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Abstract

The augmented cube AQ,, proposed by Choudum and Sunitha [S. A. Choudum, V.
Sunitha, Augmented cubes, Networks 40 (2) (2002) 71-84], is a (2n — 1)-regular (2n — 1)-
connected graph (n > 4). This paper determines that the 2-extra connectivity of AQy is
6n — 17 for n > 9 and the 2-extra edge-connectivity is 6n — 9 for n > 4. That is, for n > 9
(respectively, n > 4), at least 6n — 17 vertices (respectively, 6n — 9 edges) of AQ, have to be
removed to get a disconnected graph that contains no isolated vertices and isolated edges.
When the augmented cube is used to model the topological structure of a large-scale parallel
processing system, these results can provide more accurate measurements for reliability and
fault tolerance of the system.
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2010 Mathematics Subject Classification: 05C40, 68M10, 68R10
1. Introduction

It is well known that the underlying topology of an interconnection network can be
modeled by a graph G = (V, E), where V is the set of processors and E is the set of
communication links in the network. For all the graph terminologies and notations not
defined here, we follow [25]. Then we use graphs and networks interchangeably in this
paper.

A set of vertices (respectively, edges) S of G is called a vertex-cut (respectively, an edge-
cut) if G — S is disconnected. The connectivity k(G) (respectively, the edge-connectivity
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A@)) of G is defined as the minimum cardinality of a vertex-cut (respectively, an edge-
cut) S. And it is known to all that the connectivity x(G) and the edge-connectivity A(G)
are two important parameters to measure reliability and fault tolerance of the network.
These parameters, however, have an obvious deficiency, that is, they tacitly assume that
all elements in any subset of G can potentially fail at the same time, which is almost
impossible in practiced applications of networks. In other words, in the definition of x(G)
and A(G), absolutely no conditions or restrictions are imposed either on the set S or on
the components of G — S. Consequently, to compensate for these shortcomings, it seems
natural to generalize the classical connectivity by adding some conditions or restrictions
on the set S and the components of G — S.

In [11,12], Esfahanian and Hakimi generalized the notion of connectivity by suggesting
the concept of restricted connectivity in point of view of network applications. A set
S C V(G) (respectively, F' C E(Q)) is called a restricted vertez-set (respectively, edge-set)
if it does not contain the neighbor-set of any vertex in G as its subset. A restricted vertex-
set S (respectively, edge-set F') is called a restricted vertex-cut (respectively, restricted
edge-cut) if G—S is disconnected. The restricted connectivity k' (G) (respectively, restricted
edge-connectivity X' (G)) is the minimum cardinality of a restricted vertex-cut (respectively,
edge-cut) in G, if any, and does not exist otherwise, denoted by +occ.

However, the maximum difficult for computing the restricted connectivity of a graph
G is to check that a vertex-cut does not contain the neighbor-set of any vertex in G as
its subset. Thus, only a little knowledge of results has been known on «'(G) or N (G)
even for particular classes of graphs. For example, Xu and Xu [30] studied the X'(G) for a
vertex-transitive graph G, Esfahanian [11] determined /(@) = N (Qn) = 2n — 2 for the
hypercube @, and n > 3.

To avoid this difficult, one slightly modified the concept of a restricted vertex-set S
by replacing the term “any vertex in G” in the condition by the term “any vertex in
G —S5”. We call in this sense the connectivity as the super connectivity, denoted by k1 (G)
for the super connectivity and A\i(G) for the super edge-connectivity (see, for example,
[1,2,15,16,26]). Clearly, x1(G) < &/(G) and A\ (G) = N(G) if they exist. The super
connectivity of some graphs have been determined by several authors. For example, for
the hypercube @Q,,, the twisted cube T'Q,,, the cross cube CQ,,, the Mobius cube M@, and
the locally twisted cube LT'Q,, Xu et al. [29] showed that their super connectivity and
the super edge-connectivity are all 2n — 2; for the star graph S,, Hu and Yang [19] proved
that k1(S,) = 2n — 4 for n > 3; for the augmented cube AQ,, Ma, Liu and Xu [21,22]
determined k1 (AQ,,) = 4n — 8 for n > 6 and \(AQ,) = 4n — 4 for n > 2; for the (n, k)-
star graphs S, ;, Yang et al. [32] proved that x1(Sy 1) = n + k — 3; for the n-dimensional
alternating group graph AG,,, Cheng et al. [6] determined k1 (AG,) = 4n — 11 for n > 5.

