The Forwarding Indices of Wrapped Butterfly Networks
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Let G be aconnected graph. Arouting in G is a set of fixed
paths for all ordered pairs of vertices in G. The forward-
ing index of G is the minimum of the largest number of
paths specified by a routing passing through any vertex
of G taken over all routings in G. This article investigates
the forwarding index of a wrapped butterfly graph, deter-
mines the exact value for the directed case, and gives an
upper bound for undirected case. © 2008 Wiley Periodicals,
Inc. NETWORKS, Vol. 53(4), 329-333 2009
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1. INTRODUCTION

It is well known that a topological structure of a network
can be modeled by a connected graph G = (V, E), where V is
the set of processors and E is the set of communication links
in the network. The study of structural properties of a graph
is helpful for designing a suitable topology of a network.

In a communication network, in order to ensure that data
are rapidly and safely transmitted from the source to the des-
tination, a convenient way is to predefine a routing, which
specifies a path for each ordered pair of vertices, carrying
the data transmitted from the source to the destination. It is
possible that the fixed paths specified by a given routing pass
too frequently through certain vertices, which means that the
routing overloads the vertex. The load of any vertex is limited
by the capacity of the vertex, otherwise it would affect the
efficiency of transmission, even resulting in malfunction of
the network. To measure the load of a vertex, Chung et al. [5]
proposed the concept of the forwarding index. The forward-
ing index of a graph G is the minimum of the largest number
of paths specified by arouting passing through any vertex of G
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taken over all routings in G. Clearly, minimizing the forward-
ing index of a graph will result in maximizing the network
capacity. Thus, it becomes very significant to determine the
forwarding index of a given graph. However, Saad [22] found
that for an arbitrary graph determining its vertex-forwarding
index is NP-complete even if the diameter of the graph
is two.

It is still of interest to determine the forwarding indices of
some special class of graphs that have been used in design-
ing of networks as suitable topologies. Several authors have
studied different kinds of graphs, such as Heydemann et al.
[12] for hyper-cubes and undirected toroidal meshes, Hou
[14] for folded hypercubes, Xu and Xu [26] for augmented
cubes, Xu et al. [25] for directed toroidal meshes and gener-
alized hypercubes, Yan et al. [27] for cube-connected cycles,
and so on.

The butterfly graph has been extensively used in parallel
computer architectures as a suitable topology [4, 10, 19-21].
Some desirable properties of the butterfly graph has been
considered in the literature, such as the cycle structure and
hamiltonicity [1-3, 15, 24], the development of communi-
cation and routing algorithms [6,7, 16—18], and the spectra
[8,9]. In this article, we investigate the forwarding index of
a wrapped butterfly graph, determine the exact value for the
directed case and give an upper bound for the undirected case.

The rest of the article is organized as follows. In Section
2, we give some definitions and notations used here. The for-
warding index of a wrapped butterfly digraph is determined
in Section 3 and an upper bound of the forwarding index of
a wrapped butterfly undirected graph is given in Section 4.

2. PRELIMINARIES

Let G be a connected graph (or a strongly connected
digraph) of order n. A routing R of G is a set of n(n — 1)
paths R(u, v) specified for all ordered pairs (u, v) of vertices
in G. We define the load of a vertex v in a given routing R of G,
denoted by £ (G, R, v), the number of paths in R going through
v, where v is not an end vertex. The forwarding index of a
graph G with a routing R is the maximum number of paths in



R going through any vertex v and is denoted by &£ (G, R), that
is,

£(G.R) = max, £(G.R,v).

The forwarding index of G, denoted by £(G), is defined as
the minimum forwarding index over all possible routings of
G, that is,

§(G) =min£(G, R).

For given positive integers A and n,letZ,, = {0, 1,...,n—
1} be an additive group of integers modular n and Z, =
{xox1---xp—1 : x; € Za}. The wrapped butterfly digraph
B (n) has vertices labeled by ordered pairs (/;x), where / €
Z, (liscalledalevel)and x € Z", ;avertex (I; xox1 - - - X,—1) i8
adjacentto a vertex (I41;xp - - - xj—10X)41 - - - X,—1) forevery
o € Za. Clearly, Ba(n) is a strongly connected A-regular
digraph with order N = nA".

