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San e Reaultson Ar ithmetic
and Balanced Graphs’

XuJunming Shen Jian L i Zhanzong

Det o M athanatics, USTC)

Abstract In thispaper, three conjectures by A charya and H egde concerning arith-
metic and balanced graphs are considered first One of then has been proved by
then selves W ew ill here present a very smple proof of it and another and point
out that the other is false in general, but true under a stronger condition T hen,
the relations betw een ours and some know n results are discussed
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1 Introduction

For all the tem inology and notation used herewe follow [1]

Let G= (V,E) bea (p,qg)-graph, N be the set of nonegative integersand N "= N "\,
{0}. For avertex function f: V (G) - N, define wo edge functionsf”: E(G) - N and
gr: E(G) >N given regpectively by

f5 (uv) = f (u) + f (v), v uv  E(G)
and by
gr (uv) = |f (u) - f(v) | VYV u E(@G)
L et
f@G)={f:u V(E@G)}
f"G)={f" (: e E(@G)}
91 (G) = {gr(e): e E(G)}

Letk,d N*. Thevertex function f isa (k,d)-arithmetic numbering of G if both f
and f* are injectiveand f © (G) = {k, k+ d,k+ 2d, , k+ (g- 1)d}. G isa (k,d)-arith-
metic graph if G admitsof a (k, d) -arithmetic numbering f. The vertex function f isa (k,
d) -balanced numbering of G if both f and g are injective, f (G) C{0,1,2, ,k+ (g- 1)
d}, gr (G)= {k,k+ d,k+ 2d, ,k+ (g- 1)d} and there isan integerm=m (f ) w ith either

f(u<smc<f(v) or f(u>m=z=1 () Y u E(G)
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w herem (f ) iscalled the characteristicof f. Denote by mo(f ) theminimum of the charac-
teristicof f. G isa (k, d)-arithmetic (regp. balanced) graph if G admitsof a (k, d) -arith-
metic (rep. balanced ) numbering f. G isarithmetic (resp. balanced) if G is (k, d) -arith-
metic (res. balanced) for somepositive integersk and d. It iseasily seen that if G isa bal-
anced graph, then G necessarily is bipartiteand 0  f (G). W hen geaking of a bipartite
graph G in thispaper, we can alw ays suppose that G has the bipartition {A ,B} withA =
{uz,uz, ,ua} andB={v1,v2, ,vo},a< b

In [1], A charya and Hegde obtained several classesof arithmetic and balanced graphs
and then proposed three conjectures Two of than can now be stated as the follow ing the-
orems

Theoren 1 (Conjecture 2 in [1], p294) For any integer n = 5, the complete graph
Kn isnot arithmetic

Theorem 2  (Conjecture 3 in [1], p297) If theodd cycle Cz« 1 is (k, d) -arithm etic,
then k= td+ 2r for smer N.

The former has been proved in [2] and the latter has not yet as far aswe know. W e
will give very smple proofsof them in Section 2 and Section 3 regectively.

It isobvious that if f isa (k,d)-arithmetic numbering of G, then there is a partition
(k1, k2), 0< ki< kz, of kwith ki, ka2 f (G). It has already been verified that for any
partition (ki, k2), 0 € ki< k2, of k, the star K1 has a (k, d)-arithmetic numbering f
with (ki, k2)  f (K1) (cf Theorem 13 in [1]). But thisisnot aways s for any arbi-
trary (k, d)-arithmetic numbering of arithmetic graphs Consequently the follow ing p rob-
lem naturally arises

For a (k,d)-arithmetic grgph G and apartition (ki, k2),0< ki< kz, of k, what con-
ditionsmust be satisfied for ki and k2 such that there exists a (k, d) -arithmetic numbering
f of Gwith ki, k2 f (G)?

For some gecial classes of bipartite graphs, such as the complete bipartite graph
Kab, the caterpillar Casand the cycle C«of order 4t, t= 1, a= b= 2t, A charya and Hegde
found that for any partition (ki, k2), 0< ki< kz, of k satisfying one of the follow ing condi-
tions

d |(k2 - ki) (2)
and
k- ki= rd for some integer r= a (2)
any G in the abovementioned classes has a (k, d) -arithmetic numbering f with ki, k2 f
(G) (cf Theorem 14, Theorem 15, Theoran 17(A) in [1], regectively).

