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Reliability analysis of varietal hypercube networks
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Abstract; As a variations of the hypercube network, the n-dimensional varietal hypercube VQ,,,
proposed by Cheng and Chuang in 1994, has many desirable properties of the hypercube such as
regularity and recursive structure. It was shown that the connectivity and the edge-connectivity of
VQ), are both equal to n, the restricted connectivity and the restricted edge-connectivity are both
equal to 2n — 2, which implies that at least 2n — 2 vertices of VQ, are removed to get a
disconnected graph without isolated vertices.
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0 Introducti disconnected. The connectivity x(G) (resp. , the
ntroauction .. . .
edge-connectivity A (G)) of G is defined as the

Throughout this paper, a graph G= (V, E) minimum cardinality of a vertex-cut (resp., an

always means a connected and simple graph with edge-cut) S. It is customary to define x(K,)=n—1,

vertex-set V and edge-set E. We follow Ref. [1]
for graph-theoretical terminology and notations not
defined here. A set of vertices (resp. » edges) S of
G is called a vertex-cut (resp. , an edge-cut) if G—S
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where K, is a complete graph of order n.

It is well known that when the underlying
topology of an interconnection network is modeled
by a graph G = (V, E), where V is the set of
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processors and E is the set of communication links
in the network, the connectivity x (G) and the
A(G) are two

reliability and fault

edge-connectivity important

parameters to measure

tolerance of the network. The parameters,
however, have an obvious deficiency, that it to
tacitly assume that all elements in any subset of G
can potentially fail at the same time. In other
words, in the definition of « (G) or A (G),
absolutely no conditions or restrictions are imposed
either on the set S or on the components of G—S.
Consequently, to  compensate for  these
shortcomings, it would seem natural to generalize
the mnotion of the classical connectivity by
introducing some conditions or restrictions on the
set S and/or the components of G—S.

Bauer et al® suggested the concept of the
super connectedness. A connected graph G is said
to be super vertex-connected ( resp., edge-
connected), if every minimum vertex-cut (resp. ,
edge-cut) isolates a vertex of G. Esfahanian and
Hakimi"** of the
restricted cut and the restricted connectivity of a

graph. A set SCV(G) (resp. » SCE(G)) is called

a restricted vertex-set (resp. . edge-set) if it does

introduced the concepts

not contain the neighbor-set of any vertex in G as
its subset. A restricted vertex-set (resp., edge-
set) S is called a restricted vertex-cut (resp. ,
edge-cut) if G— S is disconnected. The restricted
vertex-connectivity (resp., edge-connectivity) of
G, denoted by & (G) (resp., A" (G)), is the
minimum cardinality of a restricted vertex-cut
(resp., edge-cut) in G. From definitions, the
following proposition holds, clearly.

Proposition 0.1 ILet G be a k-regular graph.

DIf £ (G) exists and ¥ (G) >k (G)=Fk, then G
must be super vertex-connected.

@I 1’ (G) exists and A (G)>A(G) =k, then G
must be super edge-connected.

Thus,

reliability and fault tolerance of a network, the

as an important measurement for

restricted connectivity is more accurate than the

classical connectivity, and has recently received

much attention (see, for example, Refs. [5~12]).
The restricted connectivity and the restricted edge-
connectivity of many well-known graphs were
determined by several researches, for example,
Refs. [3,13~17].

In the present paper, we consider the n-
VQ,, as an
attractive alternative to the hypercube Q, proposed

by Cheng and Chuang™® in 1994. It was proved

dimensional varietal hypercube

that VQ, has many desirable properties of Q, such

as regularity and recursive structure. In addition,
. . 2n | .
its diameter (? is smaller than that of Q, for n=

3. However, its reliability and fault tolerance has
not been investigated in the literature so far. We
show that «(VQ,) =1(VQ,) =n and ' (VQ,)=
A (VQ,)=2n—2. These results can provide more
accurate measurements for reliability and fault
tolerance of the system when VQ, is used to model
the topological structure of a large-scale parallel

processing system.

1 Definitions and lemmas

The n-dimensional varietal hypercube VQ, is
the labeled graph defined recursively as follows.
VQ, is the complete graph of two vertices labeled
with 0 and 1, respectively. Assume that VQ,—; has
been constructed. Let VQJ-; (resp. VQL. 1) be a
labeled graph obtained from VQ, -, by inserting a
zero (resp. 1) in front of each vertex-labeling in
VQ,-.. For n>1, VQ, is obtained by joining
vertices in VQ! 1 and VQ)-, , according to the rule:
a vertex x=0x, 12, 2,3 T2 In VQ°_ | and a
vertex y = 1y,-1 Yoz Yus = 32y in VQ, are
adjacent in VQ, if and only if

D21 Ty X *** T2 21 = Yot Yz Vs o 31 i
n7#3k, or

@5 2321 = Yuos > yoy1 and (2,1 Tp—s s
Vo1 Yu2) €1 if n=3Fk, where

I = {(00,00),(01,01),(10,11),(11,10)}.

