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1 de
� G = (V,E) ����� (�Æ������), �� V = V (G) �� G ����,

E = E(G) �� G ���, |V | �� G ��. 1978 �, Caccetta � Häggkvist [2] ������ 

�!:

fg 1.1 h"��Æ"# r � n ��������Æ�# �n/r� ���$.

� r = 1 %, �!&' !. � r = 2 %, Caccetta � Häggkvist [2] ()�! !. 1987 �,

Hamildoune [4], Hoáng � Reed [5] "#()$� r = 3 � r = 4, 5 %�! !. h%, Shen [9]

()$� r <
√

n/2 %�! !. &#*'� r, (�!+),-*+,. -#�! 1.1 .�.

-/0�1/02, 13245 [10].

� r = n/3 %, �! 1.1 13�6�: h"��Æ"# n/3 � n ��������� 3 �

��$. '3, 7*89�3�:��!+),-*(). #�;<45*67�89:76

�!, �=>;1?"�<@ α 3A=�h"��Æ"# αn %, n ��������� 3 ��

�$. �! 1.1 BCD α = 1/3. Caccetta � Häggkvist [2] ()$ α ≤ (3 − √
5)/2 ≈ 0.3819,

Bondy [1], Shen [8] 3. Hamburger > [3] .?&�i�$@0. h%, Hlakdy >; [6] A76B

C@0D 0.3465.

E59:h"<@ α3A=h"��Æ"# αn� n��������Æ�# 4���$.

�! 1.1 BCD: α = 1/4. EF�GHF5 [1, 3, 7, 8] ��IJ, G<()$���BC.

jk 1.2 H α ≥ 0.28724, Ih"��Æ"# αn � n (≥ 4) ��������Æ�# 4

���$.

2 lmnop
KL 1.2 �()JK*LMN�ML. � G ����. &NB v ∈ V (G), KO

N+
G (v) = {u ∈ V (G) : (v, u) ∈ E(G)}, d+

G(v) = |N+
G (v)|

� v ���; KO

N−
G (v) = {u ∈ V (G) : (u, v) ∈ E(G)}, d−G(v) = |N−

G (v)|
� v �P�. KO

δ+(G) = min{d+
G(v) : v ∈ V (G)}

� G �h"��.

qk 2.1 (Hamburger, Haxell, Kostochka [3]) � G ����. H?4 G �QR k S�O

PDT$�, IQU v ∈ V (G), VP d+
G(v) ≤ √

2k.

qk 2.2 (Sullivan [11]) � G �4WX����QR k S�OPD��. H G ���$Æ

h"$��# 4, I4 G �YQR k/2 S�O1PDT$�.

qk 2.3 � G �4WX����QR k S�OPD��. H G ���$Æh"$��#
4, IQU v ∈ V (G), VP d+

G(v) ≤ √
k.

rs ZML 2.2, 4 G �YQR k/2 S�OPDT$�. ZML 2.1, QU v ∈ V (G), VP

d+
G(v) ≤ √

2k/2 =
√

k. (R.
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G<&� n (≥ 4) V]HFJ()KL 1.2. ^_`BD: � α ≥ 0.28724 Æ n ≥ 4 %,

αn ≥ 1, h"��Æ"# αn � n ����Y���$. a(, � n = 4 %, BZ !. [�KL

1.2 &�"# n �NB���\ !. ] G � n ����ÆÆ���h^� 4 ���$. Æ_

[� G � r ��bI�, �&N` v ∈ V (G) a� d+
G(v) = r, �� r = �αn�, α ≥ 0.28724. G

<�c��b�dc. ^_()d6ML.

qk 2.4 &NB� v ∈ V (G), a�

d−G(v) <
(1 − α)3

α
r, (2.1)

�� (1−α)3

α > 1, α < 1
3 .

