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CONNECT IV ITY OF CARTESIAN PROD UCT

D IGRAPHS AND FAUL T-TOL ERANT

ROUT INGS OF GENERAL IZED HY PERCUBE

XU JUNM IN G

Abstract. In th is paper, the p rob lem of fau lt2to leran t rou tings in fau lt2to leran t netw o rk s is con2
sidered. A rou ting in a netw o rk assigns to each o rdered pair of nodes a fixed path. A ll comm u2
n icat ion among nodes m ust go on th is rou ting. W hen either a node o r a link in a fau lt2to leran t

netw o rk fails, the comm un icat ion from one node to ano ther using th is fau lty elem en t m ust be

sen t via one o r mo re in term ediate nodes along a sequence of path s determ ined by th is rou ting.

A n impo rtan t and p ract ical p rob lem is how to choo se a rou ting in the netw o rk such that in ter2
m ediate nodes to ensu re comm unicat ion are sm all fo r any fau lt2set. L et C d be a directed cycle of

o rder d. In th is paper. T he au tho r first discusses connectivity of Cartesian p roduct digraph s,

then p roves that the Cartesian p roduct digraph C d1×C d2×. . . ×C dn
(d i≥2, 1≤i≤n) has a rou t2

ing such that at mo st one in term ediate node is needed to ensu re transm ission of m essages among

all non2fau lty nodes so long as the num ber of fau lts is less than n . T h is is a generalizat ion of

Do lev et al’s resu lt fo r the n2dim ensional cube.
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§1　 In troduction

W e con sider in the p resen t paper the p rob lem of fau lt2to leran t rou t ings in h igh ly

fau lt2to leran t telecomm un ica t ion o r in terconnect ion netw o rk s. A rou t ing Θassign s to each

o rdered pair (x , y ) of nodes in a netw o rk a fixed (d irected) pa th from x to y , deno ted by

Θ(x , y ). A ll comm un ica t ion am ong nodes m u st go on th is f ixed rou t ing. L et F be the set

of fau lty nodes andöo r link s in the fau lt2to leran t netw o rk, x and y be tw o non2fau lty

nodes. W e say tha t Θ(x , y ) avo ids F if it does no t include any elem en t of F. If Θ(x , y )

avo ids F , then the node x sends m essages to the node y a long Θ(x , y ). T he quest ion is

tha t if Θ(x , y ) can no t avo id F , then x can no longer u se th is f ixed path Θ(x , y ) to send
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m essages to y. How ever, since the netw o rk is fau lt2to leran t there m u st ex ist severa l in ter2
m edia te nodes, say, x 1, x 2,. . . , x n such tha t Θ(x , x 1) , Θ(x 1, x 2) ,. . . , Θ(x n , y ) a ll avo id F.

T hen x sends m essages to y via in term edia te nodes x 1, x 2,. . . , x n a long the fixed path s

Θ(x , x 1) , Θ(x 1, x 2) ,. . . , Θ(x n , y ). In o rder tha t the comm un ica t ion does no t becom e too

long, an im po rtan t and p ract ica l p rob lem is how to choo se a rou t ing in the netw o rk such

tha t the num ber of in term edia te nodes u sed is as sm all as po ssib le.

It is w ell know n tha t any netw o rk can be m odelled by a graph o r d igraph G= (V ,A ) ,

w here the vertex2set V = V (G ) rep resen ts the node2set of the netw o rk and the edge2set o r

the arc2set A = A (G ) rep resen ts the link2set of the netw o rk. W ith th is m odel, the tran s2
m ission delay and the fau lt2to lerance of the netw o rk are often m easu red by, respect ively,

the d iam eter and the connect ivity of the co rresponding graph o r d igraph G. Fo llow ing

Do lev et a l[1 ], w e can fo rm alize the fo rego ing p rob lem as fo llow s.

