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1 Introduction and Statement of Results

The critical group of a connected graph is a finite abelian group whose structure is a subtle
isomorphism invariant of the graph. It is closely connected with the graph Laplacian.

Let G = (V,E) be a finite connected graph without self-loops, but with multiple edges
allowed. Then the Laplacian matrix of G is the |V| x |V| matrix defined by

d(u), if u=w,
L(G)yy = (1.1)
—Qyy, if u# v,
where a,, is the number of the edges joining u and v, and d(u) is the degree of w.

Regarding L(G) as a homomorphism Z!V! — ZIV! its cokernel coker(L(G))=ZIV! /im(L(G))
is an abelian group. For 1 <i < |V, let ¢; = (0,...,0,1,0,...,0)* € ZIVI be the i-th standard
basis, and z; be its image in coker(L(G)). We know that coker(L(G)) is determined by the
generators w1, ...,y and the relations (z1,...,2y|)L(G) = 0. Since L(G) is symmetric, we

can rewrite the relations as follows:
lnzy + higze + -+ lyyjzv) = 0,

lo171 + l22z2 + -+ + lojy 2y = 0,
(1.2)

Z|V‘1.’L'1 + l‘v|2$2 + -+ llVHV|x|V\ =0.

Two integral matrices A and B are equivalent (written A ~ B) if there are unimodular
matrices P and @ such that B = PAQ (an integral matrix P is unimodular if P71 is also
integral, i.e., if det P = £1). Equivalently, B is obtainable from A by a sequence of elementary
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row and column operations: (1) the interchange of two rows or columns, (2) the multiplication
of any row or column by —1, (3) the addition of any integer times of one row (resp. column)
to another row (resp. column).

It is easy to see that A ~ B implies that coker(A) = coker(B). The Smith normal form
is a diagonal canonical form for our equivalence relation: Every m x n integral matrix A is
equivalent to a unique diagonal matrix diag(s1(A),...,s,(A)), where s;(A) divides s;41(A) for
i=1,2,...,n— 1. The i-th diagonal entry of the Smith normal form of A is usually called the
i-th invariant factor of A. We will use the fact that the values s;(A) can also be interpreted as
follows: For each 4, the product s1(A)s2(A)---s;(A) is the greatest common divisor of all  x 4
minors of A.

The classification theorem for finitely generated abelian groups asserts that coker(L(G))
has a direct sum decomposition

coker(L(G)) = (Z/tZ) & (Z/t2Z) ® - - - & (Z/t)v|Z) (1.3)

where the nonnegative integers ¢; are the diagonal entries of the Smith normal form of the
relation matrix L(G), of course, they satisfy that ¢; divides t;41 (1 < ¢ < [V|). Since G
is connected, it is not hard to see that L(G) has rank |V| — 1, and the kernel of L(G) is
spanned by the vectors in R!V! which are constant on the vertices. It follows that ty) =0 and
tr b1 # 0.

Now we can write

coker(L(G)) = ZV1 /im (L(Q)) 2 Z & K(G), (1.4)

where
K(G) = (Z/0Z) & (Z/t:sZ) & - - & (L/t)y| 1 Z) . (1.5)

The finite abelian group K(G) is defined to be the critical group of G. And we will call
the positive integers t1,...,ty|—1 the invariant factors of K(G). The critical group K(G) is
also known as the Picard group and the Jacobian group of G in [1-3], while in the physics
literature it is known as the abelian sandpile group, and it has a close connection with the
critical configuration in a certain dollar game on G, see [3, 4]. For the general theory of the
critical group, we refer the reader to Biggs [2, 3], Godsil [4, Chapter 14], Cori, et al. [5, 6],
Dartois et al. [7], and Bacher, et al. [1].

The well-known Kirchhoff’s matrix-tree theorem [4, Theorem 13.2.1] shows that t; - - - £jy/|_1
equals the number x of spanning trees of G. It follows that the invariant factors of K(G) can
be used to distinguish pairs of non-isomorphic graphs which have the same x, and so there is
considerable interest in their properties. If G is a simple connected graph, then its Laplacian
matrix L(G) has some entry which is equal to —1. Since the invariant factor ¢; of K(G) is
equal to the greatest common divisor of all the entries of L(G), it follows that ¢; must be equal
to 1. But the other invariant factors of K(G) are not easy to be determined.

