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Abstract :The connectivity ,super connectedness and restricted edge connectivity of a graph are inportart pa
rameters to measure faulttolerance of an interconnection network. This pgoer congders the - dimensond
Mahius cube MQ,, shows that its connectivity and edge connectivity both are equd to n, that is,it is super ver
tex-oconnected for any n = 1 and super edge-connected if n # 2, and thet its regtricted connectivity and regtrict
ed edge-connectivity both are equa to2n - 2, where nis subject to n = 3for the former and n > 2for the lat-

ter.
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Throughout this pgper ,a graph G = (V, E) adways means a snple connected graph with vertex st
V and edge- st E. Wefollow [ 1] for grgph-theoretica terminology and rotation not defined here. A st of
vertices (rep. ,edges) Sof Giscdled a vertexcut (rep. ,an edge-cut) if G - S disonnected. The
connectivityK ( G) (reg. ,the edge-connectivityA (G) ) of Gis defined as the minimum cardinality of a
vertex-cut (reg. ,an edge-cut) S. It is cudomary to defineK (K,) = n - 1, where K,is a conplete
grgph of order n.

It iswell known that when the underlying topology of an interconnection network is nodelled by a
oonnected graph G = (V, E) , where Visthe st of procesors and Eisthe st of communication linksin
the network ,the connectivityk ( G) and the edge-connectivityA ( G) are two important parameters to mear
sure the fault-tolerance of the network. The parameters ,however ,have an obvious deficiency that it to tac
itly assume that al dementsin any subset of Gcan potentially fail a the same time. In other words ,in the
definition of K (G) orA (G) , absolutely no conditions or regrictions are imposed either on the s&t Sor on
the componentsof G - S. Gonsequently ,to conpensate for these shortcomings it would seem natura to
generdize the notion of the clasica connectivity by introducing some conditions or redrictionson the st
S and/ or the componentsof G - S.
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Bauer et a [2] suggesed the concept of the super connectedness. A connected graph Gis said to be
super vertex-connected (reg. ,edge-connected) if every minimum vertex-cut (regp. ,edge-cut) islaesa
vertex of G. Efahanian and Hakim [3 ,4] introduced the concepts of the regdricted cut and the regricted
oonnectivity of a graph.A st S C V(G) (rep. , S C E(G) ) iscdled a redricted vertex st (re.
edge <gt) if it does not contain the neighbor-set of any vertex in G as its subset. A redricted vertex- set
(rep. ,edge-set) Siscaled aredricted vertex-cut (rep. ,edge-cut) if G- Sis disonnected. The re-
dricted vertex-connectivity (reg. , edge-connectivity) of a graph G, demoted by K' (G (rep.
A’ (G ) ,isthe minimum cardindity of a resricted vertexcut (regp. ,edge-cut) in G. From definitions,
the following proposition holds ,clearly.

Proposition Let Ghe a k- regular greph.

(1) FK' (G exigsandK' (G) >K (G k, then Gmug be super vertex-connected.

(2) FA' (G) exigsandA' (G) >A (G k, then Gmug be super edge-connected.

Thus ,the redricted connectivity is a measure for fault tolerance of a network more accurately than
the classca connectivity. Snce then the researchers have payed much attention to the concept and deter
mined the resricted connectivity for many well-known graphs (see for exarple ,[3] [14]) .

In the present paper we congder the - dimensona Maobius cube MQ,,, as an attractive dternative
to the n- cube Q,. We show that both the connectivity and edge-connectivity of MQ, are equa to n, and
that MQ, is super vertex-connected for any n > 1 and super edge-connected if n # 2, and both the re-
gricted connectivity and regricted edge-connectivity of MQp are equa to2n - 2, where nis subject to n
> 3for the former and n = 2for the latter.

The - dimendona Mobius cube is such a graph jitsvertex-set isV = {xix2 x, x {0,1},
1<i< n},thevertex X = xi1X2 X, oonnectsto nother vertices Y;,(1 < i £ n) ,whereeach Y,
sttidies one of the following equations:

|
o

Yo = XaXe Xio1XiXie1 Xnif X1 =
= X1X2  Xio1XiXis1  Xnif X1 = 1,
where X; is the conplement of x;in {0,1} thatis, x;, {0,1}\ x.

