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The Connectivity o Generalized
de Bruijn Digraphs
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Abgract A generdized de Bruijn digrgph G (n, d) is such a digraph with the vertex st {0,
1,2, ,r1} andthe arc st

i -d(n-1-1i) +r(mdn), VO<i<n-1,0=<r<=<d- 1.
This paper presents the following result. f G (n,d) has diameter at lead five, then G (n,
d) has connectivity dif andonly if g.c.d. (n,d) =2and d + 1dvides n.
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1 Introduction

It iswell-known that the underlying topology of a conputer interconnection network and multipro-
cesor sysems can be nodeled by a digragph G = (V ,A) , where the vertex set V represents procesors
and the arc- st A represents one-way communication links. The transmi ssondelay and fault-tol erance of
the networks can be measured by diameters and connectivity of the corresponding digraphs, regpective
ly.

An inportant classd digraphs, called de Bruijn digraphs, has been widely gudied as nodd s of
the networks in literature mainly becaue they have short diameters and snple routing srategies (see
[1,2,3,4]). Severd variations and extendonsof de Bruijn digraphs have been proposed by many ar
thors. One of them proposed by Imase and Itoh™ | is called here a generalized de Bruijn digraph ater
Du and Hwvang® |, deroted by G (n,d) ,where n, daregvenintegers,1 < d < n- 1. It condss
o the vertices0,1,2, ,n- landthe arcs

i -d(n-1-1i) +r(mdn), VO<i=<n-1,0=<r=<d- 1.
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Jearly G (n,d) isa d-regular (srondy) oconnected digraph and maybe has self-loop arcs.
What we are interesed in is the connectivity of G (n,d) . Bven though much atention has been
paied by many authors and a number of results have been obtained , the connectivity of G (n, d) has
ot been conpletely determined yet. In this paper , the following result is presented.

Theorem f G (n,d) has diameter at leas five, then G (n, d) has connectivity dif and only
if g.c.d. (n,d) >=2and d + 1dividesn.

The proof of the theoremisin Section 3. In the next section, ome lemmas used in the prodf are
given.

2 Several Lemmas

Lemma 1 (Theorem1in[5]) G (n,d) has diameter a nog logyn1 , where mis the
minimum integer not smaller than m .

Lemma 2 (Theorem 3 in [7] and Theorem 3.3 in [6]) K G (n,d) has dameter a least
four , then its connectivity at leag d- 1. f g.c.d. (n,d) =1 ,then G (n,d) hasconnectivity ex-
atd- 1.

Lemma 3 (Lemmalin[7]) For any vertex xof G (n,d) ,if tisaninteger lessthan the di-
ameter of G (n,d) ,then

st =lal=d,
where J7 (x) (rep. J: (x)) derotesthe st of verticesof G (n,d) to which there exigs a walk of
length t from (rep. to) x.
Lemma4 G(n,d)issnpleif andonlyif d + 1 divides n.
Prodf Qearlytheacd G (n,d)
i -d(n-21-1i) +r(mdn), VO<i=<n-1,0=<r<=<d-1.
isa sdf-loop arc if and only if i satidies the congruence relations
(d+1)i =r- dlmodn) ,
or equivalently , there exigs ome integer p such that the equation in the unknown i
(d+1)i = pn+r-d (1)
has an integral ol ution.

f d + 1 divides nthen the equation (1) has ro integrd solution sin<:ed—p+L1 is an integer while

r-d
d+1

is gnple.

Qnversdy, let G (n,d) bednple,i.e. G(n,d) hasno sf-loop arcs. Suppose to the cont-
rary that d + 1 does not divide n. Then there exigt integers xand y suchthat n = x(d+1) +y,0
<y=d.Lar=d-y. Then0 =r =<d-landy+r- d=0. Thus,forp=1andr =

ismotforany r(0 <r <d-1) . And © G (n,d) has o sf-loop arcs, whereby G (n, d)
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d- y ,the equation (1) hasanintegra Solution i = X+% = x . Thisinpliestha G (n,

d) has a sHf-loop arc at the vertex i , a contradiction.

3 Prod o the Theorem

( =) Suppose that the connectivity of G (n,d) isequa to d. Then G (n,d) has vertices at
leag d +1. F G (n,d) has seif-loop arcs, then there is a vertex x such that |37 (0 =d-1
dnce G (n,d) is d-reguar. And ® J; (x) isa vertex cut. Thus the connectivity of G (n,d) isa
mog d - 1, a contradiction. It followsthat G (n,d) has no sdif-loop arcsand G (n,d) isdnr
ple. FomLemma 4, d + 1dividesn. fg.c.d. (n,d) =1, then the connectivityof G (n,d) is
equal to d - 1 by Lemma 2, which contradicts our assunption. Thusg.c.d. (n,d) =2.

(© SQppostha G (n,d) hasdiameter at leas fiveand g.c.d. (n,d) =2. Our dmisto
sowtha G (n,d) has connectivity d . Suppose to the contrary that G (n,d) has connectivity at
nog d - 1. We will derive contradictions.

