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Abstract

We prove that if there is a strongly connected digraph of order n, maximum degree d,

k-
diameter k and connectivity ¢, then n < c‘fi_xd 4+ d + 1. It improves the previous known

results, and it, in fac$, is the best possible for several interesting cases. A similar result for arc
connectivity is also established.

§1. Introduction

To realize highly reliable and efficient communication, means to find networks (i.e.,
digraphs) with smaller diameter and larger connectivity for a given order and a maximum
degree (see [1}). Consequently, the following problem is raised naturally: If there is a
strongly connected digraph of order n, maximum degree d, diameter k and connectivity ¢,
how are these parameters related one to another? In this paper, we prove an inequality
which improves previous results and show that our result is sharp for several interesting
cases.

A digraph G consists of a finite set of vertices V(G) and a set of arcs A(G) which is a
subset of all ordered pairs (u,v), u, v € V(G). G may have loops but no multiple arcs. The
order of G is the number of its vertices, the degree d(v) of a vertex v € V(G) is the maximum
value of its out-degree and in-degree, the maximum degree of G is max{d(v) : v € V(G}}.
A vertex cut set C of G is a proper subset of V{G) such that G — C is either not strongly
connected or a single vertex. The (vertex) connectivity of G, denoted by ¢(G), is the
minimum cardinality of all cut sets of G. The diameter of G denoted by D{G), is the
maximum distance between any pair of vertices. From now on, a strongly connected digraph
of order n, maximum degree d, diameter k and connectivity ¢ is denoted as an (n,d, k, ¢}-
digraph.
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It is easy to see that if there is an (n, d, k, c)-digraph G, then

dk+1 -1
n<ltd+d+oo+d = ——0, (1)
and the equality holds if G is a complete digraph of order d + 1 {and k = 1} or a directed
cycle of order k+ 1 (and d = 1). For d > 2 and k > 2, Flensnik and Znam ([2]) showed that
the upper bound given in (1) can be improved as

k
nsd‘;_:, 2)

which was rediscovered later by Bridge and Toueg too ([3]). In this paper, we illustrate that
the inequality (2) is the best possible for k = 2 and d > 2.

A further relation among the parameters of an (n, d, k, c)-digraph for 1 < ¢ < d—1 was
established by Imase, Soneoka and Okada ([4]). Namely, they proved that

nSC(d::11+d). (3)

In this paper, the inequality (3) is improved as follows:

d* —
nScd__ld+d+L (4)

We also illustrate that the inequality (4) is the best possible for ¢ = d — 1 and some other
interesting cases. A similar result for arc connectivity is also established.

In the following section, a class of digraphs G(n,d) is considered. In Section 3, our
main result is derived, namely, the inequality (4) is proved. In Section 4, several examples are
given to show that our result is the best possible and an analogy of (4) for arc connectivity
is considered in Section 5.

§2. A Class of Digraphs

In this section we consider a class of digraphs G(n, d) proposed by Imase and Itoh ([5]),
where n,d are given integers, 1 < d < n — 1. The vertex set of Gy(n,d) is V(G(n,d)) =
{0,1,--- ,n— 1} and (1,7} € A(G(n,d}) if and only if

j=dn-1-4)+r(modn) for 0<i<n—-1, 0<r<d-1

It is clear that Gy(n,d) is a d-regular digraph. In [5] it is proved that the diameter of
Gi(n,d) satisfies D(G(n,d}) < [log, n], where [z] is the minimum integer not smaller than
z. In particular, if n = d* + d*~¢ (where k is an arbitrary integer and g is an odd number
less than or equal to k), D(G;(n,d)) = [loggn] — 1 = k. A d-regular digraph with diameter
k and order n(= d* + d*~1) was first constructed by Reddy et al. ([6]).

Later, Imase, Soneoka and Okada ([4]) proved that ¢(G(n,d)) > d — 1. Recently, Du
and Hwang ([7]) have shown that ¢(G(n, d)) is either d — 1 if d and n are relatively prime
or d if both d and d + 1 divide n. Thus ¢(G(d* +1,d)) = d — 1 if k(> 3) is an odd number
and ¢(Gy(d* + d*~1,d)) = d, where k is the diameter.

Noting that G;{n, d) may have loops, Du and Hwang ({7]) have made some study on the
number of loops of Gy(n,d). The proof of the following result is easy and is left to reader.

