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Tully-Fisher relation and 
Rotation Curves of galaxies

(Milgrom 1983a,b,c; Bekenstein & 
Milgrom 1984; Sanders & McGaugh 2002)

Cosmic Microwave 
Background 

Anisotropic Spectrum
(Skordis et al. 2006) 

g>>a0: µ=1, Newton
g<<a0: µ=x, dMOND

a0 =1.2x10-10 m/s2

Structure Formation
(Halle et al. 2007; 

Skordis et al. 2008;
Llinares et al. 2008)

Bullet Cluster
(Angus et al. 2007; 
Llinares et al. 2009)

Tidal Dwarf Galaxies
(Gentile et al. 2008)

Strong gravitational lenses
(Zhao et al 2006; Chen & Zhao 2006, 

Shan et al. 2008)

Weak Lensing
(Angus et al. 2007; 

Famaey et al. 2007)



Basic idea of MOND: 

g>>     : µ=1, Newton
g<<       : µ=x, dMOND

x =
|∇Φ|
a0

=
g

a0

a0 = 1.2× 10−10m · s−2

∇ · [µ(x)∇Φ] = 4πGρ
(Bekenstein & Milgrom 1984)

a0
a0

MOdified Newtonian 
Dynamics

that one can construct galaxy models of baryons
plus DM such that any subset of these relations are
satisfied but not any of the others. Thus, in the con-
text of DM they will each require its own separate
explanation. In fact, as I indicated, some of these
have implications that conflict with the predictions
of CDM, and among them some that conflict with
any form of DM.

But, the flagship of MOND phenomenology is the
detailed prediction of the full rotation curves of in-
dividual disc galaxies from their observed baryonic
mass alone. Its importance was evident from the
outset (Milgrom 1983b); but, testing this prediction
had had to await the advent of extended rotation
curves afforded by HI observations: Rotation curve
analysis in MOND started only some five years af-
ter it appeared, with Kent (1987) and the rectifying
sequel by Milgrom (1988). Some of the subsequent
studies where by Begeman et al. (1991), Sanders
(1996), Sanders and Verheijen (1998), de Blok and
McGaugh (1998), Bottema et al. (2002), Gentile et
al. (2004), Corbelli and Salucci (2007), Sanders and
Noordermeer (2007), and Barnes et al. (2007). There
are now of the order of 100 galaxies for which MOND
has been tested in this way: one uses the observed
baryonic mass in a disc galaxy to predict the ob-
served rotation curve according to MOND (convert-
ing stellar light to mass using the M/L value–mass
to light ratio–a free parameter). It is, of course, the
complete failure of this procedure with Newtonian
dynamics that leads to DM in galaxies. MOND is
performing extremely well in this regard. I show ex-
amples in Fig. 2 for three galaxies of rather differ-
ent properties: from the low mass, low acceleration,
gas dominant NGC 1560, through the intermedi-
ate NGC 3657, to the high mass, high acceleration,
stellar-mass-dominated NGC 2903. More examples
are shown in Figs. 3,4. Not only are the full rotation
curves well fit with the above single parameter, but
in gas dominated galaxies even this parameter is al-
most immaterial, and MOND then practically pre-
dicts the rotation curve. When the M/L parameter
is important, its values, obtained with the MOND 1-
parameter fits, are in good agreement with theoret-
ical, population-synthesis estimates (e.g., Sanders
and Verheijen 1998).

Fig. 1. Galaxy mass vs. asymptotic velocity. Left: analog to
the traditional Tully-Fisher plot involving stellar mass alone.
Right: gas mass is included. The solid line has the log-log
slope of 4, predicted by MOND and is not a fit (McGaugh
2005b).

Fig. 2. The observed and MOND rotation curves (in solid
lines) for NGC 3657 (left), NGC 1560 (cnter), and NGC
2903 (right). The first from Sanders (2006), the last two
from Sanders and McGaugh (2002). Points are data, dashed
and dotted lines for the last two galaxies are the Newtonian
curves calculated for the stars and gas alone; the reverse for
the first (they add in quadrature to give the full Newtonian
curve).

2.1. a0?

The constant a0 appears in several of the above
MOND laws of galactic motions, and its value
was initially determined, with consistent results,
by appealing to them (Milgrom 1983b). However,
the best leverage on a0 comes now from rota-
tion curve analysis. For example, the value found
in Milgrom (1988) was a0 ≈ 1.3 × 10−8cm s−2,
and Begeman et al. (1991) found, with better
data, a0 ≈ 1.2 × 10−8cm s−2 (both with H0 =
75 km s−1Mpc−1). It was noted in Milgrom (1983a)
that a0 ≈ cH0/2π, and because of the still mys-
terious cosmic coincidence (ΩΛ ∼ 1) we also have
a0 ≈ c(Λ/3)1/2/2π.