At the same time they pointed out (cf. [1], p. 289) that each of Condition (1) and
Condition (2) isals necessary for Ka, 2< a< b, to have a (k, d) -arithmetic numbering f
with ki, k2 f (Kab) and the proof, which is rather tedious, just as they say, essentially
made use of the follow ing:

“ Lemma” For any (k,d)-arithmetic numbering of K a» either
{7 (uu):1< j< b} = {k+ ((i- )b+ j- 1)d:1< j< b} foreachi, 1< i< a
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2 Some Resultson A rithmetic and Balanced Graphs 185

or
{f" (uu):1< i< a}={k+ ((j- Da+ i- 1)d:1< i< a} foreachj, 1< j< b

W ewill, in Section 4, point out by a counterexample that this' L enma” isnot true in
general How ever, we can still prove the follow ing result:

Theorean 3 The complete bipartite graph Kasb, 2< a< b, is arithmetic if and only if
there is a partition (ki, k2), 0< ki< k2, of k satisfying either Condition (1) or Condition
(2).

Prompted by the fact that every connected balanced graph is bipartite and arithm etic
(cf Theorem 12 in [1]), and that each of the classof bipartite graphs show n to be arith-
metic for various valuesof k and d is a classof balanced graphs, A charya and Hegde pro-
posed the follow ing

Conjecture (Conjecture 1in [1], p. 293) For any quadruple (a, b, k, d) of positive
integers and a partition (ki, k2), 0< ki< ke, of k satisfying either Condition (1) or Condi-
tion (2), any balanced bipartite graph G w ith the bipartition {A ,B }, IA |: a< b= |B |
has a (k, d)-arithmetic numbering f with ki, k2 f (G).

W ew ill, in Section 5, point out by two counterexanples that this conjecture is not
true if G is disconnected and that Condition (2) is not sufficient for a balanced and con-
nected bipartite graph to have a required arithmetic numbering How ever, if Condition
(2) ismodified as the follow ing condition

ki- k2= rd, for ssme integer r > = df (3)

where f' is some (k', d') -balanced numbering of G, then the follow ing positive result can
be obtained:

Theorem 4 Letf' bea (k',d")-balanced numbering of G, k and d be positive integers
and (ki, k2) be apartition of k, 0< ki< ka2 Then G admitsof a (k, d)-arithmetic number-
ing f with ki, k2 f (G) if either

(i) G is connected and k1, k2 satisfy either Condition (1) or Condition (3), or

(i) d" dividesd and ki, k2 satisfy Condition (3).

The proof of Theorem 4 isin Section 6 In Section 7, wew ill futher discuss Theorem
4 and its relations to some know n results

2 The Proof of Theorem 1
Suppose that K. (n= 5) isan arithmetic graph and f a (k, d) -arithmetic num bering of
Kn Our aim isto arrive at a contradiction LetV (Kn)= {u1,uz, ,un},n= 5and (ki, kz),
0< ki< k2, apartition of k W e can, w ithout lossof generality, assume that
f (Un) = Kka, f (Ui) = k2+ ad
whereai N, 1< i< n- land 0= ai< a2< < an 1 Hence
f5 (un) = k+ ad, 1< 1< n- 1,
f° (uu) = 2k2+ (ai+ a)d, 1< i # i< n- 1
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Noting that f * is injectiveand f * (Kn)= {k+ sd: 0< s< ';‘n(n- 1)- 1}, we have

that
aZz a+t a,3< 1<n- 1 1< iz j<| (4)
and there existsr N * such that 2k2= k+ rd. Now,
f' (uu) = k+ (a+ a+ r)d, 1< i#j<n- 1