Compared to the number of the results on the spanning tree number x, there are relatively
few results describing the critical group structure of K(G) in terms of the structure of G.
Recently, there are some families of graphs for which the critical group structure has been
completely determined: wheel graphs [3]; cycles [8]; complete graphs [9]; complete multipartite
graphs and cartesian products of complete graphs [10]; a subclass of the threshold graphs [11];
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the Mé&bius ladder graphs [12]; the Cayley graph D,, of the dihedral group [7]; the square cycle
graphs C2 [13]; etc.

Given two disjoint graphs G; = (V1, E1) and Go = (Va, Es), the Cartesian product of them
is denoted by G x Ga. It has vertex set Vi x Vo = {(u;,vj)|u; € Vi,v; € Va}, where (uq,v1) is
adjacent to (ug,vs) if and only if u; = ug and (vy,v2) € Es, or (u1,us) € Fy and v; = ve. One
may view GG1 X G as the graph obtained from Gy by replacing each of its vertices by a copy
of Gy, and each of its edges by |V1] edges joining the corresponding vertices of G in the two

copies.

Vo,1 V1,1 V2,1 Un—2,1 Un—-1,1

V0,0 V1,0 V2,0 Un—2,0 Un—1,0

Figure 1 Graph K., x Cp,

The structure of the critical group of K,, x P, has been obtained in [14], where K, is the
complete graph on m vertices and P, is the path on n vertices. In this paper we will describe
the structure of the critical group on K,, x C, with n,m > 3, where C,, is the cycle on n
vertices. From the definition of the Cartesian product of two graphs, it is easy to see that
there are n layers of K,, x C,, each of which is a copy of K,,,. Let Z,, denote Z/nZ. Then for
1 € Ln, j € L, we may let v; ; denote the j-th vertex in the i-th layer of K,, x C},. The vertex
v;; is adjacent to vertices v;; with [ =i+ 1 (mod n), and to the vertices v; i, k € Zy,, k # j
(see Figure 1).

Before the main result can be stated, we need some technical definitions.

If m is a positive integer, let o = }(m+2++vm?2 +4m), B = 1 (m+2—+/m? + 4m). Then

for p € Z, we set u, = aiﬁ (aP — BP), vy :=aP + (P, 7, := ;L(p — Up), hyp = up + Upt1, and
gp = Tp + Tpy1. For the integers aq,as, ..., ar, we will let (a1, a9, ..., ar) denote their greatest
common divisor, and use a1 | az | - -+ | ax to mean that ay divides ag, as divides a3, etc.

Now, we can state our main result in this article as follows:

Theorem 1.1  Ifn=2s+ 1, the critical group of K., x C,, (m,n > 3) is

Zing,)®ZLn, ®Ln, © - O Ln, ® Ly ® Linn, O+ © Linn, © Ly,
~ ~ - ~ ~ -
m—2 m—3
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nmhg

where v = (nh; )(n, hs) and ¢ = (-
If n = 2s, the critical group of K, x C,, (m,n > 3) is

Z(u3727—s) & ZC ® Z(m72)us - Z(m72)us & Zn & Zp @ Zx S D Zx & ZEv
~ ~ - ~ ~ -
m—3 m—3

where
Us (n7 Us, 47—5)
(us,215)

us(m, 2) (n,us — 475)

(=

)

(n, us,47s)
_ (m + 4)us (mn, (m + 4)us, 2n)
(n,us — 475) (m, 2) ’
_ m(m + 4)u,
(m,2)
nm(m + 4)u,
(mn, (m+4)us, 2n)

&=

An immediate consequence of Theorem 1.1 is the following corollary.
Corollary 1.2  The spanning tree number of K,, x C,, is

n ((m+2+\/m2+4m)n+ <m+2—\/m2+4m)n_2)ml
2 2 '

m

2 Propositions and Lemmas

We first present some obvious and some less obvious propositions of the sequences u,, vp, 7p,
hy, and gp,.

Note that o F 8P = (a+ B)(a?P~ L F 8P71) — aB(aP~2 F 4P~2). With the above definitions,
it is easy to see that a + 3 =m + 2 and a8 = 1. So we have the following Proposition 2.1.

Proposition 2.1  If p is integral, then

up = (M + 2)up—1 — up_2,
u =0, wu =1,
0 ! (2.1)
vp = (M + 2)vp_1 — V2,
vo =2, vi=m+2.
From (2.1), it is easy to see that for every integer p, u, and v, are integral. The following

Proposition 2.2 can be proved by induction on p.

Proposition 2.2  If p is integral, then
up =p (mod m), v, =2 (mod m). (2.2)

By (2.2), we see that m | (p — uy), i.e., 7, is integral for p € Z. In fact, we further have the
following Proposition 2.3.

