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Abstract

The shuffle-cubeSQn, wheren ≡ 2 (mod 4), a new variation of hypercubes proposed by Li et al. [T.-K. Li, J.J.M. T
L.-H. Hsu, T.-Y. Sung, The shuffle-cubes and their generalization, Inform. Process. Lett. 77 (2001) 35–41], is ann-regular
n-connected graph. This paper determines that the super connectivity ofSQn is 2n − 4 and the super edge-connectivity
2n − 2 for n � 6.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The shuffle-cube, denoted bySQn, where n ≡
2 (mod 4), as an interconnection network topolo
proposed by Li et al. [4], is a new variation
hypercubesQn obtained by changing some link
For an n-bit binary stringu = un−1un−2 . . . u1u0 ∈
V (SQn), let pj (u) = un−1un−2 . . . un−j and si(u) =
ui−1ui−2 . . . u1u0. The n-dimensional shuffle-cub
SQn, n ≡ 2 (mod 4), is recursively defined as fo
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lows: SQ2 is Q2. For n � 3, SQn consists of 16 sub
cubeSQi1i2i3i4

n−4 ’s, whereij ∈ {0,1} for 1 � j � 4 and

p4(u) = i1i2i3i4 for all verticesu in SQi1i2i3i4
n−4 . The

verticesu = un−1un−2 . . . u1u0 andv = vn−1vn−2 . . .

v1v0 in different (n − 4)-dimensional subcubes a
linked by an edge inSQn if and only if sn−4(u) =
sn−4(v) andp4(u) ⊕ p4(v) ∈ Vs2(u), where the sym-
bol ⊕ denotes the addition with modulo 2 and

V00 = {1111,0001,0010,0011},
V01 = {0100,0101,0110,0111},
V10 = {1000,1001,1010,1011},
V11 = {1100,1101,1110,1111}.

.
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Fig. 1. A shuffle-cubeSQ6.

We illustrateSQ6 in Fig. 1 showing only edges inc
dent at vertices inSQ0000

2 and omitting others.
It is convenient to letn = 4k +2 andu = un−1un−2

. . . u1u0 = uk
4u

k−1
4 . . . u1

4u
0
4, where u0

4 = u1u0 and

u
j

4 = u4j+1u4j u4j−1u4j−2 for 1 � j � k. Then two
verticesu andv in SQn are linked by an edge if an
only if one of the following conditions holds:

(1) u
j∗
4 ⊕ v

j∗
4 ∈ Vu0

4
for exactly onej∗ satisfying 1�

j∗ � k andu
j

4 = v
j

4 for all 0� j �= j∗ � k.

(2) u0
4 ⊕ v0

4 ∈ {01,10} andu
j

4 = v
j

4 for all 1� j � k.

It has been shown thatSQn isn-regularn-connected
in [4]. In this paper, we further discuss its super co
nectivity, a more refined parameter than the connec
ity for measuring the reliability and the fault toleran
of a network [2,3].

Let G = (V ,E) be a graph. A subsetS ⊂ V (re-
spectivelyF ⊂ E) is called asuper vertex-cut(respec-
tively super edge-cut) if G−S (respectivelyG−F ) is
not connected and every component contains at l
two vertices. Thesuper connectivityκ ′(G) (respec-
tively super edge-connectivityλ′(G)) is the minimum
cardinality over all super vertex-cuts (respectively
per edge-cuts) inG if they exist.

In [2], Esfahanian proved thatκ ′(Qn) = λ′(Qn) =
2n − 2 for n � 3. In this paper, we prove tha
κ ′(SQn) = 2n − 4 and λ′(SQn) = 2n − 2, where
n ≡ 2 (mod 4) andn � 6.