Given a (st rongly) connected sim p le (w ithou t loop s and para lled edges o r arcs) graph

( d igraph) G , a rou t ing Θand a fau lt2set F , û F û < ϑ(G ) , the ( st rong) connect ivity of G ,

the su rviving rou t ing graph (d igraph) R (G , Θ) öF is such a sim p le graph (d igraph) w ith

the sam e vert ices as G - F , and a vertex x being adjacen t to a vertex y if and on ly if Θ(x ,

y ) avo ids F. If w e assum e tha t the t im e to send a m essage a long a fixed path is indepen2
den t of its leng th, then the d iam eter of R (G , Θ) öF , deno ted by D iam (R (G , Θ) öF ) , a lso

g ives a good est im ate of the t im e requ ired to com p lete t ran sm ission of m essages in the

p resence of fau lts in G. A s the fau lt 2set F is no t know n in advance, the param eter

D iam (G , Θ) = m ax
F: ûF û< ϑ(G)

D iam (R (G , Θ) öF )

is an im po rtan t m easu re to est im ate if the rou t ing Θ is eff icien t and reliab le. T hu s, ou r

p rob lem w ill be how to choo se a rou t ing Θ in G such tha t D iam (G , Θ) is as sm all as po ssi2
b le.

T h is p rob lem w as first in t roduced by Do lev et a l[ 1 ]. T hey p roved tha t fo r any (k +

1) 2connected graph G , there is a rou t ing Θsuch tha t D iam (G , Θ)≤m ax{2k , 4}. In part icu2
la r, they cla im ed tha t the n2dim en siona l cube Q n has D iam (Q n , Θ) ≤3 fo r any m in im al

leng th rou t ing Θ( i. e. every fixed path betw een any pair of nodes in Θ is a m in im al leng th

pa th betw een them in Q n). How ever, their p roof seem s to have a flaw.

Fo r a (st rongly) connected (d i) graph G , it is clear tha t D iam (G , Θ) = 1 if F = Á and

D iam (G , Θ) ≥2 if F ≠Ï fo r any rou t ing Θ in G. G is good if there is a rou t ing Θ in G such

tha t D iam (G , Θ)≤2. T he netw o rk m odelled by a good (d i) graph is ca lled a good fau lt2to l2
eran t netw o rk. W e are in terested in ob ta in ing good fau lt2to leran t netw o rk s. Bu t on ly a

few of such netw o rk s are know n as far as w e know.

Fo r in stance, it is easy to check tha t the com p lete graph (o r d igraph) is good. Do lev

et a l p roved tha t the n2dim en siona l cube Q n is good. Hom obono and Peyra t [3 ] p roved tha t

the de B ru ijn d igraph s and the Kau tz d igraph s are good. E scudero et a l [2 ] p roved tha t the

doub le loop netw o rk s are good.
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In th is paper, w e w ill genera lize Do lev et a l’s resu lts fo r the cube to a class of m o re

genera l d igraph s, w h ich are ca lled the genera lized hypercube. N am ely, w e w ill p rove tha t

the Cartesian p roduct d igraph s C d 1×C d 2×. . . ×C dn
, w here C d i is a d irected cycle of o rder d i

≥ 2, ( i= 1, 2,. . . , n ) and n≥1, are good and D iam (C d 1×C d2×. . . ×C dn
, Θ) ≤3 fo r any

m in im al leng th rou t ing Θ. O u r p roof m akes up fo r a flaw in Do lev et a l’s p roof.

T he rest of the paper is o rgan ized as fo llow s. In Sect ion 2 the defin it ion and som e fun2
dam en ta l p ropert ies of Cartesian p roduct d igraph s are g iven. T he fau lt2to leran t rou t ings in

the genera lized hypercube are con sidered in Sect ion 3.