Proposition 2.3  If p is integral, then

Tp=(Mm+2)Tp_1 —Tp—2— (p—1). (2.3)
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Proof Since u, = p — mm,, it follows from Proposition 2.1 that p — m7, = (m + 2)(p —

1-m7p_1) — (p — 2 — mTp_2). So m7, = m(m + 2)7,_1 — m7p_2 — m(p — 1), and then (2.3)

holds. (]
Proposition 2.4  If p is a nonnegative integer, then
Up—1Up+1 — Up — L+ (Ups1 — up—1)
5 mh?, ifp=2s+1, (2.4)
=V, — =
: m(m +4)u2, if p=2s.
Proof A direct calculation can show
Up—1Up4+1 — U;2; =1+ (upt1 — up-1)
Pl — gr=l qptl _ grtl a? — P\ 2 aptl — gl gp=1 -l
- . _ -1 _
- wn () (L )
=—1-14+a?+p8P =v, - 2.
So the first equality of (2.4) holds. Now we verify the second equality.
If p=2s+1, then
h2: s S2: m s+1 _ ps+1 s s)\2
mhg m(u+1—|—u) (0*5)2(0[ ﬁ +a ﬁ)
_ m (a2s+2+623+2+a25+525+2025+1+2/82s+17272720[725)
m2 +4m
1
= m+4((m—|—4)vp—2(m+4)) = v, — 2.
If p = 2s, then
m(m + 4) S S S S
(mtdul=" " g (@ =F) =+ 5" —2=v,-2. O
Proposition 2.5 If p is integral, then
hsv pr =25+ 17
(upt1 — 1, up) = (up, up—1 +1) = (2.5)
(mv 2)“5; if p=2s.
Proof For i € 7Z, set 0; := up_; + u;. Note that a3 = 1 implies that u_; = —u;. Then it
follows from (2.1) that
Oit1 = Up—i—1 + Uip1 = —Uip1—p + Uit1
= —((m +2)ui—p — uj—1-p) + (M + 2)u; — uj—1
= (m + 2)“1)71' + Uj—1—p + (m + 2)’&7, — Uj—1
= (m + 2)(up—i + ;i) — (Up—(i—1) + Ui-1)
= (m+2)0; —0;_1. (2.6)

Here we are using the fact that (a,b) = (a,azx —b) for a,b,z € Z. Thus
(upt1 — 1, up) = (0-1,00) = ((m + 2)6 — 0_1,60) = (61,00)
= (up, up—1+1).
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Moreover, (0o, 01) = (01, (m +2)01 — 0y) = (01,02) = -+ = (05-1,05), where s = VSJ
If p=2s+1, then 051 = ugyo +us—1 = (m+ 1)hs and 05 = us41 + us = hs. Thus
(9571;95) = hs~

If p=2s, then O5_1 = us11 +us—1 = (m+ 2)us and 05 = 2u,. Therefore,

(05-1,05) = (M+2)us, 2us) = (m, 2)us. O
The following Lemmas 2.6 and 2.7 will be used in the proof of Theorem 1.1.
n  Tp_1 Tn
Lemma 2.6 ForneN, let B= (8 Th=Tn—1 Tn+171n> and diag(s1(B), s2(B), s3(B)) be its
Un Un+1—

Smith normal form.
If n=2s+1, then

Sl(B) = (n798)7

s2(B) = hs, (2.7)
nhg
ss(B) = (n,9s)

If n = 2s, then
s1(B) = (us, 275) ,
ug (N, us — 475)

(us7 27'.9) ) (2.8)
n(m + 4)us

SQ(B) =

s3(B) = (n,us — 475) .

Proof Recall that s1(B) equals the greatest common divisor of all entries of B. So

SI(B) = (n;TnflaTnyTn — Tn—1,Tn+1 — Tn, Un, Un1 — 1)
= (naTnflanaTnJrl;unaunJrl - ]-)

Since we have (2.3) and

Up = N — MTy,
Upt1 — L= (m~+1)n+mr,—1 — m(m+ 2)7,,

it follows that
1

51(B) = (0, Tn, Tn—1) = (n o (= 00), ;(n — 91)) . (2.9)

From (2.6), we have ! (n—6;) = (m+2)! (n—60y) = ! (n—6y) —n. Therefore

I
TN L TN

where s = [} |.
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e If n =25+ 1, then 051 = usy2 + us—1 = (m + 1)hs and 05 = us41 + us = hs. There
results that

