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Abstract A new dynamic subgrid-scale (SGS) model, which is proved to satisty the
principle of asymptotic material frame indifference (AMFI) for rotating turbulence, is
proposed based on physical and mathematical analysis. Comparison with direct
numerical simulation (DNS) results verifies that the new SGS model is effective for large
eddy simulation (LES) on rotating turbulent flow. The SGS model is then applied to the
LES of the spanwise rotating turbulent channel flow to investigate the rotation effect on
turbulence characteristics, budget terms in the transport equations of resolved Reynolds
stresses, and flow structures near the wall regions of the rotating channel.
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Rotating turbulence occurs extensively in nature and engineering circumstances.
Meanwhile, understanding physical mechanisms of the rotating turbulence is important
to the fundamental research of turbulence. The turbulent flow in rotating frames under-
goes two kinds of Coriolis force effects. First, a secondary flow is induced 1n the case
that there is a mean vorticity component perpendicular to the rotating axis. Second, there
are augmenting or suppressing effects on the turbulence if there is a mean vorticity
component parallel to the rotating axis. Both the two effects profoundly affect not only
the mean flow field, but also the turbulence intensities and coherent structures in the
wall region. According to the Taylor-Proudman theorem, turbulence subject to strong
rotation will undertake a transition toward the two-dimensional state and eventually to
relaminarization, which is observed in experiments; thus the turbulence dissipation rate
becomes trivial and the turbulent eddy viscosity vanishes, which represents the depend-
ence of the turbulent eddy viscosity on the imposed rotation'!. Meanwhile, the strong
rotation suppresses the nonlinear energy cascade from large to small scales through
phase scrambling ~. Although the angular velocity of rotating frame disappears in the
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transport equation of turbulent Kinetic energy, it has been recognized that the rotation
exhibits a si gnificant influence on turbulence production and dissipation. However, some
physical mechanism of rotating turbulent flow is still unclear and needs to be investi-
gated further.

In the past decade, large eddy simulation (LES) method becomes an efficient tool
for the prediction of complex turbulent flows. The rationale of this approach 1s to com-
pute the large-scale components directly and model the subgrid scales via SGS model.
So, a reasonable SGS model is crucial in the LES method. Extensive efforts have been
taken to develop and improve the SGS model. Thus, the construction of reasonable SGS
model, which can account for rotation effect on turbulent flow, 1s still a challenging

problem.

Bradshaw'' elucidated the similarity among the effects of rotation, streamline
curvature and thermal stratification on turbulent flows and defined an equivalent
gradient “Richardson number” to identify either an augmenting or suppressing effect on
the flow subject to system rotation. Fu and Wangm proposed a second-moment closure
modeling of turbulence in a non-inertial frame. Rubinstein and Zhou®! constructed a
SGS model by direct interaction approximation, which reproduces the fact that turbulent
eddy viscosity vanishes in the limit case (2 — 0. Unfortunately, the model coefficients
in those models are determined empirically.

For turbulent flow in rotating frame, Speziale[ﬁ_'g] indicated that the SGS stress
tensor formation is dependent on the frame of reference but the divergence of SGS stress
tensor is independent of the frame of reference, and required that the SGS model should
be compatible with the principle of material frame indifference (MFI). Shimomura
et al.”'"! further claimed that the principle of MFI should be imposed not only on the
divergence of SGS stress tensor but also on the SGS stress tensor itself in the limit of
Q2 — oo, where €2 is the angular velocity of the reference frame. This constraint requires
that the dependence of the model equation for the SGS stress tensor tends to disappear as
() approaches infinity, which is referred to as the asymptotic material frame indifference
(AMFI) of the SGS model equation. The principle of AMFI is theoretically proved and
regarded as a constraint to the SGS stress closures for rotating turbulent flow. By exam-
ining some typical SGS models, it is found that most SGS models, e.g. Smagorinsky
model" ", dynamic Smagorinsky model"” and dynamic mixing model'”), are inconsis-
tent with the principle of AMFI. Thus, the motivation of this study 1s to develop a rea-
sonable SGS model that is consistent with the principle of AMFI and accounts for the
influence of the system rotation on the turbulent flow.