§2　Som e Properties of Cartesian Product D igraphs

In th is sect ion w e first g ive the defin it ion of the Cartesian p roduct d igraph and then

discu ss their severa l p ropert ies. T he Cartesian p roduct d igraph G of n sim p le d igraph s G 1,

G 2,. . . , G n , deno ted by G = G 1 ×G 2 ×. . . ×G n is the sim p le d igraph w ith the vertex2set

V (G ) = V (G 1) ×V (G 2) ×. . . ×V (G n ) , and an arc from a vetex x = x 1x 2. . . x n to ano ther

vertex y = y 1y 2. . . y n (x j , y j∈V (G j ) , j = 1, 2,. . . , n) if and on ly if they differ in exact ly one

coo rd ina te, and fo r th is coo rd ina te, say j th, there is an arc from the vertex x j to the ver2
tex y j in G j. C d (d≥2) deno tes a d irected cycle of o rder d and C (d 1, d 2,. . . , d n) deno tes the

Cartesian p roduct d igraph C d 1×C d 2×. . . ×C dn
. T he digraph s show n in the F igu re 1 are the

d icycles C 3 and C 4, and their Cartesian p roduct d igraph C (3, 4) , respect ively. H su and

L yuu [4 ] have con sidered C (d 1, d 2,. . . , d n) and stud ied its w ide2diam eter.

F ig. 1　

W e shall be con ten t to po in t ou t tha t a lthough graph s and digraph s are essen t ia lly d if2
feren t ob jects, a graph can in circum stance be though t of as a d igraph in w h ich there are

tw o arcs, one in each direct ion, co rresponding to each edge. In view of th is fact, C (2,
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2,. . . , 2 ) can be though t to be the n2dim en siona l cube Q n. A s a resu lt, w e ca ll

C (d 1, d 2,. . . , d n) the genera lized hypercube.

If w e iden t ify isom o rph ic d igraph s, the p roduct thu s defined is clearly associa t ive and

comm u ta t ive. W e w ill in the sequel see it is such a sim p le ob serva t ion tha t can m ake u s

grea t ly sim p lify the p roof of som e resu lts concern ing Cartesian p roduct d igraph s.

Theorem 2. 1. 　F or G= G 1×G 2×. . . ×G n and f or i= 1, 2,. . . , n , let u i be a vertex of G i,

d
+
G i

(u i) and d
-
G i

(u i) be the ou td eg ree and the ind eg ree of u i in G i, resp ectively. If u= u 1u 2. . .

un∈V (G ) , then the ou td eg ree d
+
G (u ) and the ind eg ree d

-
G (u ) of u in G , resp ectively , a re

d +
G (u ) = d +

G1
(u 1) + d +

G2
(u 2) + . . . + d +

Gn
(un)

and

d -
G (u ) = d -

G1
(u 1) + d -

G2
(u 2) + . . . + d -

Gn
(un).

P roof . 　 In o rder to show the theo rem , it suffices to show tha t the theo rem ho lds fo r n=

2 by associa t ivity of the p roduct.

L et V
+
x , V

+
y , V

+
x y be the sets of tho se vert ices of G 1, G 2 and G 1×G 2 w h ich are ad jacen t

from x ∈V (G 1) , y∈V (G 2) , and xy ∈V (G 1×G 2) , respect ively. T hen the defin it ion of the

d igraph p roduct im p lies tha t V
+
x y = (V +

x ×{y })∪ ({x }×V
+
y ). H ence d

+
G (xy ) = d

+
G1

(x ) + d
+
G2

(y ). Sim ila rly, w e can p rove d
-
G (xy ) = d

-
G1

(x ) + d
-
G2

(y ).

Theorem 2. 2. 　L et G = G 1×G 2×. . . ×G n and ϑ(G i) = ϑi > 0 be the strong connectiv ity of

G i, i= 1, 2,. . . , n. T hen the strong connectiv ity of G

ϑ(G ) ≥ ϑ1 + ϑ2 + . . . + ϑn.

P roof . 　By associa t ivity of Cartesian p roduct, it suff ices to p rove tha t ϑ(G 1×G 2) ≥ϑ1 +

ϑ2. L et G = G 1×G 2.

N o te tha t if P = (v 1, v 2,. . . , vm ) is a d irected path from v 1 to vm in G 1, then fo r any b∈

V (G 2) , (v 1b, v 2b,. . . , vm b) , deno ted by P b, is a d irected path from the vertex v 1b to the

vertex vm b in G. Sim ila rly, if W = (u 1, u 2,. . . , u l) is a d irected path from u 1 to u l in G 2,

then fo r any a∈V (G 1) , (au 1, au 2,. . . , au l) , deno ted by aW , is a d irected path from the

vertex au 1 to the vertex au l in G.