1 1
B) = - )hy), —hy) ) = (n,gs). 2.10
2(8) = (| (= G D). | 0 1)) = (0.0 (2.10)
o If n = 2s, then 051 = us41 + us—1 = (m + 2)us and 05 = 2us. There results that
1 1
1(B) = () (0= (D). | (0= 20)) = @s.2r0) = (un2r). (21
m m
Recall that s;(B)s2(B) equals the greatest common divisor of all 2 x 2 minors of B. So

51(B)s2(B) = (A11, A2, A1z, Aoy, Ao, Aoz, Agy, Aga, Ass),

where A;; is the determinant of the submatrix formed by deleting the ¢-th row and j-th column
of B for 1 <14, 5 < 3. It is straightforward to see that

Tn — Tn—1 Tn+1 — Tn 1 2
Ay = det = m(unflunJrl — Uy — 1+ (UnJrl - Un,1))
Uy, Upt1 — 1

0 Th+1—Tn

0 Unp+1 — 1

0 Tn — Tn—1

A13 = det = 0,
0 Unp,
Tn—1 Tn
Ay = det = ((n=1—=up—1)(tupy1—1) — (n— up)uy)
Uy Upy1 — 1 m
1 2
= m(n(un+1 -1- un)) - (un—lun-l-l —u, — 1+ (un-l-l - un—l))
(2.4) 1
= n(th — Tnt1) — (vn —2);
n Tn
Agy = det =n(upt1 — 1);
0 Un+1 — 1
N Tp_
A23 = det ! = NUn,;
0 u,
Tn— Tn
Agl = det !
Tn — Tn—1 Tn+4+1 — Tn
1
= 2 (n—=1=up-1)(Un —tUnt1+1) — (0 —up)(tn_1+1—1up))
1
m2 ((Un—1tins1 —ui = 1+ (=1 + Ung1)) + 20, — n(Upi1 + Un-1))
(2.4)

(2.4) (07,—2

1
— NUy,);
m: m
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n Tn
Agg = det = n(Tn+1 - Tn);
0 Tnt1—Tn

n n—
Azz = det -l =n(Tp — Th—1).
Tn — Tn—1
Note that Agg = A23 + Agg, Agl = —A32 - All and All = mAgl + A23. Recall that
0; = up_; + u;, SO
51(B)s2(B) = (Azz2, Mgz, Agy, Aszz)
1 (v, —2
= (n(un+1 — 1), nuy, ('U - nun) y(Trg1 — Tn))
m

m

= (n@l,ngo, ; ('Unn; 2 - 77,00), :;(90 - 91)) . (212)

With the aid of (2.6), it is easy to verify that " (6 —60_1) +nby = | (01 — 6p). Moreover,
we have ! ("n~% —nfy) — " (61 — 6p) = ! ("% —nfy). From (2.12), it follows that

s1(B)sa(B) = <n90,n01, 01— 0), | <“”m 2_ n91>)

m m
1 -2
= (n@l,nQQ, " (92 — 01), (Un — n92>)
m m\ m
- <n951,n05, (0, =05 1), * (”” —Z_ n95>> , (2.13)
m m\ m

where s = [} |.

o Ifn=2s+1, then 51 = us42+us—1 = (m+1)hs and 6; = hs. So from (2.4) and (2.13),
we can see that

s1(B)sa(B) = <n(m + 1)y, nhy, nhs, ;(hﬁ - nhs)>
=t () =) = i) (2.14)

o If n.=2s, then 05,1 = usy1 +us—1 = (m+ 2)u,, and 05 = 2us. So from (2.4) and (2.13),
we can see that

ss(B)sa() = (wbsintl (0.~ 0m2), L (40— 200
_ <nu Y (m a2 - 2nus)>
— e () (o +- 00— 20))

= ug (n,us — 475) . (2.15)

- 3

Recall that s;(B)sa(B)ss3(B) equals the determinant of B. So
n
Sl(B)SQ(B)S3(B) = det(B) = TLAll(B) = m(Un — 2)
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Thus we have
s1(B)s2(B)s3(B) = nh?, ifn=2s+1,

(2.16)
51(B)s2(B)s3(B) = n(m + 4)u?, ifn = 2s.

