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Som e Results on Ar ithm etic
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Abstract　 In th is paper, th ree con jectu res by A charya and H egde concern ing arith2
m etic and balanced graph s are con sidered first. O ne of them has been p roved by

them selves. W e w ill here p resen t a very sim p le p roof of it and ano ther and po in t

ou t tha t the o ther is fa lse in genera l, bu t t rue under a st ronger condit ion. T hen,

the rela t ion s betw een ou rs and som e know n resu lts a re d iscu ssed.
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1　 In troduction

Fo r a ll the term ino logy and no ta t ion u sed here w e fo llow [1 ].

L et G = (V , E ) be a (p , q) 2graph, N be the set of nonegat ive in tegers and N
+ = N ø

{0}. Fo r a vertex funct ion f : V (G ) → N , define tw o edge funct ion s f
+ : E (G ) → N and

g f : E (G )→N given respect ively by

f + (uv ) = f (u ) + f (v ) , 　　Π ∈ uv ∈ E (G )

and by

g f (uv ) = û f (u ) - f (v ) û , 　　Π ∈ uv ∈ E (G )

L et

f (G ) = {f (u ) : u ∈ V (G ) }

f + (G ) = {f + (e) : e ∈ E (G ) }

g f (G ) = {g f (e) : e ∈ E (G ) }

　　L et k , d ∈N
+ . T he vertex funct ion f is a (k , d ) 2arithm et ic num bering of G if bo th f

and f
+ are in ject ive and f

+ (G ) = {k , k + d , k + 2d , ⋯, k + (q- 1) d }. G is a (k , d ) 2arith2
m etic graph if G adm its of a (k , d ) 2arithm et ic num bering f . T he vertex funct ion f is a (k ,

d ) 2balanced num bering of G if bo th f and g f are in ject ive, f (G ) < {0, 1, 2, ⋯, k + (q- 1)

d }, g f (G ) = {k , k+ d , k + 2d , ⋯, k+ (q- 1) d } and there is an in teger m = m (f ) w ith either

f (u ) ≤m < f (v ) 　　o r　　 f (u ) > m ≥ f (v )　　Π uv ∈ E (G )
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w here m (f ) is ca lled the characterist ic of f . D eno te by m 0 (f ) the m in im um of the charac2
terist ic of f . G is a (k , d ) 2arithm et ic (resp. ba lanced) graph if G adm its of a (k , d ) 2arith2
m etic ( resp. ba lanced ) num bering f . G is a rithm et ic ( resp. ba lanced) if G is (k , d ) 2arith2
m etic ( resp. ba lanced) fo r som e po sit ive in tegers k and d. It is easily seen tha t if G is a ba l2
anced graph, then G necessarily is b ipart ite and 0 ∈ f (G ). W hen speak ing of a b ipart ite

graph G in th is paper, w e can alw ays suppo se tha t G has the b ipart it ion {A ,B } w ith A =

{u 1, u 2, ⋯, ua} and B = {v 1, v 2, ⋯, v b}, a ≤ b.

In [1 ], A charya and H egde ob ta ined severa l classes of arithm et ic and balanced graph s

and then p ropo sed th ree con jectu res. Tw o of them can now be sta ted as the fo llow ing the2
o rem s:

Theorem 1　 (Con jectu re 2 in [1 ], p 294)　Fo r any in teger n ≥ 5, the com p lete graph

K n is no t arithm et ic.

Theorem 2　 (Con jectu re 3 in [1 ], p 297)　 If the odd cycle C 2t+ 1 is (k , d ) 2arithm et ic,

then k= td + 2r fo r som e r ∈ N .

T he fo rm er has been p roved in [2 ] and the la t ter has no t yet as far as w e know. W e

w ill g ive very sim p le p roofs of them in Sect ion 2 and Sect ion 3 respect ively.