Theorem 1. G;(n,d) has no loops when d + 1 divides n.
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$3. Main Results
Theorem 2. If there is an (n,d, k,¢)-digraph, ¢ £ d—1,d > 2 and k > 2, then

-
n$c2~_5+d+l. (4)

Proof. Let G be an (n,d, k,c)-digraph. By the definition of (vertex) connectivity,
there is a cut vertex set Vg such that [Vp| = c. The set V(G)\V, can be partitioned into
two dlsjomt nonempty subsets V; and V, such that G -~ Vo has no arcs from V; to V5. Let

= [V1] and ny = |V3], and Vg = {21,22, -+ , 2}
Let
m = max {do, Vo)), 1= max{(d(Vo, w)}, m* = max{d" (v, vo)}, (5)

where d(v,Vp) (or d*(v,V;)) is the minimum (or maximum) distance from v to any vertex
in Vo, while d(Vp, u) is the minimum distance from any vertex in ¥ to u. It is easy to see
that m* >m>0and [ > 0since VinVog =90 and V3NV, = 40.

Let u be a vertex in V; such that d{v,Vp) = m and let u be a vertex in V; such that
d(Vo, u) = L. Since any directed path from v to u goes through V; and the diameter of G is
k, there exists a vertex z in Vj such that d(v,z} + d(z,u) = d{v,u) < k. By our choice of
v,d(v, z) 2 m. Therefore,

l=d(Vy,u) <d(z,u) L k—d(v,z) £ k—-m. (6)

If m = k— 1,1 = 1, we consider the transpose G' of G which is the digraph with
V(G') = V(G) and {u,v) € A(G") © (v,u) € A(G). It is easy to reduce the case m =k — 1
in G to the case m = 1in G’. So it suffices to consider the case 1< m < k — 2.

Let

Qi = {v eV, :d(v,Vo) =1}, 11 <m.

Then
dm+1 —d
n1-|V1|<Z{Q'|<ch‘-c — (7
Also let
P;={ueV,:d(Vp,u) =7}, 1<5<L
Then ,
. d+t —d
n2=|Vglgzd’=c —
=1
Since | £ k — m by (6),
dk—m+1 —d
no S C"“—"“'—‘—d- 1 . (8)

We first show the following lemma which is stronger than Theorem 2.
Lemma. Form>2orm=1land m" > 2, '
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In fact, the function f(m) = d™*! +d*~™*! is concave upward on the interval [2, k—2)
and

flm) < f(2)=fk—2)=d° +d*7", (10)
It follows that, if 2 < m < k — 2, then from (7), (8) and (10),

damtl—d dk-m+l g

n=n1+c+ng_<_c—~2-j—+c+cTi——-
<cd3+d’°‘1—d——l <cd"—1
= d-1 d—1"

The reason why the last inequality is valid is that d*—d*~'—d3+d = d(d—1)(d*~2~d-1) > 0
because d > 2 and k > 4.

For m = 1 and m* > 2 we consider the two cases k = 2 and k > 3, separately. As for
case k = 2, the proof is easy and is left to the reader. To complete the proof of Lemma for
k > 3, it suffices to prove that

d —d
n2 S e gy
If there is some j (1 < j < k — 3) such that |P;] < cd?, then

-n;. (11)

& —d . d*—d
< —_ < -
ng_cd_l (1+d+d)_cd~1 (1+d+cd)
d* —d dF —d
Scd_l-—(l+d+n1)<cd_1—n1,

and the inequality (11) holds. Next, let Py = V; and assume that
|Pj|=cd’, 0<j<k-3. (12)
Let Po(z;) = {z}, 1=1,2,--- ,¢, and let
Pj(z) = {ue V3 : d(z,u) = 7}, 7=12,-,k-1, 1=12--,c

Then from (12), we have

|Pi(z)| = &7, 1<i<e, 0<j<k-3, (13)
Pi(z) N Pi(zm) = 9, 1<t#m<e, 0<53<k—-3, (14)
|Pii(=) = Py(=)ld, 1<i<e,  0<j<k-4 (15)

Let N*(v) = {u € V(G—v) : (v,u) € A(G)} for a vertex vin V(G). BS( the assumption
m* > 2, there exist some vertices, say v € V; and z; € Vp such that z; ¢ Nt (v). Let

Pr_2(z1) = Pe_2(z1) N Pea.