2. Some lemmas

We follow [1] for graph-theoretical terminolog
and notation not defined here. LetG = (V ,E) be a
simple connected graph. Forx ∈ V (G), let NG(x) be
the set of neighbors ofx and dG(x) = |NG(x)|, the
degree ofx. For xy ∈ E(G), let NG(xy) = NG(x) ∪
NG(y) \ {x, y}, and let

ζG(xy) = ∣∣NG(xy)
∣∣,

ζ(G) = min
{
ζG(xy): xy ∈ E(G)

};
ξG(xy) = dG(x) + dG(y) − 2,

ξ(G) = min
{
ξG(xy): xy ∈ E(G)

}
.

Lemma 1 [3]. λ′(G) � ξ(G) for any graphG with
order at least four and not a star.

Lemma 2. ζ(SQn) = 2n − 4, and the edgeuv which
attains this value is only ifu = uk

4 . . . u1
4u

0
4 and v =

uk
4 . . . ui+1

4 (ui
4 ⊕ e)ui−1

4 . . . u0
4, wheree ∈ {0001,0010,

0011} ⊆ V00 andu0
4 = v0

4 = 00.

Proof. Let uv be an edge inSQn with u = uk
4u

k−1
4 . . .

u1
4u

0
4 andv = vk

4vk−1
4 . . . v1

4v
0
4, whereu0

4 = u1u0. Then

v =




uk
4 . . . ui+1

4 (ui
4 ⊕ e1)u

i−1
4 . . . u1

4u
0
4

for i �= 0, e1 ∈ Vu0
4
, or

uk
4u

k−1
4 . . . u1

4(u
0
4 ⊕ e2)

for i = 0, e2 ∈ {01,10}.
For convenience, we denotev = uk

4 . . . ui+1
4 (ui

4 ⊕
e3)u

i−1
4 . . . u1

4u
0
4 for the possible two cases.

If u and v have no neighbors in common, the
ζSQn

(uv) = 2n − 2> 2n − 4.
Suppose now thatu and v have a neighborw in

common. Sincew is a neighbor ofu, then

w =




uk
4 . . . u

j+1
4 (u

j

4 ⊕ e′
1)u

j−1
4 . . . u1

4u
0
4

for j �= 0, e′
1 ∈ Vu0

4
, or

uk
4u

k−1
4 . . . u1

4(u
0
4 ⊕ e′

2)

for j = 0, e′
2 ∈ {01,10}.

For convenience, we denotew = uk
4 . . . u

j+1
4 (u

j

4 ⊕
e′)uj−1

4 . . . u1
4u

0
4 for the possible two cases. Sincew

is a neighbor ofv, then

w =




vk
4 . . . vs+1

4 (vs
4 ⊕ e′′

1)vs−1
4 . . . v1

4v0
4

for s �= 0, e′′
1 ∈ Vv0

4
, or

vk
4vk−1

4 . . . v1
4(v0

4 ⊕ e′′
2)

for s = 0, e′′ ∈ {01,10}.
2
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We denotew = vk
4 . . . vs+1

4 (vs
4 ⊕ e′′)vs−1

4 . . . v1
4v0

4 for
the possible two cases. Theni = j = s, ui

4 ⊕ e′ =
(ui

4 ⊕ e3) ⊕ e′′ = ui
4 ⊕ (e3 ⊕ e′′). If i = 0, then

e′ = e3 ⊕ e′′ does not holds for{e3, e
′, e′′} ⊆ {01,10}.

If i �= 0, thene′ = e3 ⊕ e′′ holds only foru0
4 = 00 and

{e3, e
′, e′′} = {0001,0010,0011}. The two vertices

uk
4 . . . ui+1

4 (ui
4 ⊕ e′)ui−1

4 . . . u1
4u

0
4 anduk

4 . . . ui+1
4 (ui

4 ⊕
e′′)ui−1

4 . . . u1
4u

0
4 are all neighbors of bothu andv. So

ζSQn
(uv) = 2n − 4 and the lemma follows by the arb

trary choice of the edgeuv. �
Lemma 3. κ ′(SQn) � 2n − 4 for n � 6.