It is obviou s tha t if f is a (k , d ) 2arithm et ic num bering of G , then there is a part it ion
( k 1, k 2) , 0 ≤ k 1 < k 2, of k w ith k 1, k 2∈ f (G ). It has a lready been verif ied tha t fo r any

part it ion (k 1, k 2) , 0 ≤ k 1 < k 2, of k , the sta r K 1, b has a (k , d ) 2arithm et ic num bering f

w ith (k 1, k 2) ∈ f (K 1, b) (cf. T heo rem 13 in [1 ]). Bu t th is is no t a lw ays so fo r any arb i2
t ra ry (k , d ) 2arithm et ic num bering of arithm et ic graph s. Con sequen t ly the fo llow ing p rob2
lem natu ra lly arises:

Fo r a (k , d ) 2arithm et ic graph G and a part it ion (k 1, k 2) , 0 ≤ k 1< k 2, of k , w hat con2
dit ion s m u st be sa t isf ied fo r k 1 and k 2 such tha t there ex ists a (k , d ) 2arithm et ic num bering

f of G w ith k 1, k 2∈ f (G ) ?

Fo r som e specia l classes of b ipart ite graph s, such as the com p lete b ipart ite graph

K a, b, the ca terp illa r C a, b and the cycle C 4t of o rder 4 t, t≥1, a= b= 2t, A charya and H egde

found tha t fo r any part it ion (k 1, k 2) , 0≤k 1< k 2, of k sa t isfying one of the fo llow ing condi2
t ion s:

d ù (k 2 - k 1) (1)

and

k 2 - k 1 = rd 　　fo r som e in teger　　r ≥ a (2)

any G in the above2m en tioned classes has a (k , d ) 2arithm et ic num bering f w ith k 1, k 2∈ f

(G ) (cf. T heo rem 14, T heo rem 15, T heo rem 17 (A ) in [1 ], respect ively).

A t the sam e tim e they po in ted ou t (cf. [ 1 ], p. 289) tha t each of Condit ion (1) and

Condit ion (2) is a lso necessary fo r K a, b, 2≤a≤b, to have a (k , d ) 2arithm et ic num bering f

w ith k 1, k 2∈ f (K a, b) and the p roof, w h ich is ra ther ted iou s, ju st as they say, essen t ia lly

m ade u se of the fo llow ing:

“L emma”　Fo r any (k , d ) 2arithm et ic num bering of K a, b either

{f + (u iu j ) : 1 ≤ j ≤ b} = {k + ( ( i - 1) b + j - 1) d : 1 ≤ j ≤ b}　fo r each i, 1 ≤ i ≤ a
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o r

{f + (u iu j ) : 1 ≤ i ≤ a} = {k + ( ( j - 1) a + i - 1) d : 1 ≤ i ≤ a}　fo r each j , 1 ≤ j ≤ b

　　W e w ill, in Sect ion 4, po in t ou t by a coun terexam p le tha t th is“L emm a”is no t t rue in

genera l. How ever, w e can st ill p rove the fo llow ing resu lt:

Theorem 3　T he com p lete b ipart ite graph K a, b, 2≤a≤b, is a rithm et ic if and on ly if

there is a part it ion (k 1, k 2) , 0≤k 1 < k 2, of k sa t isfying either Condit ion (1) o r Condit ion

(2).

P rom p ted by the fact tha t every connected balanced graph is b ipart ite and arithm et ic

(cf. T heo rem 12 in [1 ]) , and tha t each of the class of b ipart ite graph s show n to be arith2
m etic fo r variou s va lues of k and d is a class of ba lanced graph s, A charya and H egde p ro2
po sed the fo llow ing

Con jecture　 (Con jectu re 1 in [1 ], p. 293)　Fo r any quadrup le (a , b, k , d ) of po sit ive

in tegers and a part it ion (k 1, k 2) , 0≤k 1< k 2, of k sa t isfying either Condit ion (1) o r Condi2
t ion (2) , any balanced b ipart ite graph G w ith the b ipart it ion {A , B }, ûA û = a≤b= ûB û ,

has a (k , d ) 2arithm et ic num bering f w ith k 1, k 2∈ f (G ).

