (or x–y) plane in the inner layer (z+ < 40)
is given in Figure 13(a). The covariance integrand contour indicates that the dominance
of the contributions comes from the first quadrant (Q1) and the second quadrant (Q2). In
statistical sense, the orientation of segments of vorticity filaments with projection on the
streamwise–spanwise plane making angles with the positive x-axis of α ≡ arctan(ωy/ωx)
can be inferred from the peaks with positive or negative value in these covariance integrand
Q1 and Q2 quadrants, as represented by red solid lines. These vorticity filament segments,
with angles of about α = 80◦ and 100◦, have the largest contribution to the ωxωy covariance.
This behaviour indicates that these vorticity filaments are oriented primarily in the positive
spanwise direction in the inner layer. However, as shown in Figure 13(c) for the outer layer
(z+ > 40) in the Q1, the angle decreases to about 45◦, indicating that the vorticity filaments
rotate toward the streamwise direction with increasing distance from the wall.

From the covariance integrands in the streamwise–wall-normal (or x–z) plane shown
in Figure 13(b) and 13(e), it is seen that the dominance of the contributions occurs in
the Q1 and the third quadrant Q3. According to the major contributions, the angles β ≡
arctan(ωz/ωx) of vorticity filaments with respect to the positive x-axis are 42◦ and −138◦

in the inner layer, and 44◦ and −136◦ in the outer layer. These characters are essentially
consistent with the results of Wang and Lu [16] in the buffer layer and logarithmic layer for
compressible turbulent boundary layer at Mδ = 2.
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Table 3. Vortex core orientation based on different criteria for M5T5.

z+ < 40 z+ > 40

α β ϕ ϕ̂ α β ϕ ϕ̂

ω 80◦ 42◦ 20◦ 9◦ 45◦ 44◦ 43◦ 44◦

λciω̂ 79◦ 43◦ 25◦ 10◦ 46◦ 44◦ 44◦ 43◦

λci υ̂c 77◦ 71◦ 54◦ 34◦ 50◦ 49◦ 46◦ 44◦

λci υ̂r 28◦ 16◦ 27◦ 28◦ 44◦ 42◦ 42◦ 43◦

As referred from Figure 13(c) and 13(f), the largest contribution to the covariance ωyωz

comes from the Q1 and the fourth quadrant Q4. On the streamwise–wall-normal plane, the
angles ϕ ≡ arctan(ωz/ωy) of vorticity filaments with respect to the positive y-axis are ±20◦

in the inner layer and ±43◦ in the outer layer. It is indicated that the vorticity filaments
rotate toward the wall-normal direction with increasing distance from the wall, which is
consistent with experimental findings for the incompressible turbulent boundary layer [12].

However, it is commonly accepted that the near-wall boundary layer is populated by
quasi-streamwise vortices with small inclination with respect to the wall plane. This be-
haviour indicates that coherent vortical structures are oriented primarily in the streamwise
direction in the inner layer, which is in conflict with the results obtained by means of
the covariance integrand of vorticity components. Moreover, it is easy to verify that the
following relationship among the projection angles α, β, and ϕ holds

tanϕ = tanβ/tanα. (12)

Therefore, the projection angle ϕ̂ can be inferred from α and β by

ϕ̂ = tan−1

(
tanβ

tanα

)
. (13)

Then, it is obtained that the values of ϕ̂ are ±9◦ and ±44◦ in the inner and outer layers,
respectively. The distinct different values between ϕ and ϕ̂ in the inner layer indicate that
the projection angles α, β, and ϕ are inconsistent. Correspondingly, the relevant issue is that
the covariance integrand of vorticity components cannot reliably determine the orientation
of coherent vortical structure in the inner layer of turbulent boundary layer. Therefore, we
further analyse the behaviours related to vortex orientation in the inner layer.

As shown in Figure 14 for the covariance integrands in the inner layer of M5T5, the crite-
ria of vortex orientation are examined systematically by means of the covariance integrand.
The vector fields are constructed with the modulus λci and the directions corresponding to
the various vortex orientation criteria, including the direction of vorticity vector ω̂, swirling
plane normal direction υ̂c, and local strain direction υ̂r . It is found that the projection
angles inferred using different criteria are distinctly different in the inner layer. However,
these criteria are nearly equivalent for vortices in the outer layer, the results of the outer
layer are shown in Figure 15 using λci υ̂r . In statistical sense, coherent vortical structures
are symmetrical with respect to the y-plane. Thus, Table 3 lists the projection angles of
vortices in the Q1 in the inner and outer layers according to several criteria. In comparison
with ϕ and ϕ̂, we learn that the local strain swirling (υ̂r -criterion) can reasonably predict
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52 Y.-B. Chu et al.