Then
|Pe—2(21)| < |Pezz(z)] < 572

Let
[Pe—z(z1)| = d* 72~ z. (16)
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And let

s AN (UPeas(@d),  s=1s]

=2
W :Pk-g(zl)\s,
U={ze Nt (w)Nn Py : we W}

Then. from (16),

|W|=lPk_2(21)|“3=dk_2—'$*-3, (17)
Ul =W|d—t=(d2-z—3)d—t. (18)

Taking any one of the vertices in U, say u, we consider the shortest directed path R
from v to u. The length of R is d(v, u), which is the number of arcs occurring in R. Let the
successor of v on R is some vertex z;, € V. Then z;, # z; since z; € N*(v). From (14) the
7th successor of z;, on R is not in P;(z;)NP; for 0 < j < k—3 and WNPi_2(z;,) = 8. Hence
d(v,u) = k, and so the (k — 1)th successor of z;, on R is u, ie., u € Pe_3(z1) N Pe_y(2,)-
By an arbitrary choice of the vertex u € U, it follows that

Pe1(z1)) (Opk—l(zi)) () Pe-1

$=2

|Pewy] S cdf ! —|U| - (z+s)d—t.
Thus by (18), k> 3 and ¢ < d — 1, we have

2 U],

z+s+|Ul+t+(z+s)d=z+s+(d*2~z—s)d—t+t+ (z+3)d
=d*"' +z+ 5> dec>n;.

Therefore *
m S ey
The inequality (11) is proved and Lemma is established.
To prove Theorem 2, we only want to consider the case m* = m =1 by Lemma.
In this case, ny < dand ny < cd;_’{’ from (8). Thus if ¢ = 1, then the theorem -holds
obviously. Next, we suppose ¢ > 2.
If there is a 7 (1 < 7 € k —2) such that |P;] < cd’ — 1, we have

k _
—(z+s+{U{+t+(z+s)d)Scdd_

d
- ny.
1 1

ne S|P+ [Pl + -+ |Pjoa| + [P+ - + |Pe—a
<cd+cd®+ - +cd T+ (ed? ~ 1)d+ -+ (cd — 1)a51T
d*—-d d¥7-d
~a-1 Td-1"
and the inequality (4) holds immediately. So we suppose that

|Pjl=cd?’, 1<j<k-2. (19)
Let 2; € V5 and let
={u € Pe_1: (u,21) € A(G)}, ' =8,
={u € Peg: (y,v) € A(G) for some v € V1}, t=|T,
T* ={u € Pe_z : (v, 21) € A(G)}, t =|T*|,
T ={u€ Pz :(u,w) € A(G) for some w € Pz, w # u}, ¢ =|T*"|
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Thus
|Pe1] < |Pe—2ld — (t' +t* + %),
k _
nz < c—— —(t'+ ¢t + ™) (20)
and
3'+t* =d—n1. (21)

Take z; € V5, ¢ = 2,3, ,c. Let R; denote the shortest directed (z;, 2} path. From
(19) and d(z;,21) < k, every R; must contain either a vertex in 7" or a vertex in S'UT*UT*".
Therefore,

c—1<t+"+t™ + 4. (22)

From (21) and (22) we have
ng <t'+t"+d—c+1. (23)

Thus from (20) and (23), the inequality (4) is proved.
The proof of Theorem 2 is completed.
From Theorem 2 we immediately have the following result.
Corollary. For every (n,d, k, c)-digraph with d > 2 and k > 2, the (vertex) connec-
tivity
> (n—d-1)(d-1)

¢z

dk —d )
Particularly, )
=d, ifn>d*+1;
¢ = dk—'l
>d-1, ifnZ{d—Z)d 1+4.

Remark. From the corollary it is directly obtained that the connectivity of G;{(n, d}
is dif n = d* + d*~7 and ¢ is an odd number less than k, though it can also been obtained
from Du’ and Hwang’s result (see Theorem 3.2 in (7]). In particular, it is obtained that
the connectivity of the digraph with diameter k and order n(= d* + d*~!) constructed by
Reddy et al. ([6], also see [5]) is d.

§4. The Sharpness of Results

In this section we illustrate our results to be the best possible for several interesting
cases.

Example 1. the right side of the inequality (4) is ¥ +1 for ¢ = d— 1. We have already
seen in Section 2 that the loopless digraph Gr(d* + 1,d) is a (d*¥ + 1,d, k, d — 1)-digraph if k
is an odd number. This example shows that the uppper bound of n given in (4) is the best
possible for ¢ = d — 1 and an odd number k(> 3). Meanwhile this example also shows that
the lower bound of n such that ¢ is d in the corollary is the best possible.

Example 2. The right side of the inequality (4) is 2d+1forc=1, k=2and d > 2.
Let Ki’. ) bea complete digraph with the vertex set V(Kc{i’ )) = {xgj ) , xgj ) FERRE z‘(". ) =12
and K; be a digraph consisting of a single vertex z. Let

G=(kuEP uE) | J{(=V\5) s i=1,2,--,d}
U{(z’xt('z)) D= 1i21"' ,d}U{(zf‘Z)yzEl)): = 1,2,"' ,d}
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It is easily verified that G is a (2d + 1,d, 2, 1)-digraph. This shows that the upper bound of
n given in (4) is the best possible forc =1, k=2 and d > 2.

