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On Bounded Paths in Some Networks
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(Department of Math. University of Science and Technology of China, Hefei 230026, China)

Abstract

The problem of paths with bounded length, being a variation and a generalization of
Menger’s theorem, is of very important significance in the design and analysis of real-time
or fault-tolerant interconnection networks. For a given positive integer d, the symbol
A4(D) denotes the maximum number of internally disjoint paths of length at most d
between any two vertices with distance at least two in the network D; the symbol By (D)
denotes the minimum number of vertices whose deletion results in diameter larger than
d. Obviously, A4(D) < By(D) and it has been shown to determine the value of Aq(D)
is NP-complete. In the present paper, three well-known networks, hypercubes, de Bruijn
and Kautz, are considered and the values of A4(D) and By(D) are determined, which
show Ad(D) = Bd(l)). A
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i OE BHEET (hy) -0 BREBERAEEERTH Menger BHKEBMIES,
TERRAENBRI MO HEEEE L. T EHEBY d, Au(D) RRMY% D Hit
HEEELDH 2 TR Z AR ERART d BB REAY Bu(D) ®BR
DR TR B FHR/DTSEER D-BHEBKT d. BIEHBE A«(D) W FER
NPC [, i H BRH AEX Aa(D) < Ba(D). X% R D HBVLIKM%, De Bruijn
MM Kautz M4, Xt d 8 AFEEBE T Aa(D) R Ba(D), i H¥H Aa(D) = Ba(D).

i M, Menger B, M KM, De Bruijn W%, Kautz M.

1. Introduction

We follow [1] for terminology and notation not defined and explained in this paper.

Received: November 6, 2000.

© 1995-2004 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



60 YINGFENG TAQO, JuNMING XU Vol.7

In a real-time system, such as parallel computing or processing system, in order to be
effective, one uses k internally disjoint paths to transmit messages simultaneously from one
vertex to another. The message delay must be limited within a given period d since any
message obtained beyond the bound may be worthless. On the other hand, if a real-time
system is fault tolerant, then a question is whether the system can keep communicating
when faults occur. Thus, for given network system and period d, determining the maximum
value of k is useful.

When a network system is modelled by a graph D, the problem above can, in the
language of graph theory, be explained as for two given vertices z,y in D and a positive
integer d, determining the largest k such that there are k internally disjoint (z,y)-paths of
length at most d in D. It is called the problem of paths with bounded length in the literature.
As it has strong applications in networks, this problem has attracted much attention in the
past years (see, for example, [2-5]). However, in general, it has been shown to be an NPC
problem [4]. We are, in this paper, interested in the following problem.

Let z and y be any two distinct vertices in D with (z,y) ¢ E(D). The symbol
A4(D;z,y) denotes the maximum number of internally disjoint (z,y)-paths of length at
most d in D, the symbol By(D;z,y) denotes the minimum number of vertices in D whose
deletion destroys all (z, y)-paths of length at most d. In order to destroy all (z,y)-paths of
length at most d, we need delete at least one vertex from each path of length at most d,
which implies Ag(D;z,y) < By(D;z,y) for any positive integer d. However, the equality
does not hold in general. A natural question is which condition is satisfied for either d or D
to ensure A4(D;z,y) = By(D;z,y).

To avoid the relatively non-significant case in which d < dp(z,y) or d = 1, we suppose
d > dp(z,y) > 2. Since length of any path in D with order n does not exceed n — 1, we
suppose d < n — 1. For d = n — 1 no restriction is imposed on the length of any path
in D, thus, we have A,,_1(D;z,y) = B,_1(D;z,y) by Menger’s theorem. Besides, it has
been shown in [2,3] that Aq(D;z,y) = Ba(D;z,y) for d = 2,3,4,dp(z,y), where dp(z,y) is
distance from z to y in D. Let

A4(D) = min{A4(D; z,y);Vz,y € V(D),(z,y) ¢ E(D)};
By(D) = min{Ba(D; z,y);Vz,y € V(D), (z,y) ¢ E(D)}. |

For a parallel network system D, it is great useful to determine Ay(D) and By(D).
Apparently, if d < d(D), the diameter of D, then A4(D) = B4(D) = 0. Thus we can always
suppose 2 < d(D) < d < n—1. And we have A4(D) < By4(D) < k(D), where k(D) is the
connectivity of D.