rs &NB v ∈ V (G), ] H �3 N+(v) ����b�t�. a� H Æ���h^� 4

���$, ZHF[�, QU u ∈ V (H), VP d+
H(u) < αr. Z(1P

|N+
G (u)\N+

G (v)| ≥ r − αr. (2.2)

efe, 9:3 N+
G (v)∪N+

G (u) ����b�t�. ZHF[�, QU w ∈ N+
G (v)∪N+

G (u),

U(b�t�����"# α|N+
G (v) ∪ N+

G (u)|. #��
|N+

G (w)\(N+
G (v) ∪ N+

G (u))| ≥ r − α|N+
G (v) ∪ N+

G (u)|
= r − α(|N+

G (v)| + |N+
G (u)\N+

G (v)|)
= (1 − α)r − α|N+

G (u)\N+
G (v)|,

�

|N+
G (w)\(N+

G (v) ∪ N+
G (u))| ≥ (1 − α)r − α|N+

G (u)\N+
G (v)|. (2.3)

Z# G �h"$��# 4, f��� N+
G (v), N+

G (u)\N+
G (v), N+

G (w)\(N+
G (v) ∪ N+

G (u)),

N−
G (v) ggÆh, g6�����@c"#� r, |N+

G (u)\N+
G (v)|, |N+

G (w)\(N+
G (v) ∪ N+

G (u))|,
d−G(v). Z(1P

n > r + |N+
G (u)\N+

G (v)| + |N+
G (w)\(N+

G (v) ∪ N+
G (u))| + d−G(v). (2.4)

A (2.2), (2.3) iP (2.4) 9, P

n > r + |N+
G (u)\N+

G (v)| + (1 − α)r − α|N+
G (u)\N+

G (v)| + d−G(v)

= r + (1 − α)r + (1 − α)|N+
G (u)\N+

G (v)| + d−G(v)

≥ r + (1 − α)r + (1 − α)2r + d−G(v).

`BD r = �αn� ≥ αn, 1P
r

α
≥ n > r + (1 − α)r + (1 − α)2r + d−G(v).

Z(13h�

d−G(v) <
1
α

(r − αr − α(1 − α)r − α(1 − α)2r) =
(1 − α)3

α
r

&NB� v ∈ V (G)  !.

Z# G � r ��bI�, fQU v ∈ V (G) ju d−G(v) ≥ r, Z(1P (1−α)3

α > 1. ]

s(α) = (1−α)3

α . Z# s(α) -# α klmnÆ s( 1
3 ) = 8

9 < 1, #�� α < 1
3 . MLP(.
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� u, v, w ∈ V (G). �C (u, v), (v,w), (u,w) ∈ E(G), I� 〈u, v, w〉 �K�i78. ���

(u, v) ��(K�i78�o, �� u ��(K�i78�j. ] Ē(G) �� G �-p���&

�q, �� (x, y), (y, x) /∈ E(G) %, � xy ∈ Ē(G). 3��MN8v#5 [3].

&NB (u, v) ∈ E(G), ] f(u, v) ��3 N+
G (u) ∩ N+

G (v) ����b�t��Æp���
&@c. &NB u ∈ V (G), ] Hu �� G �3 N+

G (u) ����b�t�, ]

f(u) =
(

r

2

)
− |E(Hu)|, t(u) = |E(Hu)|.

13r�, f(u) �� Hu �Æp���&@c, t(u) �� G �3 u �j�K�i78�6

@, nÆ t(u) + f(u) =
(
r
2

)
. ]

t =
∑

u∈V (G)

t(u), f =
∑

u∈V (G)

f(u) = γnr2, �� 0 ≤ γ ≤ 1
2
.

#�

t =
(

r

2

)
n − f =

(
r

2

)
n − γnr2 ≤

(
1
2
− γ

)
nr2, �� 0 ≤ γ ≤ 1

2
. (2.5)

qk 2.5 ] β = 1
6

( (1−α)3

α − 2α
(1−α)3 + 4

)
, I β > 1

2 , nÆ∑
(u,v)∈E(G)

f(u, v) < βr
∑

u∈V (G)

f(u).

rs ] β(x) = 1
6 (x− 2

x +4), x > 0. &' β(x)-# xklk. ZML 2.4,� (1−α)3

α > 1,

Z(1P β = β( (1−α)3

α ) > β(1) = 1
2 . ZKOlm∑

u∈V (G)

f(u) =
∑

xy∈Ē(G)

|N−
G (x) ∩ N−

G (y)|

3. ∑
(u,v)∈E(G)

f(u, v) =
∑

xy∈Ē(G)

|E(N−
G (x) ∩ N−

G (y))|.