From the above ddinition, X connects to Y, by conplementing the coordinate x; if xi.1 = Oor by
conplementing al coordinatesof x;, , xnif x.1 = 1. The connection between X and Y; is undefined ,
9D We can assunme Xpis either equa to 0 or equd to 1 which gives us dightly different grgphs. We call the
grgph & O-Mobius cube” if we assume xo = 0, and cal the grgph & 1 - Mobius cube” if we assume xg
= 1, deroted by MQ%, and MQ?,, repectively. Generaly we will use MQj to derote MQ% or MQ,.

The Maohius cubes MQ,, isfirg proposed by Cull and Laron [15] as an attractive aternative to the

- cube Qn. Like Qn, MQnisan n- regular graph with 2" vertices and n2" * edges. The results given in
the present pgper show that MQ, and Q, have the same connectivity ,super connectedness and redricted
connectivity . Furthermore , MQ,is superior to Qyin having a diameter of [ n + 2/ 2] for MQ%( n = 4) and
[ n+1/2]for MQL(n = 1) , approximetely a half of Q,’ s diameter. However for n = 4, MQ,is neither
vertextrandtive nor edge-trandtive. This lack of symmetry remmoves the Mobius cubes from the class of

Cayley grgphs.
From the definition of the Mdbius cubes, MQ, has a snple recursve property ,that is, MQ%, and
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MQ%, can be congructed from MQY,. ; and MQY,. 1 by adding2™ * edges ,called cross-edges ,connecting all
pairs o verticesthat differ only in thefirg coordinate ,and in the firg through the nth coordinates ,respec-
tively. For convenience we express MQp,asMQ, = L R,whereL = MQ%.;and R = MQ%. 1, and de-
mote by xix the crossedge connecting x, L and x,  R. The recursve dructure of MQ, gives the fol-
lowing dnmple property.

Lemmal Let MQ, = L Rwith n = 2. Then every vertex x;, L has exactly one neighbor x;
in R oonnected by the crossedge x ;.

Using this dnple observation and the recursive property of MQ,, we can a9 obtain the following
property eadly.

Lemma 2 MQ,oontains ro triange and any two nonadjacent vertices in MQ, have common neigh-
bors & nog two for n = 2.

Now ,we invedigate the connectivity ,the super connectedness and the redricted connectivity of
MQn. We fird condder the connectivity of MQp.

Theorem1 K (MQ,) =A (MQ, = nfor n > 1.

Proof By Whitney' s inequdity (see Theorem 3.1 in [1]) ,we haveK (MQ,) < A (MQ,) <
d (MQ,) = n. Thus,inorder to prove the theorem we only need to provek (MQ,) = n. We proceed by
induction on n = 1. The assertionistrue if n = 1 snce both MQYand MQ1 are a conplete grgph Ko. As
sume the induction hypoghessfor n - 1when n = 2. To proveK (MQ,) = n,weonly need to show that
for any subsst F C V(MQ,) ,if| F| £ n- 1then MQ, - Fis oconnected.

Le MQ, =L R,andlet F = FnL,andF = Fn R. Thena leaxoned L - Fand R

F. is connected by the induction hypothes's. We can without loss of generdity ,supposethat R - Fis
oonnected. We show that any vertex ujinL - F can be connectedto R - F;. Let uju, be the cross-edge
inMQ, =L R.Ffu &F,thenweare done. D we assume that u,  F. ongder N = Nyo (w) ,
which isthe neightor-st of uin MQ,. Snce| N| = n> n- 1 >| F| ,thereisavertex x; N such
that both x, and x» Rarerot in F. Thisinpliesthat uinL - F can be connectedto R - Fviathe
crossedge xix;. Thusm we show that| S| = nfor any vertexcut Sin MQ,, that is,K (MQ,) =| S| =
n. The theorem follows.

We row determineK’ (MQy) . Qearly ,K' (MQq) andK' (MQ,) do mot exis. When n = 3, we have
the followi ng theorem.