Combining (2.10), (2.11), (2.14), (2.15) and (2.16), we obtain the formulas (2.7) and (2.8). O
Lemma 2.7 Forn € N, let W = (u”’ﬁl o >7 and diag(s1 (W), so(W)) be its Smith

Un Up41—1

normal form.
If n=2s+1, then

If n = 2s, then
Sl(W) = (mv 2)“57

s2(W) = m(7(”'”bm+2‘§)“8

Proof Recall that s1(WW) equals the greatest common divisor of all the entries of W. So
s1(W) = (tn—1+ 1, un, tnt1 — 1) = (un—1 + 1, un)

, W) = hs, ifn=2s+1,

ey ) aW) e (2.17)
s1(W) = (m,2)us, ifn=2s.

Recall that s1(W)s2(W) equals the greatest common divisor of all 2 x 2 minors of W. So

s1(W)so(W) = det(W) = up_1tpy1 — u2 — 1+ (g1 — Upn_1)

29 51(W)sa(W) = mh2, ifn=2s+1, (2.18)
s1(W)se(W) = m(m + 4)u?, ifn=2s.
Combining (2.17) and (2.18), we can obtain
mhs, ifn=2s+1,
s2(W) = 771(7(nmaj2é§)us7 o — 9% (2.19)

3 Proofs of Theorem 1.1 and Corollary 1.2

Observe that the critical group of graph G is completely determined by the cokernel of L(G).
Thus, it is sufficient to compute the Smith normal form of the Laplacian matrix L(G).

The proof of Theorem 1.1 contains the following steps:

(1) First, we prove that there is a matrix A € Z?™*?™ such that L(G) ~ Lym_2m ® A
(see (3.9) and (3.10)).

(2) Next, we prove there are two matrices B € Z**3 and W € Z?*2 such that A ~
0, B® l/V &) o & I/Ii; the Smith normal forms of B and W are given in Lemmas 2.6 and 2.7

m—2
respectively.

(3) Finally, we compute the Smith normal form of A from those of B and W.
After the three steps, the Smith normal form of L(G) will be obtained.
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Step 1 Now we work on the system of relations of the cokernel of the Laplacian of K, x C,,.
Let e;; = (0,...,0,1,0,...,0)" € Z™", whose unique nonzero 1 is in the position corresponding
to vertex v; j, and let z;; be its image in coker(L(K,, x Cy)). Then it follows from the
relations (1.2) of coker(L(K,, x Cy)) that we can get the system of equations:

(m + ].)CL’LJ' — Z Tik — Ti—1,j — Tit+1,j = O, 1€ Zn, ] € Loy, (31)
k€L k]
Let M; =} ;e wij, for i € Z,. Then from (3.1) we have
(m + 1)Mz — (m — 1)Mz - M1 — M;—1 =0. (32)

This identity implies that

M'L+1 = ZMZ — M'L—l- (33)
Recursively using identity (3.3), we can rewrite all M;’s as integral linear combinations of My
and M;.

M;=iMy — (i —1)My, 2<i<n-—1. (3.4)
So from (3.1) and (3.4), we have
Tij = (m + 2)1’1',17]‘ — Tj-2,5 + (Z — 2)M0 — (Z — 1)M1, (35)

where 2 <i<n—-1,0<j57<m-—1.
Lemma 3.1 For0<i<n-—1,0<j<m—1, we have

T = —Ui—1%0; + Wik1,j — Ti—1 Mo + 7, M;. (3.6)
Proof This lemma is valid in the cases ¢ = 0,1,2. Suppose that x; ; = —w;_170; + wx1,; —

T_1My + 1My, for | < h — 1, where h > 3. Then from the induction assumption and the
equations (3.5), it follows that

zh; = (Mm+2)xp_1,; —Th—2; + (h—2)Mo — (h — 1)M;,
= (m+2) (—up—2x0,; + up—121,j — Th—2Mo + Th—1 M)
— (—un—320,; + Un—2x1,j — Th—3Mo + Th—oM7) + (h — 2)Mo — (h — 1) M,
= (=(m+2)up—2 + up—3) To,; + (M + 2)up—1 — up—2)T1;
+ (=(m+2)7h—2 + Tp—g + (h = 2))Mo + (M + 2)Th—1 — Th—2 — (h — 1)) M
= —Up—1%0,j + URT1j; — Th—1 Mo + T M.
Recalling (2.1) and (2.3), we know that (3.6) holds by induction. O

In view of Lemma 3.1, we only need at most 2m generators for the system of equa-
tions (3.1). Indeed each z; ; can be expressed in terms of o o, £1,0, 0,1, T1,1, - - - » L0,m—1, T1,m—1-
So we know that there are at least mm — 2m diagonal entries of the Smith normal form
of L(G) equal to 1 and the remaining invariant factors of the abelian group cokerL (K, X
C,,) are the diagonal entries of the Smith normal form of the relations matrix induced by
20,0, 1,0, T0,15 L1,15 - - - y LO,m—1, T1,m—1-