L et x = x 1x 2 and y = y 1y 2 be arb it ra ry tw o dist inct vert ices of G , w here x 1, y 1∈V (G 1)

and x 2, y 2∈V (G 2). W e cla im tha t there are a t least ϑ1+ ϑ2 in terna lly2disjo in t d irected path s

from x to y in G.

F irst assum e x 1≠y 1 and x 2≠y 2. Since ϑ(G 1) = ϑ1, by M enger’s theo rem there are ϑ1

in terna lly2disjo in t d irected path s P i, i= 1, 2,. . . , ϑ1, f rom x 1 to y 1 in G 1. L et v i be an in ter2
nal vertex in P i, i= 2,. . . , ϑ1. T hen fo r i= 2, 3,. . , ϑ1, v i cu ts the pa th P i in to tw o subpath s

P
(1)
i and P

(2)
i , w here P

(1)
i is the sect ion of P i from x 1 to v i and P

(2)
i is the sect ion of P i from

v i to y 1. A nd so the d irected path P i can be rep resen ted as

P i = x 1

P (1)
i

v i

P (2)
i

y 1, 　i = 2, 3,. . . , ϑ1.

Sim ila rly, there are ϑ2 in terna lly2disjo in t d irected path s W j , j = 1, 2,. . . , ϑ2, f rom x 2 to y 2

281　　　 A pp l. M a th. 2J CU V o l. 13, Ser. B　

© 1995-2004 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



in G 2, and fo r j = 2, 3,. . . , ϑ2, there is an in terna l vertex u j in W j such tha t

W j = x 2

W (1)
j

u j

W (2)
j

y 2, 　j = 2, 3,. . . , ϑ2.

w here W
(1)
j is the sect ion of W j from x 2 to u j and W

(2)
j is the sect ion of W j from u j to y 2. So

the fo llow ing ϑ1+ ϑ2 directed path s from x = x 1x 2 to y = y 1y 2

R 1 = x 1x 2

P 1x 2

y 1x 2

y 1W 1

y 1y 2,

R i = x 1x 2

P (1)
i x 2

v ix 2

v iW 1

v iy 2

P (2)
i y 2

y 1y 2, 　i = 2,. . . , ϑ1

and

R ϑ1+ 1 = x 1x 2

x 1W 1

x 1y 2

P 1y 2

y 1y 2,

R ϑ1+ j = x 1x 2

x 1W (1)
j

x 1u j

P 1u j

y 1u j

y 1W (2)
j

y 1y 2, 　j = 2,. . . , ϑ2

are in terna lly2disjo in t in G.

Secondly, w e con sider either x 1 = y 1 o r x 2 = y 2. L et x 1 = y 1 and x 2≠y 2. W e st ill u se

W j , j = 1, 2,. . . , ϑ2, to stand fo r ϑ2 in terna lly2disjo in t d irected path s from x 2 to y 2 in G 2,

and u se P i, i= 1, 2,. . . , ϑ1, to stand fo r ϑ1 in terna lly2disjo in t d irected path s from x 1 to

som e vertex, say v 1 in G 1. Fo r any i= 2, 3,. . . , ϑ1, let v i be an in terna l vertex in P i. Fo r

the set of vert ices {v 1, v 2,. . . , v ϑ1}, by M enger’s theo rem , there are ϑ1 in terna lly2disjo in t

d irected path s T i, i= 1, 2,. . . , ϑ1, f rom v i to x 1 in G 1. N ow the ϑ1+ ϑ2 directed path s

R i = x 1x 2

P (1)
i x 2

v ix 2

v iW 1

v iy 2

T iy 2

x 1y 2, 　i = 1, 2,. . . , ϑ1

and

R ϑ1+ j = x 1x 2

x 1W j

y 1y 2, 　j = 1, 2,. . . , ϑ2

are in terna lly2disjo in t in G.