Observing that every component of G—.S contains at least two vertices if S is a restricted
vertex-set of G, Fabrega and Fiol [13] introduced the h-extra connectivity of G. A vertex-
cut (respectively, an edge-cut) S of G is called an h-vertez-cut (respectively, an h-edge-cut)
if every component of G — S has more than h vertices. The h-extra connectivity rp(Q)
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(respectively, h-extra edge-connectivity A\, (G)) defined as min{|S|: S is an h-vertex-cut
(respectively, h-edge-cut) of G}. Clearly, ko(G) = k(G) and \(G) = A(G) for any
graph G if G is not a complete graph. Thus, as a new measurement for reliability and
fault tolerance of the large-scale parallel processing system, the h-extra connectivity is
more accurate than the classical connectivity and has recently received much attention.
For example, for the hypercube @, Xu et al. [31,34] determined k2(Q,) = 3n — 5 and
X2(Qn) = 3n — 4 for n > 4; for the folded hypercube FQ,, Zhu et al. [35] determined
ko(FQp) = 3n—2 for n > 8 and Ao (FQ,) = 3n—1 for n > 5; for the star graph S,,, Wan,
Zhang [23] determined k2(Sy) = 6(n — 3) for n > 4; for the (n, k)-star graphs S, , Yang
et al. [32] proved that ka(Sp i) = n+ 2k — 5 for 2 < k < n — 2; Zhang et al. [33] proved
ko(AG),) = 6n — 18 for n > 5.

In this paper, we study the augmented cube AQ, and determine ro(AQ,) = 6n — 17
for n > 9 and A\2(AQy) = 6n —9 for n > 4.

The rest of this paper is organized as follows. In Section 2, we recall the structure of
AQ,,, and some definitions and lemmas. The main results are given in Section 3. Finally,
we conclude our paper in Section 4.

2. Definitions and lemmas

Let n be a positive integer. The n-dimensional augmented cube, denoted by AQ.,
proposed by Choudum and Sunitha [7-9], having 2" vertices, each labeled by an n-bit
binary string, that is, V(A4Q,,) = {zpxn_1---x1: x; € {0,1}, 1 < i < n}, can be defined
recursively as follows.

Definition 2.1. AQ: is a complete graph K, with the vertex set {0,1}. For n > 2,
AQ,, is obtained by taking two copies of the augmented cube AQ,_1, denoted by AQY_,
and AQL |, where V(AQY |) = {0z _1...m0721 : ; € {0,1}, 1 < i < n—1} and

V(AQL ) ={lzp_1... 2071 : 7; € {0,1}, 1 <i < n—1}, and a verter X = 0xp_1 ... ToT]
of AQ® | being joined to a vertex Y = ly,_1...y2y1 of AQL_; if and only if either

(i) vi=vy; for 1 <i<n-—1, or

(ii) z; =1y; for 1 <i<n-—1.

The graphs shown in Figure 1 are the augmented cubes AQ;, AQ2 and AQ3, respec-
tively.
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Figure 1: Three augmented cubes AQ1, AQ2 and AQ3

For convenience, we can express the recursive structure of AQ, as AQ,, = L ® R, where
L= AQ" ; and R = AQL ;. Then we call the edges between L and R crossing edges.
Obviously every vertex is incident to exactly two crossing edges. Let X = xpxp_1-- 21
be an n-bit binary string. And for 1 < i <mn, let

Xi = TpTp_1" " Tip1TiTi— 1 T1,

Xi = TpTp_1° Tig1 ;T 1~ T1.

Obviously, X1 = X1, (X;); = X = (X;),;. According to Definition 2.1, we can directly
obtain a useful characterization of adjacency.

Proposition 2.2. Assume that X = xpx,_1---x1 and Y = ypyn—_1 - -+ y1 are two distinct
vertices in AQ,. Then X and Y are adjacent if and only if either
i) there exists an integer i (1 < i <n) such that Y = X;, or

ii) there exists an integer i (2 <i <n) such that Y = X;.

By Proposition 2.2, an alternative definition of AQ,, can be stated as follows.

Definition 2.3. The augmented cube AQ,, of dimension n has 2" vertices. Fach vertex
1s labeled by a unique n-bit binary string as its address. Two vertices X and Y are joined
if and only if either

(i) there exists an integer i with 1 < i < n such that Y = X;; in this case, the edge is
called a hypercube edge of dimension i, denoted by X X;, or

(ii) there exists an integer i with 2 < i < n such that Y = X;; in this case, the edge is
called a complement edge of dimension i, denoted by X X;.

Lemma 2.4. [9] AQ,, is (2n—1)-regular (2n—1)-connected for n > 4, however, K(AQ3) =
4 forn = 3.

Lemma 2.5. [21,22] k1 (AQ,) =4n —8 for n > 6 and M\ (AQy) = 4n — 4 for n > 2.
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Lemma 2.6. Any two adjacent vertices in AQ, have either two or four common neighbors
forn > 3.