W e w ill, in Sect ion 5, po in t ou t by tw o coun terexam p les tha t th is con jectu re is no t

t rue if G is d isconnected and tha t Condit ion (2) is no t sufficien t fo r a ba lanced and con2
nected b ipart ite graph to have a requ ired arithm et ic num bering. How ever, if Condit ion

(2) is m odified as the fo llow ing condit ion

k 1 - k 2 = rd , 　　fo r som e in teger r >
m 0 (f ′)

d′
(3)

w here f ′is som e (k′, d′) 2balanced num bering of G , then the fo llow ing po sit ive resu lt can

be ob ta ined:

Theorem 4　L et f ′be a (k′, d′) 2balanced num bering of G , k and d be po sit ive in tegers

and (k 1, k 2) be a part it ion of k , 0≤k 1< k 2. T hen G adm its of a (k , d ) 2arithm et ic num ber2
ing f w ith k 1, k 2∈ f (G ) if either

( i) G is connected and k 1, k 2 sa t isfy either Condit ion (1) o r Condit ion (3) , o r

( ii) d′divides d and k 1, k 2 sa t isfy Condit ion (3).

T he p roof of T heo rem 4 is in Sect ion 6. In Sect ion 7, w e w ill fu ther d iscu ss T heo rem

4 and its rela t ion s to som e know n resu lts.

2　The Proof of Theorem 1

Suppo se tha t K n (n≥5) is an arithm et ic graph and f a (k , d ) 2arithm et ic num bering of

K n. O u r a im is to arrive a t a con trad ict ion. L et V (K n) = {u 1, u 2, ⋯, un}, n≥5 and (k 1, k 2) ,

0≤k 1< k 2, a part it ion of k. W e can, w ithou t lo ss of genera lity, assum e tha t

f (un) = k 1, 　　f (u i) = k 2 + a id

w here a i∈ N , 1 ≤ i ≤ n- 1 and 0= a1< a2< ⋯< an- 1. H ence

f + (unu l) = k + a ld , 　　1 ≤ l ≤ n - 1,

f + (u iu j ) = 2k 2 + (a i + a j ) d , 1 ≤ i ≠ j ≤ n - 1
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　　N o ting tha t f
+ is in ject ive and f

+ (K n) = {k + sd : 0 ≤ s ≤ 1
2 n (n- 1) - 1}, w e have

tha t

a l ≠ a i + a j , 3 ≤ l ≤ n - 1, 1 ≤ i ≠ j < l (4)

and there ex ists r ∈ N
+ such tha t 2k 2= k+ rd. N ow ,

f + (u iu j ) = k + (a i + a j + r) d , 　　1 ≤ i ≠ j ≤ n - 1

L et

　　　　X = {a i: 1 ≤ i ≤ n - 1},

　　Y = {a i + a j + r: a i, a j ∈ X , a i ≠ a j , a i + a j + r ≤ 1
2

n (n - 1) - 1 }

C learly,

X ∪ Y = {0, 1, 2, ⋯,
1
2

n (n - 1) - 1}, X ∩ Y = Ï

and x ≥ r+ 1 fo r any x ∈ Y. T h is im p lies {0, 1, 2, ⋯, r}< X and

a1 = 0, a2 = 1, a3 = 2, ⋯, a r+ 1 = r.

　　 If r ≥ 3, then a4= 3= 1+ 2= a2+ a3, w h ich con trad icts (4).

If r= 2, then {3, 4, 5}< Y and a4= 6. H ence 10 ∈ Y , n ≥ 6, a5= 7 and so a5= 1+ 6=

a2+ a4, w h ich con trad icts (4).

If r= 1, then 2 ∈Y , a3 = 3, a4 = 6, 10 ∈ Y , n ≥ 6 and so a5 = 9= 3+ 6= a3 + a4,

w h ich con trad icts (4).

T herefo re, T heo rem 1 fo llow s.

3　The Proof of Theorem 2

L et V (C 2t+ 1) = {u 1, u 2, ⋯, u 2t+ 1}, and f be a (k , d ) 2arithm et ic num bering of C 2t+ 1. By

T heo rem 2 of [1 ]

∑
2t+ 1

i= 1
2f (u i) = ∑

e∈E (C2t+ 1)
f + (e) = (2t + 1) (k + td ) (5)

It fo llow s tha t

k - td ≡ 0 (mod 2) (6)

　　O n the o ther hand, k ∈ f
+ (C 2t+ 1) and there ex ists e ∈ E (C 2t+ 1) , say, e= u 1u 2 such

tha t f
+ (u 1u 2) = k and a part it ion (k 1, k 2) , 0 ≤ k 1< k 2, of k such tha t f (u 1) = k 1 and f (u 2)