Figure 14. Covariance integrands in the inner layer for M5T5. (a–c) λciω̂, (d–f) λci υ̂c, and (g–i)
λci υ̂r . All components are normalised by 〈λ2

ci |� > 0〉1/2. For other details, see Figure 13.

Figure 15. Covariance integrands of the components of λci υ̂r in the outer layer for M5T5.
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the projection angles in the inner and outer layers. Moreover, it is seen from Figure 14(g)–
14(i) that the covariance integrand contours are consistent with the fact that the vortex
structure tends to be a pair of counter-rotating quasi-streamwise vortices near the wall [9].
These demonstrate that the projection angles determined by the covariance integrand of the
components of λci υ̂r describes reasonably the orientation of coherent vortical structures in
statistical sense. In addition, Figure 14(b) and 14(e) shows that ω̂- and υ̂c-criteria favour
the directions normal to the wall. This is because of the presence of intense mean shear,
but the tendency still persists even though the mean shear is subtracted [15].

It is seen from Figures 14(g) and 15(a) that the y-component of λci υ̂r of coherent
vortical structures in statistical sense is positive, and the angles of vortical structures with
respect to the positive y-axis on the x–y plane decrease from ±62◦ in the inner layer to
±46◦ in the outer layer. By comparing Figure 14(h) with Figure 15(b), it is found that the
x-component of λci υ̂r decreases and the z-component increases with increasing distance
from the wall. Viewed along the spanwise direction, the inclination angle of vortical struc-
tures with respect to the wall plane increases from 16◦ in the inner layer to 42◦ in the outer
layer. The result of the outer layer compares favourably with previous findings, indicating
that average vortices make an angle of 45◦ with respect to the wall [10,11]. As shown in
Figures 14(i) and 15(c), the angles of vortical structures with respect to the positive y-axis
on the y–z plane increase from ±27◦ in the inner layer to ±42◦ in the outer layer.

3.3.2. Effect of wall temperature

To investigate the effect of wall temperature on coherent vortical structures, Figure 16
shows the covariance integrands of the components of the vector λci υ̂r in the inner layer
for M5T2 and M5T8. From Figures 14(g)–14(i) and 16, it is seen that, in the inner layer,

Figure 16. Covariance integrands of the components of λci υ̂r in the inner layer for (a–c) M5T2 and
(d–f) M5T8. For other details, see Figure 14.
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Table 4. Vortex core orientation based on λci υ̂r for different wall-temperature cases.

z+ < 40 z+ > 40

α β ϕ θ e α β ϕ θ e

M5T2 28◦ 12◦ 22◦ 11◦ 44◦ 41◦ 42◦ 32◦

M5T5 28◦ 16◦ 27◦ 14◦ 44◦ 42◦ 42◦ 33◦

M5T8 29◦ 18◦ 29◦ 16◦ 44◦ 42◦ 42◦ 33◦

the z-component of λci υ̂r increases with the increase of wall temperature. This behaviour
indicates that the local orientation of vortical structures of the inner layer favours the
directions normal to the wall when the wall temperature increases. Moreover, in the outer
layer, the covariance integrand contours of M5T2 and M5T8 (not shown here) are similar
to M5T5 as shown in Figure 15.

Based on the analysis of the covariance integrands, the projection angles of vortical
structures in the inner and outer layers are listed in Table 4. Due to the statistical symmetry
of vortical structures, the results are only given in the covariance integrand Q1 quadrant.
The elevation angle (θ e) of vortical structure, that is, the angle formed with the wall plane,
is inferred from the projection angles by

tanθe = tanβ(
tan2α + 1

)1/2
. (14)

The elevation angle of vortical structures is about 33◦ in the outer layer, consistent with
the experimental result of incompressible turbulent boundary layer in the wake region [13].
However, the elevation angle of vortical structures in the inner layer increases from 11◦ to
16◦ with the increase of wall temperature.