a(, �()ML, nJ(): &NB� xy ∈ Ē(G), �

|E(N−
G (x) ∩ N−

G (y))| < βr|N−
G (x) ∩ N−

G (y)|. (2.6)

No xy ∈ Ē(G), ] |N−
G (x) ∩ N−

G (y)| = q. H q < r, I

|E(N−
G (x) ∩ N−

G (y))| ≤
(

q

2

)
<

1
2
q2 < βrq,

�Æ>9 (2.6)  !. pU[� q ≥ r Æ[KÆ>9 (2.6) Æ !, �

|E(N−
G (x) ∩ N−

G (y))| ≥ βr|N−
G (x) ∩ N−

G (y)| = βrq. (2.7)

] k ��3 N−
G (x)∩N−

G (y) ����b�t��Æp���&@c. NB q 6��h����
r �T$�, +^�

(
r
2

)
+ r(q − r) =

(
q
2

) − (
q−r
2

)
S�. 3 N−

G (x) ∩ N−
G (y) ����b�t��

h"$��# 4, nÆN*�����+^� r, ZML 2.2, (b�t��*KQU�@Æ"#(
q
2

) − 3
2k �T$t�. #�� (

q

2

)
− 3

2
k ≤

(
q

2

)
−

(
q − r

2

)
,
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� k ≥ 2
3

(
q−r
2

)
. Z(1P

|E(N−
G (x) ∩ N−

G (y))| =
(

q

2

)
− k ≤

(
q

2

)
− 2

3

(
q − r

2

)
. (2.8)

ZÆ>9 (2.7) � (2.8), �(
q

2

)
− 2

3

(
q − r

2

)
≥ βrq

⇒ 3q(q − 1) − 2(q − r)(q − r − 1) ≥ 6βrq

⇒ 3q2 − 2(q − r)2 > 6βrq

⇒ q2 + (4 − 6β)rq − 2r2 > 0

⇒
(

q

r

)2

+ (4 − 6β)
q

r
− 2 > 0.

] g(x) = x2 + (4− 6β)x− 2. Z# β = 1
6

( (1−α)3

α − 2α
(1−α)3 + 4

)
, lm (1−α)3

α � g(x) = 0 �

q*brs. Z(1m, � ( q
r )2 + (4 − 6β) q

r − 2 > 0 %, � q
r > (1−α)3

α . a(

d−G(x) ≥ |N−
G (x) ∩ N−

G (y)| = q >
(1 − α)3

α
r,

sML 2.4 dc. a(, Æ>9 (2.6) &NB� xy ∈ Ē(G)  !, ML(R.

&NB� (u, v) ∈ E(G), ]

p(u, v) = |N+
G (v)\N+

G (u)|, t�3 (u, v) �t*S���� 2 ���b�tu�@c;

q(u, v) = |N−
G (u)\N−

G (v)|, t�3 (u, v) �hO*S���� 2 ���b�tu�@c;

t(u, v) = |N+
G (u) ∩ N+

G (v)|, t�3 (u, v) �o�K�i78�@c.

qk 2.6 &NB� (u, v) ∈ E(G), �

n > r + (1 − α)r + (1 − α)2t(u, v) + d−G(v) + q(u, v) (2.9)

�

n > r + (1 − α)r + (1 − α)(t(u, v) −
√

f(u, v)) + d−G(v) + q(u, v). (2.10)

rs G<_()Æ>9 (2.9). H t(u, v) = 0, (2.9) 1�v�

n > r + d−G(v) + q(u, v) + (1 − α)r. (2.11)

ZHF[�, QU w ∈ N+
G (v), U3 N+

G (v) ����b�t��, w ���"# αr. a(�

|N+
G (w)\N+

G (v)| ≥ r − αr.