In this study, a nonlinear SGS model satisfying the principle of AMFI is proposed,
whose coefficients are dynamically determined based on the resolved flow field. The
performance of the nonlinear SGS model is examined by the LES of the spanwise rotat-
ing turbulent channel flow. Then, the rotation effect on turbulence characteristics is
Investigaied.
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1 Mathematical formulation

The governing equations for the LES of the spanwise rotating turbulent channel
flow (as shown in fig. 1 for the sketch) are the three-dimensional filtered Navier-Stokes
equations. To non-dimensionalize the governing equations, the friction velocity u; is
used as the velocity scale, and the halt-height of the channel % as the length scale. The
non-dimensional governing equations are given as

ou,
ou, Ouu; 1 o%; Q. 91,
L+ : =_@— T ! 'Nrngk_i“k_—Ja (2)
or  ox, ox; Re, dx;dx; 0x;
where the overbar denotes the resolved vari- Y
able, p 1s the sum of the pressure and cen-
trifugal force. The non-dimensional parame- 4
ters in this problem are the rotation number
and Reynolds number, which are defined as 6\9 20) -
Z

N, =2Qh/u, and Re,=u h/v, respec-

tively. u, (i=1, 2, 3) is the resolved velocity -1

and 1s represented as, for writing convemence, Fig. 1. Sketch of the spanwise rotating turbulent
u, v and w in the streamwise (x;, or x), channel
wall-normal (x;, or y) and spanwise (z, or x3) directions in rotating Cartesian coordinate

system. In eq. (2), 7; =uu; —uu; is the subgrid-scale turbulent stress and needs to be
modeled by SGS model.

2 Nonlinear dynamic SGS model for rotating turbulence
2.1 Nonlinear SGS model functional form in 1nertial frame

To specify the model’s functional form, we neglect the turbulence historical effects
and assume that 7; depends instantaneously on local di;/dx; and some scalars. Un-

can be written in the following functional form:

7, =F[ il sJ, 3)

der this hypothesis, 7;

i

_-?
axj

where S represents a scalar group and will appear in the coefficients of the model. Here,

we further decompose du; /dx; into strain tensor s; and rotation tensor @,
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1{ om, au 1(ou; o,
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Then, based on the tensor operation rule, an asymptotic expansion on eq. (3) about ;

and @, 1istaken. The symmetric tensor 7;; thus can be written as

_ 5 &0 =—2V,5; +V, (5, @y +5,8;)

1. L 1 _ _
V. [ Sik S — 3Sktskt§xj)+vd [a)ikwkj _gwtkwk!é'ﬁ]' &)

Compared to the second-order SGS model proposed by Kosovic!'", this nonlinear
SGS model is of perfect functional form, which contains all the second-order nonlinear

terms of s; and @;. In an inertial frame, the effect of the system rotation on 7;; is

represented implicitly by s; and @;.

2.2 Nonlinear SGS model functional form in rotating frame

Further, it is needed to deduce the functional form of the nonlinear SGS model in
non-inertial frame. By taking orthogonal rotational frame transform on eq. (5), the
nonlinear SGS model functional form in rotating frame is then written as

. y—n ., A A
(Tij)z =---2VQEA2 |'s Islj +vb—1-é—(slkw,g +S}kwkz)+vb > [a)fkwkj —0;; a),ka)k,)

This form 1s proved to satisfy the principle of AMFI. In eq. (6), the superscript “*’ de-
notes the variable in rotating coordinate system. (f;)y =f, ~9,fu/3; V., v, and

v . A ry —k
v/ are non-dimensional model coefficients and are represented as v, =A°V/I5 |,

=A’v, /12 and v, =A%, respectively; 15 k=(5;5;)"% A is the grid filter
size; Z; is the additional tensor due to the orthogonal rotational frame transtorm

—n [ "% "y
. A . au « Ou; \
Zij ~ A ab®%a jﬂb

12 -axb axb

; (7)

which indicates that z';- is the function of the angular velocity £2 of the rotating frame.

Then, the nonlinear SGS model in the inertial frame can be rewritten as
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<2
(z'fj )E=—2|/;‘;Z2 IEIEU +V, ?—2—(3“,ca)ka + S;ka)k:)
, A? <2
+V, — 2 [kawk; —0; a)tka)kl]"'v A ( Sit Ski “"5 Sklsklj (8)

Detailed derivation can be found in footnote 1) and is thus omitted here. In this
study, LES is carried out in the rotating frame. So, the nonlinear SGS model functional
form (6) 1s used to model the SGS stress.