= k 2. H ence

f (u 2i- 1) = k 1 + x id , x i ∈ N + , 2 ≤ i ≤ t + 1

f (u 2j ) = k 2 + y jd , y j ∈ N + , 2 ≤ j ≤ t

N o ting tha t f
+ (C 2t+ 1) = {k , k + d , k + 2d , ⋯, k+ 2td }, w e have

f + (u 1u 2t+ 1) = 2k 1 + x t+ 1d = k + m d , 　fo r som e　m ∈ N +

i. e. ,

k 2 - k 1 = sd , 　fo r som e 　s ∈ N + . (7)

　　W e can p rove tha t
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û f (u l) - f (u l′) û ≥ d 　fo r　Π u l, u l′∈ V (C 2t+ 1) , u l ≠ u l′ (8)

　　 In fact, it is clear tha t (8) ho lds if l- l′≡0 (m od 2). N ex t, w e suppo se l= 2i- 1 and

l′= 2j. N o t ing (7) and the in ject ivity of f , w e have

û f (u 2i- 1) - f (u 2j ) û = ûk 2 - k 1 + (y j - x i) d û = nd　fo r som e　n ∈ N +

F rom (8) and the in ject ivity of f , w e have

∑
2t+ 1

i= 1

f (u i) ≥∑
2t+ 1

i= 1

( i - 1) d = d t (2t + 1) (9)

　　 It fo llow s from (5) and (9) tha t k ≥ d t. So from (7) there ex ists r ∈ N such tha t

k= d t+ 2r, and T heo rem 2 ho lds.

4　The Proof of Theorem 3

T he p roof of the sufficiency has been given in [1, T heo rem 14 ], bu t it can be reduced

to a by2p roduct of ou r theo rem 4 in Sect ion 6 and Sect ion 7. N ex t, w e need on ly to p rove

the necessity.

L et f be a (k , d ) 2arithm et ic num bering of K a, b. T hen there ex ist tw o vert ices u i and v j

in K a, b such tha t f
+ (u iv j ) = k. L et

k 1 = m in (f (u i) , f (v j ) ) 　 and　k 2 = m ax (f (u i) , f (v j ) ).

W e can, w ithou t lo ss of genera lity, suppo se

f (A ) = {k 1, k 1 + x 1d , k 1 + x 2d , ⋯, k 1 + x a- 1d },

f (B ) = {k 2, k 2 + y 1d , k 2 + y 2d , ⋯, k 2 + y b- 1d }

w here x i, y j∈ N
+ , 1 ≤ x 1< x 2< ⋯< x a- 1 and 1 ≤ y 1< y 2< ⋯< y b- 1. L et

X = {0, x 1, x 2, ⋯, x a- 1},

Y = {0, y 1, y 2, ⋯, y b- 1},

X + Y = {Α+ Β: Α∈X , Β∈ Y },

f (A ) + f (B ) = {Α′+ Β′: Α′∈ f (A ) , Β′∈ f (B ) }

　　 It is clear tha t

f (A ) + f (B ) = f + (K a, b) = {k + id : 0 ≤ i ≤ ab - 1},

and

X + Y = {0, 1, 2, ⋯, ab - 1}.

　　N ex t, w e p rove tha t k 1 and k 2 neccessarily sa t isfy bo th Condit ion (1) and Condit ion

(2).

By con trad ict ion. Suppo se tha t bo th k 1 and k 2 sa t isfy neither Condit ion (1) no r Condi2
t ion (2). T hen there ex ists r ∈ N

+ such tha t r< a and k 2- k 1= rd. Con sider

X - Y = {Α- Β: Α∈X , Β∈ Y }.