Proof. Let X and Y be two adjacent vertices in AQ,. Then Y is either X; or X; by
Proposition 2.2. If Y = X; for some ¢ with 1 <1¢ < n, that is, X X; is a hypercube edge of
dimension %, then we have

{X9, X} ifi=1

Nag (%) Nag,(x) = { B2 T 2.
that is, X and X; have exactly two common neighbors in AQ,,. If Y = X; for some i with

2 < i < n, that is, XX, is a complement edge of dimension i, then we have

(X5, Xit1, Xi1, Xipa} if2<i<n-—1

(X0 1, X0} if i = n. (2:2)

Nag,(X) 1 Nag, (¥ = {
In this case, X and X; have four common neighbors for 2 < i < n — 1 while have two
common neighbors for i = n. O

Lemma 2.7. [21] Any two vertices in AQ, have at most four common neighbors for
n > 3.

Let Na,(T) = Upevr)Nag,(U) \ V(T) and Eaq,(T) = {XY | XY €
E(AQ,) and X € V(T),Y € V(AQ,) \ V(T)} for any subgraph T' of AQ,, we have
the following consequences.

Lemma 2.8. Let P = (Y, X,Z) be a path of length two in AQ, between Y and Z
form > 5. Then |Naq, (P)| > 6n —17 and |[Naq,(X) N Naq, (Y) N Nag,(Z2)| < 1.
Furthermore, if Z = X, we have |Nag, (P)| > 6n — 15.

Proof. According to Proposition 2.2, Y and Z are in Nag, (X) = AU B, where A = {Xj |
1<i<n}and B={X;|2<j<n}. Itisclear that AN B = (. Consider the following
three cases.

Case 1. {Y,Z} C A.

In this case, XY and XZ are all hypercube edges of some dimensions i and j, respec-
tively. Without loss of generality, we may assume that Y = X;, Z = X; for 1 <i < j < n.
By Definition 2.3 and Lemma 2.6, we have

L[ {Xe, X ifi=1
Nag. (%) Nag,(x) = { B2 T

Naq, (X) N Naq, (X;) ={X;, X1}

and

{57727(X1)37(X1)3} if 1 = 1,] :273
Na@,(Xi) N Naq,(X;) = ¢ {X6, X, (Xi)iv1, (X)) ifi>1,j=i+1
{X,(X5);} otherwise.
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Since AQy, is (2n — 1)-regular and (2n — 1)-connected for n > 5, it is not difficult to check
that
6n—13 ifi=1,7=23
INao,(P)| =4 6n—13 ifi>1,j=i+1 (2.3)
6n — 12  otherwise.

Case 2. {Y,Z} C B.

In this case, XY and X Z are all complement edges of some dimensions ¢ and j, respec-
tively. Without loss of generality, assume that ¥ = X; and Z = X; for 2 <i < j < n,
then we have

NAQn(X) N NAQn 7 { Z+17 i—1, i+1}7

Nag,(X) N Nag, (X;) = { X, )1(’]+17 i1, Xj1} g;iz
and
(X, Xip1) if j=i+1,j<n
(X, X} if j=i+1,j=n
Nag,(X;) N Nag,(X;) = U Xowt, (0 (Xidiga) - H7=04 2 <

{X7 yn—h (771—2)717 (Yn_Q)n} if ] =17+ 2’] =n
{X (X)) ifj>i+3,j<n
[ X (X)) ifj>i+3,j=n

It is easy to compute that

(6n—15 ifj=i+1,57<n
6n—13 ifj=i¢+1,5=n
6n—17 ifj=i4+2,5<n
6n—15 ifj=i4+2,5=n
6n—16 ifj>i+3,5<n
6n—14 ifj>i+4+ 3,5 =n.

|Nag, (P)| (2.4)

Case 3. Y € Aand Z € B.

In this case, XY is a hypercube edge of some dimension i and XZ is a complement
hypercube edge of some dimension j. Assume that ¥ = X;, Z = X;, for 1 <i <n,2 <
7 < n, we have

Na@,(X) N Nag, (Xi)

(X2, X,)  ifi=1
(X, X1} ifi>1,

{ {X), Xj+1, X1, X} ifj<n
{Xn—laXn} if ] =N

Naq,(X) N Nag, (X;)
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and
({X, X2} ifi=17=2
{X, Xa, (X1)s, (K03} ifi=1,j=3
{X(Xl)} fi=14<j<n
{X,(X1),} ifi=1j7=n
(X, X} ifi=j=2
{X, X1, (X5)im1, (X5)io1} if3<i=j<n-1
{nyn—la( n) ( n)n—l} le:j:n
Naq.(Xi)NNaq, (X;) = ¢ {X, X, (Xi)it1, ( i)z‘+1} ifj=1-13<i<n-1
orj=:14+1,2<1<n—-2
{X,X,} if j=i—1,i=n

{X7zn—1a (Xn—l)n7 (Xn_l)n} if j = n72' =n—-1

{X, (Xi);} if j<i—3,i>5
orj>i+2,5<n
{X, (Xi),.} if §>i+2,7=n.

