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Abstract: Given positive integers ¢ and d(=2), let P(z,d) denote the minimum diameter of a

graph obtained by adding ¢ extra edges to a path with diameter d. It was proved that P(6,4)=1,
P6,d)=2 for d=5,6,7, and
<(§W+2 ifh =7,

4 <rea y
< (7 W +1 otherwise,

for d=7(2k—1)+h, where k=1 and 1<h<14. Moreover, P(7,d)=2 for d=5,6,7,8, and

_| d e,
=l if h =1;
d [ d ] —
< < P(7,d)x < 3 +2 ifh=2,3,4,5,6,7,8;
I .
< S +1 otherwise,

for d=8(2k—1)+h, where £=1 and 1<h=<16.
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0 Introduction

Let G=(V,E) be a simple undirected graph
(without loops and multiple edges) with vertex-set
V and edge-set E. Let P(¢,d) denote the minimum
diameter of a graph obtained by adding z extra
edges to a path with diameter d. We follow Ref.
[1] for graph-theoretical terminology and notation
not defined here. It is well-known that when the
underlying topology of an interconnection network
of a system is modelled by a graph G, the diameter
of G is an important measure for communication

(2]

efficiency and message delay of the system'*. In a

real-time system, the message delay must be
limited within a given period since any message
obtained beyond the bound may be worthless. If
the message delay exceeds a given time-bound in a
network, one often needs to add some links to the
network to ensure that the reach of a message can
be within a required time. This situation motivates
Chung and Garey"' to propose the following well-
known “edge-addition problem” in graph theory:
given positive integers ¢ and d, what is the
minimum diameter P (z,d) of the graph obtained
by adding ¢ edges to a path with diameter d?

It is easy to get that P(1,d) :LdTHJ for d=
2. Schoone et al'*) showed P(2,d) :(%ﬂw for
d=3, and P(3,d) = “ % | for d=5. Deng and
Xt™), Najim and Xt proved that| < [<P(4,d)<

fﬂﬂ for d>4; fﬂgms,d)g %%1 for

d=4, and

ﬂ%Wg P(tod) g(%f

+2.

+2

+1

%h - 2737495767798;

H A,

In this note, we prove that P (6,4) =1,
P(6,d)=2 for d=5,6,7, and

JM}Z ifh=7,

1(67{ W +1 otherwise,

for d=7(2k—1)+h, where k=1 and 1<Ch=<14.
And P(7,d)=2 for d=5.,6,7,8, and

(%ng«s,d) <

%ngw,d) <

J % ih=1;

-7 L

s +2 ifh=2,3,4,5.6,7,8;
l % +1 otherwise,

for d=8(2k—1)+h, where £==1 and 1<{h=<16.

1 Several lemmas

Lemma 1.1 P(,d)<<P(t,d") for d<d'.

This trivial lemma is obtained by a direct
observation from the definitions.

Lemma 1.2 P, (2k—1) (t++1)+1)=2k
for any positive integer k.

Lemma 1. 3"

and d,

For given positive integers ¢

P(t.d) >L+LJ

Lemma 1.4 P(6,7(2k—1)+h)<2k+1 for
any positive integers £ and h with 2<h<C6.

Proof Letd=72k—1)+h and P=xx;* "2y,
be a simple path. The six vertices Zop—1»s ZTypo1s
Ters Tges Tip and xyy partition Pointo seven
segments:

P, = P(xo,x1)s Py = P(xo1 s x001)

P; = P(xysx61) s Py = Plag»xg) s
P; = P(xgsa100) » Ps = P(xion s 12
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P; = P(xy»20).

Let G be an altered graph obtained from P
plus 6 extra edges ey =x0Xi—15 €2 =Tup—1Tgrs €3 =
Typ—1 T1zk s €47 Lop—1Tep s €5 = Terl 106+ €6 — T1opl g (S€C
Fig. 1). Define 21 cycles as follows.