From (3.6) and the cyclic structure of K, x C,, it follows that, for 0 < j <m — 1,

T0,j = Tn,j = —Un—1%0,j + UnT1,j — Tn—1Mo + 7, M7,

L1, = Tn+l,j = —UnLo,j + Un41T1,5 — 7'77,]\40 + Tn+1M1.
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Therefore, for 0 < j <m —1,

(—tun—1 —Tn—1 — Do j + (Un + Tn)T1,j; — Tn-1 Zﬂco,k + T Zfl,k =0,

k#j k#j (38)
(—un — Tn)Zo,j + (Ung1 + Tng1 — D)1 j — 7o Zxo,k + Tyt le,k =0.
k#j k#j
Let
—Up—1 — 1 — Ty Up, + Tn —Tn— Tn
B 1 1 C F- 1 7
—Up — Tn Un+1 — 1 + Tn+1 —Tn Tn+1
and
Y = (20,0, %1,0,%01,%1,1, - - - ,iﬂo,m—hxl,m—l)T
Then from the equalities in (3.8), we have that
AY =0, (3.9)
where
F F F F
F E F F
A=| F F E F | e z?mx2m, (3.10)

Step 2 The matrix A in equation (3.9) is the relation matrix induced by the generators

20,0, 21,00 £0,1, L1,15 - - - » L0,m—1, T1,m—1. We now discuss the Smith normal form of the relation
matrix A.
Let
I o 0 --- 0
—(m—-1I, I, Iy - I
H= —I 0 I --- 0 € 72mx2m,
0
I 0 0 - I

where I, is the 2 x 2 identity matrix. Then it is not difficult to verify that

I, 0 0 0
I I - - —I
H ' = L, 0 I, .- 0 € Z2mx2m,
0

Ihb 0 0 - I
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By a direct calculation, we have

E+4+(m—-1)F F 0 0 0
0 E—-F 0 0 0
HAH ' = 0 0 E-F 0 0 (3.11)
0 0 0 0
0 0 0 0 E-F
Note that
-n n —Tn—1 Tn
E+(m-1)F F -n n —Thn Tr+1
0 E - 0 0 —up1-—1 Up
0 0 —Up, Up41 — 1
—m 1 -1 100 0
Let Q; = (1 ¢ 9e ) and Q9 = (1) 5 8). Then it is easy to see that @, and @ are
unimodular mautmceg7 gn(ll a careful calculag 8 ‘ aln show
F 0 O
P e A (312

where the matrix B is just the one defined in Lemma 2.6.
Note that (E — F) ('9) = ("";l“ unqﬁq) = W, which is just the one considered in

Lemma 2.7. Therefore, from (3.11) and (3.12) we have
A~HAH ' ~00BeWea oW,

m— 2
~ diag(s1(B), s2(B), s3(B), s1(W), ..., s1(W), s2(W), ..., s2(W),0)
~ diag(s1(B), 53(B), 51(W), .., 51(W), s3(W), .., s3(W), s5(B),0).  (3.13)

Step 3 Now we distinguish two cases to compute the Smith normal form of A.

Case1l n=2s+1.

Then by Lemmas 2.6 and 2.7 we have s1(B) = (n,gs), $2(B) = hs, s3(B) = (ZZZ),
s1(W) = hsg, so(W) = mhs. Since s1(B)|s2(B), s1(W)|s2(W) and s2(B) = s1(W), it follows
that s1(B)|s2(W).

Write v = (s2(W), s3(B)) and ¢ = SQ(W,)Yss(B). Then

diag(SQ(W)7 SS(B)) ~ diag(’% (P)7 (314)

where

nhe N _ hs m(n n
7= (e ) = g 90
= (7, 92) (mn,n — hs,n) (here mgs =n — hs.)
hs
= (o (02, (3.15)
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and
nmhg

(n, hs)
Note that s1 (W) = s2(B), it implies that s1(W)|s3(B). So s1(W)|y|s2(W). Moreover, it is
easy to see that s2(W) | .
Therefore, (3.13) and (1.14) implies that

diag(s1(B), SQ(B),fl(W), cee sl(Wl, 'y,fg(W), e SQ(WZ, ©,0) (3.17)

©= (3.16)