Example 8. The right side of the inequality (2) is d° +d for k = 2. We have also seen
in Section 2 (or from Corollary) that the loopless digraph G;(d® + d, d) is a (d® + d, d, 2, d)-
digraph, which shows that the upper bound given in (2) is the best possible for k = 2 and
d> 2.

§5. Arc Connectivity

Considering arc rather than vertex connectivity in this section, we can prove an analogy
of Theorem 2 by a similar argument. An arc cut set E of the strongly connected digraph G
is a subset of A(G) such that G — E is not strongly connected. The arc connectivity of G,
denoted by ¢’{G), is the minimum cardinality of all arc cut sets of G. A strongly connected
digraph of order n, maximum degree d, diameter k and arc connectivity ¢’ is denoted as an
(n,d, k, ¢')-digraph.

Theorem 3. If there is an (n,d, k,c')-digraph, ¢/ <d -1, d > 2 and k > 4, then

k-1 _
n<e¢ (d—d—;Ti-f'l)“}-d. (24)

Proof. Let G be an (n,d, k,c')-digraph. By the definition of arc connectivity, there
exists an arc cut set Ej such that |Eg| = ¢’. The set V(G — E;) can be partitioned into two
disjoint nonempty subsets U; and U, such that G — Ej has no arc from U; to Uz. Let Uy
be a set of the initial vertices of the arcs in Ey and U} be a set of the terminal vertices of
the arcs in Ey. It is clear that Uy C Uy, Uj C Uz and |Upl, |U§| < ¢'. Let ny = |U;] and
ng = 1U2i. Then n = ny + no.

The following notations are defined in the same manner as in the proof of Theorem 2.
Let

m= u“é%,’f{d(”) UO)}: l= ’l)Iéa[.,):{d(Ué,u)}

It was proved by Imase et al. (see [4]) that 1 < m < k—2and 1 <1< k- 2. (Note that
the assumption ¢’ < d was used in their proof.)

Let v € U;\Up such that d(v,Up) = m and let u € U;\U} such that d(Ug, u) = I. Since
any directed path from v to u contains some arc (ug,uy) € Ep, ug € Up,uy € U{, then
d{v, uo)) + d(up, u) =d(v,u) ~ 1 < k- 1. Thus

l=d(Uj,u) < d{ug,u) <k—-1-d{v,lp)<k-1-m. 25
0

Let
Q; ={veU)\Uy: d(v,Up) =1}, 1€:<m.

Then

. dmt! —d
m =102 < 1ol + 3l < 10l (1+ S12).
=1
Noting that |Up| < ¢, therefore,
dmtl—1
ni < C"*'F:—-i——'. (26)
Let
Py ={ucU\Ug : dIT2 ) = 4} 1<7<l.
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Then 1
dl+1 -1
ny = |Ua} < US|+ 1P| < Uol——7—
=1
Therefore, from (25) and noting |U}| < ¢',
LI k—m _
n < Ut 021 (27)

d-1 ~— d-1
The function f(m) = d™*! + d*~™ is concave upward on the interval |2, k — 3}, and
f(m) = f(2) = f(k —3) = d* + d*7%, (28)

Therefore, if 2 < m < k — 3, then from (26), (27) and (28), the inequality (24) is valid.

If m = k — 2, we consider the transpose G’ of G and reduce the case m =k —2in G
to the case m = 1 in G’. Hence, to complete the proof of the inequality (24), it suffices to
consider the case m = 1. (Note ! = k — 2 in this case.)

If Uy © N*(v) for every v € U \Up, then ny < d+ |Up! < d+¢’. Hence from (27), the
inequality (24) is valid.

In the following, we suppose that there exists a vertex v in U;\Up such that [Nt (v) N
Uo| < |Uo|. Then ny < ¢'(d+1). If [U}] < ¢, then, since [ =k -2 2> 2,

dk-l

nzsc—d_~_~'-;l—(1+d+d’*’), (29)

and so, also from (26), (29) and ¢’ < d, we can derive the inequality (24).
If {U§| = ¢, in the same way as in proving the inequality (11), it can be proved that

dk-1 -1
d—1

ng—-c¢ <¢ —n;.

The detaiis are left to the reader and so the proof of Theorem 3 is completed.
Corollary. For every (n,d, k,c')-digraph with d > 2, k > 4 and 0 < ¢’ < d, the arc

connectivity
—d){d—1)
> iﬁ_____
CETFTrd 2
Particularly,
=d, ifn>d—1+2d-2;
C' — dk—l -1
>d-1, ifn>(d—2)(—g——--1—-+1)+d."
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