2.3 Determination of the coefficients in the nonlinear SGS model

According to the dynamic procedure proposed by Germano et al.!'* to determine

sk

the model coefficients, the test-filtered SGS stress in rotating coordinates 7,; can be

modeled by a functional form similar to eq. (6):

A2 2
(T))g =2V, A% 15715 +vbA S 0 + 5 5 0, A(

> (S Dy +S}kwk1)+vb P kawkj __5 wfka)ki)

3

+V/ "AZ [k S — .5 sﬂsk,) + (V) — l)(ZU ) s (9)

where the superscript ‘A’ denotes the test-filtered variable, and A is the test filter size.

A AA
* ok

Substituting egs. (6) and (9) into the Leonard stress, i.e. LE- = U U j-——i}}* ic'; =

*

7. — 7. we then obtain

if ij
K, =V.A, +V,B, +V.C,, (10)
where

*A E 3 A* A-‘# Zz
Kij=ﬁfﬁj—ﬁi Ej+[ A ](ZU)E, AU 2A% 1S Is —2A s ISU,

Zz _*t* . A_* Az Dok Ak sk Ak Az A N
ij=_E(Sikwkj+S;kwk;)""I"Z‘(S;k% + 83 0 ) — > (a):kwk; —0; a)lkwkI]

32 D Ao 1 Ealt B - 32 Ak

"‘T‘i‘[@k% _gﬁngka’kz}“" (l_ﬁl(zg )z

1) Liu Nansheng, Direct numerical and large eddy simulations on rotating turbulence, Dissertation of Univer-
sity of Science and Technology of China, 2003.
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A FaN
— | s 1 k% 2ol axns 1 o Axns
ij =-A [Sikskj_gdj Sklskl] +A [Sikskj _gé‘:jsklskl) :

According to Lilly’s proposal“sl, the model coefficients, v/, v, and V., can be

a

determined in a least-square method”. It is proved that, as | 2150, v ~O(1),

v -1 - 01/Q%), v, ~0(l). So, the functional form of the nonlinear SGS model in

eq. (6) is independent of Q in the limit case |421— c; it means that the model satisfies
the principle of AMFIL.

3 Numerical method

To perform LES calculation, the factional-step method, developed by Rai and
Moin''® and Kim and Moin!""!, was employed to solve the filtered Navier-Stokes equa-
tions. Spatial derivatives are discretized by a second order central difference. The con-
vective and viscous terms are treated by Adams-Bashforth and Crank-Nicholson
schemes, respectively, and a third order Runge-Kutta scheme is used to advance in time
through three sub-steps.

By use of the nonlinear SGS model described above, the LES is carried out for the
spanwise rotating turbulent channel flow. Periodic boundary conditions are imposed in
the streamwise and spanwise directions, no-slip and no-penetration conditions are em-
ployed on the walls of the channel. The channel flow is driven by a constant pressure
gradient in the streamwise direction.

4 Results and discussion

Here, fully developed turbulent flow is through a channel that is assumed to rotate
in the clockwise direction with the rotating axis along the spanwise direction at an angu-

lar velocity £2 (as shown in fig. 1). The Reynolds number is Re; = 194 and the rotation
number N = 0.1—0.5, which is defined as N = 2{Hh/U,,, U,, is the bulk mean velocity.
The computational domain is 4 thX2 hX2 Th in the streamwise, wall-normal and
spanwise directions, respectively, and is resolved by the corresponding grid size 97 X 81

X 65 with uniform grid in the streamwise and spanwise directions and stretched grid in
the wall-normal direction. To achieve a high resolution, five grid points are located in
the wall regions within y* < 10. According to the present and previous DNS data!'®"?!
both the computational domain size and grid number are sufficient.

Following the terminology“>*'), the lower wall and the upper wall of the rotating
channel are termed suction wall and pressure wall. In addition, the DNS performed by

Kristoffersen et al."” and the present DNS and LES are represented as DNS-1, DNS-2
and NSM, respectively.