Theorem 2 K'(MQ,) = 2n- 2for n = 3.

Prod Wefirg sowkK' (MQ,) < 2n- 2for n = 3. It iseasy to be verified thatK' (MQs) < 4
andk’' (MQs) < 6. Qppose n = 5 below. Let u and v be two adjacent vertices in MQ, and S =
NMQn( u,v). Then| S| = 2n = 2dnce MQ,is - regular and contains o triange by Lemma 2 ,and
MQ, - Sisdisonnected Snce2" - (2n- 2) - 2 = 2. Because n = 5and any two diginct vertices have
comon neighbors a most two by Lemma 2 the neighbor-set Nug (x) is ot included in Sfor any x
V(MQ,) . Thisfact Sowsthat Sis a regricted vertex-cut of MQ,,. Thusk' (MQ,) <| S| = 2n- 2for
n = 3.

We now provek' (MQ,) = 2n- 2. To the end we only need to show that for any regtricted vertex
st Fin MQ,, if | F| £ 2n - 3then MQ, - Fis connected.
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Let MQn =L R,andlee F = FnL,and F, = F n R. Owioudy, i n F, = @ Thus,
gther| F| < n- 20r| F| £ n- 2. We can without lossof generdlity ,supposethat| F| < n -
2. Then R - F,is connected sncek (R) =K (MQ%.1) = n- 1. We show that any vertex uinL -
F, can be connected to the connected grgph R - F;. Let uu, bethe crossedgein MQ, = L R. If u
& F,, thenwe are done. © we assume that u,  F,. Snce Fisaredricted vertex st ,there exigt a ver-
tex v adjacent to u inL - F. Gondder N = Nwg (i, vi) , which is the neighbor-set of { ui, v} in
MQ,. 9nce| N|- =2n-2>2n- 3,thereisavertex x, N suchtha both x, and x, Rare not
in F. Thisinpliesthat u inL - F can be connected to R - F; via the crossedge xx;.

Thus we sow that | S| = 2n - 2for any redricted vertexcut Sin MQ,, that is,K’' (MQ,) =]
S| = 2n - 2. The theorem follows.

Cordlary MQ,is super vertex-connected for any n = 1.

Theorem3 A’ (MQn) = 2n- 2for n = 2.

Prood (ondder an edge xy in MQ, and the st o its adjacent edges E(xy) = {e
E(MQn) \ {xy} e=xuore=yu E(MQy,,u V(MQy}. dealy, MQ,- E(xy) isdison
nected and E(xy) = 2n - 2dnce MQ,is n regular. Snce MQ, contains no triange, MQ, - E(xy)
oontains no ilated vertex and ,thus, E(xy) is a redricted edge-cut of MQ,,. ThisgivesA’ (MQ,) <|
E(xy) | =2n- 2.

We now showA’ (MQ,) =2n- 2. Qearly ,A' (MQ,) = 2. Weassumethat n > 3and Fisare
dricted edge- st of MQ,. We need to prove that if | F| < 2n - 3then MQ, - Fis connected.Let MQ,
=L R. Thena leag onedf two (n - 1) - dimensona Mobius cubesL and R contains elementsin F

2‘02'—31 < n- 2. Without lossof generaity ,assume that L contains dementsin Fa nod n -

2. Then ,by Theorem1,L - Fisa oonnected panning subgraph of L. Inorder to prove that MQ, - F
is connected we only need to show that any vertex x; in Rcan be connected to L in MQ,, - F.

If the cross-edge xix; is not in F, then there is nothing to do. Suppose that xx; F. Snce Fisa
redricted edge- et there exigts an edge x,y; in R such that xy, € F. Snce MQ, contains ro triange by
Lemma 2, | NMQn(xr,y,) | =2n-2>2n- 3, and 2 there exigs a least one u; NMQn(xr,yr) such
thet the crossedge uju, is ot F. Thus, x, can be connected to L via the vertex the crossedge uu;.
Thus we show that | S| = 2n - 2for any resricted edge-cut Sin MQ,, that is,A’' (MQ,) =| S| =
2n - 2. The theorem follows.

Cordlary MQnis super edge-connected if n # 2.
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