&3

& . i

R K Kk R Kk Krox A2k A

Fig. 1 Construction of Lemma 1. 4 for k=1 and h=6

C'=P UP;,+e,
Ct=P UPs+e +e,
C=P UP,+e +e+te,
C'=P UPs+e +e+e e,
C =P UPs+e +e+e +es,
CP=P, UP:+e +e+e +e +ess
C'"=P, U P;s+e,,
C* =P, UP,+e +e,
C=P,UPs+e +e+tes,
C’" =P, UPs+e +e+es,
C" =P, UP+e~+e+e+es,
C?=P; U P, +e,
CP¥ =P, U P;+e +es,
C"=P; U Ps+e;s+es,
C® =P; U P;+es+e e,
C% =P, U P;+es,
C" =P, UPs+e +e+es,
C® =P, UP,+e~+e+e+es,
CY=DP; U Ps +e;+es,
C* =P;s U P;+e+es+e,
C* =Py U P; +es.
It is easy to see that,
e(P)) = 2k—1, e(Py) = 2k, e(Py) = 2k+1,
e(Py) = 2k, e(P5) = 2k, e(Ps) = 2k,
e(P;) =2k+h—71.
Thus, we have
e(C") = 4k; e(C*) < 4k;
e(C*) =4k +1; (C*) < 4k +2;
e(C) =4k+2, fori =2,3,7,8,12,19;
e(C) =4k +3, fori =4,5,9,10,13,14,17;
e(C) <4k +3, fori =6,11,15,18.

It is easy to see that for two vertices x and y of G,

they are contained in some cycle C' as defined

above. So, we have
max{d(C): 1< i< 21) <L‘“€72+3J —2p+1.

We get P(6,7(2k— 1) +h)<d(G)<2k+1 for any
positive integers & and h with 2<Ch<C6. []

Lemma 1.5 P(7,8(2k—1)+h)<2k+2 for
any positive integers £ and h with 2<Ch<(8.

Proof Letd=8(2k—1)+h and P=xyx1* *x4
be a simple path. The seven vertices xo—1s Ty s
Ters Tsps Tiops Tz and xyy, partition P into eight
segments:

P, = P(xo,x21)s Py = P(xy1 s x41)

P, = Py sx6)s Py = P(xep )

Ps = P(xgsai06) » Ps = P(xion 212

P; = Pz sxir) » Ps = P(xig ).

Let G be an altered graph obtained from P
plus seven extra edges e; =0 Xy—1s €2 = Tup—1 Tsp »
€3 = Xyp—1 L2k s €4 — XTyp—1 Xas €5 — Top—1 Teks €5 —
TerX ok s €7 = T1p X1 (See Fig. 2). Define 28 cycles

as follows.

Xo o Xz Xae Ko Kk Ao Xize A X

Fig. 2 Construction of Lemma 1.5 for k=1 and h=6

C' =P, U P, +ers

C2:P1 UP:3+€1+€57

C3:P1 UP/1+€1+€2+€57
C'=r UPs+e +e+e+ess

C =P U Ps+e +e +e+ess
C6:P1 UP7+61+63+65+66+679
C'=P, UPs+e +e +e+e+ers
C8:P2 Upg+85’