S AT———————

1) See f 1) on page 467.
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4.1  Validation of nonlinear SGS 24 —
model
20 | A‘ T
Figs. 2 and 3 show the profiles of T ’I.'-" -
. . . P — i 4oL & &
mean velocity and turbulence intensi- 6 b &° e S
ties in the rotating channel. Here, the X ""QQ
’ e . - 'f \ ¥’
mean velocity (ui> 18 the ensemble '= 12 $ 0 N=0,DNS-I ® y=( DN ) \4‘
£ th ived velocity 7 > O N=0.1,DNS-1 ® N=0.1,DNS-2 @&
average of the resolved velocity u,, 8 > N'=02 DNS-1 ® N=02 DNS-2
and the corresponding velocity fluctua- q N=0.5, DNS"N"_ é\’ ;Sbi DNS-2
yo_ — — — n_g %
tion is calculated by u, =uf—<u,->. 4 N=0.1,NSM
— === N=02,NSM
Comparisons are taken among the re- l — "™ N=05,NSM :
0 |
sults of DNS-1, DNS-2 and NSM for N -1 ~0.5 0 0.5 1.0
= 0.1, 0.2 and 0.5. As shown in fig. 2, Y

although the mean velocity of NSM 1is

Fig. 2. Streamwise mean velocity profiles.

slightly smaller than that of DNS, these profiles of (Z) are compatible with each other.

Fig. 3(a) and (b) show the profiles of the streamwise turbulence intensities. Near

m’

the pressure wall, (%, ) predicted by NSM is in good agreement with those of

DNS-1 and DNS-2. Near the suction wall, (E:ms> of NSM is slightly larger than the
DNS results. Globally, the NSM results agree well with the DNS data. In fig. 3(¢) and (d)
the distributions of ( m) and <1Tz:.ms> calculated by the LES and DNS agree well

over the channel.

Moreover, we have compared other turbulent quantities with the DNS results and
can confirm that the present LES coupled with the nonlinear SGS model is able to pre-
dict turbulence characteristics of the rotating turbulent flow. Further, turbulence statistics
and turbulence production and dissipation rates near the walls of the rotating channel are
analyzed in the following. |

4.2 Skewness and flatness factors

Figs. 4 and 5 show the profiles of the skewness and flatness of the streamwise and
wall-normal velocity fluctuations, respectively. The skewness factor S and flatness factor
F can be viewed as the measurement of extent to which the probability density function
of turbulence fluctuation deviates from normal distribution. For Gaussian distribution, $

= 0 and F = 3. Thus, the fact that S(«#,") <0 indicates that the velocity fluctuation with
u <0 is dominant in probability; otherwise, the velocity fluctuation with #,">0 be-

comes dominant. And the flatness factor represents the intermittent character of wall
turbulence. Compared to the non-rotating case, both S(u#”) and S(V’) near the suc-

ened in fig. 4. The fact that S(#’)>0 and S(v") <O indicates

comes from the sweep events, which are related to the

tion wall are strengt

that the main contribution to #”’
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Fig. 3. Distributions of the root-mean-square values of velocity fluctuations. (a) Streamwise component; (b) local
drawing of the streamwise component near the pressure wall; (c) wall-normal component; (d) spanwise component.
All legends are the same as fig. 2.

(a) N=0 (b)
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Fig. 4. Profiles of the skewness of velocity fluctuations. (a) Streamwise; (b) wall-normal.

high-speed elongated streaks. Similar behavior near the pressure wall is also found since
S(w)>0 and S(v')>0. Fig. 5 shows that F(i&") and F(Vv’) increase near the

suction wall for the rotating case; it i1s evident that turbulence becomes highly intermit-
tent. However, the turbulence intermittent behavior becomes weak near the pressure wall.
It is needed to note that S(v") and F(V’) near the suction wall do not vary mono-

tonically wit  rotation number. This fact was also revealed for turbulent rotating pipe

Copyright by Science in China Press 2004



An improved dynamic subgrid-scale model 471

flow based on DNS results and can be explained as the inclination of near-wall vortical
structures induced by the rotation effect'*.

90 .
N=0 (a) (b)
------------ N=0.1 |
bo——— N=02
60 K - N=0.5
N |
~— {
Lz,

]

-1.0 -0.5 0 0.5 1.0

0.5 1.0

Fig. 5. Profiles of the flatness of velocity fluctuations. (a) Streamwise; (b) wall-normal.