We can compute that

6n—13 ifi=1,j=2

6n—15 ifi=1,7=3

6n—14 ifi=1,4<j<n

6n—12 ifi=1,7=n

6n—13 ifi=j5=2

6n—15 if3<i=j5j<n-1

6n—13 ifi=j=n

INag, (P)|=¢ 6n—15 ifj=i-1,3<i<n-1 (2.5)
orj=14+1,2<:1<n—-2

6n—13 ifj=i—1,i=n

6n—13 ifj=ni=n—-1

6n—15 ifj=i—-2i>4

6n—14 if j<i—3,i>5
orj>t+2,5<n

6n—12 ifj>i+2,5=n.

in view of (2.3),(2.4) and (2.5), we derive that |[Nag, (P)| > 6n — 17.

From the above, we can easily check that [Nag, (X) N Naq, (Y) N Naq,(Z)| <1in all
these cases. By (2.4) and (2.5), we have |[Nag, (P)| > 6n —15if Z = X,,.

The lemma follows. O

Lemma 2.9. Let P = (Y,X,Z) be a path of length two in AQ, for n > 5. As
sume that U € Naq,(P), then |Nag,(U,X,Y,Z)| > 8n —31. If Z = X,, we have
|Nag, (U, X,Y, Z)| > 8n — 29.
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Proof. By Lemma 2.8, we have |Nag, (P)| > 6n —17, and |Nag,(P)| > 6n—15 if
Z = X,,. Since U is a vertex in Nag, (P), U has at most three neighbors in P

If U has exactly one neighbor in P, by Lemma 2.7 we have |[Nag, (U)NNagq, (X,Y, Z)| <
11. In this case we can easily compute that |[Nag, (U, X,Y,Z)| >6n—17—-1+2n—1—
1—11 =8n—31, and |[Nag, (U, X,Y,Z)| > 6n—15—1+2n—1—1— 11 = 8n — 29 if
Z =X,

If U has exactly two neighbors in P, by Lemma 2.7, we have |Nag,(U) N
Nag,(X,Y,Z)| < 10. In this case we arrive at |Nag,(U,X,Y,Z)| > 6n — 17 — 1 +
2n—1-2-10 = 8n—31, and |Nag, (U, X,Y, Z)| > 6n—15—1+2n—1—2—10 = 8n—29
if Z7=X,.

If U has exactly three neighbors in P, by Lemma 2.7, we have |[Nag,(U) N
Nag,(X,Y,Z)| <8. Therefore, |[Nag, (U,X,Y,Z)| > 6n—17—14+2n—1-3—-8 = 8n—30,
and |Nag, (U, X,Y,Z)|>6n—15—1+2n—1-3—-8=8n—28if Z = X,,.

The lemma follows. O
3. Main Results

In this section, we present our main results, that is, we determine the 2-extra connec-
tivity and the 2-extra edge-connectivity of the augmented cube AQ),,.

Theorem 3.1. k3(AQ,) = 6n — 17 forn > 9.

Proof. Take a path P = (X;, X, X;12) in AQ,,, where 2 < i < n — 3. Then, by (2.4) in
the proof of Lemma 2.8, |[Nag, (P)| = 6n — 17.

Let H = AQ, — (P U Nagq, (P)). Then, for n > 9,
V(H)| = |V(AQn)| = [V(P)| = [Nag, (P)|

— 92" 3 (6n—17)

— 9" _6n 414 > 0,

that is, V(H) # 0. By Lemma 2.7, |[Nag, (Y) N Nag, (P)| < 12 for any Y € V(H) and
INAQ, (¢) N Nag, (P)| < 24 for any e € E(H). It follows that, for n > 9,

[Naq, (Y) N Naq, (P)] <12 < 2n — 1 = [Naq,(Y)|, and
[NaQ, () N Naq, (P)| < 24 < 4n —8 < [Nag,(e)l,

which mean that there is neither isolated vertex nor isolated edge in AQ,, — Naq, (P), and
50 ka(AQy) < 6n — 17 for n > 9.

Now we only need to prove ko(AQ,) > 6n — 17 for n > 9.

Suppose that there is a subset S C V(AQ,) with |S| < 6n — 18 such that there is
neither isolated vertex nor isolated edge in AQ,, — S. We want to deduce a contradiction
by proving that AQ, — S is connected.
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Let AQ, = LOR, where L = AQ%_; and R = AQL_,. For convenience, let S;, = SNL
and Sg = SN R. Without loss of generality we may suppose that |Sz,| < [Sgr|. Then

1SL| < (6n —18)/2 = 3n — 9. (3.6)

We prove that AQ, — S is connected by two steps. In step 1, we prove that L — S,
is connected in AQ, — S. And in step 2, we prove that any vertex in R — Sg can be
connected to some vertex in L — Sp,.