Fig. 1
hypercubes VQ, for n=1, 2, 3 and 4.

The varietal hypercube VQ, was first proposed

shows the examples of varietal
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V0,
Fig. 1 The varietal hypercubes VQ, . VQ, ., VO3 and VO,

[18]

as an attractive

by Cheng

alternative to the n-dimensional hypercube Q,.

and Chuang

Like Q,, VQ, is an n-regular graph with 2" vertices
and 72" ! edges. In addition, VQ, has a diameter of

(%ﬂ , smaller than that of the hypercube Q, for

n=3. It was shown that VQ, has optimal routing
and broadcast algorithms which guarantee the
shortest path communication. It was also shown
that the ring and mesh structures can be embedded
into VQ, with dilation 1. These properties of the
varietal hypercube will make it attractive for large
scale interconnection networks.

From the definition, the varietal hypercube
VQ, has a simple recursive property, that is, VQ,
can be constructed from VQJ)-, and VQ)-, by
adding 2" ! edges, called cross-edges, connecting
all pairs of vertices between VQ!-, and VQ!-,. For
convenience, we express VQ, as VQ, = L OR,
where L =VQ!_, and R=VQ,-,, and denote by
x1.xg the cross-edge connecting x; € L. and a1z €R.
The recursive structure of VQ, gives the following
simple property.

Lemma 1.1 Let VQ, =L ®R with n=>2.
Then every vertex x; € L has exactly one neighbor
xr in R connected by the cross-edge x; k.

Using this simple observation and the
recursive property of VQ,, we can also obtain the
following property easily.

Lemma 1.2 VQ, contains no triangle and any

two nonadjacent vertices in VQ, have at most two
common neighbors for n—>2.

Proof We proceed by induction on n=2. If
n=2 there is nothing do to since both VQ} and VQ}
are cycles of length four. Assume the induction
hypothesis for n—1 when n—>2. Let n—=3 and
VQ,=L®R, where L=VQ} |, and R=VQ! ,. By
the induction hypothesis, neither . nor R contains
triangle and any two nonadjacent vertices have at
most two common neighbors for n==2.

If VQ, contains a triangle C;, then, by the
induction hypothesis, exactly two edges of C; are
cross-edges with a common end-vertex, which,
however, contradicts Lemma 1. 1.

Let x and y be two nonadjacent vertices in
VQ,. By the induction hypothesis, without loss of
generality, assume x=x; € L and y=yz € R. By
Lemma 1.1, x; and yi have at most one common
neighbor xx € R and at most one common neighbor

YL cL. D

2 Connectivity of varietal hypercube

VO,

In this section, we determine the
connectivity, the super connectedness and the
restricted connectivity of VQ,. We first consider
the connectivity of VQ,.

Theorem 2.1 «(VQ,)=A1(VQ,)=n for n=>1.

Proof By Whitney's inequality (see Theorem
4.4 in Ref. [1]), we have «(VQ,) <A1 (VQ,) <
0(VQ,)=n. Thus, in order to prove the theorem,
we only need to prove k(VQ,)=n. We proceed by
induction on n—=1. The assertion is true if n=1
since VQ, is a complete graph K,. Assume the
induction hypothesis for n —1 when n=>2. To
prove k(VQ,)=n, we only need to show that for
any subset FCV(VQ,), if | F|<{n—1 then
VQ,—F is connected.

Let VQ, =L ®R, and let F, = F()L, and
Fr=FR. Then at least one of L—F, and R—Fg
is connected by the induction hypothesis. We can,
without loss of generality, suppose that R— F is

connected. We show that any vertex u; in L —F,
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can be connected to some vertex in R — Fy. Let
urug be the cross-edge in VQ,=L®R. If ugx & Fy,
then we are done. So we assume that ug € Fkg.
Consider N=Nvyq, (u), which is the neighbor-set
of uy in VQ,. Since |N|=n>n—1=>|F|, there is
a vertex x; € N such that both x; and xy are not in
F. This implies that «; in L—F; can be connected
to the vertex xp in R—F% via the cross-edge x; k.
Thus, we show that | F|>=n for any vertex-cut F
in VQ,, that is, «(VQ,)=|F|>=n. The theorem
follows.

We now determine « (VQ,). Clearly, £ (VQ,)
and ¢ (VQ,) do not exist. When n>>3, we have
the following theorem.

Theorem 2.2 « (VQ,)=2n—2 for n=>3.