4.3 Budgets of resolved Reynolds stresses

The resolved Reynolds stress budgets provide the detailed information of rotation
effect on the dynamical characteristics of turbulence, e.g. production and dissipation rate
of turbulent kinetic energy, redistribution of turbulent kinetic energy due to Coriolis
force, and viscous and turbulent diffusion of resolved scale motions near the walls. By
taking ensemble average on eq. (2), the transport equation of resolved Reynolds stresses
can be obtained and written as

o(#/ @) _ _[<_., _, >a<"’7i>+<g' i/ >a<‘7f>\ o(@ @] w/ )

— . u . U -
ot \ C R 9 PR ox, ) ox;
o P\ o ou’ w! Ju’ !
~u  —+u; +{ —| (Re, v, +)——— |} -2( (Re, v, +1)— !
< Cox; Bxf> ox, (Rez Ve +1 ox, <( D dx, Ox, >
N (& () w])+ ey (@ @))IQ +H,, (11)

where v_ is the eddy viscosity, P’ is the modified pressure fluctuation P'=p’+

T é;j /3. Eq. (11) is normalized by the velocity scale proposed by Mansour et al.[!

These terms on the right-hand side of eq. (11) are the production rate (P;;, referred to as
PR), turbulent diffusion (7;;, TD), velocity-pressure correlation (VPG), viscous diffusion
(Dy, VD), dissipation rate (g;, DS), Coriolis force term (N, CO), and H;; being the con-
vection term of mean flow and the additional terms due to the nonlinear SGS model.
Here, the VPG term can be further decomposed into the pressure-velocity diffusion (I,
PV) and the pressure-strain correlation (7;, PS),
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I1.. =

i

(13)

l

dx; ox; ’

i d

Fig. 6 shows the profiles of the budget terms in the (u 5 Hz’) equation. In fig. 6(a),

all the terms in the (&, u,) equation are suppressed strongly in the region of y* < 10
(i.e. near the suction wall), and only the PV and PS terms are dominant there. The CO
term with positive value in most part of the rotating channel plays as a source term to
(EI , U 2’) and redistributes turbulent kinetic energy from the horizontal components to
the wall-normal component. In fig. 6(b), it is evident that the redistribution of turbulence
energy is more activated in the core region of the channel. Fig. 6(a) and (b) show that the
TD term plays an important role to the (Ez’ E{) budget in the core region of the

channel, and the TD term is enhanced in the pressure wall region while suppressed in the
suction wall region due to the system rotation effect.

0.04 0.4
(a) Suction side | (b) Pressure side
|
0.02 | ){”‘ 02F e~
7 / -"..-' .\
7 r Caa i
.............. AR \ -’ -
0 ety "..',‘\{:"1 0 ‘r"""‘"—‘"-""—ff"{= o T
----------- PS Nk | N 1
— - — DS A .. 5 _— - — DS
-0.02F =—— —1TD -0.2 | — —TD
—--— VD " —e—VD
TIIIE N=0.5 N=0.5 ~IIIh
-(0.04 ' l t -(0.4 ' l '
10° 10! 10° 10° 10? 107
» y'

Fig. 6. Profiles of the budget terms in the (&, #,) equation at N = 0.5. (a) Near the suction wall; (b) near the
pressure wall. y* = (1 — IyDRe.

Fig. 7 exhibits the profiles of the budget terms 1n the <L_£ ; u‘{) equation. In fig.

7(a), the peak of the PR term i1s damped near the suction wall and the position of the
peak shifts away from the suction wall of the channel. The most intensive turbulence

production is located at y* =45, where the contributions of all these terms in the

(El’ LT{) equation are comparable. Compared to the non-rotating channel flow, it is lo-

cated at y© =12 7 Fig. 7(b) shows that the PR term is strengthened near the pressure

wall. The peak of the PR term is located at y™ = 5.2, where the balance of the (17 [ u,

budget is achieved by the interaction of the PR, DS, VD and TD terms. It is evident (fig.
7(a), (b)) that the contributions of the VD and DS terms are dominant to the (&, i,)

_—F m—

budget. Even though the CO term contributes little to the (ul ul') budget, it plays an

important role 1n redistributing the turbulent kinetic energy near the wall regions. In
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most region of the rotating channel, the CO term with negative value drains turbulence
energy tfrom the streamwise fluctuation to the wall-normal component.

