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1 o j
n��n [1] 8-P"TES��g
Ij��
nmq~�[�j C(d1 , d2, · · · , dn),43dl {(x1, x2, · · · , xn)|0 ≤ xi < di(i = 1, 2, · · · , n)}.�I43 (x1, x2, · · · , xn)  >x 2nI43|�� (x1 ±1, x2, · · · , xn), (x1, x2 ±1, · · · , xn), · · ·,

(x1, x2, · · · , xn ± 1), *
 ± 5" di (1 ≤ i ≤ n). n mq~�[�jJ 2n -(T3�2-�Æ
9l 2n, J���`j�-hN�	N?��j�	�8 [2−4].l��ZFD+� 	ue-!N�'�HsuT Lyuu[5], Flandrin and Li[6] CÆ7�2^���1v-G)�Bg G J m Æ
g�43 x T y �9l m -z� dm(G; x, y), J4A�-,S d H+ G 8#& m a&3�o3�9��Q d - (x, y) ��g G -�9l m -1v�n� m 1v�jB dm(G), J4A�-,S d H+;�;V�43 x T y, G 86#& m a&3�o3�9��Q d - (x, y) ��;�K5- m Æ
g G T-,S d, >P d < dm(G), ( G 8�5#&��43�7�/8;V�43- m 1v�Q d. ;�*�-43��t&K5-D{ d &�'� m &3�o-�t�!N� Flandrin T Li[6] & m Æ
g85���I��S (d, m) 7�S�&#:�9��\��1vL'u82�Zj�-�'�
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g� φ 6= I ⊂ V (G), d(≥ 1) J-,S�>P;�;V�43 x, y ∈ I � dm(G; x, y) > d, (� I J G 8�I (d, m) 7�d�� Id,m(G) 
I G 8Z�
(d, m) 7�d-7`�5��S

αd,m(G) = max{|I| : I ∈ Id,m(G)}l G - (d, m) 7�S�>P |I| = αd,m(G), (�7�d I l G -A$7�d�
(d, m) 7�S�shN�
�ZV-7�S=3JCsFD+� 	ue�'-;��S�85g-7�SJ NP-Complete[7], �"85g- (d, m) 7�S�J NP-Complete o_�Z�;�#� d, 85��=!-j�- (d, m) 7�Sz+X����>Pg G J m Æ
-�=�+' αd,m−1(G) ≤ αd,m(G) �e αd+1,m(G) ≤ αd,m(G). z9 αd,m(G) = 1 &3s& d ≥ dm(G), �e d < dm(G) D αd,m(G) ≥ 2. Xie T Xu[8] ℄�� km���`j�- (d, k) 7�S�
n+' d < d4(G) Dq~�[�j Cd1

× C3 - (d, 4) 7�S��e d = d4(G) − 1 D Cd1
× Cd2

- (d, 4) 7�S�*
 d2 = 4 _ d1.

2 qDs[
n mq~�[�j C(d1, d2, · · · , dn) ���5�l1|>�
 Cd1

× Cd2
× · · · × Cdn

, *
 Cdi
Jq~6� i = 1, 2, · · · , n. 2 mq~�[�j Cd1

× Cd2
��	��+�iYb8 	10m-YÆi��N?��iYbYÆj-y#jT�#j�Bg G l Cd1

× Cd2
× · · · × Cdn

, o = (0, 0, · · · , 0) T x = (x1, x2, · · · , xn) l43�/8
n ≥ 2, di ≥ 3, 0 ≤ xi ≤ ⌊di

2 ⌋ (1 ≤ i ≤ n). �43 x JR-�>P o T x 0m#& 2n a&3�o-� P1, P2, · · · , P2n, H+� P1 -�96<J diam(G), =/[�-�96<l diam(G)+1,