Step 1. L — Sy, is connected in AQ, — S.
In this case, by (3.6) and Lemma 2.5, for n > 9,

1SL| < 3n —9 < 4n — 12 = ki (L). (3.7)

If there are no isolated vertices in L — S, then L — Sy, is connected by (3.7).

Suppose now that there exist isolated vertices in L —S,. Note that L is (2n — 3)-regular
since L &2 AQ,_1. By Lemma 2.7, any two vertices in L have at most four common
neighbors. To isolate two vertices in L, we have to remove at least 4n — 12 vertices. By
(3.7), there is exactly one isolated vertex, say X in L — Sp. Thus

1SL] = INL(X)| = 2n -3, (3.8)
and so, |Sg| = |S| — |SL| < 6n — 18 — (2n — 3) = 4n — 15, that is,
1Sr| < 4n — 15. (3.9)

Let S7 = S, U{X}. Then L — S} contains no isolated vertices. By (3.7), |S7| < x1(L) for
n > 9. Thus, L — S} is also connected. We only need to show that X can be connected
to some vertices in L — S via some vertices in R — Sg.

By Definition 2.1, X has two neighbors in R, that is, X,, and X,. By our hypothesis
there are no isolated vertices in AQ,, — S, then there is at least one in {Xn,yn} is not in
Sr. Without loss of generality, assume that X, is not in Sg. Consider two cases according
as the vertex X, is in Sg or not.

Case 1.1. X,, ¢ Sg.

Since X,, and X,, are adjacent in AQ,,, and XX, is a complement edge of dimension
n, by (2.2), Nag, (Xn) N Naq,(Xn) = {X, X1, (Xn)n-1,(Xn)n-1}, that is, [Nr(X,) N
Ngr(X,)| = 2. By (3.9), we have

INR(Xp, X0)| =2(2n —3) =2 —2=4n — 10 > 4n — 15 > |Sg|.
Thus |Nr(X,, X,) \ Sr| > 5. Let

Y = {YZ Y€ NR(XnaYn) \ Sk}
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Then |Y| > 5. If there is some vertex Y? € Y such that at least one of Y, and Y, is not
S, then we are done. So assume that both Y,! and Y%, are in Sy, for any Y? € Y. Take
Y1, Y2 €Y such that (X, X,,Y?!) (or (X, Xy, Y1) is a path and Y2 is adjacent to one
in {X,,, X,,Y!}. By Lemma 2.9, we have that

INR(Xp, X, YY) > 8(n — 1) — 29 = 8n — 37.
Let
C=Np(X,, X,,YLYHU{X,, Y Y?}

Then |C| > 8n—34. Let E' = {UU,, : U € C}. Noting that all edges in E" are hypercube
edges of dimension n, we have that, for n > 9,

|E" =|C| > 8n —34>6n—18> S|,

which means that there exists an edge, say UU,, in E such that neither of its two end-
vertices is in S. Since X,,, X,,, Y! and Y2 are all not in S, X can be connected to L — SIL
via vertices in R — S and the edge UU,,.

Case 1.2. X,, € Sg.

Since there are no isolated edges in AQ, — S, we have Np(X,)\ Sg # 0. If there
is some U € Ng(X,)\ Sg such that at least one in {U,,U,} is not in Sy, then we are
done. So assume that U,, and U,, are both in Sy, for any U € Ng(X,,) \ Sg. Noting that
k1(R) =4(n —1) — 8 and (3.9), we have that

INR(Xn,U)| > dn — 12 > 4n — 15 > |Sgl,
which implies Ng(X,,U) \ Sg # 0. Let
Z ={Z":Z"€ Nr(Xn,U) \ Sg}.

Then |Z| > 2. Take Z!, Z% € Z such that (X,,,U, Z1) (or (U, X,,, Z")) is a path and Z? is
adjacent to one in {X,,U,Y'}. By Lemma 2.9, we have that
INR(X,,,U, Z', Z?)| > 8(n — 1) — 31 = 8n — 39.
Let
D = Ng(X,,U,z', Z*>) U {X,,U, 2", Z*}.
Then |D| > 8n — 35. Let ES = {AA, : A € D}. Noting that all edges in ES are
complement edges of dimension n, we have that, for n > 9,

|ES| = |D| > 8n — 35 > 6n — 18.

Hence, there exists an edge, say AA,, in ES such that neither of its two end-vertices is S.
Since X,,, U, Z' and Z? are all not in S, X can be connected to L — S/L via vertices in
R — Sp and the edge AA,.



MELJIE MA, YAXING SONG AND JUN-MING XU 47

Step 2. Any vertex in R — Si can be connected to some vertex in L — Sp.

Let U be any vertex in R — Sg. Consider U,, and U,,, which are neighbors of U in L.
If at least one of U,, and U, is not in Sy, we are done. So suppose that both U,, and U,
are in Sy. Consider the neighbor U,_; of U in R. There are two cases according as U,_1
is in Sk or not.