If x 1≠y 1 and x 2= y 2, the sta tem en t is sim ila r.

Fo r every pa ir (x , y ) of vert ices in G , w e have con tructed ϑ1+ ϑ2 in terna lly2disjo in t d i2
rected path s from x to y in G , hence G is a t least (ϑ1+ ϑ2) 2 st rongly connected i. e. ϑ(G )≥

ϑ1+ ϑ2.

T h is resu lt fo r undirected case is f irst ob ta ined by Sab idu ssi[5 ].

L et G be a sim p le d igraph and # (G ) be an au tom o rph ism group of G. G is sa id to be

vertex2t ran sit ive if, fo r any tw o vert ices x and y , there is an elem en t Ρ∈# (G ) such tha t

Ρ(x ) = y.

Theorem 2. 3. 　 If G 1, G 2,. . . , G n a re vertex 2transitive, then G= G 1×G 2×. . . ×G n is ver2
tex 2transitive.

P roof . 　L et x = x 1x 2. . . x n and y = y 1y 2. . . y n be arb it ra ry tw o vert ices of G , w here x j , y j∈

V (G j ) , j = 1, 2,. . . , n. Since fo r each j = 1, 2,. . . , n , G j is vertex2t ran sit ive, there is Ρj∈

# (G j ) such tha t Ρj (x j ) = y j. H ence the funct ion <: V (G ) →V (G ) g iven by <(x 1x 2. . . x n) =

Ρ1 (x 1) Ρ2 (x 2). . . Ρn (x n) is clearly an elem en t in # (G ) and <(x ) = y. N am ely, G is vertex2
t ran sit ive.

381N o. 2　X u , J . M . CONN ECT IV IT Y O F D IGRA PH S 　

© 1995-2004 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



A s a con sequence of the above theo rem s, the fo llow ing resu lt is st ra igh tfo rw ard.

Theorem 2. 4. 　C (d 1, d 2,. . . , d n) is vertex 2transitive and ϑ(C (d 1, d 2,. . . , d n) ) = n.

It fo llow s from the T heo rem 2. 4 tha t the netw o rk m odelled by C (d 1, d 2,. . . , d n) is a

h igh ly fau lt2to leran t netw o rk.

§3　Fault-Toleran t Routings of the Genera l ized Hypercube

Fo r g iven po sit ive in tegers d j (≥2) and n (≥1) , j = 1, 2,. . . , n , w e successively label

the vert ices of the d irected cycle C d j by 0, 1, 2,. . . , d j - 1. T hen each vertex x = x 1x 2. . . x n

(x j∈V (C d j
) ) of the genera lized hypercube C (d 1, d 2,. . . , d n) can be regarded as a vecto r x

= (x 1, x 2,. . . , x n) in the n2dim en siona l num ber space, w here x j (0≤x j≤d j - 1) is the j th

coo rd ina te.

L et G i= C d i and

G j ( i) = G 1 ×G 2 ×. . . G j - 1 × { i} ×G j+ 1 ×. . . ×G n ,

i = 0, 1,. . . , d j - 1; 　j = 1, 2,. . . , n.

O bviou sly, G j ( i) is a sub2digraph of C (d 1, d 2,. . . , d n) and is isom o rph ic to G 1×. . . ×G j - 1

×G j+ 1×. . . ×G n. Fo r any vertex x∈V (C (d 1, d 2,. . . , d n) ) , w e alw ays u se x j to stand fo r

the j th coo rd ina te of x , i. e. x = (x 1,. . . , x j - 1, x j , x j + 1,. . . , x n ) un less it is especia lly de2
f ined. A nd w e u se x j ( i) to stand fo r the new vertex ob ta ined by the j th coo rd ina te x j of x

in stead of i, i. e. x j ( i) = (x 1,. . . , x j - 1, i, x j+ 1,. . . , x n). Fo r a non2em p ty sub set F of V (C

(d 1, d 2,. . . , d n) ) , let F j (0) = {f j (0) : f ∈F }.

