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Bounds for Distance Domination
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Abstract For any positive integer [ and any graph G = V E  a set D of vertices of G is
said to be an [-dominating set if every vertex in V G -D is at distance at most [ from some
vertex in D. The [-domination number v, G is the minimum cardinality of an /-domina-
ting set of G. For a given graph G and an integer to determiney, G is an NP-hard prob-
lem. Tt is proved in this paper that if G is a connected graph of orderp withp = [ +1 then

-A+1-1
we =[A

some A and [ and is an improvement on some known results.

Jfor any positive integer [. This bound is the best possible for
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0 Introduction

Let G be a finite simple graph with vertex set V G and edge set E G . For S C V G
G S denotes the subgraph of G induced by S. The order i.e. the number of vertices and the
maximum degree of vertices of G are denoted by v G and A G  respectively. The distance
d; x y between two vertices x and y is the length of a shortest xy — path in G. The maximum dis-
tance between any two vertices in G is called the diameter denoted by d G . For every vertex x
€ V G the kth neighborhood N, x ofxis defined by N, x = y eV G d, xy =k
and N, x is usually called the neighborhood of x in G. Let H be a proper subgraph of G or a non-
empty subset of V G . We use the symbol N, H to denote the neighborhood of H that is
N H = xeV G-H «xyek G forsomeye H . For terminology and notation not given
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here the reader is referred to 1 or 8 .

Let D be a subset of V' G and [ be a positive integer. A vertex v of G is distance [-dominated
by D in G if v is at most [ from some vertex in D. The set D is a distance [-dominating set of G if
each vertex in V. G - D is distance [-dominated by D. The distance [-domination number
v, G is the minimum cardinality of distance /-dominating sets of G. A distance [-dominating set
D of G is called a vy, -set if its cardinality is equal toy, G .

Throughout this paper we will omit the term’ distance” that is we will writ¢' an /-domi-
nating set” instead of a distance [-dominating set” and so on. Slater ° termed a distance [-dom-
inating set as an [-basis and also gave an interpretation for an [-basis in terms of communication
networks. Since then many researchers have paid much attention to this subject >~

From the definition above it is clear thaty, G =1 for any integer [ not less thand G  the
diameter of G. Thus it is of great significance to discussy, G for a connected graph G only when
1 <[ <d G . For the special case of [l =1 v, G is the classic domination number of G. As
a result for any graph G and any positive integer [ to determine y, G is an NP-hard problem.

Thus it is of interest to establish a tight lower or upper bound of vy, G forl <[ <d G . Meir

and Moon * established an upper bound fory, G thatis y, ¢ < LL J for any connected

[ +1

graph of order p with p =1 + 1. Sridharan Subramanian and Elias ° considered the special case

of l =2 independently and also established y, G < L%Jforp = 3.

In this paper we first generalize Meir and Moon’s bound to disconnected graphs then estab-
lish a new upper bound of y, G in terms of A for any connected graph G of order p withp = [ +

—A+1-1
.

1 thatis y, G < LP for any positive integer [. This bound is the best possible and

is an improvement on Meir and Moon’s bound for some A and .

1 Upper Bounds on vy,

Meir and Moon * establishedy, ¢ < LLJfor any connected graph of order p with p =

I +1
l + 1. This result will be referred to a consequence of the following theorem a fundamental result
in this paper and the proof given here is much shorter than Meir and Moon’s.

Theorem 1. If each component of G with order p contains at least [ + 1 vertices theny, G

< Lmjfor any positive integer [. The upper bound is the best possible.

Proof. We first prove this theorem for trees. The theorem is clearly true for a tree of order
no greater than 2/ + 1. Suppose that the theorem is true for all trees of order at most n. Let T'be a

tree of ordern +1 wheren = 2/ +1 and P = u, u, u, u, be alongest path in T. If m <

[ then any vertex of T itself is an /-dominating set of 7 thatis y, T =1 < VZL :11 J
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u, containing

m-1 m

Assume thatm =1+ 1 below let T’ be the component of T — u u

m-1

the vertex u,. If T’ has order at most/ then the vertex u,,_, itself is a y,-set in 7. If T’ has order at

i l} Let D be a y,-set in T"

least [ + 1 then by the induction hypothesis we gety, T' < b 1

then D U {y,_} is an [-dominating set in T'and hence v, T Swi_:“ +1 = VZL :11} Therefore

v, T < LL J for any tree T of order p.

1 +1
Let 7 be the set of components of G H e 77 and T be a spanning tree in H. Clearly y, H
< v, T . By the hypothesis the orderv H = [+ 1. Thus we have that

w6 - Zyoi o< 3 [ sl

as desired.

To complete the proof of the theorem for any positive integer [ we need to construct a graph

_ P
I+ 1

For any positive integer m let H be a graph of order m and let G be the graph obtained from H

G of order p withy, G

by attaching a free path of length [ at each vertex of H. The order of Gisp = m [ +1 . On the one

hand since G has m free paths of length [ any [-dominating set in G contains at least one vertex of

each path which impliesy, ¢ =m = i i) I On the other hand the vertex-set V. H of His an

[-dominating set in G which impliesy, 6 <v H =m = P The theorem follows.

[ +1
Remarks. The condition that each component of G contains at least [ + 1 vertices in Theorem

1 is necessary. For example consider the graph G consisting of m copies of a path with [ vertices.