Case 2.1. U, ¢ Sk.
Note that UU,,_; is a complement edge of dimension (n — 1) in AQ,, and

(NAQn(U) N NAQn(Un—l)) NL= {Un,Un} C Sy.

Since UU,,_1 is not an isolated edge in AQ,,—S, there exists a vertex V€ Ng(U,U,,_1)\Sg.
Then V,, and V,, are neighbors of V in L. If at least one of Vj, and V, is not in Sy, we
are done. So assume that both V,, and V,, are in S;. By (2.4) and (2.5) in the proof of
Lemma 2.8, we have that

INR(U,Up—1,V)| > 6(n —1) — 15 = 6n — 21. (3.10)

Since - -
|SL| > |{Una UnaVna Vn}| = 4,

we have that
ISkl =1S| = |SL| < 6n —18 —4 = 6n — 22, (3.11)

By (3.10) and (3.11), we have |[Ng(U,U,,_1,V)| > |Sg|, that is,
NR(U,Unfl, V) \ SR 7é 0.

If there is some W € Ng(U,U,_1,V) \ Sg such that at least one of W, and W, which
are two neighbors of W in L, is not in S}, we are done. So assume that both W,, and W,
are in Sy, for any W € Nr(U,U,,_1,V) \ Sg. By Lemma 2.9, we have that

INrR(U,U,_1,V,W)| > 8n — 37.

Let
C' = Nr(U, U,_1,V, W) ud{U, Unp_1,V, wt.

Then |C’'| > 8n—33. Let E], = {AA,, : A € C'}. Noting that all edges in E/, are hypercube
edges of dimension n, we have that, for n > 9,

|El| = |C'] > 8n — 33 > 6n — 18.

There exists at least one edge, say AA,, of E], whose two end-vertices both are not in S.
Since U, U,,_1, V and W are all not in S, this implies that U can be connected to L — Sy,.

Case 2.2. U,,_; € Sg.
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Since U is not an isolated vertex in AQ, — S and two neighbors U,, and U,, of U in L
are both in S, there exists a vertex B € Ng(U)\ Sg. Then B, and B, are neighbors of B
in L. If at least one of B,, and B,, is not in Sy, we are done. So assume that both B,, and
B, are in Sp. If B,,_; ¢ SR, we can obtain a path joining B to some vertex in L — Sy, by
Case 2.1 by replacing U by B. Therefore assume B,,_; € Sg below.

Since UB is not an isolated edge in AQ, — S, there exists a vertex ' € Ng(U, B) \ Sg.
Then F,, and F',, are two neighbors of F' in L. If at least one of F,, and F, is not in Sy,
we are done. So suppose that both F,, and F,, are in S;. By Lemma 2.8, we have that

INk(U, B, F)| > 6(n — 1) — 17 = 6n — 23. (3.12)
Since B B _
‘SL‘ Z ‘{UnaUn7Bn7BnaFnaFn}‘ - 67

we have that
|Sr| = |S|—|SL| < 6n —18 — 6 = 6n — 24. (3.13)

Comparing (3.12) with (3.13), we have that Nr(U, B, F)\ Sg # (. Let Q € Nr(U, B, F)\
Sr. By Lemma 2.9, we have that

Let
C”:NR(UaBaFaQ)U{UaBaFaQ}'

Then |C”| > 8n — 35. Let E!! = {AA,, : A € C"}. Noting that all edges in E! are
hypercube edges of dimension n, we have, for n > 9,

|En] = 1C"| > 8n — 35 > 6n — 18.

There exists an edge, say AA,, of E!! whose two end-vertices both are not in S. Since U,
B, F and @ are all not in .S, thus U can be connected to L — Sp.

The proof of the theorem is complete. O
Theorem 3.2. X\ (AQ,) =6n—9 forn > 4.

Proof. Let C5 be a cycle of length three in AQ,,, U be any vertex not in C3, and let e be
any edge e not incident with any vertex in C3. Obviously, any vertex not in C5 can have
at most 3 neighbors in C5. Thus, for n > 4,

|Eaq,(U) N Eaq,(C3)] <3< 2n—1=[Eaq,(U)l,

and
|Eaq.(e) N Eaq,(C3)] <6 <4n —4 = |Eaq,(e)|.

So, there are no isolated vertices or isolated edges in AQ, — Eaq, (C3). That is, Exq, (Cs3)
is a 2-edge-cut of G. It follows that, for n > 4,

)\Q(AQn) § EAQn (Cg) =6n —9.
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In the following, we only need to prove that \y(AQ,) > 6n — 9 for n > 4.