Theorem 3. 1. 　D iam (C (d 1, d 2,. . . , d n ) , Θ) ≤3 f or any m in im a l leng th rou ting Θ in

C (d 1, d 2,. . . , d n).

P roof . L et F be a fau lt2set of C (d 1, d 2,. . . , d n) , ûF û< n= ϑ(C (d 1, d 2,. . . , d n) ). L et x

= (x 1, x 2,. . . , x n ) and y = (y 1, y 2,. . . , y n ) be arb it ra ry tw o non2fau lty vert ices of C (d 1,

d 2,. . . , d n). L et R (x , y) be the set of a ll sho rtest pa th s from x to y in C (d 1, d 2,. . . , d n).

R (x , y) avo ids F if no elem en t of F is con ta ined in som e path s of R (x , y ). A sequence of

vert ices u1, u2,. . . , us of C (d 1, d 2,. . . , d n) is safe w ith respect to F if R (u i, u i+ 1) avo ids F

fo r each i= 1, 2,. . . , s- 1. H ence in o rder to p rove the theo rem it is sufficien t to show tha t

the d istance from x to y in R (C (d 1, d 2,. . . , d n) , Θ) öF is no t grea ter than th ree, nam ely to

show tha t there are a t m o st tw o vert ices u and v, d ifferen t from x and y , such tha t the se2
quence of vert ices x , u , v, y , is safe w ith respect to F.

W e p roceed by induct ion on n.

T he argum en t fo r n= 1 is st ra igh tfo rw ard. A ssum e tha t the theo rem ho lds fo r d im en2
sion n- 1 w ith n> 1. Since C (d 1, d 2,. . . , d n) is vertex2t ran sit ive, w e can, w ithou t lo ss of

genera lity, suppo se x= (0, 0,. . . , 0). If F = § , there is no th ing to do and so below sup2
po se F≠§.

L et FV = F ∩V (C (d 1, d 2,. . . , d n ) ) , FA = F ∩A (C (d 1, d 2,. . . , d n ) ). W e can assum e
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tha t ûFV û≥ûF û - 1, and if û FV û = û F û - 1, then (x , y ) ∈A (C (d 1, d 2,. . . , d n) ) and FA =

{ (x , y) }.

So, if FA ≠§ , then (x , y ) ∈A (C (d 1, d 2,. . . , d n) ) and FA = { (x , y ) }. W e can, w ith2
ou t lo ss of genera lity, suppo se y= (0, y 2, y 3,. . . , y n). If FV is con ta ined in the sub2digraph

G 1 (0) = {0}×C (d 2, d 3,. . . , d n) , then the sequence of vert ices x , u= (1, 0,. . . , 0) , v= (1,

y 2,. . . , y n) , y is safe w ith respect to F. O therw ise, G 1 (0) includes a t m o st n- 2 elem en ts

of F. W e can app ly ou r induct ion hypo thesis to G 1 (0) , there is a sequence of vert ices x , u ,

v, y in G 1 (0) , a lso in C (d 1, d 2,. . . , d n) such tha t it is safe w ith respect to F. In the fo llow 2
ing w e suppo se F = FV.

L et F
′
j (0) = F j (0) ø{x j (0) , y j (0) }. If there is a j (1≤j≤n) such tha t ûF

′
j (0) û< ûF û ,

then, to app ly ou r induct ion hypo thesis to G j (0) , there ex ists a sequence of vert ices x ,

u j (0) , vj (0) , y j (0) in G j (0) such tha t it is safe w ith respect to F
′
j (0). A s a resu lt, the se2

quence of vert ices x , u j (0) , vj (y j ) , y in C (d 1, d 2,. . . , d n) is safe w ith respect to F. Con se2
quen t ly, w e can suppo se below tha t ûF

′
j (0) û= ûF û. T h is assum p tion im p lies x j (0) , y j (0)

| F j (0) and ûF j (0) û= ûF û.
If there are a j (1≤j≤n) and an i (0≤i≤d j - 1) such tha t each elem en t of F does no t

have i on the j th coo rd ina te, then the sequence of vert ices x , x j ( i) , y j ( i) , y in C (d 1,

d 2,. . . , d n) is safe w ith respect to F.