Proof We first show « (VQ,)<2n—2 for n=>
3. It is easy to verify that « (VQ;) <4 and
« (VQ,)<<6. Suppose n=5 below. Let u« and v be
two adjacent vertices in VQ, and let S= Ny, (usv),
which is the neighbor-set of {u,v} in VQ,. Then
| S| =2n—2 since VQ, is n-regular and contains no
and VQ, — S is

disconnected since 2" — (2n—2) —2>=2. Because

triangle by Lemma 1.2,
n—=5 and any two distinct vertices have common
neighbors at most two by lLemma 1.3, the
neighbor-set Ny (x) is not included in S for any
xeVVQ,). This fact shows that S is a restricted
vertex-cut of VQ,. Thus £ (VQ,)<|S|=2n—2
for n=3.

We now prove ¥ (VQ,)=2n—2. To the end,
we only need to show that for any restricted
vertex-set F in VQ, , if |F|<{2n—3 then VQ, —F
is connected.

Let VQ,=L ®R, and let F, =F ()L, and
Fr=FNR. Obviously, F, NFr=. Thus, either
|F | <n—2or |Fr| <n—2. We can, without
loss of generality, suppose that | Fr|<{n—2. Then
R—F% is connected since k(R) =x¢(VQ,—1)=n—1.
We show that any vertex u; in L — F, can be
connected to some vertex in R— Fg. Let wur be
the cross-edge in VQ,=L®OR. If ux & Fg, then we
are done. So we assume that uz € Fg. Since F is a

restricted vertex-set, there exists a vertex v,

adjacent to u;. in L—F;. Consider N=Nyq (uy, v.),
the neighbor-set of {u;,v.} in VQ,. Since |N|=
2n—2>2n—3, there is a vertex x; € N such that
neither x; or xy is in F. This implies that u; in
L—F, can be connected to the vertex xx in R—Fy
via the cross-edge x;xk.

Thus, we show that | S| =>=2n— 2 for any
restricted vertex-cut S in VQ,, that is, « (VQ,) =
|S|>=2n—2. The theorem follows. ]

Corollary 2.3 VQ), is super vertex-connected
for any n—>1.

Proof Since VQ, is a complete graphs K, and
VQ., is a cycle of length four, they are super
vertex-connected clearly. By Theorem 2.1 and
Theorem 2.2, we have « (VQ,) =2n—2>n=
«(VQ,) for n==3. By Proposition 0.1, VQ, is also
super vertex-connected for n==3. L]

Theorem 2.4 ) (VQ,)=2n—2 for n=>2.

Proof Consider an edge xy in VQ, and the set
of its adjacent edges E(xy)={e€ E(VQ ) \{xy}:
e=xu or e=yucEWVQ,), ucVVQ,)}. Clearly,
VQ,—E(xy) is disconnected and |E(xy) | =2n—2
since VQ, is n-regular. Since VQ, contains no
triangles, VQ, — E (xy) contains no isolated
vertex, thus, E(xy) is a restricted edge-cut of
VQ,. This gives 2" (VQ)<<|E(ay) [ =2n—2.

We now show ) (VQ,) =2n — 2. Clearly,
A (VQ,)=2. We assume that n==>3 and F is a
restricted edge-set of VQ,. We need to prove that
if | F|<{2n—3 then VQ, — F is connected. Let
VQ,=L ®R. Then at least one of two (n—1)-

dimensional varietal hypercubes L. and R contains
elements in ' at most LZLZ_BJ <n—2. Without

loss of generality, assume that L contains elements
in F' at most n—2. Then, by Theorem 2.1, L—F
is a connected spanning subgraph of L. In order to
prove that VQ, — F is connected, we only need to
show that any vertex xyx in R can be connected to
some vertex in L—F(E(L).

If the cross-edge x;xk is not in F, then there
is noting to do. Suppose that x;xx € F. Since F is

a restricted edge-set, there exists an edge xryr in
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R such that xpyr & F. Since VQ, contains no
triangle by Lemma 1. 2, | Nvq, (s yr) | =2n—2>
2n—3. I yyyr & F, we are done. If y,yr € F, then
there exists at least one vertex ui € Nvg, (s yr) such
that the cross-edge uyuy is not F and either xzuy or
yrug is not in F. Thus, ak can be connected to the
vertex u; in L via the vertex ug and the cross-
edge upug.

Thus, we show that | S| >=2n— 2 for any
restricted edge-cut S in VQ,, that is, A" (VQ,) =
|S|=2n—2. The theorem follows. ]

Corollary 2.5 VQ, is super edge-connected if
n+2.

Proof Since it is a complete graph K,, VQ), is
super edge-connected clearly. VQ, is a cycle of
length four, it is not super edge-connected. By
Theorem 2. 1 and Theorem 2. 4, we have

AVQ,) =2n—2>n=2VQ,)
for n==3. By Proposition 0.1, VQ, is super edge-
connected for n=3. ]
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