Clearly v 6 =mlandy, G =m > L% J The bound given in Theorem 1 is best in view of

G = %Kz' For thus a graph G [ = 1 andy, G = %

Corollary 1. Meir and Moon * y, G < Ll f 1 Jfor any connected graph G of order p

withp =1 + 1.

In the following theorem we give a new upper bound of y, G in terms of the maximum de-
gree A for a connected graph G.

Theorem 2. Let G be a connected graph of order p with p = [ + 1. Theny, G <

- - .. .
L;A l+ [-1 Jfor any positive integer /.

Proof. Note that if/ = d where d is the diameter of G theny, G = 1. Thus the theorem
istrue. IfA =p -1 thend =1 [ =1landy, G = 1. Thus the theorem is also true. Now
suppose that] </ < dandA < p — 1 below. Letu be a vertex in Gwithd, v = A. If N, u
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= () then wu is the /-dominating set of G thatisy, G =1 the theorem follows. Therefore

we have N, u # @ below. LetN v = uw UN, v U UN u andX =V G \N u .
If X#@ theny, G =1 the theorem is true. Assume X 7 () below. Then any ux-path in G must
pass through N, u for any vertex x in X.

Let H be the set of vertices in all connected components with at least [ + 1 vertices in G X

and let Bbe ay, —setin G H . Then by Theorem 1 we have that\B\SL%J. IfH = X
then u U Bis an [-dominating set in G. Thus
|H]| p-A-1l_
v, G $1+\B\$l+l+lsl+ o1
p—A+1<p—A+l—1
[ +1 l

as desired. The latter strict inequality holds subject to the hypothesis of p > A + 1.
Now suppose H C X and let S = X\H. Let I be the set of orders of connected components in
G S . For eachi e I let h, be the number of connected components of orderiin G S  and let

H, be the set of vertices of all connected components of order i in G S . Then

GS =U G H, and |§|= Zihi.
iel

it
Since G is connected N, u N N, H, % @foreachi e I. Choose M, H, C N, u NN, H,
is the set with minimum cardinality such that each vertex of M, H, is adjacent to atleast one ver-
tex of Ny H, . Foreachjwithi <j</[-1 letM;: H CN u NN M.;H H;, be the set
with minimum cardinality such that each vertex of M; H, is adjacent to atleast one vertex of
M, H, . Then |M' H |< < |M 6 H |< |M H |<ibh.
IfH, =0 let
M= U M H UH,.

J
icll<i<j<lI

Then each component of G M has at least [ + 1 vertices and by Theorem 1 we have that
v, G M $L%J Let D' be ay, — dominating set of G M . And since N, u ¢ M we have

\H\+\M\sp—\ u UN, u \:p—l—A. Clearly thesetD = w U B U D'is an -

dominating set in G. Thus we have that

_ : (], M|

v, G s\D\_1+\B\+\D\$1+l+1+l+1$

p-A-1 _p-A+l p-A+1-1
A5 T e < I

The latter strict inequality also holds subject to the hypothesis of p > A + 1.

If H # @ then let H, be the set of vertices in H, which can be connected to some vertex in
M; H,
H'® =H, - H ". Let

1 <i<j<1[ bysome path and let P,. be the set of vertices on these paths. Let
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M= U M H UHUH UP,.

iell<isjs<l

We also have that each component of G M’ has at least [ + 1 vertices and by Theorem 1 we

have thaty, G M' < L% J Let D" be ay, — dominating set of G M’ .

IfH'" = ¢ thensince N, u ¢ M' wehave |H|+ [M'|<p-| u UN, u |[=p-
1 — A. And we could see the setD = uw U B U D"is an [-dominating set in G. Thus we have
that

_ , (H| M
v, G s\D\_1+\B\+\D\s1+l+1+l+1s
p-A-1 p-A+l p-A+1l-1
by T e < I

The latter strict inequality also holds subject to the hypothesis of p > A + 1.
IfH'* #0 thenM," H*" #@andD = v UBUD'UM"' H" " isanl-domina-
ting set of G. Note Mj1 H™ N Mji H, = @foranyiandjwith2 < i j< [ Then
v 6 =[D[sT+ B[+ D[+ [M" H™W |

(H| m| THTT M BT+ o+ My HT
+ <

S I T l s
’ _ — 1= -1

L] p |- ] =A-1 _

[ +1 l

p-A+l-1 [|H[+ M| [|H[+ M| _p-A+1-1

+ - = .
l L +1 l l
The theorem follows.
Remarks.

I Note that for given A and [ withA -1 +1 >0ifp < [ +1 A-1+1 then
p=4 Z+ L-1 < f I and hence the upper bound fory, G given in Theorem 2 is tighter than
Meir and Moon’s in Corollary 1.

. . p-A+l-1 .
I ForgivenA = 2 and! ifm = — < A then there is a graph G of order p

with maximum degree A such thaty, G = m. Such a graph G can be obtained from a star K, , by
joining m —1 paths of length [ and one path of length [ —1 at each of m vertices of degree one
ml+l—1J_Lp—A+l—1

] ] J However ifp

inK, ,. Clearly p =A +mlandy, G =m=L

< [+1 A-1l withA >/ thatis m<A-1[-1 thenbfljam+l.
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