L et

X ={a: 1< i< n- 1},

Y={a+ a+ r a,ag X, a# a,a+ a+ r< 'Jz‘n(n- 1)- 1}
Clearly,

_ 1 _
X Y=1{012 ,2n(n- 1)- 1}, X nyY=20

andx =2 r+ 1foranyx Y. Thisimplies{0,1,2, ,r}C X and

an= 0, a2= 1, as= 2, ,ar1= I
If r = 3, then as= 3= 1+ 2= ax+ as, which contradicts (4).
If r= 2, then{3,4,5}C Yandas= 6 Hencel0 Y,n= 6, as= 7and 0 as= 1+ 6=
ax+ as, which contradicts (4).
If r=1, then2 Y, as= 3, a«= 6, 10 Y, n= 6 and 0 as= 9= 3+ 6= ast+ as,
w hich contradicts (4).
Therefore, Theoren 1 follow s

3 The Proof of Theorem 2
LetV (Ca+1)= {u1,uz, ,uzs1}, andf bea (k,d)-arithmetic numbering of Ca+1 By
Theoram 2 of [1]

2t+ 1

ZlZf (ui) = EZ )f* (e) = (2t+ 1) (k+ td) (5)

It follow s that
k- td= 0 (mod 2) (6)

On theother hand, k " (Cz2+1) and there existse E (Ca+1), say, e= uiuz such
that f * (uiuz) = k and a partition (ki, kz), 0 < ki< kz, of k such that f (u1)= k:zand f (uz)
= kz Hence

f(ua-1) = ki+ xid, xi N, 2< i< t+ 1
f(uy) = ket yjd, y; N, 2< j<t
Noting that f * (Caw 1) = {k, k+ d,k+ 2d, ,k+ 2td}, we have
f7 (uwzv1) = 2ki+ Xw1d= k+ md, forsome m N7

ko- ki= sd, forome s N . (7

W e can prove that
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2 Some Resultson A rithmetic and Balanced Graphs 187

|f (u) - f (ur) | > d for Y u,ur V (Caw 1), u1 £ ur (8)
In fact, it isclear that (8) holdsif I- I'= O(mod 2). Next, we suppose I= 2i- 1and
I'= 2j. Noting (7) and the injectivity of f, we have
|f (uzi- 1) - f (uz) |: |k2- ki + (yj - xi)d |: nd for some n N ¥
From (8) and the injectivitylof f, wezheive
t+ t+
Zlf (u) = Zl (i- Dd= dt(2t+ 1) (9)

It follow sfrom (5) and (9) that k = dt So from (7) there existsr N such that
k= dt+ 2r, and Theoran 2 holds

4 The Proof of Theoren 3

The proof of the sufficiency has been given in [1, Theorem 14], but it can be reduced
to a by-product of our theoran 4 in Section 6 and Section 7 N ext, we need only to prove
the necessity.

Letf bea (k,d)-arithmetic numbering of Ko Then there exist wo vertices ui and v;
in Kabsuch that f* (uivi)= k Let

ki= min(f (Ui),f (Vj)) and k:= max(f (Ui), f (Vj)).
W e can, w ithout lossof generality, suppose
f(A): {k1,k1+ x1d, ki1 + xod, Jki+ Xa 1d},
fB) = {ke,ka+ yid,ka+ yaod, ,ko+ yo 1d}
wherexi,y; N*, 1< xi< x2< < xa1and1< yi<y.< <ypilet
X = {0,X1,X2, , Xa 1},
Y= {0,y1,Y2, ,Yb 1},
X+ Y= {a+ Ba X,B Y},
fA)+ fB)={o+ B:x fQ@), B @)}
It is clear that
fA)+ fB)=f" (Kap) = {k+ id: 0< i< ab- 1},
and
X+ Y= {012 ,ab- 1}

N ext, we prove that ki and k2 neccessarily satisfy both Condition (1) and Condition
(2).

By contradiction Suppose that both ki and k2 satisfy neither Condition (1) nor Condi-
tion (2). Then thereexistsr N ™ such that r< a and kz- ki= rd. Consider

