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Abstract Let G be a graph without isolated vertices. The total domination number
of G is the minimum number of vertices that can dominate all vertices in G, and the
paired domination number of G is the minimum number of vertices in a dominating
set whose induced subgraph contains a perfect matching. This paper determines the
total domination number and the paired domination number of the toroidal meshes,
i.e., the Cartesian product of two cycles C, and C,, for any n > 3 and m € {3, 4}, and
gives some upper bounds for n, m > 5.

Keywords Total domination number - Paired domination number - Toroidal
meshes - Cartesian product

1 Introduction

For notation and graph-theoretical terminology not defined here we follow Xu (2003).
Specifically, let G = (V, E) be an undirected graph without loops, multi-edges and
isolated vertices, where V = V (G) is the vertex-set and E = E(G) is the edge-set,
which is a subset of {xy|xy is an unordered pair of V}. A graph G is nonempty if
E(G) # 0. Two vertices x and y are adjacent if xy € E(G). For a vertex x, denote
N(x) ={y:xy € E(G)} be the neighborhood of x. For a subset D C V(G), we use
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G|[D] to denote the subgraph of G induced by D. We use C, and P, to denote a cycle
and a path of order n, respectively, throughout this paper.

A subset D C V(G) is called a dominating set if N(x) N D # () for each vertex
x € V(G) \ D. The domination number y (G) is the minimum cardinality of a domi-
nating set. A thorough study of domination appears in Haynes et al. (1998a, 1998b).
A subset D C V(G) of G is called a total dominating set, introduced by Cockayne
et al. (1980), if N(x) N D # @ for each vertex x € V(G) and the rotal domination
number of G, denoted by y,(G), is the minimum cardinality of a total dominating set
of G. The total domination in graphs has been extensively studied in the literature.
A survey of selected recent results on this topic is given by Henning (2009).

A dominating set D of G is called to be paired, introduced by Haynes and Slater
(1995, 1998), if the induced subgraph G[D] contains a perfect matching. The paired
domination number of G, denoted by y,(G), is the minimum cardinality of a paired
dominating set of G. Clearly, ¥ (G) < y,(G) < y,(G) since a paired dominating set
is also a total dominating set of G, and y,(G) is even. Pfaff et al. (1983) and Haynes
and Slater (1998) showed that the problems determining the total-domination and
the paired-domination for general graphs are NP-complete. Some exact values of
total-domination numbers (for example El-Zahar et al. 2008; Rall 2005) and paired-
domination numbers (for example Bresar et al. 2005, 2007) for some special classes
of graphs have been determined by several authors. In particularly, y; (P, x Py,,) and
Yp(Py X Pp) for 2 < m < 4 are determined by Gravier (2002), and Proffitt et al.
(2001), respectively.

Use G ;m to denote the toroidal meshes, i.e., the Cartesian product C,, x Cp, of
two cycles C,, and Cp,. KlavZzar and Seifter (1995) determined y (G, ) forany n > 3
and m € {3, 4, 5}. In this paper, we obtain the following results.

G _ 4n )
Vi ( n,3)—’7?—‘,

G ) — f%"T ifn=0,2,4 (mod5),
Yp(Gn3) = n S .
[51+1 ifn=1,3 (mod5);
n if n =0 (mod4),

Y1(Gua) = vp(Gua)={n+1 ifn=1,3 (mod4),
n+2 ifn=2 (mod4).

2 Preliminary results

In this section, we recall some definitions, notations and results used in the proofs of
our main results. Throughout this paper, we assume that a cycle C,, has the vertex-set
V() =A{1,...,n}.

Use G, to denote the toroidal meshes, i.e., the Cartesian product C, x C,,,
which is a graph with vertex-set V(G,,m) = {x;j| 1 <i <n,1 < j <m} and two
vertices x;; and x;/ j being linked by an edge if and only if either i =i’ € V(C,) and
jj' € E(Cp),or j=j €V(Cy)andii’ € E(Cy).