Note that determining Aq4(D) is NP-hard since determining A4(D;z,y) is an NPC
problem. Thus, it is significant to determine A4(D) for some well-known networks D. In
the present paper, three well-known networks D, the hypercubes, de Bruijn and Kautz, are
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considered and the values of A4(D) and B4(D) are determined, which show A4(D) = By(D).

2. Hypercubes

The n-dimensional hypercube @, is an undirected graph with the vertex-set V =
{z122 - Ty : ¢ € {0,1},4 = 1,2,---,n}, and two vertices 1% T, and y1ys - -yn are
adjacent if and only if they differ exactly in one coordinate. It has been known that @, has
2" vertices, n regularity, diameter d(Q,) = n and connectivity £K(Qn) = A(@n)-

Lemma 2.1.[6] Suppose that x and y are arbitrary two vertices in Qn with distance d,
then there exist n internally disjoint xy-paths, d of length d, others d + 2.
Clearly, A4(Q2) = B4(Q2) =2 for 2 < d < 3. So suppose n > 3 below.

Theorem 2.2. Suppose 3 <n <d<2"—1. Then

n—1, ifd=mn;
Aa(Qn) = Ba(Qn) =

n, if d>n.

Proof: For any z,y € V(Q,), by Lemma 2.1, Q,, has n internally disjoint zy-paths of
length at most n + 1. Thus, if d > n + 1, then

n = k(Qn) > Ba(Qn) > Ad(Qn) > n,

that is, A4(@n) = Ba(Q,) = n.

Let s and ¢ be two vertices in ¢, with distance n — 1. Then s and ¢ are not adjacent
since n > 3. In any n internally disjoint st-paths, exactly one is of length at least n + 1
by Lemma 2.1. It follows that

n—~1< An(Qn) < Bn(Qn) < Bn(Qn;s’t) =n- 15

that is, A, (@) = Br(Qn) =n — 1. 1

3. De Bruijn Networks

The de Bruijn digraph, denoted by B(n, k) (n > 2,k > 1), is a digraph with the vertex-
set V(B(n,k)) = {z1z2- -2k : z; € {0,1,---,n — 1}}, and the edge-set consisting of all
edges from one vertex zizs - - - 2k to n others zoz3 - - x4, where o € {0,1,---,n —1}. It
has been known that B(n,k) has nk vertices, n regularity, diameter d(B(n,k)) = k and
connectivity x(B(n,k) =n — 1.

Lemma 3.1."1 Suppose that (x,y) is an arbitrary ordered pair of vertices in B(n, k),
then there is unique shortest directed (z,y)-path in B(n, k).
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Lemma 3.2.8! For any two distinct vertices x and y of B(n, k), there are n—1 internally

b
disjoint (x,y)-paths of length at most k+13_.
B

Theorem 3.3.Suppose 2 < k <d < nF —1. Then

1, if d=k;
Ayg(B(n,k)) = Ba(B(n, k)) =

n—1, ifd>k.

Proof: For any z,y € V(B(n,k)), by Lemma 3.2, B(n, k) has n — 1 internally disjoint
(z,y)-paths of length at most k + 1. Thus, if d > k + 1, then

n—1=k(B(n,k)) > By(B(n,k)) > A4(B(n,k)) >n -1,

that is, A4(B(n,k)) = B4(B(n,k)) =n—1.
Let s and ¢ be two vertices B(n, k) with distance k. By Lemma 3.1, there is the unique
directed (s, t)-path of length k in B(n, k). So