Proof. By Lemma 2, letuv be an edge ofSQn such
that ζSQn

(uv) = 2n − 4, whereu = uk
4 . . . u1

4u
0
4 and

v = uk
4 . . . ui+1

4 (ui
4 ⊕ e)ui−1

4 . . . u0
4, e ∈ V00 andu0

4 =
v0

4 = 00. We prove thatNSQn
(uv) is a super vertex-cut

which meansκ ′(SQn) � ζSQn
(uv) = 2n − 4. To the

end, we need to prove thatSQn − (NSQn
(uv) ∪ {u,v})

has no isolated vertices.
Suppose thatw = wk

4 . . .w1
4w

0
4 is a vertex in

SQn − (NSQn
(uv)∪{u,v}). We now proveNSQn

(w) �
NSQn

(uv), wherew0
4 ∈ {00,01,10,11}.

If w0
4 = 00, sincew /∈ NSQn

(uv) ∪ {u,v}, then the
vertexw′ = wk

4 . . .w1
4(w

0
4 ⊕01) is a neighbor ofw and

w′ /∈ NSQn
(uv).

If w0
4 ∈ {01,10}, the vertexw′ = wk

4 . . .w1
411 is a

neighbor ofw andw′ /∈ NSQn
(uv).

If w0
4 = 11, the vertexw′ = wk

4 . . .wi+1
4 (wi

4 ⊕
e′)wi−1

4 . . .w1
4w

0
4 is a neighbor of w and w′ /∈

NSQn
(uv) wheree′ ∈ V11.

Owning to the above discussion, we ha
NSQn

(w) � NSQn
(uv) for n � 6. �

Lemma 4. Letn = 4k + 2, k � 1. Then the number o
non-adjacent edges between any two distinct(4k −2)-
subcubes is at least24k−4.

Proof. Let SQi1i2i3i4
4k−2 and SQj1j2j3j4

4k−2 be two distinct
(4k − 2)-subcubes inSQ4k+2. Obviously, the edge

betweenSQi1i2i3i4
4k−2 and SQj1j2j3j4

4k−2 are non-adjacen
sincei1i2i3i4 �= j1j2j3j4. By the definition ofSQ4k+2,

every edgeuv betweenSQi1i2i3i4
4k−2 and SQj1j2j3j4

4k−2 sat-
isfies s4k−2(u) = s4k−2(v), and p4(u) ⊕ p4(v) =
i1i2i3i4 ⊕ j1j2j3j4 ∈ Vs2(u). Therefore,s2(u) is de-
termined. Then the number of non-adjacent edges
tweenSQi1i2i3i4
4k−2 andSQj1j2j3j4

4k−2 is at least 24k+2−4−2 =
24k−4. �

3. Main results

Theorem 1. κ ′(SQn) = 2n − 4, wheren = 4k + 2 and
k � 1.

Proof. By Lemma 3, we only need to proveκ ′(SQn) �
2n − 4. To the end, letF be an arbitrary set of ver
tices in SQn such that|F | � 2n − 5 and SQn − F

has no isolated vertices. We prove thatSQn − F is
connected. By definition,SQn consists of 16 subcub
SQn−4’s. We partition 16 subcubeSQn−4’s of SQn

into two subsetsS1 and S2, where S1 = {SQn−4 |
SQn−4 contain at leastn − 4 vertices in F }, S2 =
{SQn−4 | SQn−4 contain at mostn − 5 vertices inF }.
Then S1 consists of at most three subcubeSQn−4’s
since 4(n − 4) > 2n − 5 for n � 6, and soS2 �= ∅.

We prove thatSQn − F is connected from the fol
lowing claims.

Claim 1. S2 − F is connected.

Proof. Let n = 4k + 2, k � 1. Since every(4k − 2)-
subcube inS2 is (4k − 2)-connected and contains
mostn − 5 (= 4k − 3) vertices inF , it is connected in
S2 − F .