2 ≤ i ≤ 2n.
n8�⌊di

2 ⌋ T ⌈di

2 ⌉ CÆjB ei T e′i, i = 1, 2. � o T e CÆ
I43 (0, 0) T (e1, e2).nV 2.1[9] ;�;V,S n ≥ 2, di ≥ 3 (1 ≤ i ≤ n),

diam(Cd1
× Cd2

× · · · × Cdn
) =

n
∑

i=1

⌊

di

2

⌋

.nV 2.2[9] B G = Cd1
× Cd2

× · · · × Cdn
, n ≥ 2, d1 ≥ d2 ≥ · · · ≥ dn ≥ 3, (

d2n(G) =


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


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























2m + 1 = 2diam(G) − 1, G = C2m+1 × C3, m ≥ 2,

2m + 2 = 2diam(G) − 2, G = C2m+2 × C3, m ≥ 2,

e1 + 4 = diam(G) + 2, G = Cd × C4, d ≥ 9 _
G = Cd × C5, 9 ≤ d ≤ 13,

1 +

n
∑

i=1

ei = diam(G) + 1, /[��n [9], =�+'>x�	�nV 2.3 B G = Cd1
× Cd2

(d1 ≥ d2 ≥ 3), x = (x1, x2)(6= o), /8 o ≤ xi ≤ ei(i = 1, 2),

i) >P d1 ≥ 7, d2 = 3, 1 ≤ x1 ≤ e1, x2 = 0, ( d4(G; o, x) = max{d1 − x1, x1 + 2}.
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ii) >P d1 ≥ 5, d2 = 3, 1 ≤ x1 ≤ e1, x2 = 1, ( d4(G; o, x) = max{d1 − x1 + 1, x1 + 2}.

iii) >P d1 ≥ 9, d2 = 4, e1 − 4 ≤ x1 ≤ e′1 − 4, x2 = 0, ( d4(G; o, x) = e1 + 4.

iv) >P d1 = 9, 10, 11, d2 = 5, x1 = 1, x2 = 0, ( d4(G; o, x) = e1 + 4.

v) >P d1 = 11, 12, 13, d2 = 5, x1 = 2, x2 = 0, ( d4(G; o, x) = e1 + 4.

vi) D(�43JR-�
3 ulRMIV 3.1 B G = Cd1

× C3, d1 ≥ 7. >P d = d4(G) − l, *
 1 ≤ l ≤ e′1 − 2, (
αd,4(G) = l + 1.~ ��	 2.2, � d4(G) = d1 T d = d4(G) − l ≥ d1 − (e′1 − 2) = e1 + 2 = 1 + diam(G).B I J G 8�IA$- (d, 4) 7�d��A�43 o = (0, 0) ∈ I. >P G 8#&/[43
x = (x1, x2)(6= o) ∈ I, %�� d4(G; o, x) > d ≥ 1+diam(G). ��	 2.3,+'43 x = (x1, x2)���x4�Zh 1 >P x2 = 0 3 1 ≤ x1 ≤ e1, %�� 1 ≤ x1 ≤ l − 1(≤ e′1 − 3) H+ d4(G; o, x) =

max{d1 −x1, x1 +2} = d1 −x1 > d4(G)− l. �3�2��& d1 − l +1 ≤ x1 ≤ d1 − 1 3 x2 = 0D�d�� d4(G; o, x) = max{x1, d1 − x1 + 2} = x1 > d4(G) − l .Zh 2 >P x2 = 1 3 1 ≤ x1 ≤ e1, %�� 1 ≤ x1 ≤ l(≤ e′1 − 2) H+ d4(G; o, x) =

max{d1 − x1 + 1, x1 + 2} = d1 − x1 + 1 > d4(G)− l. �X2�& d1 − l ≤ x1 ≤ d1 − 1 3 x2 = 1D�� d4(G; o, x) = max{x1 + 1, d1 − x1 + 2} = x1 + 1 > d4(G) − l.�3�2��;�;V43 x = (x1, 2), � d4(G; o, x) > d4(G) − l, *
 1 ≤ x1 ≤ l _
d1 − l ≤ x1 ≤ d1 − 1.��R4��43 x = (x1, x2)(6= o) O� I s& x1 6= 0 T min{x1, d1−x1} ≤ l. � (d, m)7�S-5����+' αd,4(G) = l + 1, I = {o, (1, 0), (2, 0), · · · , (l− 1, 0), (l, 1)} J�IA$- (d, 4) 7�d�IV 3.2 B G = Cd1