N ow w e suppo se tha t fo r each j = 1, 2,. . . , n and any i= 1, 2,. . . , d j - 1, there is a t

least an elem en t of F w ith i on the j th coo rd ina te. T h is assum p tion im p lies d j≤û F û fo r

any j = 1, 2,. . . , n. Choo se som e j (1≤j≤n) such tha t d j is as la rge as po ssib le. A pp lying

ou r induct ion hypo thesis to G j (0) , w e can, w ithou t lo ss of genera lity, suppo se y j≠0.

L et f ∈F∩V (G j (y j ) ) such tha t the d istance from x j (y j ) to f , deno ted by ‖f ‖, is

as sm all as po ssib le. L et F″j (0) = F j (0) - f j (0). ûF
″
j (0) û< n- 1. So to app ly ou r induct ion

hypo thesis to G j (0) , there ex ists a sequence of vert ices x , u j (0) , vj (0) , y j (0) in G j (0) safe

w ith respect to F
″
j (0). If vj (0) = u j (0) , then the sequence x , u j (0) , y j (0) , y is safe w ith re2

spect to F in C (d 1, d 2,. . . , d n). Below suppo se vj (0)≠u j (0).

N o te tha t the j th coo rd ina te of f is y j , the sequence of vert ices x , u j (0) , vj (0) , y is

safe w ith respect to F in C (d 1, d 2,. . . , d n) if f ∈öR (vj (0) , y ) in C (d 1, d 2,. . . , d n ). So w e

on ly need con sider the case of f ∈R (vj (0) , y ). By the cho ice of f , w e m u st have ‖f ′‖≥

‖ f ‖≥‖vj (y j ) ‖ fo r a ll f ′∈F ∩V (G j (y j ) ). H ence f is the on ly elem en t of F in

R (x j (y j ) , y).

If there are a t least tw o sho rtest pa th s from x j (y j ) to y in G j (y j ) , then it is easy to

find a vertex, fo r in stance, one w ith the d istance ‖f ‖ from x j (y j ) , say z j (y j ) , in G j (y j )

such tha t the sequence of vert ices x , x j (y j ) , z j (y j ) , y is safe w ith respect to F in C (d 1,

d 2,. . . , d n).

W e suppo se tha t there is un ique sho rtest pa th, deno ted by P j (y j ) , from x j (y j ) to y in

G j (y j ) . T hen there ex ists som e l (1≤ l≠ j≤n ) such tha t P j (y j ) is isom o rph ic to som e
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sho rtest pa th P in C l. By the con struct ion of C (d 1, d 2,. . . , d n) , fo r any i= 0, 1,. . . , d j - 1,

there m u st be un ique sho rtest pa th P j ( i) from x j ( i) to y j ( i) in G j ( i) , and these sho rtest

pa th s are a ll isom o rph ic to P. If fo r any i= 0, 1,. . . , d j - 1, P j ( i) in G j ( i) includes a t least

an elem en t of F w ith no t ing ûF j (0) û= ûF û , then the length of P , deno ted by l (P ) , sa t is2
f ies tha t d j + 2≤l (P )≤ûC lû= d l. T h is con trad icts ou r cho ice of j. So there is an i (0≤i≠y j

≤d j - 1) such tha t the un ique sho rtest pa th P j ( i) from x j ( i) to y j ( i) in G j ( i) does no t in2
clude any elem en t of F. T hen the sequence of vert ices x , x j ( i) , y j ( i) , y is safe w ith respect

to F in C (d 1, d 2,. . . , d n).

T he above discu ssion w ithou t om it t ing a sing le circum stance includes a ll cases tha t

m ay happen, and so the p roof of the theo rem is comm p leted.

Remark 1. 　N o te tha t C (2, 2,. . . , 2) can be though t to be the n2dim en siona l cube Q n ,

T heroem 3. 1 includes Do lev et a l’s T heo rem 1 in [ 1 ]. Bu t their p roof of L emm a 2 has a

flaw in the case (b2) , to be exact, their p roof is unavailab le if f 1= 0.