L et x i- y j , x ′i- y ′j∈X - Y. N o te tha t no tw o of ab elem en ts in X + Y are iden t ica l. If x i

- y j = x ′i- y′j , then x i+ y ′j = x ′i+ y j∈ X + Y , i. e. , x i= x ′i and y j = y′j. H ence, no tw o

of ab elem en ts in X - Y are iden t ica l. In X - Y , clearly, the m ax im al elem en t is x a- 1, the

m in im al elem en t is (- y b- 1) , and x a- 1+ y b- 1= ab- 1. 　W e therefo re have

X - Y = { i ∈ Z : - y b- 1 ≤ i ≤ x a- 1},
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w here Z is the set of in tegers. N o t ing tha t 1 ≤ x 1< x 2< ⋯< x a- 1, and 0< r< a , w e have

a- 1 ≤ x a- 1 and 0 < r ≤x a- 1, i. e. , r ∈ X - Y. H ence, there ex ists x i∈ X , y j∈ Y such

tha t x i- y j = r. N o t ing tha t k 2- k 1= rd , w e have

k 1 + x id = k 2 + y jd

Bu t k 1 + x id ∈ f (A ) and k 2 + y j d ∈ f (B ) , w h ich con trad icts the in ject ivity of f . T he

p roof of T heo rem 3 is com p leted.

N ex t, w e po in t ou t by the fo llow ing coun terexam p le tha t“lemm a”m en tioned in Sec2
t ion 1 is no t t rue in genera l. To th is a im w e con sider the com p lete b ipart ite graph K 2, 4,

w here A = {u 1, u 2} and B = {v 1, v 2, v 3, v 4}. Fo r any given k , d ∈N
+ and a part it ion (k 1, k 2)

of k , the vertex funct ion f : V (K 2, 4)→N defined by:

f (u 1) = k 1, f (u 2) = k 1 + 2d ,

f (v 1) = k 2, f (v 2) = k 2 + d , f (v 3) = k 2 + 4d , f (v 4) = k 2 + 5d

is a (k , d ) 2arithm et ic num bering of K 2, 4. It is easily verif ied tha t f does no t sa t isfy“L em 2
m a”.

5　Coun terexam ples to Con jecture

W e give tw o coun terexam p les to Con jectu re m en t ioned in Sect ion 1.

T he first exam p le is the graph 4K 2 ( see figu re 1). It is d isconnected and (2, 2) 2bal2
anced, a (2, 2) 2balanced num bering f is show n in figu re 1 (a) , w here m (f ) = 3 o r 4. L et
(a , b, k , d ) = (4, 4, 3, 2). T hen (0, 3) is a part it ion of k = 3 and d 0 k 2- k 1, w here d = 2, k 1

= 0< 3= k 2. So Condit ion (1) ho lds, bu t it is easily verif ied tha t 4K 2 has no (3, 2) 2arith2
m etic num bering f w ith 0, 3 ∈ f (G ). T h is show s tha t Con jectu re is no t t rue if G is d is2
connected.

F ig. 1

T he second exam p le is the com p lete la t t ice grid L 3, 4= P 3×P 4 (see fig. 2). L 3, 4 is a con2
nected and balanced b ipart ite graph w ith the b ipart it ion {A , B }, w here A = {u 1, u 2, u 3, u 4,

u 5, u 6} and {v 1, v 2, v 3, v 4, v 5, v 6}, ûA û = a= 6= b= ûB û ( see fig. 2 (a) ) , a (1, 1) 2balanced

num bering of L 3, 4 is exh ib ited in fig. 2 (b). Fo r the quadrup le (a , b, k , d ) = (6, 6, 31, 3) and

the part it ion (k 1, k 2) = (5, 26) of k= 31, w e have k 2- k 1= rd and r= 7> 6= a. So Condit ion
( 2) ho lds, bu t it has a lready been verif ied (cf. [ 1 ] p. 292) tha t there is no (31, 3) 2arith2

m etic num bering f w ith 5, 26 ∈ f (L 3, 4).
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6　Proof of Theorem 4

L et f ′be a (k′, d′) 2balanced num bering of G , then w e have f ′(G ) < {0, 1, 2, ⋯, k′+

(q- 1) d′}, g f ′(G ) = {k′, k′+ d′, k′+ 2d′, ⋯, k′+ (q- 1) d′}. A nd so there are tw o adjacen t

vert ices u and v w ith f ′(u ) = 0 and f ′(v ) = k′+ (q- 1) d′. L et A = {u: f ′(u ) ≤m (f ′) }, B