× C3, d1 ≥ 7. >P d = d4(G) − l, *
 e′1 − 1 ≤ l ≤ d1 − 1, (
αd,4(G) =

{

d1, >P e′1 − 1 ≤ l ≤ d1 − 3,

3d1, >P l = d1 − 1, d1 − 2.~ �/ 1 ≤ d = d4(G) − l ≤ d1 − e′1 + 1 = e1 + 1. B I J�IA$ (d, 4) 7�d�� o = (0, 0) ∈ I. MyB e′1 − 1 ≤ l ≤ d1 − 3, g 3 ≤ d ≤ e1 + 1. >P G 8#&/[43
x = (x1, x2)(6= o) ∈ I, }�>x4�Zh 1 d1 J0S�vZh 1.1 x2 = 0 3 1 ≤ x1 ≤ e1.>P 1 ≤ x1 ≤ e1−1,� d4(G; o, x) = max{d1−x1, x1 +2} = d1−x1 ≥ d1−e1+1 = e1+2;>P x1 = e1, ( d4(G; o, x) = x1 + 2 = e1 + 2.vZh 1.2 x2 = 0 3 e1 + 1 ≤ x1 ≤ d1 − 1.�3�2��� d4(G; o, x) = max{x1, d1 − x1 + 2} ≥ e1 + 2.vZh 1.3 x2 = 1 3 0 ≤ x1 ≤ e1.



330 v f � � ! T � 32 {>P 1 ≤ x1 ≤ e1, � d4(G; o, x) = max{x1 + 2, d1 − x1 + 1} = d1 − x1 + 1 ≥ e1 + 2;>P x1 = 0, ( d4(G; o, x) = max{x2 + 2, d2 − x2} = 3.vZh 1.4 x2 = 1 3 e1 + 1 ≤ x1 ≤ d1 − 1.

d4(G; o, x) = max{d1 − x1 + 2, x1 + 1} = x1 + 1 ≥ e1 + 2.�3�2��;�43 x = (x1, 2), +' d4(G; o, x) ≥ e1 + 2, *
 1 ≤ x1 ≤ d1 − 1.��R4��+' x = (x1, x2)(6= o) O� I s& x1 6= 0. �"p�� αd,4(G) = d1, I =

{o, (1, 0), (2, 0), · · · , (d1 − 1, 0)} J�IA$ (d, 4) 7�d�Zh 2 d1 J*S�vZh 2.1 x2 = 0 3 1 ≤ x1 ≤ e1.>P 1 ≤ x1 ≤ e1 − 2, ( d4(G; o, x) = d1 − x1 ≥ d1 − e1 + 2 = e1 + 2;>P x1 = e1 − 1, ( d4(G; o, x) = d1 − x1 = e1 + 1;>P x1 = e1, ( d4(G; o, x) = x1 + 2 = e1 + 2.vZh 2.2 x2 = 0 3 e1 + 1 ≤ x1 ≤ d1 − 1.>P e1 + 2 ≤ x1 ≤ d1 − 1, ( d4(G; o, x) = x1 ≥ e1 + 2;>P x1 = e1 + 1, ( d4(G; o, x) = d1 − x1 + 2 = e1 + 1.vZh 2.3 x2 = 1 3 0 ≤ x1 ≤ e1.>P x1 = 0, � d4(G; o, x) = max{x2 + 2, d2 − x2} = 3;>P 1 ≤ x1 ≤ e1 − 1, ( d4(G; o, x) = d1 − x1 + 1 ≥ d1 − e1 + 2 = e1 + 2;>P x1 = e1, ( d4(G; o, x) = x1 + 2 = e1 + 2.vZh 2.4 x2 = 13 e1+1 ≤ x1 ≤ d1−1. =�/* d4(G; o, x) = max{d1−x1+2, x1+1} =