34
{

is the Smith normal form of A.
Case 2 n = 2s.
Then by Lemmas 2.6 and 2.7, we know that in this case

Us (n7 Us — 47'3)

s1(B) = (us,27s) s2(B) = (g, 27,) 3(B) (no1y — A7)
s (W) = (m, 2)u, (W) = m(’(?"bmf;)us
It is obvious that
s51(B)|s2(B)[s3(B),  s1(B)[s1(W)[s2(W),  s2(B)[s2(W). (3.18)
Clearly, we have
diag(s2(W), s3(B)) ~ diag(p,§), (3.19)
where
B (mm+4)us n(m+ 4)u,
= (aW)sa(ap) = (" F I, A )
B (m + 4)us
= (s — 4r)(m,2) (mn, (m + 4)us — 2n, mn, 2n)
_ (m+4)us(mn, (m + 4)u,, 2n)
= (g — A7) (. 2) , (3.20)
and
_ s2(W)s3(B) mn(m + 4)us
= T (n, (m Ay, ) (321)
Therefore, It follows from (3.13) that
m—2 m—3
A~ diag(sl(B)v SQ(B)agl(W)a BERE) 51(W37 p7;2(W)a EREE) 52(W37 57 O) (322)
We also have
diag(s2(B), s1(W)) ~ diag(¢,n), (3.23)
where
¢ = a(B).saw) = (M0 2 )
us (n, us — 475, mug, 2Ty, 2ug, 475)
B (us, 275)
_ Us (n s, 475 (3.24)

(us, 275)
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and
52(B)si(W)  wus(m,2) (n,us — 47s)
,r] C B (n7 us’ 47—8) ' (3'25)
Combining (3.22) and (3.23), we have
ANdiag(Sl( ) §751( ) (lenvpva(W)a"-752(W27£ao)'
m—3 m—3

Since (n,us —47s) |n, and (m,2) us|(m + 4)us, it follows that s;(W)|s3(B), and hence
s1(W)|(s2(W), s3(B)). Furthermore, since s3(B)|s3(B) and so(B)|s2(W), it implies that sa(B)
divides (s2(W), s3(B)). So, (s2(W), s3(B)), i.e., p is a common multiple of s; (W) and s3(B).
Note that 7 is the least common multiple of s; (W) and so(B), it divides p. According to (3.18),
it is easy to see s1(B)|¢. And it is clear that we have s1(W)|n and so(W)|€. Thus

diag(s1(B), Cafl(W)a cees Sl(Wla m, pva(W)v ceey 52(W2a £,0) (3.26)

~ ~
m—3 m—3
is the Smith normal form of A.

Now, the proof of Theorem 1.1 is completed. a
Proof of Corollary 1.2 If n = 2s + 1, then we have s;(W)so(W) = mh? 24 v, — 2 and
51(B)s2(B)s1(W)yp = (n, gs)hshs (nh;S (n,h )anhh) = nmh? 2 " (vn —2)% Tt follows that

= (U = 2)™7
1)

If n = 2s, then s1(W)s2(W) = (m, 2) us m(&fg))u'* = m(m+4)u? 23 9and 51( Y npé =

the spanning tree number of K, x Cy, is ™ (vn, — 2)% x (v, — 2)™

nm(m + 4)%u? = " (vn — 2)%. It follows that the spanning tree number of K,, x C, is
(v —2)* % (vp —2)™% = " (v, —2)™ 1. (In fact, by (3.13) we know that the spanning tree
number of graph K, x C, is \det(dlag(B SWeo--aW))| =det(B) x (det(W))™=2. In the

~
m—2

proofs of Lemmas 2.6 and 2.7, we have seen that det(B) = " (v, —2) and det(W) = v,, — 2. So

the spanning tree number is (v, —2)™ 1) .

4 Remarks
(I) If n =1, then K,, x C, is the complete graph K,,; from [9] we know its critical group is
(Zm)m—2.

(II) If n = 2, then coker(K,, x Cs) is determined by the generators z¢ ;, x1 ;, and the
relations

(m+1)zo; — > zok — 2115 =0, (4.1)

k€Zm
k#j

(m+ Dz — Y w1x— 2w, =0, (4.2)

kEZm
k#j

where j € Z,. From (4.1), we get
2215 = (m+ 1)wo,; — Z Zoks J € L. (4.3)

kE€Zm
k#j

Substituting (4.3) into (4.2) x 2 gives the following
(m+4)(m —1)zg; — Z (m+4)zor =0, j€EZp.

kE€Zm
k#j
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So we can simplify (up to equivalence) the Laplacian matrix of K, x Cy into
m—1 -1 - -1
—1 m—1

mea| T — (m+ LK),

-1 e =1 m—1

mXm
Therefore, the critical group of K, X Cy i8 Zyga @ (L (m4a))™ 2
(IIT) If m = 1, then K, x C, is just the cycle C,,. So from [8], its critical group is Z,. In
fact, when m = 1, it is easy to see the matrix A in (3.10) has the following property:

A=E= ~ (0) ® n.