If k = 1, thenn = 6, |F | � 7 and every subcub
SQ2 in S2 contains at most one vertex inF . We decom-
poseS2 into two subgraphsH1 andH2, whereH1 =
{SQ2 | V (SQ2) ∩ F �= ∅} andH2 = {SQ2 | V (SQ2) ∩
F = ∅}. ThenH2 contains at least 9 subcubeSQ2’s. It
is easy to observe thatH2 is connected. IfH1 = ∅,
then the claim follows. AssumeH1 �= ∅ below. Let
G′ = SQ2 be a subcube inH1. SinceG′ contains at
most one vertex inF , G′ − F is connected andG′ has
at least 11 neighbors in other subcubeSQ2’s, at least
one of them is inH2 since there are at most 7 subcub
in H1∪S1. SinceH2 is connected, each subcube inH1
connects withH2 in SQ6 − F , and soS2 − F is con-
nected.

If k � 2, let G1 and G2 be two arbitrary distinc
(4k − 2)-subcubes inS2. We only need to prove tha
G1 connects withG2 in S2 − F . Let E12 be the set of
non-adjacent edges betweenG1 andG2. Then|E12| �
24k−4 by Lemma 4. Since 24k−4 > 2(4k − 3) = 2(n −
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5) for k � 2, G1 connects withG2 in S2 − F for
k � 2. �

If S1 = ∅, then there is nothing to do by Claim
AssumeS1 �= ∅ below.

Claim 2. Let G1 be a subcube SQn−4 in S1 and T a
connected component witht vertices inG1 − F . Then
T connects withS2 − F .

Proof. If t = 1, sinceSQn − F has no isolated ver
tices, the vertexu1 in T connects with a vertexu2 in
(SQn − G1) − F .

If t � 2, for any edgexy in T , we have|V (T ) ∩
NG1(xy)| � t − 2, andNG1(xy) � 2(n − 4) − 4 by
Lemma 2. Since every vertex inG1 has the samekth
4-bit, different vertices inG1 have different neighbor
in SQn − G1. So T has 4t neighbors inSQn − G1.
Thus,T has at least 2(n− 4)− 4− (t − 2)+ 4t neigh-
bors inSQn − T . Since 2(n − 4) − 4− (t − 2) + 4t =
2n + 3t − 10> 2n − 5� |F | andT is a component o
G1 −F , there exist a vertexu1 in T and a vertexu2 in
(SQn − G1) − F such thatu1u2 ∈ E(SQn − F).

Let G2 be a subcubeSQn−4 that containsu2. If
G2 ∈ S2, then the claim follows. AssumeG2 ∈ S1 be-
low. Since each ofG1 andG2 contains at leastn − 4
vertices inF and (2n − 5) − 2(n − 4) = 3, F con-
tains at most three vertices ofSQn − G1 − G2. By
Lemma 2,u1 andu2 have at most two neighbors
common. Note that each vertex in a subcubeSQn−4
has four neighbors in other subcubes. Thus,{u1, u2}
has at least four neighbors inSQn − G1 − G2, at least
one of them, sayu3, is not inF and|V (G3) ∩ F | � 1,
whereG3 is the(n − 4)-subcube containingu3. Since
|V (G3) ∩ F | � 1 � n − 5, G3 ∈ S2, and so the claim
follows.

By the above discussion, we prove thatSQn − F is
connected, which meansκ ′(SQn) � 2n − 4 for n � 6.
The theorem follows. �
Theorem 2. λ′(SQn) = 2n − 2, wheren = 4k + 2 and
k � 1.

Proof. By Lemma 1, we only need to proveλ′(SQn) �
2n − 2 for n � 6.