x1 + 1 ≥ e1 + 2.��R4��43 x = (x1, x2) O� I s& x2 = 0 3 x1 6= e1 − 1(e1 + 1), _) x2 6= 03 1 ≤ x1 ≤ d1 − 1. �"� αd,4(G) = d1, I = {o, (1, 0), · · · , (e1 − 2, 0), (e1 − 1, 2), (e1, 2), (e1 +

1, 1), (e1 + 2, 1), · · · , (d1 − 1, 1)} J�IA$- (d, 4) 7�d�Z�>P d = d4(G) − l, αd,4(G) = d1, *
 e′1 − 1 ≤ l ≤ d1 − 3.qx�lB l = d1 − 2 _ d1 − 1, g d = 1 _ 2. ��/*�43 o T G−{o} 8;V43-�z�6AJ 3(> d). z9� αd,4(G) = 3d1 = |V (G)|, V (G) J�IA$- (d, 4) 7�d�IV 3.3 B G = Cd1
× C4, d1 ≥ 12. >P d = d4(G) − 1, (

αd,4(G) =

{

3, >P d1 = 21, 23, 24, 25, 27,

2, /[�~ =�/* d = d4(G)−1 = e1+3. B I J G-�IA$ (d, 4)7�d�3 o = (0, 0) ∈ I.>P#&43 x = (x1, x2) ∈ I,( d4(G; o, x) > d = e1+3 = 1+diam(G),g d4(G; o, x) = e1+4.��	 2.3, ��+' e1 − 4 ≤ x1 ≤ e′1 − 4 3 x2 = 0. }�>x4��Zh 1 d1 J*S�%�� x1 = e1 − 4, g x = (e1 − 4, 0) ∈ I. �3�2����+'
d4(G; o, (e1 + 4, 0)) = e1 + 4 > d. >P d1 = 24, g e1 = 12, (43 (e1 − 4, 0) T (e1 + 4, 0) 0m-z�J 8(= e1 − 4), ( d4(G; (e1 − 4, 0), (e1 + 4, 0)) = e1 + 4 > d. �"43 (e1 +4, 0) ∈ I.D(�43 (e1 − 4, 0) T (e1 + 4, 0) -z��/� e1 − 4, \���'6O� I.
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T 331�" d1 = 24 D� αd,4(G) = 3, I = {o, (e1 − 4, 0), (e1 + 4, 0)} J�IA$ (d, 4) 7�d�D(� αd,4(G) = 2, {o, (e1 − 4, 0)} (_ {o, (e1 + 4, 0)}) J�IA$ (d, 4) 7�d�Zh 2 d1 J0S�%�� e1 − 4 ≤ x1 ≤ e1 − 3. �3�2��d�;43 y = (y1, 0),� d4(G; o, y) = e1 + 4 > d, *
 e1 + 4 ≤ y1 ≤ e1 + 5. �����43 x T y ��'dDO� I, =�+' e1 − 4 ≤ y1 − x1 ≤ e1 − 3.vZh 2.1 x1 = e1 − 3 3 y1 = e1 + 4. � 10 ≤ e1 ≤ 11, g d1 = 21 _ 23. =�+'
αd,4(G) = 3, {o, (7, 0), (14, 0)}(_ = {o, (8, 0), (15, 0)}) J�IA$ (d, 4) 7�d�vZh 2.2 x1 = e1 − 3 3 y1 = e1 + 5. � 11 ≤ e1 ≤ 12, g d1 = 23 _ 25. =�+'
αd,4(G) = 3, {o, (8, 0), (16, 0)}(_ {o, (9, 0), (17, 0)}) J�IA$ (d, 4) 7�d�vZh 2.3 x1 = e1 − 4 3 y1 = e1 + 4. � 11 ≤ e1 ≤ 12, g d1 = 23 _ 25. =�+'
αd,4(G) = 3, {o, (7, 0), (15, 0)}(_ {o, (8, 0), (16, 0)}) J�IA$ (d, 4) 7�d�vZh 2.4 x1 = e1 − 4 3 y1 = e1 + 5. � 12 ≤ e1 ≤ 13, g d1 = 25 _ 27. =�+'
αd,4(G) = 3, {o, (8, 0), (17, 0)}(_ {o, (9, 0), (18, 0)}) J�IA$ (d, 4) 7�d��">P d1 6= 21, 23, 25, 27,� αd,4(G) = 2, {o, (e1 − 4, 0)}({o, (e1 − 3, 0)}, {o, (e1 + 4, 0)}_ {o, (e1 + 5, 0)}) J�IA$ (d, 4) 7�d�Z�

αd,4(G) =

{

3, >P d1 = 21, 23, 24, 25, 27,

2, /[�IV 3.4 B G = Cd1
× Cd2

, d1 = d2 ≥ 10. >P d = d4(G) − 1, ( αd,4(G) = 2.~ MylB d1 T d2 J0S�( d = d4(G) − 1 = 2e1. B A = {e, (e1 − 1, e1 − 1), (e1 +

2, e1+2), (e1−1, e1), (e1+2, e1+1), (e1, e1−1), (e1+1, e1+2), (e1−1, e1−2), (e1+2, e1+3), (e1−

2, e1 − 1), (e1 +3, e1 +2)} J V (G) -43>d��n [9], =�/*s&43 x = (x1, x2) ∈ A,�� d4(G; o, x) = 2e1 + 1(> d). B I J G 8�IA$ (d, 4) 7�d�43 (0, 0) ∈ I. lB43 e ∈ I, x�. I 8�#&/[43�g V (G)− I 8;V43 o(_ e) -�z�6<J
d = 2e1. 5�}�>x4��Zh 1 0 ≤ x1 ≤ e1, 0 ≤ x2 ≤ e1.vZh 1.1 x2 = 0 3 1 ≤ x1 ≤ e1.M'>x&3�o-� Pi(1 ≤ i ≤ 4):

P1 : o → (1, 0) → (2, 0) → · · · → (x1 − 1, 0) → (x1, 0) = x;

P2 : o → (0, 1) → (1, 1) → · · · → (x1, 1) → (x1, 0) = x;

P3 : o → (0,−1) → (1,−1) → · · · → (x1,−1) → (x1, 0) = x;

P4 : o → (−1, 0) → (−2, 0) → · · · → (x1 + 1, 0) → (x1, 0) = x.( |P1| = x1, |P2| = |P3| = x1 + 2 ≤ e1 + 2 ≤ 2e1, |P4| = d1 − x1 ≤ d1 − 1 = 2e1. �"
d4(G; o, x) ≤ d.vZh 1.2 x2 ≤ e1 − x1, *
 1 ≤ x1 ≤ e1 − 1 3 1 ≤ x2 ≤ e1 − 1.M'>x&3�o-� Pi(1 ≤ i ≤ 4):

P1 : o → (1, 0) → (2, 0) → · · · → (x1, 0) → (x1, 1) → · · · → (x1, x2) = x;

P2 : o → (0, 1) → (0, 2) → · · · → (0, x2) → (1, x2) → · · · → (x1, x2) = x;
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P3 : o → (0,−1) → (1,−1) → · · · → (x1 + 1,−1) → (x1 + 1, 0) → (x1 + 1, 1) → · · · →

(x1 + 1, x2) → (x1, x2) = x;

P4 : o → (−1, 0) → (−1, 1) → · · · → (−1, x2 + 1) → (0, x2 + 1) → (1, x2 + 1) → · · · →