0.04 2 —
(a) Suction side (b) Pressure side

0.02

-0.02

-0.04

Fig. 7. Profiles of the budget terms in the (LTI' H{) equation at N = 0.5. (a) Near the suction wall; (b) near the

pressure wall.

4.4 Flow structures

Coherent structures always get much attention in the study of wall turbulence, since
the turbulence wall structures are responsible for the burst events, turbulence production
and dissipation in turbulent boundary layer. Based on the patterns of near-wall velocity
and vorticity fluctuations, Kim and Moin!""] investigated the coherent structures near the
wall, e.g. elongated high- and low-speed streaks, sweep and ejection events. The flow
structures predicted by the numerical simulation''” are quite similar to those observed in
experiment performed by Runstadler™. For the spanwise rotating turbulent channel
flow, since turbulence intensity is enhanced near the pressure wall and suppressed near
the suction wall, the flow structures near the walls will change due to the rotation effect

correspondingly.

Fig. 8 shows the contours of the wall-normal velocity fluctuation ., in the (y",

Z") plane near the pressure and suction walls at N = 0.5. Compared to the non-rotating
flow structure (not shown here), the velocity fluctuation %, shown in fig. 8(a) becomes

more intensive, which indicates that the wall-normal turbulence intensity is enhanced
near the pressure wall. Since the contours of #, with positive and negative values are

related to the in-rush and out-rush motions, respectively, it is indicated in fig. 8(a) that
turbulence sweep and ejection events become more active near the pressure wall. In the

region between the positive and negative values of #,, the Helmholtz instability of the

shear layer appears, which is responsible for the generation of the streamwise vortical
structures in the pressure wall region. According to fig. 8(b), the turbulence energy pro-
duction, the sweep and ejection events are suppressed near the suction wall. The flow
patterns wit sent streaky structures are well consistent with the suppression of the
production of the streamwise vortices.
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Fig. 8. Contours of the wall-normal velocity fluctuation in the y*'—z* plane at N = 0.5 with the increment of contour
0.2. (a) Near the pressure wall; (b) near the suction wall.

Fig. 9 depicts the contours of the streamwise velocity fluctuation #, in the same

plane as shown in fig. 8. The contours of %, with positive and negative values are ar-

ranged alternately along the spanwise direction in fig. 9(a). Based on figs. 8(a) and 9(a),
it is found that the positive u#;, is mostly related to the positive #,, which corre-

sponds to the flow rushing towards the pressure wall, i.e. the turbulence sweep events in
the pressure wall region. Due to the solid wall confinement, the sweep events induce two
flows with opposite sign spanwise velocity in the pressure wall region. This dynamic
process is responsible for the turbulence energy redistribution from the streamwise com-
ponent to the spanwise, termed splattering or impingement effect of high-speed fluid"*!.
The process is the mechanism to generate the spanwise velocity fluctuation. As shown in
fig. 9(a), the enhancement of the splattering effect due to the system rotation is the
reason of the increase in the spanwise turbulence intensity in fig. 3(d). The contours in
figs. 8(b) and 9(b) show that the system rotation suppresses the splattering effect, hence
decreases the generation of the spanwise velocity fluctuation near the suction wall. Thus,
the spanwise turbulence intensity is suppressed in the suction wall region of the rotating
channel.

S Concluding remarks

In this study, a nonlinear SGS model, which is consistent with the principle of
AMEFI, i posed, and the model coefficients are determined dynamically based on the

L
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Fig. 9. Contours of the streamwise velocity fluctuation in the y*—z* plane at N = 0.5 with the increment of contour
0.5. (a) Near the pressure wall; (b) near the suction wall.

resolved scale motions. The results calculated by using this new dynamic SGS model is
proved to be in good agreement with DNS data. Then, turbulence characteristics of the
spanwise rotating turbulent channel flow are investigated. The skewness and flatness
factors indicate that the turbulence becomes more intermittent near the suction wall.
According to the budgets of resolved Reynolds stresses, turbulence production, dissipa-
tion and diffusion are enhanced in the pressure wall region. The budget terms in the re-
solved Reynolds stresses are suppressed evidently in the suction wall region. The flow
structures near the pressure wall show that the turbulence sweep and ejection events be-
come more active and the generation of the streamwise vortices is agitated due to the
enhancement of splattering effect induced by the rotation effect.
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