Let F be an arbitrary 2-edge-cut in AQ,, with |F| < 6n — 10 such that there are neither
isolated vertices nor isolated edges in AQ, — F. Let F;, = FNL and Fr = FNR. Without
loss of generality we may suppose that |Fy| < |Fg|. Then

1
[FL| < 5 (6n = 10) = 3n — 5.

We will deduce a contradiction by proving that AQ, — F' is connected by two steps. In
step 1, we show that L — Fp, is connected in AQ,, — F'. In step 2, we show that any vertex
of R can be connected to L in AQ, — F.

Step 1. L — F}, is connected in AQ,, — F.
By our hypothesis and Lemma 2.5, for n > 4, we have that

IFr| <3n—5<4(n—1)—4=\(L). (3.14)

Thus, if there are no isolated vertices in L — F7, then L — F, is connected, and so we
are done. In the following discussion, we assume that there exists an isolated vertex X in
L—Fr.

Since L is (2n — 3)-regular and any two vertices are incident with at most one edge, to
get two isolated vertices in L, we have to remove at least 4n — 7 edges from L. However,
by (3.14), |F| < 3n —5 < 4n — 7 for n > 4. This shows that there is just one isolated
vertex X in L — Fr,. Then by Lemma 2.4, we have

4-1=3 ifn=4

A(L—X)zfs(L—X)Zﬂ(L)—lz{ m—3—1=2n—-4 ifn>4

and

|Fr| — |EL(X)|<3n—-5—-(2n—-3) =n—2,
which implies that |FL| — |EL(X)| < AM(L — X) for n > 4. In other words, the subgraph
H=(L-X)—-F,=(L-Fp)— X is connected. In the following we only need to prove
that X can be connected to H in AQ,, — F. Since AQ,, — F' contains no isolated vertices,
at least one of two edges X X,, and XX, is not in F. Without loss of generality, we may
assume that X X,, is not F. Consider two cases according as the edge X X, is in F or not.

Case 1.1. XX, ¢ F.

Note that X, X,,_1 and X,X,,_; are edges in AQ,,, where X,,_1 is in L. If at least one
of the two edges is not in F', we are done. So, we can assume that both the two edges are
in F. We will construct 4n — 8 edge disjoint paths joining X to some vertex in L — X in
the following.

Let
Ep ={XpX": X, X' € Ep(X,)\{XnXn}},
Ey, ={X,Y7: X,)Y7 € Ep(X,,)\{XnXn}},

F'=F\ (EL(X)U{X, X0 1, Xn X0 1}).
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Then |Eq| = |Es| =2n —4, By N Ey =0, and
|F'| <6n—10— (2n —3) —2=4n — 9. (3.15)
Let L _ R
P=(X,X,, X' X)) and Q; = (X, X,, Y7, Y7,) (3.16)
be a path joining X to some vertex in L — X, and let
P ={F:1<i<2n—-4}U{Q;:1<j<2n—4}.
Then
| 2| = 4n — 8. (3.17)

Since these paths defined in (3.16) are edges disjoint, comparing (3.15) and (3.17), we
have that there exists a path P € & such that E(P) N F’ = (. Then X can be connected
to a vertex in L.

Case 1.2. XX, € F.

If X, X1 ¢ F', we are done. So assume that X, X,_1 € F. Since there are no isolated
edges in AQ,, — F, we have Eg(X,,) — Fr # 0.

If X,X, ¢ Fgr, we can obtain a path joining X via a path to a vertex in L — X by
the 4n — 8 paths & constructed in Case 1.1. Hence, we can assume X, X,, € Fr below.
We will construct 4n — 9 edge disjoint paths joining X to some vertex in L — X in the
following,.

Let X,W € Er(X,) — Fg. Then W # X,,.

Let ' A

Ei={WX": WX"e ER(W)\{X,,W}}, -
E,={X,Y7: X,YJ G_ER(Xn)_\{XnVV,i(an}},
F*=F\(EL(X)U{XX,, Xp,Xn-1,XnXpn}).
Then |Ef| =2n — 4, |E}| = 2n — 5 and
|F*| <6n—10— (2n —3) — 3 = 4n — 10. (3.18)

o Pr = (X, X, W, X', X}) and Q} = (X, X,,,Y",Y7,)) (3.19)
be a path joining X to some vertex in L — X, and let
P ={P:1<i<2n—-4}uU{Q;:1<j<2n-5}
Then
| 2" = 4n — 9. (3.20)

Since these paths defined in (3.19) are edges disjoint, comparing (3.18) and (3.20), there
exists a path P* € 2* such that E(P*) N F* = (. This implies that vertex X can be
connected to a vertex in L — X.
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Step 2. Any vertex X of R can be connected to L in AQ,, — F.