Remark 2. 　T he upper bound of D iam (C (d 1, d 2,. . . , d n ) , Θ) g iven in T heo rem 3. 1 can

no t be im p roved. Fo r exam p le, in C (3, 4) show n in the F igu re 1, x = 00, y = 03, u= 01. L et

F = {u}, then it is easy to choo se a m in im al leng th rou t ing Θ in C (3, 4) such tha t the d is2
tance from x to y in R (C (3, 4) , Θ) öF is th ree. How ever, the bound can be im p roved fo r

som e m in im al leng th rou t ing, i. e. , w e can p rove the fo llow ing resu lt.

Theorem 3. 2. 　C (d 1, d 2,. . . , d n) is g ood.

P roof . L et Θbe such a m in im al leng th rou t ing in C (d 1, d 2,. . . , d n ) tha t fo r any o rdered

pair (x , y) of vert ices, Θ(x , y ) p roceeds from x to y by m oving along the coo rd ina tes from

the left to the righ t.

Fo r exam p le, let x= 00 and y= 23 be tw o vert ices of C (3, 4) show n as F igu re 1. T hen

Θ(x , y ) = (00, 10, 20, 21, 22, 23).

L et x and y be arb it ra ry tw o non2fau lty vert ices of C (d 1, d 2,. . . , d n ). In o rder to

p rove the theo rem , w e on ly w an t to show tha t there ex ists a d irected path from x to y w ith

length no t grea ter than tw o in R (C (d 1, d 2,. . . , d n ) , Θ) öF fo r any non2em p ty fau lt2set F ,

ûF û< n. W e p roceed by induct ion on n. T he case n= 1 is t rivia l. Fo r n> 1 there are tw o

cases.

W ithou t lo ss of genera lity, suppo se x= (0, 0,. . . , 0) becau se C (d 1, d 2,. . . , d n) is ver2
tex2t ran sit ive and suppo se FV = F if (x , y ) | F and FV = ûF û - 1 and FA = { (x , y ) } o ther2
w ise.

Case (a)　y has 0 on som e coo rd ina te. W e can, w ithou t lo ss of genera lity, suppo se y 1

= 0 since Cartesian p roduct is comm u ta t ive.

If every elem en t of F has 0 on the first coo rd ina te, let u= (d 1- 1, y 2,. . . , y n ) , then

(x , u, y) is a d irected path from x to y in R (C (d 1, d 2,. . . , d n) , Θ) öF. O therw ise, let F′=

{ f ∈F : f has 0 on the first coo rd ina te}, then û F′∩V (G 1 (0) ) û < n - 1. So w e can app ly

ou r induct ion hypo thesis to G 1 (0). T here is a d irected path W of leng th one o r tw o from x

681　　　 A pp l. M a th. 2J CU V o l. 13, Ser. B　

© 1995-2004 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



to y in R (G 1 (0) , Θ∩G 1 (0) ) öF′. T hen W is st ill a d irected path from x to y in R (C (d 1,

d 2. . . , d n) , Θ) öF since a ll fau lts no t in F′have non2zero on the first coo rd ina te.

Case (b) y has no 0 on any coo rd ina te. T h is case im p lies FV = F. L et

x 1 = (y 1, 0, 0,. . . , 0, 0, 0) ,

x 2 = (0, y 2, y 3,. . . , y n- 2, y n- 1, y n) ,

x 3 = (0, 0, y 3,. . . , y n- 2, y n- 1, y n) ,

　　　　. . .

xn- 1 = (0, 0, 0,. . . , 0, y n- 1, y n) ,

xn = (0, 0, 0,. . . , 0, 0, y n).

T hen n directed path s in C (d 1, d 2,. . . , d n)

P j = Θ(x , x j ) ∪ Θ(x j , x ) , 　　j = 1, 2,. . . , n

are in terna lly2disjo in t and so one of them m u st avo id F becau se ûF û< n.
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