= V øA . T hen the {A ,B } is a b ipart it ion of G , and u ∈ A , v ∈ B . W e can, w ithou t lo ss

of genera lity, suppo se A = {u 1, u 2, ⋯, ua } w ith 0= f ′(u ) = f ′(u 1) < f ′(u 2) < ⋯< f ′(ua )

and B = {v 1, v 2, ⋯, v b} w ith k′+ (q- 1) d′= f ′(v ) = f ′(v 1) > f ′(v 2) > ⋯> f ′(v b). T hen f ′

(u a) ≤m 0 (f ′) < f ′(v b). N o t ing w hen G is connected, w e have

f ′(u i) = i′d′, 　　　　fo r som e i′∈N

f ′(v j ) = k′+ j′d′, 　　fo r som e j′∈N
(10)

　　T hu s, if either G is connected o r d′divides d , then a vertex funct ion f : A ∪B →N is

defined by

f (u i) =
f ′(u i)

d′ d + k 1

f (v j ) =
k′+ (q - 1) d′- f ′(v j )

d′ d + k 2

　　

1 ≤ i ≤ a

1 ≤ j ≤ b
(11)

It is clear tha t f (u 1) = k 1 and f (v 1) = k 2. In o rder to com p lete the p roof, w e need on ly to

p rove tha t f is a (k , d ) 2arithm et ic num bering of G.

Fo r any arb it ra ry edge u iv j of G , w e have from (11)

f + (u iv j ) = k +
d
d′

(k′+ (q - 1) d′- (f ′(v j ) - f ′(u i) ) )

= k +
d
d′

(k′+ (q - 1) d′- (k′+ j′d′) ) , 　0 ≤ j′≤ q - 1

= k +
d
d′

(q - j′- 1) d′, 　0 ≤ j′≤ q - 1

= k + m d , 　0 ≤m ≤ q - 1

It fo llow s tha t f
+ (G ) = {k , k + d , k + 2d , ⋯, k + (q - 1) d }, therefo r f

+ is in ject ive.

So , the rem ain ing task is p roved tha t f is in ject ive. In o ther w o rds, w e need on ly to p rove

tha t f (u i)≠ f (v j ) fo r each pair of d ist inct vert ices u i and v j.

Case 1. Soppo se tha t G is connected and Condit ion (1) ho lds. If f (u i) = f (v j ) fo r

som e u i∈ A and v j∈ B , then by the defin it ion of f and (10) , w e have

k 2 - k 1 =
d
d′

(f ′(u i) + f ′(v j ) - k′- (q - 1) d′) = nd　　 fo r som e n ∈ N

it is a con trad ict ion.

Case 2. Suppo se tha t either G is connected o r d′divides d. If Condit ion (3) ho lds and

f (u i) = f (v j ) fo r som e u i∈ A and v j∈ B , then from (11)

rd = k 2 - k 1 =
d
d′

(f ′(u i) + f ′(v j ) - k′- (q - 1) d′)

≤ d
d′

(f ′(ua) + f ′(v 1) - k′- (q - 1) d′)
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≤ d
d′

(m 0 (f ′) + k′+ (q - 1) d′- k′- (q - 1) d′)

< rd

It is a con trad ict ion too.

T herefo re, f is a requ ired (k , d ) 2arithm et ic num bering of G and the p roof of T heo rem

4 is com p leted.

N ex t, w e give tw o exam p les to show T heo rem 4. Fo r the (1, 1) 2balanced num bering

f ′of L 3, 4 show n in figu re 2 (b) , w e have m (f ′) = 8. Fo r (k , d ) = (31, 3) , the part it ion

(k 1, k 2) = (2, 29) of k = 31 sa t isf ies Condit ion (3). T hu s, in view of T heo rem 4, there is a

(31, 3) 2arithm et ic num bering f of L 3, 4 w ith 2, 29 ∈f (L 3, 4 ) fo r it is defined by (11) as

show n in figu re 2 (c) , w h ich is com p letely iden t ica l w ith the one show n in figu re 9 of [ 1,

p. 292 ]. A lso L 3, 4 is connected and the b ipart it ion (k 1, k 2) = (0, 31) of k = 31 sa t isf ies Con2
dit ion (1). By T heo rem 4, there is a (31, 3) 2arithm et ic num bering f of L 3, 4 w ith 0, 31 ∈ f

(L 3, 4) fo r it is defined by (11) as show n in figu re 2 (d).