The known result is obtained immediately.
(IV) If m = 2, the graph Ks x C,, is just the Cayley graph D,, of dihedral group. The result
of this case was obtained in [7]. In the following we will try to get the result again.
From (3.10) and (3.13), we know
E F

A= ~ (0) @ B ~ diag(s1(B), s2(B), s3(B),0).
F F

o If n =25+ 1, then from (2.7) we have

SQ(B) = hs,
nhg
5s(B) = (n, gs)

Note that g5 = ”_2}“‘ and n is odd, then (n,gs) = (n,2gs) = (n,n — hs) = (n, hs). Therefore,

SQ(B) = hs,
nhg
83(3) = (n7 hs) .

e If n = 25, then from (2.8) we have

s1(B) = (us, 275),

ug(n, us — 475)
s2(B) = (us,275)
6nu,

53(B) = (n,us — 47s)

Note that s — ug is even by (2.2), and 2! |u, if 2¢|n (see [7, Corollary 3.4]). Hence
81(3) = (US,QTS) = (usas - us) = (US7S)

(us,28) = (ug,n), if sis odd,
= (us,25)  (ug,n)

5 y if s is even.
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Also we have 3*|u,, if 3'|n (see [7, Corollary 3.4]), then

(nyus —2(s — us)) = (28, 3us) = (n,us).

So
(B) us(n,us — 475)  us(n, ug) ug, if sis odd,
82 = = =
(us,27s5) (us, 275) 2ug, if s is even.
Then s3(B) = (n’S?ﬁZTS) = (f;';jg;).

It is easy to see the result of the case m = 2 here is the same as the result obtained in [7].

Acknowledgements Many thanks to the referee for his/her many helpful comments and
suggestions, which have considerably improved the presentation of this paper.

References
[1] Bacher, R., de la Harpe, P.: The lattices of integral flows and the lattices of integral cuts of a finite graph.
Bull. Soc. Math. France, 125, 167-198 (1997)
[2] Biggs, N. L.: Algebraic potential theory on graphs. Bull. London Math. Soc., 29, 641-682 (1997)
[3] Biggs, N. L.: Chip-Firing and the critical group of a graph. Journal of Algebraic Combinatorics, 9, 25-45
(1999)
[4] Godsil, C., Royle, G., Algebraic Graph Theory, GTM 207, Springer-Verlag, New York, 2001
[5] Cori, R., Rossin, D.: On the sandpile group of dual graphs. Furopean J. Combin., 21, 447-459 (2000)
[6] Cori, R., Leborgne, Y.: Sandpile model and Tutte polynomial. Adv. Appl. Math., 30, 44-52 (2003)
[7] Dartois, A., Fiorenzi, F., Francini, P.: Sandpile group on the graph D,, of the dihedral group. European J.
Combin., 24, 815-824 (2003)
[8] Merris, R.: Unimodular equivalence of graphs. Linear Algebra Appl., 173, 181-189 (1992)
[9] Lorenzini, D. J.: A finite group attached to the Laplacian of a graph. Discrete Math., 91, 277-282 (1991)
[10] Jacobson, B., Niedermaier, A., Reiner, V.: Critical groups for complete multipartite graphs and cartesian
products of complete graphs. J. Graph Theory, 44, 231-250 (2003)
[11] Christianson, H., Reiner, V.: The critical group of a threshold graph. Linear Algebra Appl., 349, 233-244
(2002)
[12] Chen, P. G., Hou, Y. P, Woo, C. W.: On the critical group of the Mdbius ladder graph. Australas. J.
Combin., 36, 133-142 (2006)
[13] Hou, Y. P., Woo, C. W., Chen, P.: On the sandpile group of the square cycle C2. Linear Algebra Appl.,
418, 457-467 (2006)
[14] Liang, H., Pan, Y.-L., Wang, J.: The critical group of K,, X P,. Linear Algebra Appl., 428, 2723-2729
(2008)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [510.236 793.701]
>> setpagedevice