The wrapped butterfly graph UBa (1) can be defined from
Ba(n) by replacing each arc ((/;x), (I 4+ 1;y)) by an edge
{(;x), (I+1;y)}. Clearly, UBA (n) is a 2 A-regular graph with
order N = nA" forn > 3.

It is known that both Ba(n) and UBa(n) are Cayley
graphs. The diameter of Ba(n) is 2n — 1 and the diameter
of UB(n) is L%"J (see, for example, [8, 11,23,24]).

The following result is powerful for computing the for-
warding index of a Cayley digraph (or a Cayley graph).

Lemma 1 ([11,12]). IfG = (V,E) is a Cayley digraph (or
a Cayley graph) of order n, then, for any vertex u in G,

§G) = ) duyv)—(m—1),

veV\{u}

where d(u,v) denotes the distance from u to v in G.

3. THE FORWARDING INDEX OF B, (n)

The following two properties of Ba(n) can be found in

[8].

Lemma 2 ([8)]).
B (n), we have

For any two vertices (I;x) and (I';y) in

I'—1 ifxi = yi,
(@) ifl <1, then d((t:x),0',y) = pErster
n+1l —1 otherwise;
n—(>I=1) ifx; = yi,
(b) ifl < I, thend((;x), (I';y)) = I'<i<l
2n— (I —1) otherwise.
Lemma 3 ([8]). The wrapped butterfly digraph Ba (n) has
girth n.

In fact, any vertex (/; x) in Ba (n) lies on a unique cycle of
length n.

Lemma 4. Let (I;X) be a given vertex in BA(n) and 1 <
k <2n — 1. Then, in Ba (n),
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(1) there are A¥ vertices at distance k from (I;x) if 1 < k <
n—1;

(2) there are A" —1 vertices at distance k from (I;X) ifk = n;

(3) there are A" — A" vertices at distance k from (I;X) if
n<k<2n-1.

Proof. Because B (n) is vertex-transitive, we need only
to compute the number of vertices at distance k, | < k <
2n — 1, from the vertex (0;0). Note that in each level of
Ba(n), there are A" vertices.

Consider all vertices (/;xpx] - --x,—1) in the level [, 1 <
I < n— 1. By Lemma 2, the distance d((0;0), (/;x)) = [ if
xi = 0forl <i < n, or n+ [ otherwise. By the definition
of Ba(n) and Lemma 2, we can easily check that all vertices
at distance [ and n + [ from (0;0), 1 <[ < n — 1, must be
contained in the level /. So, the number of vertices at distance
[ from (0; 0) is A!, and the number of vertices at distance n + [
from (0;0) is A” — Al. The results (1) and (3) follow.

Consider the vertices in the level 0. All vertices at distance
n from (0; 0) are at the level 0 and the vertex (0; 0) lies on a
unique cycle of length n, thus, there are A" — 1 vertices at

distance n from (0; 0). The result (2) follows. .
Theorem 5. Let Ba(n) be a wrapped butterfly digraph.
Then
3n(n—1) n(A" —1)
B = A" — 1
£(Ba(n) : —+

Proof. Because Ba(n) is a Cayley digraph, by Lemma 1
we need only to compute Zv#u d(u,v) for any given vertex
u e V(Ba(n)).

By Lemma 4, we have

n—1 n—1
D d,v) =) i (A" = 1)+ Y (n+i)(A" = Al
v#EU i=1 i=1

n—1 n—1
=A"Y (n+i)—n) Al4nA"—1)

i=1 i=1

3 —1 A" — A
= MA” —n +nA" —n
2 A—1
_ 3n(n —1) AN n(A" —1) 4 AT
2 A—1
It follows that,
3 -1 A" —1
EBa(n) = =D pn_ 1 ) AT (A" — 1)
2 A—1
3 —1 A" —1
_ n(n )A,, _n( ) 41
2 A—1
as required. .