X-Y={a- Bax X, YL
Let xi- yj, x'i- y'i X- Y. Note that no two of ab elenentsin X + Y are identical If xi
- yi=x'i- y'y, thenxi+t y'j=x"i+y; X+Y,ie, xi=x'iandy;=y'. Hence, no two
of ab elanentsin X - Y are identical In X - Y, clearly, themaxmal elenent is xa 1, the
minimal elenent is (- y» 1), and xa 1+ y» 1= ab- 1 W e therefore have
X - Y= {i Z: - yp 1S i< Xa 1},
© 1995-2004 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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w here Z is the set of integers Noting that 1 £ xi< x2< < Xxa 1, and 0O< r< a, we have
a- 1< xa1andO0O< r<xas1, i€, r X- Y. Hence thereexistsxi X, y; Y such
that xi- y;= r. Noting that ko- k:= rd, we have
ki+ xid = k2 + y;d

Butki+ xid f (A) and ke+ y;id  f (B), which contradicts the injectivity of f. The
proof of Theoram 3 is completed

N ext, we point out by the follow ing counterexample that* lenma’ mentioned in Sec-
tion 1 is not true in general To this am we consider the complete bipartite graph K 2,4,
whereA = {u1,uz} andB = {v1,vz,vs,va}. Forany givenk,d N * and apartition (ki, k2)
of k, the vertex function f: V (K24) -N defined by:

f (U1) = kq,f (Uz) = ki + 2d,
f(vi) = ke, f(v2) = ka+ d, f(vs) = ka+ 4d, f (va) = ko + 5d

isa (k, d) -arithmetic numbering of K24 It iseasily verified that f doesnot satisfy“ L en-
ma’.

5 Counterexamplesto Conjecture

W e give two counterexanples to Conjecturementioned in Section 1

Thefirst exanple is the graph 4K 2 (see figure 1). It is disconnected and (2, 2)-bal-
anced, a (2, 2)-balanced numbering f is shown in figure 1(a), wherem (f )= 3or 4 Let
(a,b,k,d)= (4,4,3,2). Then (0,3) isapartitionof k= 3and d ¥ ko- ki, whered= 2, ku
= 0< 3= k2 So Condition (1) holds, but it is easily verified that 4K 2 has no (3, 2) -arith-
metic numbering f with 0,3 f (G). This show s that Conjecture is not true if G is dis-

o> ®» O®
S @ @

Fig 1
The second example is the compllete lattice gridL s.4= Psx Pa(seefig 2). Lsasisaocon-
nected and balanced bipartite graph w ith the bipartition {A ,B}, whereA = {ua, uz, us, ua,
us, us} and {vi, vz, va, va, vs,ve}, |A |= a= 6= b= B | (seefig 2(a)), a (1, 1)-balanced
numbering of L 3.4 is exhibited in fig 2(b). For the quadruple (a, b, k,d)= (6, 6, 31, 3) and
the partition (ki, k2) = (5, 26) of k= 31, we havekz- ki= rd and r= 7> 6= a So Condition
(2) holds, but it has already been verified (cf. [1] p. 292) that there is no (31, 3) -arith-

metic numbering f with 5,26  f (L s4).
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2 Some Resultson A rithmetic and Balanced Graphs 189

6 Proof of Theorem 4
Letf' bea (k',d")-balanced numbering of G, thenwe havef'(G) C {0,1,2, ,k'+
(g- Dd'}, g (@)= {K,k'+d",k'+ 2d", ,k'+ (- 1d'}. And = thereare two adjacent
verticesu and vw ith f ' (u)= Oandf'(v)= k'+ (g- 1)d". LetA={u: f'(u) < m(f')},B
=V A. Then the{A,B} isabipartitonof G, andu A,v B. Wecan, without loss
of generality, supposeA = {uz, uz, ,ua} with O=f"'(u)="f"(u)< f'(uz2)< < f'(ua)
andB = {vi,vz2, ,votwithk'+ (g- Dd'=f"(v)=F"(vi)>f"(v2)> >f'(vo). Thenf’
(ua) < mo(f")< f'(vv). Notingwhen G is connected, w e have
f'(w) = i'd", for omei’ N
f'(v)) = k' + j'd’, for smej’ N
Thus, if either G isconnectedor d' dividesd, then a vertex functionf: A B >N is
defined by

(10)

f(ua)=f—(md,'d+ ki 1< i< a
11
kK'+ (g- Dd'- f'(v) i (11)

f(Vj): d+ ke 1SJSb

dl
It isclear that f (u1)= kiand f (vi)= kz Inorder to complete the proof, we need only to
prove that f isa (k, d)-arithmetic numbering of G.