F ig. 2

A no ther exam p le is 4K 2, w h ich is d isconnected and balanced, a (2, 2) 2balanced num 2
bering f ′is show n in figu re 1 (a). Fo r (k , d ) = (10, 2) , the part it ion (k 1, k 2) = (1, 9) of k

= 10 sa t isf ies Condit ion (3) and d′divides d , w here m (f ′) = 3. By T heo rem 4, there is a

(10, 2) 2arithm et ic num bering f of 4K 2 w ith 1, 9 ∈ f (4K 2 ) fo r it is defined by (11) as

show n in figu re 1 (b).

7　Som e Remarks

F irst w e exp la in tha t Condit ion (3) is st ronger than Condit ion (2) in genera l.
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Proposit ion 1　L et f ′be a (k , d ) 2balanced num bering of a b ipart ite graph G w ith the

b ipart it ion {A , B } and 0 ∈f ′(B ) ( resp. 0 ∈ f ′(A ) ) , then the vertex funct ion F′: V (G )

→ N defined by

F′(u ) = k + (q - 1) d - f ′(u ) , 　　Π u ∈ V (G ) (12)

is a (k , d ) 2balanced num bering of G and 0 ∈ F′(A ) ( resp. 0 ∈ F′(B ) ).

T he p roof of P ropo sit ion 1 is a sim p le verif ica t ion and is left to readers. T he graph

S (K 1, 3) show n in figu re 3 has the b ipart it ion {A , B }, w here A = {u 1, u 2, u 3} and B = {v 1,

v 2, v 3, v 4} (see figu re 3 (a) ). Fo r the (2, 1) 2balanced num bering f ′of S (K 1, 3) w ith 0 ∈ f ′

(B ) show n in figu re 3 (b) , w e have the (2, 1) 2balanced num bering F′of S (K 1, 3) defined

by (12) w ith 0 ∈ f ′(A ) fo r it is show n in figu re 3 (c).

F ig. 3
It fo llow s from P ropo sit ion 1 tha t fo r any (k , d ) 2balanced b ipart ite graph G w ith a b i2

part it ion {A , B }, ûA û= a ≤ b = ûB û , G has a (k , d ) 2balanced num bering f ′w ith 0 ∈ f ′

(A ). N o te m (f ′) ≥ (a- 1) d fo r any (k , d ) 2balanced num bering f ′of G w ith 0 ∈ f ′(A ).

T hu s Condit ion (3) is no t w eaker than Condit ion (2). O b serve tha t the com p lete la t t ice

grid L 3, 4 has the (1, 1) 2balanced num bering f ′show n in figu re 2 (b) , w here m (f ′) = 8> 6

= a. T herefo re, Condit ion (3) is st ronger than Condit ion (2).

Secondly, w e show tha t Condit ion (3) is the sam e as Condit ion (2) fo r the above2
m en tioned classes of b ipart ite graph s, w hence w e can derive som e know n resu lts from ou r

theo rem. L et f ′be a balanced num bering of G.

Proposit ion 2　L et G be any one in the classes of b ipart ite graph s K a, b, C a, b, C 4t, then

G adm its of a (1, 1) 2balanced num bering f ′w ith m 0 (f ′) = a- 1.

Proof　W e set a requ ired (1, 1) 2balanced num berings f ′, in the respect ive cases, as

fo llow s.

( i) Fo r K a, b, define f ′: V (K a, b) → N by let t ing

　　　
f ′(u i) = i - 1

f ′(v j ) = (b + 1 - j ) a
　　　　　　　

1 ≤ i ≤ a

1 ≤ j ≤ b
(13)

( ii) A (1, 1) 2balanced num bering f ′of C a, b is a lready disp layed in figu re 7 in [ 1, p.

290 ]. N am ely, f ′: V (C a, b) → N is defined by

　　　
f ′(u i) = i - 1,

f ′(v j ) = a + b - j ,
　　

1 ≤ i ≤ a

1 ≤ j ≤ b
(14)

191第 2 期　　　　　　　　　Som e R esu lts on A rithm etic and Balanced Graph s　　　　　　　　　

© 1995-2004 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



( iii) L et the vert ices on C 4t, t ≥ 1, a= 2t, be con secu t ive in the o rder u 1, u 2, ⋯, u 4t.