Suppose that X is an arbitrary vertex in R, if {XX,,, XX,} ¢ F, where X,, and X
are both in L, we are done. Thus, assume that {XX,,, XX, } C F. Since there is neither
isolated vertex nor isolated edge in AQ, — F', the vertex X lies on a path T of length 2 in
R — Fr. Assume V(T_): {X,Y, g} {YY,,YY, 22y, ZZy} € F, we are done. Hence,
assume that {YY,,,YY,,Z2Z,,ZZ,} C F in the following.

Let F* = F\ {XX,,,XX,.,YY,,.YY ., ZZ,, ZZ,,}.

Then

|F*| < 6n — 10 — 6 = 6n — 16. (3.21)
Note that
|Er(T)| > 3% (2n — 5) = 6n — 15. (3.22)

By Lemma 2.8, we have |[Nr(X)NNg(Y)NNg(Z)| < 1. We will construct edge disjoint
paths joining V(T') to V(L) according to the following two cases.

Case 2.1 |[Np(X)NNg(Y)NNgr(Z2)| =0.

In this case, each vertex in Ng(T') is incident to at most two edges in Er(T). Since
every vertex is incident to exactly two crossing edges in AQ,,, we can construct |Er(T)|
edge disjoint paths & joining V(T') to V(L) as follows.

For any vertex W in Ng(T), if W' is incident to exactly one edge AW' in Eg(T) where
AeV(T), let P, = (A, W' W}); if W' is incident to exactly two edges AW* and BW" in
Er(T) where A, B € V(T), let P, = (A,W!,W}) and P/ = (B, W, Wi,).

Comparing (3.21) and (3.22), there exists a path P € & such that E(P)NF* = (). This
implies that vertex X can be connected to a vertex in L.

Case 2.2 ‘NR(X) N NR(Y) N NR(Z)‘ =1.
In this case, there is a vertex U in Ng(T") incident to exactly three edges in Er(T") and

other vertices in Np(T') is incident to at most two edges in Er(T).

Since |Fg| < |F*|, comparing (3.21) and (3.22), there exists an edge e € Er(T) \ Fg.
Without loss of generality, we may assume e = XW. If {WW,,WW,} ¢ F, where W,
and W, are both in L, we are done. Thus, assume that {WW,,, WW,} C F.

Let F' = F\{X Xy, XX, YY0,YY 0, ZZ0, ZZ s, WWy, WV, }.

Then
|F'| <6n-—10—-8 =6n — 18. (3.23)

Since every vertex is incident to exactly two crossing edges in AQ,, we can construct
edge disjoint paths & joining V(T') to V(L) as follows.

For any vertex W in Ng(T)\ {W}, if W is incident to exactly one edge AW in Ex(T)
where A € V(T), let P, = (A,W* Wi); if W is incident to exactly two edges AW® and
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BW' in Er(T) where A,B € V(T), let P, = (A,W!, W) and P = (B, W), Wi,); if
Wi=U,let P, = (Y,U,U,) and P! = (Z,U,U,,).

Case 2.2.1 The vertex W is incident to one edge in Er(7T). Hence, we construct at least
|Er(T)|—2 > 6n—17 edge disjoint paths 2 jointing V(T') to V(L). By (3.23), there exists
a path P € & such that E(P) N F’ = (). This implies that vertex X can be connected to
a vertex in L.

Case 2.2.2 The vertex W is incident to at least two edges in Er(7T"). Hence, we construct
at least |ER(T)| —3 > 6n — 18 edge disjoint paths & jointing V(T') to V(L). If there
exists a path P € & such that E(P) N F’ = (), we are done. Assume E(P)NF’' # () for
every path in &2. By (3.23), the faulty edges F” are all in &. Let P = (X, W, Wj, (W;)y,),
where W; is not in 7' and WW; ¢ F. Then, P is fault-free. This implies that vertex X
can be connected to a vertex in L.

We proved that AQ,, — F is connected, which means A\o(AQ,) > 6n — 9 for n > 4.
The theorem follows. O

4. Conclusions

In this paper, we explore two stronger measurement parameters for the reliability and
the tolerance of networks called the 2-extra connectivity ko(G) and the 2-extra edge-
connectivity Ao(G) of a connected graph G, which not only compensate for some shortcom-
ings but also generalize the classical connectivity x(G) and the classical edge-connectivity
A(G), and so can provide more accurate measures for the reliability and the tolerance of a
large-scale parallel processing system. The augmented cube AQ,,, as an important variant
of the hypercube @,, has many desirable properties (for more results, see, for exam-
ple, [3-5,7-10,14,17,18,20-22,24,27,28]). Here, we have showed that ko(AQ,) = 6n — 17
for n > 9; and A\o(AQ,) = 6n — 9 for n > 4. In other words, for n > 9 (respectively,
n > 4), at least 6n — 17 vertices (respectively, 6n —9 edges) of AQ,, have to be removed to
get a disconnected graph that contains no isolated vertices and isolated edges. Compared
with previous results, our results enhance the fault tolerant ability of this kind of network
theoretically.
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