4. THE FORWARDING INDEX OF UBx (n)

Throughout this section, we assume thatn > 3. By Lemma
3, the girth of Ba(n) is n. Then, by the definition of Ba (n),
there is a unique shortest path between two given vertices in
Ba (n) with distance k, 1 < k < n — 1. Note that the girth of



UBA(n) is 4 (also see [16]), which implies that the shortest
path between two given vertices in UBa (n) with distance
k,2 <k < L%"J is not unique. This fact implies that the
structure of shortest paths in UBa (n) is more complicated
than the one in B (n). Hence, the computation of £ (UBa (n))
is more difficult than the one of £ (B (n)). In this section, we
give an upper bound for the forwarding index of UBa ().

Lemma 6. For any two distinct vertices (I;X) and (I';y) in
UBA(n) withl < I, we have

(a) ifl' =1 < |5], then

-1 ifxi=y,0<i<lor
) . ' <i<n,
d((;x), (I y) < n—(' =0 ifxi=yl<i<l,
n+ (' —1) otherwise;
(b) ifl' = 1> | 5], then
n—U'-0 ifx=y,l<i<l,
) .. -1 fxi=y,0<i<lor
d((;x), (I y) < I'<i<n,
2n— (' = 1) otherwise.
Proof. Ifx; =y, foreachi,0 <i<lorl' <i<n-—1,
then

Py:(sxp - Xp—1XX, 1 -+ - Xp—1) —>
(+ L5x0 - Xp—1yiXig1 - Xp—1) => -+
— (' = 13X0 - X1 V1Yi41 - Yr—2Xp—1 -+ Xn—1)
= (I'sX0 -+ Xp— 11+ Yr—1%0 - - - Xp—1)
is a path of length I’ — [ between (/;x) and (I';y); if x; = y;
foreachi,/ <i < I, then
Py 2 (X0 -+ X1—1X1X 141+ +  Xn—1)
= (L= Lixo - y—1XXig1 -+ - Xp—1) = -+
— (lxoy1 -+ yi—1x1++ - Xp—1)
= (05y0 - yi—1%1+ + - Xp—1)
= (n—=Lyo - Yi—1X1 -+ Xp—2Yn—1) = + -+
= (Y0 Yi—1X1 - Xp—1Yr -+ Yn1)

is a path of length n — (I — I) between the two given vertices;
otherwise, there is a path with n more steps than P; or P; to
reach (I';y), for example one can take the path from (/; x) to
(1, y) with n steps then to (I’; y) with I/ —l or n— (I' —I) steps.
Note that the paths constructed above may not be shortest
paths between (/;x) and (/’;y).

Therefore, the distance

I —1 ifx; = yi,0<i<I
orl' <i<n,
d(x),y) < 3n—0" =D ifxy=y,l<i<l,
min{n + (' = 1),
2n— (I' = 1)}  otherwise.
The result follows. "

Lemma 7. Let UBa(n) be awrapped butterfly graph. Then,
inthelevel IwithO <l <n-—1,

(1) there are A! vertices at distance at most | from (0;0),
A"V — 1 vertices at distance at most n — [ from (0;0),
and A" — A — A"1 4 1 vertices at distance at most
n+1from (0;0) for 1 <l <|5];

(2) there are A"! vertices at distance at most n — [ from
(0;0), Al — 1 vertices at distance at most | from (0;0),
and A" — A — A"l 4 1 vertices at distance at most
2n — 1 from (0,0) for l > |5];

(3) forl =0, let A; = {(O;x0x1 ---x;—10---0)]0 < x;—1 <
A}, 1 <i < |5]. Then eachvertex in A; is at distance at
most 2i from (0;0). Let B; = {(0;0---0x;---x,—1)|0 <
xi < A}, L%J + 1 <1i < n—1. Then each vertex in
B; is at distance at most 2(n — i) from (0;0). Let C =
[O:X)X £ 0) — UL A — Uiy 11 Bi- Then each
vertex in C is at distance at most n from (0;0).