Z# G �h"$��# 4, f N+
G (v), N+

G (w)\N+
G (v), N−

G (v) 3. N−
G (u)\N−

G (v) �ggÆh�

��, Z(1P

n > |N+
G (v)| + |N−

G (v)| + |N−
G (u)\N−

G (v)| + |N+
G (w)\N+

G (v)|
≥ r + d−G(v) + q(u, v) + (1 − α)r.

#�, Æ>9 (2.11)  !, �� t(u, v) = 0 %, Æ>9 (2.9)  !.

pU[� t(u, v) > 0. 9:3 N+
G (v) ∩ N+

G (u) ����b�t�. ZHF[�, QU w ∈
N+

G (v)∩N+
G (u),U(b�t�����"# αt(u, v). e%,Z# |N+

G (v)\N+
G (u)| = p(u, v),f w
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U3 N+
G (v)\N+

G (u)����b�t����w�@c+^� p(u, v). YZ t(u, v) = r−p(u, v),

1P

|N+
G (w)\N+

G (v)| ≥ r − p(u, v) − αt(u, v) = (1 − α)t(u, v). (2.12)

a� G �Æ���i78, f�� N+
G (w)\N+

G (v), N−
G (v), N−

G (u)\N−
G (v) ggÆh. 9:

3 N+
G (v)∪N+

G (w) ����b�t�. ZHF[�, QU x ∈ N+
G (v)∪N+

G (w), U(b�t��
���"# α|N+

G (v) ∪ N+
G (w)|. Z(1P

|N+
G (x)\(N+

G (v) ∪ N+
G (w))| ≥ r − α|N+

G (v) ∪ N+
G (w)|

= r − α(|N+
G (v)| + |N+

G (w)\N+
G (v)|)

= (1 − α)r − α|N+
G (w)\N+

G (v)|,
�

|N+
G (x)\(N+

G (v) ∪ N+
G (w))| ≥ (1 − α)r − α|N+

G (w)\N+
G (v)|. (2.13)

Z# G �h"$��# 4, f�� N−
G (v), N−

G (u)\N−
G (v) as N+

G (x)\(N+
G (v) ∪ N+

G (w))

Æ.h. Z(1m, N+
G (v), N+

G (w)\N+
G (v), N+

G (x)\(N+
G (v) ∪ N+

G (w)), N−
G (v) � N−

G (u)\N−
G (v)

�ggÆh���, Æ���@c"#� r, |N+
G (w)\N+

G (v)|, |N+
G (x)\(N+

G (v) ∪ N+
G (w))|, d−G(v)

� q(u, v). #��

n > r + |N+
G (w)\N+

G (v)| + |N+
G (x)\(N+

G (v) ∪ N+
G (w))| + d−G(v) + q(u, v). (2.14)

A (2.12), (2.13) iP (2.14) 9, P

n > r + |N+
G (w)\N+

G (v)| + (1 − α)r − α|N+
G (w)\N+

G (v)| + d−G(v) + q(u, v)

= r + (1 − α)r + (1 − α)|N+
G (w)\N+

G (v)| + d−G(v) + q(u, v)

≥ r + d−G(v) + q(u, v) + (1 − α)r + (1 − α)2t(u, v).

Z(1mÆ>9 (2.9)  !.

&NB (u, v) ∈ E(G), 9:3 N+
G (u) ∩ N+

G (v) ����b�t�, f(u, v) ����Æp�

��&@c. ZML 2.3, QU w ∈ N+
G (u) ∩N+

G (v), U(b�t�����"# √
f(u, v). Z(

1m

|N+
G (w)\N+

G (v)| ≥ r − p(u, v) −
√

f(u, v). (2.15)

A (2.13), (2.15) iP (2.14) 9, P

n > r + |N+
G (w)\N+

G (v)| + (1 − α)r − α|N+
G (w)\N+

G (v)| + d−G(v) + q(u, v)

= r + (1 − α)r + (1 − α)|N+
G (w)\N+

G (v)| + d−G(v) + q(u, v)

≥ r + d−G(v) + q(u, v) + (1 − α)r + (1 − α)(r − p(u, v) −
√

f(u, v))

= r + d−G(v) + q(u, v) + (1 − α)r + (1 − α)(t(u, v) −
√

f(u, v)).