C9:P2 UP4+€5+€27

Clozpz UP5+65+66+629

" =P, U Ps+e +e+ess

C* =p, U Pr+e +ete+ess
CISZPZ UP8+35+36+87+349
C" =P, UP +e,

CP =P, JP;+e +e,

Ct =P, | Ps+e5 +es,

C" =P, UPi+e+e+er
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C® =P, |JPs+e+e +ess
CY" =P, UP;+es,
C20 :P4 U PGJF&;JF@ZJF&‘:“
CZl :P4 UP7+66+67+62+637
C22:P4 UP8+66+67+62+647
CB:PS UP6+62+639
C* =P, P +e+e+ers
c» = P; U Ps+e;+es +ers
C%:Pes UP7+87»
C27:P6 UP8+€3+€4+€7,
®=P; U Ps+e e
It is easy to see that,
e(Py) =2k—1, e(Py) = 2k, e(Py) = 2k+1,
e(Py) = 2k, e(P;5) = 2k, e(Ps) = 2k,
e(P;) = 2k, e(Py) = 2k+h—8.
Thus, we have
e(C") = 4k;
e(CH =4k+1, for: = 19,26;
e(C)) =4k+2, fori = 2,3.8,9,14,23;
e(CH < 4k +2, for i = 28;
e(C) = 4k+3, fori = 4,5,10,11,15,16,20,24;
e(C) <4k + 3, fori = 25,27;
e(C) =4k + 4, fori =6,12,17,21;
e(CH <4k + 4, fori=7,13,18,22.
It is easy to see that for two vertices x and y of G,
they are contained in some cycle C' as defined

above. So, we have
max(d(C): 1< i< 28) gt%ﬂ — 2kt 2.

Thus, P(7,8(2k—1)+h)<d(G)<2k+2 for any
positive integers £ and h with 2<{h<(8. ]

2 Proofs of main results

Theorem 2. 1
d=5,6,7, and

P(6,4)=1, P(6,d)=2 for

L ve itn=1,

d
(7 WgP(G’d) <1(C71W+1 otherwise,

for d=7(2k—1)+h, where £==1 and 1<h=<14.
Proof It is easy to verify that P(6,4)=1 and

P(6,d):2:( %}1 if d=5,6 or 7. Suppose

d—=8 below. Note that for any positive integer

d(d=8), there are positive integers k and h with
k=1 and 1<{h<(14 such that d=7(2k—1)+h. By

Lemma 1. 3, we have P(6 ,d)}(%w . So we only

need to prove P(&d)gf%W—i—l.
If h=1, then
PG6.7(2%—1) 1 :2k<(%}t1

by Lemma 1. 2.
If h=2,3,4,5,6, then

P(6,7(2k —1) +h) < 2k +1 :(%W+1

by Lemma 1. 4.
If h~=8,9,10,11,12,13,14, then
PG6,72(k+1D —1]1+1) =
P(6,7(2k—1) +15) =
2(k+1) =2k +2
by LLemma 1. 2, and
P(6,7(2k—1) +h) <
P(6,7(2k—1) +15) =

242 = (% W +1
by Lemma 1. 1.
d d
Thus, we have (7W<P(6,d)<(7w+l for

any positive integer d (d—=4 and d # 14k, where
k=1,2,3,+). It is easy to get P (6, 14k) <

2k+2:(%w+2. And so the theorem holds. L]

Theorem 2. 2
8, and

%ngw,d) <

P(7,d)=2 for d=5,6,7,

ifh=1;
for d=8(2k—1)+h, where k=1 and 1<Ch<C16.
Proof It is easy to verify that P(7,d)=2=

d
{ 5
,d ' B
g +2 1fh—2,3,4,5,6,7,8;
d

8

+1 otherwise;

(%W—Fl if d=5,6,7 or 8. Suppose d—=9 below.

Note that for any positive d ( d == 8 ) , there are
(T#5 264 T)
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positive integers £ and h with #2=1 and 1<{h<C16
such that d=8(2k—1) +h. By Lemma 1.3, we

have P(7,d)>(%w . So we only need to prove

P(7,d><f%}1.

If h=1, then

P(7,8C2k—1) +1) = 2k <(%W

by LLemma 1. 2.
If h=2,3,4,5,6,7,8, then

P(7.8(2k—1) +h) < 2k +2 :(%}2

by LLemma 1. 5.
If ~=9,10,11,12,13,14,15,16, then
P(7,8[2(k+1D —1]1+1) =
P(7,8Q2Fk— 1 +17) =
2(k+1) =2k +2
by Lemma 1. 2, and
P(7,82k—1) +h) <
P(7,8C2k—1)+17) =

2k+2:(%W+1

by Lemma 1. 1.

Thus, we have

(%Wg P(7.d) <

|4 ih=1,
-7 L
g +2 th=2,3,4,5,6,7,8;
% +1 otherwise.
The theorem is proved. L]
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