D efine f ′: V (C 4t) → N by let t ing

f ′(u i) =

1
2

( i - 1) ,

4t -
1
2

( i - 2) ,

4t -
1
2

i

　　　　　　

if i is o ld,

if i is even and 2 ≤ i ≤ 2t

if i is even and 2t + 2 ≤ i ≤ 4t

(15)

T he verif ica t ion tha t the vertex funct ion s defined by (13) , (14) and (15) respect ively, a re

requ ired (1, 1) 2balanced num berings is sim p le and is left to readers.

Sub st itu te (13) fo r f ′in (11) w ith k′= d′= 1 and q= ab. W e have

f (u i) = ( i - 1) d + k 1,

f (v j ) = ( j - 1) ad + k 2

　　　　
1 ≤ i ≤ a

1 ≤ j ≤ b
(16)

　　Sub st itu te (14) fo r f ′in (11) w ith k′= d′= 1 and q= a+ b- 1. W e have

f (u i) = ( i - 1) d + k 1,

f (v j ) = ( j - 1) d + k 2

　　　　
1 ≤ i ≤ a

1 ≤ j ≤ b
(17)

　　Sub st itu te (15) fo r f ′in (11) w ith k′= d′= 1 and q= 4t. W e have

　　 f (u i) =

i - 1
2

d + k 1,

i - 2
2

d + k 2,

i
2

d + k 2,

　　

if i is o ld

if i is even and 2 ≤ i ≤ 2t

if i is even and 2t + 2 ≤ i ≤ 4t

(18)

F rom P ropo sit ion 2 and T heo rem 4 w e can imm edia tely ob ta in T heo rem 14, T heo rem

15 and T heo rem 17 (A ) of [1 ]. T he (k , d ) 2arithm et ic num berings defined by (11) are re2
spect ively show n in (16) , (17) and (18). In terest ing ly, these exp ression s are com p letely

iden t ica l w ith tho se as d isp layed in (13) , (14) and (16) in [1 ] respect ively.

L ast, the fo llow ing resu lt can be ob ta ined:

Proposit ion 3　L et k , d , k′and d′be any po sitve in tegers and f ′be a (k′, d′) 2bal2
anced num bering of G. Suppo se tha t either G is connected o r d′divides d. If a part it ion

(k 1, k 2) of k sa t isf ies the condit ion:

k 2 - k 1 >
m 0 (f ′)

d′ d (19)

then G adm its of a (k , d ) 2arithm et ic num bering f w ith k 1, k 2∈ f (G ).

Proof　L et f : V (G ) → N be the vertex funct ion defined by (11). F rom the p roof of

T heo rem 4, w e need on ly to p rove tha t f is in ject ive.

Suppo se to the con tra ry tha t there ex ist vert ices u i∈ A and v j∈ B such tha t f (u i) =

f (v j ). T hen by (11) w e get

k 2 - k 1 =
d
d′

(f ′(u i) + f ′(v j ) - k′- (q - 1) d′) ≤ d
d′f ′

(u i) ≤ d
d′m 0 (f ′)
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w h ich con trad icts Condit ion (19) and the p ropo sit ion is p roved.

If let d′= d , k 1= 0, k 2= k = m (f ′) + 1, then w e imm edia tely from P ropo sit ion 3 ob2
ta in T heo rem 12 of [1 ], and the (k , d ) 2arithm et ic num bering f defined by (11) is

f (u i) = f ′(u i) ,

f (v j ) = k′+ (q - 1) d′- f ′(v j ) + m (f ′) + 1
　　　　　　

1 ≤ i ≤ a

1 ≤ j ≤ b

w h ich is the sam e as (11) of [1 ].
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关于算术平衡图的某些结果

徐俊明　沈　健　李展宗

(中国科学技术大学数学系)

摘要　首先考虑A charya 和H egde 关于算术平衡图的三个猜想. 其中一个已由他们

证明, 本文给出它和另一个猜想的简单证明, 并指出第三个猜想在一般情形下是不对

的, 而在一个更强的条件下是正确的. 然后讨论本文结果与已知结果之间的关系.

关键词　图论, 算术标号, 平衡图

中图法分类号　O 157. 5
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