In the context of quantum theory, the Planck
length and the Planck mass, constructed from !, G
and c, tell us where we can expect combined effects
of strong gravity and quantum physics. Similarly,
a0 defines a length scale, "0 ≡ c2/a0 ≈ 1029 cm,
and a mass, M0 ≡ c4/Ga0 ≈ 6 × 1023M", that
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In Newtonian Gravity, there exists instability on some 
models for galaxies

Can we find stable models for galaxies in 
MOND?



•Nbody Simulations: 

density axis ratio 
a:b:c=1: 0.86 : 0.7 kpc 

Constructing galaxies 
with Hernquist profile ,

i.e. 1/r cusp centre
M87

NGC1316

ρ =
M

2πabc
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(Wang et al. 2008, ApJ, 677, 1033; 
Wu et al. 2009, MNRAS, in press)

Triaxial Cuspy Galaxy Stability



Equilibrium model
---------------------------

Stability

ρ =
M

2πabc

1
r(r + 1)3

∇ · [µ(x)∇Φ] = 4πGρ

Eq.1

Eq.2

µ(x) =
x

1 + x
Eq.3

Eq.4 χ2 =
1

Ncells

Ncells∑

i=1




Norbits∑

j=1

WjOij −Mi




2

nj = WjNtotalEq.5

Schwarzschild Technique+NMODY
Schwarzschild (1979,1982); Zhao (1996); Merritt & Fridman (1996); Rix (1997) 



The first octant is divided 
into 21 equal mass sectors 
by 20 shells.
The first octant is further 
divided by planes z = cx/a, y 
= bx/a and z = cy/b (left 
panel) into 3 parts. 
Each part is subdivided by 
planes ay/bx = 1/5, 2/5, 2/3 
and az /cx = 1/5, 2/5, 2/3 
into 16 cells (right panel). 
we sub-divide the cells by 
the mid-planes of the cells 
once again.

1. Stationary Orbits:

Stationary orbits are launched from the central 
points of the outer shell surfaces of the sub-cells. 

4 x 16 x (21-2) =192 orbits for each shell

Launch Orbits (Merritt & Fridman 1996)



2. x-z plane launched orbits:

Give a certain energy Ek = Φ(x, 0, z ) 
on Kth sector, Curve A is the minimal 
radius of 1:1 resonant orbits (x:y), and 
Curve B is the zero velocity surface. 
We define 10 lines satisfying x = z tan 
θ, where θ lies within the range 2.25◦ 
to 87.75◦ . Along the radial direction, 
we equally divide the radius between 
two boundaries into 16 parts with 15 
points, where those 15 points are the 
initial positions for the orbits launched 
from the x − z plane. 

There are 150 x − z plane starting orbits 
for each sector. 

Launch Orbits



Orbits Example



Accumulated 
energy 

distribution of 
different orbit 

families

Weights of Orbits

Wu et al. (2009)

Mass model: 
109 Msun



1 Tsim = 1 Keplerian 
orbit time (1.0 kpc)

50Tsim 100Tsim

150Tsim200Tsim

Initial Conditions

Snapshots



Virial Theorem

| 2K/W | =1 ± 0.1

Virial Theorem

_____ : 1010 Msun
...........  : 109 Msun
-------- : 108 Msun



Galaxies Stability

Energy distribution

differential
accumulated

Black: Initial; 
Violet:time=50 Tsimu; 
Blue: time=100 Tsimu; 

Yellow: time=150 Tsimu; 
Green: time=200 Tsimu.    



Galaxies Stability

Black: Initial; 
Violet:time=50 Tsimu; 
Blue: time=100 Tsimu; 

Yellow: time=150 Tsimu; 
Green: time=200 Tsimu.    

velocity dispersion anisotropic parameter

1 Tsimu= 4.7 Myrs



Galaxies Stability

Mass distribution 

Black: Initial; 
Violet:time=50 Tsimu; 
Blue: time=100 Tsimu; 
Yellow: time=150 Tsimu; 
Green: time=200 Tsimu.    ----: a0r2/G

Newtonian 
dominated

MONDian
dominated



Galaxies Stability

Axis ratios evolution: 
~ 10% in 200 simulation 

time

Conclusion: model is 
quasi-equilibrium 

and stable.



Can we find stable models for galaxies in MOND?

Coming back to the 
question ...

Yes we found it ^_^



On Going (Schwarzschild 
model in MOND)

Constructing triaxial galaxies
        (1) add external field : lopsided 
galaxies in rich clusters? 
        (2) fitting the data from 
observations;

Testing self-consistency and 
stability (N-body) 
        of the Milky Way bar 

x (kpc)

Systems embedded in 
External Field:
∇ · [µ(

|g|
a0

)g] = 4πGρ

g = gext −∇Φint

y 
(kpc)



Thank You !


