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A Very Short Prod o Vizing' s Theorem

XU Junming

( Departrrent  Mathematics, USTC)

Abdract The clasicd Vizing' s edge colouring theorem gates thet for a loopless multigrgph
Gd multiplicityd and of maximum degreeA , A + [ oolours sufice to colour the edgesof G
such that adjacent edges have oot different colours. A very dort proof of the theorem is pre:
Ented.
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For dl the termimologes and rotations used and rot defined here we follow [1]. Let G =
(V(G) ,E(G) We) be aloopless multigraph of the multiplicitypd ( G) , and of the maximum degree
A (G and the edge chromatic number X' (G). The classca Vizing' s theorem can be dated as fol-
lows.

Vizing' stheorem™™  If Gisloopless, thenA (G) <X' (G <A (G) +U (0.

The lower bound is clear. There are (for exanple [2] ,[3] and [4]) proofsfor the upper bound.
However , every one of them contains © many examinations for several cases that it is not included in
any grgph theory textbook. A very short prodf is presented here.

Prodf By oontradiction. Suppose that there exig a graph G of the edge chromatic number
X' (G =k>A(Q +U (G andanedge ey, E(G) suchthat G- & hasaproper (k - 1) -edge
olouringd = (E ,E, ,E.1).

Foru V(G ,demteby G (u) (rep. Cs (u)) the st of the colours gopearing (regp. ot
appearing) a uunderc. Then Co (u) # Obecause ds ¢ (1) =A(GQ) < k- M (Q). LetPs (&)

= Xyo. A subsst F,(n O) of the edges incident with x is congructed as follows.

F(no) ={e,ea, ,ea},
where n =1, and
l‘IJG(e):Xyilizollaza , N,
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o(e) Co(yir),i =12, ,n.

F,(no) issidtobeao-(e& , e,)-fan. AC-(& , &) -fan F,(n 0) issid to be afunda
mentd fanif yo, y1, ¥, , y.arediginct. Reoolouring afundamental fan F,(n 0) inplies such a
oolouring procedure that colours ., the colouro (e) for i = 0,1,2, , nand makes e, uncoloured.
Notice that recolouring F,(n 0) dves G - e, aproper (k - 1) -edge colouring. Let

F,O) ={e Es(x) :thereexigsao-(e& , e-fan},
where E;(x) isa sat of the edges incident with xin G. Let
A(X) ={y Ne(x) :thereexigsse F,(0) withWs(e) = xy}.

We have the following two claims.

i Co(x) nCo(y = Ofor Vy A(x).

Sppose that there are a colourd and me vertex y  A(x) suchthatd  Cos(x) n Co (y).
Thenthere areanedge e F,(0) suichthaPs(e) = xyand afundamenta fan F,(n 0) ={ &,
e, ,e(=¢e}. Aproper (k- 1)- edge colouring of Gcan be obtained by recolouring F, (n 0)
and by oolouring e, the colour @ , which contradicts the hypothessthatX' (G) = k.

i Co(y) nCo(y) = Ofor Vy,y A(X), Yy #vy.

Suppose that there are a colour and two vertices y and y in A(x) such that 3 Cs(y) n
Cs (y). Thenthere aretwo edges eand € in F, (0) suchthaWs(e) = xyandWs(€) = xy ,and
there are two fundamentd fans F. (1 0) = {&, &, ,a(=e}adFR(t0) ={e&, ., |,
€.(=¢€)}. Take yand y suchthat both | and t are as sl asposible. Without lossof generdlity ,
syppose that | =< t.

Letd  Co(x). Thena #B B G(x),0 G(y) nG(y)hby i.LetH= G E

B]. Then du(x) = du(y) = du(y) = 1. Let H be the connected component containing xin
H. Then H isapah and & leas onedf yand y ismotin H . A proper (k - 1) - edge colouring of
G can be obtained either by interchanging the colourstt andf in the component containing yin Hif y
ismot in H and recolouring F, (1 0) and colouring & the coloura or by interchanging the coloursa
andP in the conponent containing y in Hif yisin H and reclouring F, (t 0) and gving & the co-
loura . This contradicts the hypothedsthat X' (G) = k.

Take F, (©) such that | . ©) | isaslarge aspossble. Let A(X) = {Yo, Y1, Y2, , Yn}.
By ii eech colourinC (yi) ,i =0,1, ,n,mus beusedon an edgefrom xto A(x). Thusthere
aelc(ywl+lcwl+ +lcml=(n+1)(k-1-4) +1edgesfromxto A(x).
At leag k - A o them mugt oo to the same y; , which is a contradiction, snce k - A > .

The prodf is completed.
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