Let F be an arbitrary set of edges inSQn such that
|F | � 2n − 3 andSQn − F has no isolated vertices
We prove thatSQn − F is connected.
We partition 16 subcubeSQn−4’s of SQn into two
subsetsS1 andS2, whereS1 = {SQn−4 | SQn−4 contain
at leastn − 4 edges inF }, S2 = {SQn−4 | SQn−4 con-
tain at mostn − 5 edges inF }. ThenS1 consists of at
most four subcubeSQn−4’s since 5(n − 4) > 2n − 3
for n � 6, and soS2 �= ∅. We complete the proof b
the following claims.

Claim 1. S2 − F is connected.

Proof. Let n = 4k + 2, k � 1. SinceSQn is n-regular
n-connected in [4], we conclude thatSQn is n-edge-
connected. Then every(4k − 2)-subcube inS2 is also
connected inS2 − F . Let G1 and G2 be two arbi-
trary distinct(4k −2)-subcubes inS2. We only need to
proveG1 connects withG2 in S2 −F . LetB12 be a set
of edges betweenG1 andG2. Then|B12| � 24k−4. If
B12 �⊆ F , then there is noting to do. AssumeB12 ⊆ F

below.
SinceS1 consists of at most four(4k−2)-subcubes

|S2| � 12. For each of other 10 subcubes inS2 − F , if
at most one of subcube in{G1,G2} connects with it,
then

|F | � (10+ 1) · |B12| � 11· 24k−4 > |F |,
a contradiction. Thus, there exists a(4k − 2)-subcube,
say G3, such thatG3 connects each ofG1 and G2
in S2 − F . This impliesG1 andG2 are connected in
S2 − F . �

If S1 = ∅, then there is nothing to do by Claim
AssumeS1 �= ∅ below.

Claim 2. Let G1 be a subcube SQn−4 in S1 and T

connected component witht vertices inG1 − F . Then
T connects withS2 − F .

Proof. If t = 1, since there is no isolated vertex
SQn − F , the vertexu1 in T connects with a verte
u2 in (SQn − G1) − F .

If t = 2, there exist two verticesu1 in T andu2 in
SQn − G1 such thatu1u2 /∈ F for ξ(G) = 2n − 2 and
|F | � 2n − 3.

If t � 3, let xy be an edge inT and A the set
of edges that are incident withx or y in G1. Then
|A| = 2(n − 4) − 2 and |E(T ) ∩ A| � t . SinceG1
is a subcubeSQn−4 and every vertex inG1 has the
samekth 4-bit, different vertices inG1 have different
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neighbors inSQn − G1. So there are 4t other edges
betweenT and SQn − G1. Thus, there are at lea
2(n − 4) − 2− t + 4t edges betweenT andSQn − T .
Since 2(n−4)−2− t +4t = 2n+3t −10> 2n−3�
|F | and T is a component ofG1 − F , there exist
two verticesu1 in T and u2 in SQn − G1 such that
u1u2 /∈ F .

Let G2 be a subcubeSQn−4 that containsu2. If
G2 ∈ S2, the claim follows. AssumeG2 ∈ S1 below.
Since each ofG1 and G2 contains at leastn − 4
edges inF and (2n − 3) − 2(n − 4) = 5, F con-
tains at most five edges ofE(SQn − G1 − G2). By
Lemma 2,u1 andu2 have at most two neighbors
common. Note that each vertex of 16 subcubeSQn−4’s
has only four neighbors in other subcubes (see Fig
Thus,{u1, u2} connects with at least four neighbors
SQn −G1 −G2 by six edges, at least one of them, s
u3, satisfiesu1u3 /∈ F or u2u3 /∈ F and|E(G3)∩F | �
1, whereG3 is the (n − 4)-subcube containingu3.
Since|E(G3) ∩ F | � 1 � n − 5, G3 ∈ S2, and so the
claim follows.

By the above discussion, we prove thatSQn − F is
connected, which meansλ′(SQn) � 2n − 2 for n � 6,
and so the theorem follows.�
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