For any arbitrary edge uiv; of G, we have from (11)

£ v) =k S+ (@ D (1 w) - (W)

k+ f?(k’+ (@- 1Dd'- (k'+ j'd)), 0< j'<s qg- 1

= K+ éi,(q- i"- Dd', 0<j'<q- 1

= k+md, 0sm<g- 1
It follow s that f * (G) = {k, k+ d, k+ 2d, ,k+ (g- 1)d}, therefor f " is injective
So, the ramaining task isproved that f isinjective Inotherwords, we needonly to prove
that f (ui)# f (v;) for each pair of distinct vertices ui and v

Case 1 Soppose that G is connected and Condition (1) holds If f (ui)= f (v;) for
meui A andv; B , then by the definition of f and (10), we have
Ko- ko= ;jd,'(f'(ui)+ f'(v)- K- (g- 1Dd)=nd  foromen N
it is a contradiction
Case 2 Suppose that either G is connected or d' dividesd. If Condition (3) holds and
f (u)=f (v;) for omeui A andv; B, thenfrom (11)

rd= ke- ki= ad,‘(f’(ui)+ £ (v) - k'- (q- Dd)

< éi,(f'(ua)+ fr(v) - K- (g- 1)d")
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< Loty + K+ (- Dd'- K- (- Dd)
< rd
It is a contradiction too
Therefore, f isa required (k, d)-arithmetic numbering of G and the proof of Theorem
4 is completed
Next, we give wo exanples to show Theorem 4 For the (1, 1) -balanced numbering
f' of Laashown in figure 2(b), we havem (f')= 8 For (k,d)= (31, 3), the partition
(k1, k2) = (2, 29) of k= 31 satisfiesCondition (3). Thus, in view of Theorem 4, thereisa
(31, 3)-arithmetic numbering f of Lsawith 2,29 f (Ls4) for it is defined by (11) as
show n in figure 2(c), which is completely identical w ith the one shown in figure 9 of [1,
p. 292]. A I L 3.4 is connected and the bipartition (ki, k2) = (0, 31) of k= 31 satisfies Con-
dition (1). By Theorem 4, thereisa (31, 3) -arithmetic numbering f of L sawith 0,31 f
(L s4) for it isdefined by (11) as shown in figure 2(d).

Fig 2

A nother example is 4K 2, w hich is disconnected and balanced, a (2, 2) -balanced num-
bering f ' is shown in figure 1(a). For (k,d)= (10, 2), thepartition (k1, k2)= (1,9) of k
= 10 satisfies Condition (3) and d' dividesd, wherem (f ')= 3 By Theoren 4, thereisa
(10, 2) -arithmetic numbering f of 4K.with 1,9  f (4K2) for it is defined by (11) as
show n in figure 1(b).

7 Some Ranarks

Firstw e explain that Condition (3) is stronger than Condition (2) in general
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2 Some Resultson A rithmetic and Balanced Graphs 191

Proposition 1 Let f' bea (k, d)-balanced numbering of a bipartite grgph G w ith the
bipartition {A,B} and0 f'(B) (rep. O f'(A)), then the vertex function F':V (G)
~ N defined by

F'(u=k+ (g- 1)d- f'(u), Yu V(@G) (12
isa (k,d)-balanced numberingof Gand0 F'(A) (rep. O F'(B)).

The proof of Proposition 1 is a smple verification and is left to readers The graph
S (K 13) shown in figure 3 has the bipartition {A,B}, whereA = {u1, uz, us} andB = {vi,
vz, v3,va} (seefigure 3(a)). For the (2, 1)-balanced numbering f ' of S(K13) with0  f'
(B) shown in figure 3(b), we have the (2, 1) -balanced numbering F' of S (K 1,3) defined
by (12) with 0  f'(A) for it is shown in figure 3(c).

(a) (b)
Fig 3

It follow s from Proposition 1 that for any (k, d)-balanced bipartite graph G w ith a bi-
partition {A,B}, |A |=a< b= B | G hasa (k, d)-balanced numbering f'with 0  f’
(A). Notem (f') = (a- 1)d for any (k, d)-balanced numberingf' of Gwith 0 f'(A).
ThusCondition (3) is not weaker than Condition (2). Observe that the complete lattice
grid L 3.4 has the (1, 1) -balanced numbering f ' show n in figure 2(b), wherem (f ')= 8> 6
= a Therefore, Condition (3) is stronger than Condition (2).