� (2.10) 9 !. MLP(.

jk 1.2 wrs A t(u, v) = r − p(u, v) i; (2.9) � (2.10) 9, P

(2α − α2)t(u, v) > (3 − α)r − n + d−G(v) + q(u, v) − p(u, v) (2.16)
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�

(1 − α)
√

f(u, v) + αt(u, v) > (3 − α)r − n + d−G(v) + q(u, v) − p(u, v). (2.17)

&u� (u, v) ∈ E(G) v�, P ∑
(u,v)∈E(G)

t(u, v) = t, (2.18)

�� t � G �K�i78�@c, nÆ∑
(u,v)∈E(G)

(3 − α)r − n = nr[(3 − α)r − n]. (2.19)

ZxwÆ>9�5 [12, KL 1.1] (��Zt*KL), P∑
(u,v)∈E(G)

d−G(v) =
∑

v∈V (G)

(d−G(v))2 ≥ 1
n

( ∑
v∈V (G)

d−G(v)
)2

= nr2,

� ∑
(u,v)∈E(G)

d−G(v) ≥ nr2. (2.20)

a�
∑

(u,v)∈E(G) p(u, v) �
∑

s(u,v)∈E(G)q(u, v) a�� G ��� 2 ���b�tu�@
c, f� ∑

(u,v)∈E(G)

p(u, v) =
∑

(u,v)∈E(G)

q(u, v). (2.21)

ZML 2.5, �

∑
(u,v)∈E(G)

√
f(u, v) ≤ nr

√∑
(u,v)∈E(G) f(u, v)

nr
< nr

√
βr

∑
u∈V (G) f(u)

nr
.

xa� ∑
u∈V (G)

f(u) = γnr2,

� ∑
(u,v)∈E(G)

√
f(u, v) < nr2

√
βγ. (2.22)

UÆ>9 (2.16) � (2.17) �gy&u�� (u, v) ∈ E(G) v�, YA (2.18)–(2.22) iP7g

6Æ>91P

(2α − α2)t > (4 − α)nr2 − n2r (2.23)

�

(1 − α)nr2
√

βγ + αt > (4 − α)nr2 − n2r. (2.24)

Z (2.5) 9, t ≤ ( 1
2 − γ)nr2, �� 0 ≤ γ ≤ 1

2 . iP (2.23) � (2.24) 9, P(
1
2
− γ

)
(2α − α2)nr2 > (4 − α)nr2 − n2r (2.25)
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�
(1 − α)nr2

√
βγ + α

(
1
2
− γ

)
nr2 > (4 − α)nr2 − n2r. (2.26)

A (2.25), (2.26) 9gye%z3 nr2, nÆ`BD r = �αn� ≥ αn, 13PD(
1
2
− γ

)
(2α − α2) > (4 − α) − 1

α
(2.27)

�
(1 − α)

√
βγ + α

(
1
2
− γ

)
> (4 − α) − 1

α
. (2.28)

Z (2.27) 9P

γ <
2 − 8α + 4α2 − α3

2(2 − α)α2
. (2.29)

] h(γ) = (1 − α)
√

βγ + α( 1
2 − γ), I h′(γ) = 1−α

2

√
β
γ − α. Z# β > 1

2 � α < 1
3 , &NB

� 0 ≤ γ ≤ 1
2 � h′(γ) ≥ 0. Z(1m, h(γ) -# γ �klk�. A (2.29) iP (2.28) 9, P

h

(
2 − 8α + 4α2 − α3

2(2 − α)α2

)
≥ h(γ) > (4 − α) − 1

α
,

�

(1 − α)

√
β

2 − 8α + 4α2 − α3

2(2 − α)α2
+

4α − α2 − 1
α(2 − α)

> (4 − α) − 1
α

.

A β = 1
6

( (1−α)3

α − 2α
(1−α)3 + 4

)
iPy91P

α10 − 12α9 + 75α8 − 320α7 + 877α6 − 1402α5 + 1261α4 − 628α3 + 188α2 − 38α + 4 > 0.

Z(1P: α < 0.287238 s α ≥ 0.28724 dc. KL 1.2 P(.

xy E5iz{{||�}}~~���.
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