1 < Ax(B(n, k) < Bi(B(n,k)) < Br(B(n, k); s,1) = 1,

that is, Ax(B(n,k)) = Bx(B(n, k)) = 1. '

4. Kautz Networks

The Kautz digraph,denoted by K(n,k)(n > 2,k > 1), is a digraph with the vertex-
set V(K(n,k)) = {z1z0- -z - 2; € {0,1,---,n},z; # &i1,0 = 1,2,---,k — 1}, and the
edge-set consisting of all edges from one vertex iz - - -, to n others zax3 - - -z, where
a € {0,1,---,n},a # z4. It has been known that K (n, k) has nF+n*~1 vertices, n regularity,
diameter d(K (n,k)) = k and connectivity x(B(n, k) = n.

Lemma 4.1. Suppose that (x,y) is an arbitrary ordered pair of vertices in K(n,k),
then there is unique shortest directed (x,y)-path in K(n, k).

Proof: Suppose that £ = 2129 -+ 2% and y = y1y2 - - Y& are two vertices in K(n, k)
with distance k — [ = m. Then K(n, k) has a directed (z,y)-path of length m:

T =T1Ty Tk —> TaTz Ty —> = Tyt = ThULUZ - Um = Y1¥2 - Yk =Y

Hence there are ¥ — m = | overlapped components by the end part of z and the head part

of y. Suppose & = x1X3 - Tp—12122 - 21, Y = 2122 - ZYi+1Yi+2 Yk Then

P(z,y) =z — ToTz - Tpy2122° - AY+1 > T3 2AY+1Y1+2

— ..._)21Z2...zlyl+1yl+2...yk:y
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is shortest directed (z, y)-path in K (n, k). We now prove the path P(z,y) is unique. Suppose
that

Wi iz=zi20---afp — ToTz---Tpwy — -
= Thgy1 TR WL W = WN1Y2 YY1 Yk = Y
is a directed (x,y)-path of length & — [. Then
$k~l+1:y’i:1327"'al; Wi = Yi+j, J:1’277k_l

This implies W = P(z,y). ]

Lemma 4.2.[9] For any two distinct vertices & and y of K(n, k), there are n internally
disjoint (x,y)-paths, two of length at most k and k + 2, respectively, n — 2 at most k + 1.
K(n,1) is a complete digraph with n + 1 vertices and it is trivial to determine A4 and

B,;. So suppose k > 2 below.

Theorem 4.3. Suppose 2 < k <d<n*+n*"' —1. Then

1, if d=k;
Aa(K(n,k)) = By(K(n,k)) =4 n~1, ifd=k+1;
n, ifd>k+1.

Proof: Let (z,y) be an ordered pair of vertices in K(n, k) with distance k. By Lemma
4.1, K(n, k) has a unique directed (z,y)-path of length k. Hence

1 < Ap(K(n, k) < Bi(K(n, k) < Bp(K(n, k);z,y) =1,

that is, Ag(K(n,k)) = B(K(n,k)) = 1.
For any two vertices s and t in K(n,k), by Lemma 4.2, there are n internally disjoint
(s, t)-paths of length at most k + 2. Hence for d > k + 2, we have

n < Ag(K(n,k)) < Ba(K(n,k)) < n(K(n,k)) = n,

that is, A4(B(n,k)) = Bq(B(n,k)) =n.

By Lemma 4.2, K(n,k) has at least n — 1 internally disjoint (s, t)-paths of length at
most &+ 1, that is, Ag41(K(n,k)) > n—1. Consider two vertices e = (...01010) and f =
(02020...). Then one of any n (e, f)-paths must pass through the vertex g = (...010101),
which is adjacent to e, and any (g, f)-path which does not pass e is of length at least & + 1.
Thus, of any n internally disjoint (e, f)-paths, at least one is of length &k + 2. It follows that

n—1< A1 (K(n, k) < B (K(n, k) < Ber1(K(n,k);e, f)=n—1,

that is, Ag41(B(n,k)) = Brr1(B(n, k) =n — 1. ]
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