(x1, x2 + 1) → (x1, x2) = x.( |P1| = |P2| = x1 + x2, |P3| = |P4| = x1 + x2 + 4 ≤ e1 + 4 ≤ 2e1. �" d4(G; o, x) ≤ d.Zh 2 e1 + 1 ≤ x1 ≤ d1 − 1 3 0 ≤ x2 ≤ e1.vZh 2.1 x2 = 0 3 e1 + 1 ≤ x1 ≤ d1 − 1.�X�>4� 1.1, d� d4(G; o, x) ≤ d.vZh 2.2 1 ≤ x2 ≤ x1 − e1, *
 e1 + 1 ≤ x1 ≤ d1 − 1 3 1 ≤ x2 ≤ e1.��M'�X�>4� 1.2 -Wa� Pi(1 ≤ i ≤ 4), � |P1| = |P2| = d1 − x1 + x2,

|P3| = |P4| = d1 − x1 + x2 + 4 ≤ d1 − e1 + 4 ≤ 2e1.Zh 3 0 ≤ x1 ≤ e1 3 e1 + 1 ≤ x2 ≤ d1 − 1.�X�4� 2. �"� d4(G; e, x) ≤ d (_ d4(G; o, x) ≤ d).Zh 4 e1 + 1 ≤ x1 ≤ d1 − 1 3 e1 + 1 ≤ x2 ≤ d1 − 1.5�}�4� x2 ≥ d1 + e1 − x1, *
 e1 + 1 ≤ x1 ≤ d1 − 1 3 e1 + 1 ≤ x2 ≤ d1 − 1.��M'�X�>4� 1.2 -Wa� Pi(1 ≤ i ≤ 4), �3 |P1| = |P2| = 2d1 − x1 − x2,

|P3| = |P4| = 2d1 − x1 − x2 + 4 ≤ d1 − e1 + 4 ≤ 2e1.��R��+'>P43 e ∈ I, ( I 8�#&/[43��X2�>P A 8;V�I43O� I, ( I 8��#&/[43��" I = {o, e} J�IA$ (d, 4) 7�d�qx�lB d1 T d2 J*S�� B = {(e1, e1−1), (e1, e1 +1), (e1−1, e1), (e1 +1, e1), (e1−

1, e1 − 2), (e1 + 1, e1 + 2), (e1 − 2, e1 − 1), (e1 + 2, e1 + 1)} J V (G) -�I43>d�d���. s&43 x = (x1, x2) ∈ B D��� d4(G; o, x) = 2e1 + 1(> d), �3>P B 8;V�I43O� I, ( I 8��#&/[43��" I = {o, (e1, e1 − 1)} J�IA$ (d, 4) 7�d��"����R��+' αd,4(G) = 2.

4 RXO
_
nÆx�q~�[�j Cd1
× C3, �e Cd1

× Cd2
(d2 = 4 _ d1) -�z��M'�

d < d4(G) D Cd1
×C3, �e d = d4(G) − 1 D Cd1

×Cd2
- (d, 4) A$7�d�+'�\�-

(d, 4) 7�S�;� d < d4(G) − 1 Dq~�[�j Cd1
× Cd2

(d2 6= 3) - (d, 4) 7�S��e
Cd1

× Cd2
× · · · × Cdn

& d < d2n(G) − 1 D- (d, 2n) 7�S�3+t��Æx�
E S b f
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(d, m)-INDEPENDENCE NUMBERS OF UNDIRECTED

TOROIDAL MESH

XIE Xin HU Jianwei

(Department of Mathematics, Huangshan University, Huangshan 245041)

XU Junming

(Department of Mathematics, University of Science and Technology of China, Hefei 230026)

Abstract The (d, m)-independence number is an important parameter to measure the

performance of a real-time processing system network. In this paper, we study the (d, 4)-

independence number of undirected toroidal mesh Cd1
× C3 for d < d4(G) and Cd1

× Cd2
for

d = d4(G) − 1, where d2 = 4 or d1.

Key words Undirected toroidal mesh, reliability, m-diameter, (d, m)-independence num-

ber.