FomLemma 2 G (n,d) has connectivity d - 1. Thereisavertex cut Zdof G (n,d) such tha
| zI = d- 1. ThenVv\ Zcan be partitioned ino two digoint ronenpty sets X and Y such that there
ism arcfrom Xto Yin G(n,d) . Let

p:n‘ez){d(x,z):x >§ q:max{d(z,y):y \}
where d(x, Z) derotes the minimum digance from x to any vertex in Z , and d( Z,y) denotes the
minimum digance from any vertex in Zto y . It iseasy to observethat 0 < p < kand0 < g < kdnce
XnZzZ=08adY n Z=04.

Let the diameter of G (n,d) be k. By our assunption k =5 . Let x be a vertex in X such that
d(x,2) = pandybeavertexin Ysuchthat d(Z,y) = gq. 9nce any directed path from x to y
certainly goes through Z , there exigsavertex zin Zsuch that d(x,z) + d(z,y) = d(x,y) <k
. By our choicedf x , d(x,z) = p,and D

g=d(z,y) <d(z,y) <k- d(x,2 <k-p (2

Lex ={x x:d(x.2) =iy .1<i<p. Thenlxl =lzla=(d-1da,Ixl=

| %1l d<(d-1d(i=23, ,p) sneG(n,d)isd-reguar. Noticetha X € X, X
Xy . It follows that

P p
|X|§_Z|Xi|S(d-l)_Zd':dp+1-d. ©
Amilarly, let Y, ={y Y:d(Z,y) =j},1<j=<qg=<k- p. Then
| Y] <d°° - . (4)
It follows from (3) and (4) that
n=| X|+ z|+ Y] =d"+d" - d- 1 (5)

Snce the function f (p) = & + d“ " is concave upward on the interva [3,k - 3] ,
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f(p) <f@3) =f(k-23 =d + d°. (6)
f3 <p=<k-3,thenk =6. It followsfrom (5) and (6) tha
n<f(p) - d-1=<d?+d-d-1<d",
which oontradicts the fact that n > d“* by Lemma 1.
Hence in the regt of the prodf , we need only condder the casedf p = 1or p = k- 1andthe case
o p=2orp= k- 2. Noticefrom (2) that q <1if p= k- 1andq <2if p = k- 2. Bythe
symmetric relation of pand qin the problem, we need only condder the casesof p = 1and p = 2.
Let x X . Observe fromLemma 3 that the following fact is usfull.
|37 (%) n x| =dl 3t (% nX|-| Z|, V2 <=<t«<k (7
Cael p=2.
Inthis cae, X = X X, . Let x Xo. f k =5, then by (7) we have that
350 nxl=da, 130 nxl=d-d+1, 130 nxl=d- & +1and
|3, (0 n x|l =d - & +1. 6)
It follows from (3) and (8) that
d-d+1=<laux nxlg x)=d- d

Thisisimpossble.

Cae2 p=1.

In this case, we use our assunptionof g.c.d. (n,d) = m>=2.Letn=smandd = Im.
Then the vertexset Vo G (n,d) can be partitioned into s digoint subsets Vo, Vi, , Ve,
where

Vi ={im, im+1, ,im+(m-21)}, i=0,1, ,s-1,m=>=2.

By the definitionof G (n,d) ,for any vertex xof G (n,d) , the out-neighborsof x are
d(n-1- x) +r(modn), VO <r <d-1
=m(sm-1-x)+tm+r(mds), VO <r <m-1,0=<t =<1I-1

(I(sm-1-x) +t) (mds)m+r, VO <r <m-1,0=<t =<1]-1.

Thisinpliesthat J; (x) isthe union of | successve dements Visy ,Vieo,  ,Visi o {Vo V1 Vo,

V..1} , where the subscripts are modulo sand| Vi | =2dnce m = 2. Sypose that there are two

vertices x and y of V; such that xisadjacent to yin G (n,d) , thenfrom the above satement Vv, C

Ji (x) dncey V. Thusthereisa sdf-loop arc a x snce x  V; , which contradicts our assunmp-
tiondf G (n,d) being snple. It follows that any two vertices of V; are not adjiacent in G (n,d) .
9nce d = Imand| Z| = d- 1= 1Im- 1 ,there exigsasubst V; suchthat V; n X # Qand
VinZ#z0.Ledx VinXandz V. n Z. Then xand zare not adjacent in G (n,d) . Thus
there are at least two verticesin J; (x) rotin Z . Inotherwords,| J; (x) n X| =2. Thusif k =
4 ,thenby (7) ,we havethat| J; (X) n X| =2d- (d-1) = d+1land
| J2(X) n X| =d(d+1) - (d-1) = d& +1. (9)
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It follows from (3) and (9) that
o +1 <335 (x) nX| | X =d- d

Thisisimposdple. The proof of the theorem is conpleted.
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