To explain the effect of wall temperature on the orientation of coherent vortical struc-
tures, the mean swirling strength λci in the swirling region (� > 0) is shown in Figure 17 for
different wall-temperature cases. It is noticed that the swirling strength of vortical structures

Figure 17. Conditional mean swirling strength as a function of the wall distance for different
wall-temperature cases.
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Figure 18. Distribution of mean radius of curvature of the vorticity field for different wall-
temperature cases.

in the inner layer increases with the increase of wall temperature. Moreover, it is inferred
from the decrease of the spanwise spacing of near-wall streaks [1,7] that the spanwise dis-
tance between the two legs of hairpin vortex decreases when the wall temperature increases.
Therefore, the upward and backward velocities, induced by the head part of the hairpin
vortex, increase with the increase of wall temperature in accordance to the Biot–Savart law.
So, the self-induced motion results in further curl up of the hairpin vortex and the increase
of the inclined angle with respect to the wall plane when the wall temperature increases.

As described by Zhou et al. [32], the self-induced motion in the neck region of the
hairpin vortex is in the spanwise direction and it moves the two legs of hairpin vortex apart.
The spanwise distance between the legs increases with increasing distance from the wall.
Further, the geometrical features of vortical structures in the outer layer are quantitatively
characterised by the statistics of the curvature of vortex lines, and then the local radius of
curvature of a vortex line can be defined as [34]

R = ω3

|ω × (∇ω · ω)| . (15)

The distribution of the expected value of R shows a consistent increase with the distance
from the wall in the outer layer. Moreover, the local radius of curvature R decreases in the
increase of wall temperature, consistent with the effect of wall temperature on the spanwise
distance of near-wall streaks. With the increase of R, the self-induced motion weakens and
the interaction between hairpin vortices strengthens. Because of the relative dominance of
the interaction over the self-induction in the outer layer, it is reasonably obtained that the
orientation of vortical structures is nearly insensitive to the wall temperature.

4. Concluding remarks

Turbulent boundary layers at Mach 4.9 with the ratio of wall temperature to recovery
temperature from 0.5 to 1.5 were investigated by means of DNS. The fundamental properties
relevant to the influence of wall temperature on Morkovin’s scaling, standard and modified
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SRA relations, and coherent vortical structures were examined systematically and are
summarised briefly as follows.

The van Driest transformed velocity profiles are examined and are essentially con-
sistent with the incompressible linear scaling and logarithmic scaling lines, even though
the logarithmic region is narrow due to low-Reynolds-number flows. The region of linear
viscous sublayer shrinks with the decrease of wall temperature. This behaviour represents
that the influence of wall temperature mainly occurs in the near-wall region. Based on the
analysis of the mean temperature, it is obtained that a generalised form of the modified
Crocco relation can be used to connect the mean temperature with the mean velocity for
cool, adiabatic, and hot conditions. The effect of wall temperature on turbulence intensities
and thermodynamic quantities fluctuations is also investigated. It is found that the scaling
relations proposed for cool and adiabatic compressible turbulent boundary layers, such as
Morkovin’s scaling and modified SRA relations, are also applicable for hot condition.

The Reynolds analogies and the relevant properties are analysed for different wall-
temperature conditions. The correlation between temperature and velocity fluctuations
Ru′′T ′′ and the turbulent Prandtl number Prt are insensitive to wall temperature and are
approximately constant for most regions of boundary layer. When the wall temperature
increases, the pressure fluctuation (p′

rms/p̄w) decreases and the density (ρ ′
rms/ρ̄) and tem-

perature (T ′
rms/T̄ ) fluctuations increase obviously. The relation between the density and

temperature fluctuations under the second-order approximation, that is, Equation (6), is
derived and verified to provide a reliable prediction. Moreover, the results obtained are
mainly dependent on different wall-temperature conditions and are weakly associated with
different Reynolds numbers considered in this study.

Based on the analysis of coherent vortical structures, it is found that the orientation
of vortex core can be quantitatively determined by means of the vector with its direction
and modulus using the local strain direction υ̂r and the imaginary part of the eigenvalue of
velocity gradient tensor λci, respectively. With the increase of wall temperature, the spanwise
distance between the two legs of the hairpin vortex increases and the mean swirling strength
increases in the inner layer, thus the angle of vortical structures with respect to the wall plane
increases. Moreover, with the increase in the local radius of curvature of vortical structures
along the wall-normal direction, the interaction between hairpin vortices strengthens and
dictates the dynamics of vortical structures. Therefore, the orientation of vortical structures
is nearly insensitive to the wall temperature in the outer layer.
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