Secondly, we show that Condition (3) is the sane as Condition (2) for the above-
mentioned classesof bipartite graphs, whencew e can derive sosme know n results from our
theorem. Let f' be a balanced numbering of G

Proposition 2 L et G be any one in the classes of bipartite graphs K a,s, Canb, C, then
G admitsof a (1, 1) -balanced numbering f ' withmo(f')= a- 1

Proof W e set a required (1, 1) -balanced numberingsf’, in the regective cases, as

follow s
(i) For Kasb, definef’: V (Kab) — N by letting
friuw)y=1i- 1 1< i< a
. . (13)
f'(vi) = (b+ 1- j)a 1< j< b

(i) A (1, 1)-balanced numbering f ' of Ca» is already digplayed in figure 7 in [1, p.
290] Namely, f': V (Cab) — N isdefined by
friw)=1i- 1, 1< i< a
f'(vj) = a+ b- j, 1< j<b
© 1995-2004 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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(iii) L et the verticeson Ca, t = 1, a= 2t, be consecutive in the order uz, uz, , ua
Definef': V (Ca) — N by letting
Li- ), if i isold,
2
1. o )
f'(u) = | 4t- 2(" 2), ifi isevenand2< i< 2t (15)
4t - 'li .
2 if iisevenand 2t+ 2< i< 4t

T he verification that the vertex functionsdefined by (13), (14) and (15) regectively, are
required (1, 1) -balanced numberings is smple and is left to readers
Substitute (13) for f' in (11) with k'= d'= 1 and q= ab W e have

f(u)= (i- 1)d+ ki, 1< i< a
. 1 | (16)
f(vi)= (j- Dad+ ke 1< j< b
Substitute (14) for f' in (11) with k'=d'= 1and g= at+ b- 1 W e have
f(u)= (i- 1)d+ ki, 1< i< a
| ' _ (17)
f(v)= (j- Dd+ ko 1< j< b
Substitute (15) for f '_in (11) with k'= d'= 1 and g= 4t W e have
L=y,  ifiisold
2
<
f(u) = 1_22 d+ ko, ifiisevenand 2< i< 2t (18)
i
2d+ kz, ifiisevenand 2t+ 2< i< 4t

From Proposition 2 and Theoran 4w e can mmediately obtain Theorem 14, Theoram
15 and Theoran 17(A) of [1] The (k, d)-arithmetic numberings defined by (11) are re-
gectively shown in (16), (17) and (18). Interestingly, these expressions are comp letely
identical w ith those as digplayed in (13), (14) and (16) in [1] regpectively.

L ast, the follow ing result can be obtained:

Proposition 3 Let k, d, k' and d' be any positve integers and f ' be a (k', d')-bal-
anced numbering of G Suppose that either G is connected or d’ divides d. If a partition
(k1, k2) of k satisfies the condition:
mo(f')

q'
then G admitsof a (k, d) -arithmetic numbering f with ki, k2 f (G).

Proof Letf:V (G) — N be the vertex function defined by (11). From the proof of
Theoran 4, we need only to prove that f is injective

Suppose to the contrary that there exist verticesui A andv; B such that f (ui)=
f (vj). Then by (11) we get

ko - k1> d (19)

K- ki= adj(f'(ui)+ Fr(v) - K'- (q- 1d') < ad,'f'(ui) < 'ddjmo(f')
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2 Some Resultson A rithmetic and Balanced Graphs 193

w hich contradicts Condition (19) and the proposition isproved
If letd'=d, ki= 0, ke= k=m (f')+ 1, thenwe immediately from Proposition 3 ob-
tain Theoram 12 of [1], and the (k, d) -arithmetic numbering f defined by (11) is
f(u) = ' (up), 1< i< a
f(vi)=k'+ (q- 1)d'- f'(v) + m(f')+ 1 1< j<b
w hich is the same as (11) of [1].
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