Proof. The results (1) and (2) can be verified directly
from Lemma 6.
To prove (3), we note that

P1:(0;0) > (1;x0---0) = (2;x0x10---0) —> - --
— (i;xo---xi710~~~0)—> (l'_l;xO...xiil()...())_>
— (0;x0 - -xi—10---0)

is a path between (0;0) and (O;xp---x;—10---0) € A; of
length 2i for 1 <i < L%J, and

Pr:(0;0) > (n—1;0---0x,_1)
— (n—2;0---Oxp_pxp—1) = -+~
— (laOO-xl-xn—l)_) (l+1700-xl-xn—1) NG

- m—=1;0---0x; - x3—1) = (0;0---0x;- - - xp—1)

is a path between (0;0) and (0;0---0x;---x,—1) € B; of
length 2(n — i) for | 5] + 1 <i < n— 1. Hence the first and
the second statements of (3) follow. The third statement of
(3) follows from (a) of Lemma 6 directly. "

It is easy to compute that |A;| = Al — Al for1 <i <
151, 1Bil = A" — A" =l for 4]+ 1<i<n—1,and

|_§J n—1
ICl=A"=Y A= Y [Bil-1=A"—ABEI_AlT 4y
i=1 i=[2]+1

Theorem 8. Let UBa(n) be a wrapped butterfly graph.
Then

5n* —4 . .
A on (A 4 AT 4 Bnt 1),

§WUBA(mM) < —
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Proof. By Lemma 7, we have

> d((0:0), (1:x))
1;x7#(0;0)
[n/2]
= [ml F—DA — 1
=1
F 4+ DA — Al — A" 4 1)]

2 e

— DA Al —1)

m\&

+Qn—D(A" — A Al 4 1)]
4] n—1
+) 2iA =AY+ Y 2 —i)
i=1 i=[3]+1
% (An—i _ An—i—l) —i—n(A" _ AL%J _ A’—%]_l + 1)
[n/2]

[(n L DAY —nAl —21A" — 1)]

~

=1
4 [(Zn — A" — A" — 2 — 1Al — 1)]

2]
+Y 2ual - A + Z 2(n—1)

=1 I=15]+1

x (A" — AT (AT — AL - AT 1)

n/2]

Z(n+l)+ Z @en—10] A"

I=5]+1
Ln/2]
ny s 3 an
I=[5]+1
n/2]

-2 Z (A" — Al AT 1)
=1
n—1
-2 Y (= -AT A o
I=[3]+1
+n(A" — AL

Ln/2]

< Z(n+l)+ Z Qn—1) | A"

I=5]+1

—n(Aalz 4 ATSTT —2)

—I—n(A"

5n% — 4n

P O—
= 4

_ AT )

— AL Al 1)

A"+ n(A" =241 —2ATET 4 3),
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the fourth inequality follows from

> n(Alzl —1),

> n(Ar%Pl — 1)

HZAnl .

I=[5]+1

and A" T Al AT 1 s> 0, Al AT A I-11 5 .

It follows from Lemma 1 that

§(UBA(n)) = Z d((0;0), (1;x)) — (nA" — 1)

Lx#(0;0)
< —5"24_ AT 4 (A" — 2818
—2A1T7 1 3) — (nA" — 1)
< —5”24_ A 2n(AL + AT 4 (3n+1)
as required. The result follows. n

Remark. In [12], Heydemann et al. proved that for any
graph G of order n, maximum degree A,

(i) 26(G) +2(n—1) < An(G),
(ii) 1(G) =€ (G) +2(n — 1),

where 7 (G) denotes the edge-forwarding index of G.

In [23], Shahrokhi and Székely proved that the edge-
forwarding index of UB(n) is equal to 5T"ZZ”_I(Z + o(1)).
Then by (i) and (ii), it is not difficult to compute that

5n? 71
[T(l +o(1)) — 4ni| 2" +2 < 6(UBx(n))
5n? "
= I:T(l +o(1)) — n:| 2"+ 1

Clearly, the upper bound given in Theorem 8 is less than the
above upper bound.
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