Let Y; ={x;;| 1 < j <m}for 1 <i <n, called a set of vertical vertices in G, ;.
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In Gavlas and Schultz (2002), defined an efficient total dominating set, which is
such a total dominating set D of G that |[N(v) N D| =1 for every v € V(G). The
related research results can be found in Dejter and Serra (2003), Gavlas and Schultz
(2002), Huang and Xu (2008).

Lemma 2.1 (Gavlas and Schultz 2002) Ifa graph G has an efficient total dominating
set D, then the edge-set of the subgraph G| D] forms a perfect matching, and so the
cardinality of D is even, and {N (v) : v € D} partitions V (G).

Lemma 2.2 Let G be a k-regular graph of order n. Then y;(G) > 1, with equality if
and only if G has an efficient total dominating set.

Proof Since G is k-regular, each v € V(G) can dominate at most k vertices. Thus
¥:(G) = 7. It is easy to observe that the equality holds if and only if there exists a
total dominating set D such that {N(v) : v € D} partitions V (G), equivalently, D is
an efficient total dominating set. U

Lemma 2.3 y,(G,.m) = Vp(Gum) =3 forn,m =0 (mod4).

Proof Let D = {Xij, Xi(j+1), X(i+2)(j+2)» X(i+2)(j+3) - i, ] =1 (mod4)}, where 1 <

i <nand 1< j<m.Figure | is such a set D in Gg 4. It is easy to see that D is a
nm

paired dominating set of G, ,, with cardinality %. Thus, yp(Gp,m) < 7
By Lemma 2.2, Vl(Gn,m) > % Since Vt(Gn,m) < Vp(Gn,m), Vt(Gn,m) S
Vp(Gn,m) = % O

3 Total and paired domination number of G, 3

In this section, we determine the exact values of the total and the paired domination
numbers of G, 3, as stated the following theorem.

Theorem 3.1 Foranyn >3,

G [ 4n
yt( 11,3)— ?
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and
[, ifn=0,2,4 (mod5);

vp(Gn3) = (4741, ifn=1,3 (mod5).
Proof Let D be a minimum total dominating set of G, 3. First, we may assume that
|Y; N D| <2 for any 1 <i <n. Since the symmetry of G, 3, we only consider the
case i ¢ {1,n}. Indeed, if |Y; N D| =3 for some i ¢ {1, n}, then x;_1); and x;_1)3
can not belong to D at the same time since otherwise (D \ Y;) U {x¢41)1, X(i+1)2} is
also a total dominating set of G, 3 but with cardinality less than D, also x(; 1)1 and
X(i+1)3 can not belong to D at the same time. Therefore the set D’ = (D \ {x;1, x;3}) U
{x@—1)2, X(i+1)2} is also a total dominating set of G, 3 with |D’| = | D|, and hence we
can assume that |Y; N D| < 2.

Let ax be the number of i’s for which |Y; N D|=k for 1 <i <mnand 0 <k <2.
Then we have

a)+a] +ay=n. 3.1

Assume |Y; N D| =0 for some i ¢ {1,n} (we only consider the case i ¢ {1,n}
since the symmetry of G, 3). Atleast one of |Y;—_1 N D| and |Y;+1 N D] is 2 since the
three vertices in Y; should be dominated by D, which means that

200 — g > 0. 3.2)

If |Y; N D| =2 for some i with 1 <i < n, then the two vertices in ¥; N D can
dominate at most 7 vertices. Since any vertex x € D can dominate at most 4 vertices,
we have

4a1 + Tap > 3n. (3.3)
The sum of (3.1), (3.2) and (3.3) implies
Sai + 10ar > 4n,

and, hence,
4n
V1 (Gn3) =|D| =y + 202 > 5| 3.4

To obtain the upper bounds of y,(G, 3) and y, (G, 3), we set
D={xp:i=1,2(mod5)} U{x;i,xj3:j =4 (mod5)},

where 1 <i <n. See Fig. 2, where D consists of bold vertices.

If n £ 3 (mod5), then D is a total dominating set and y; (G, 3) < |D| = |'4T”'|.

If n =3 (mod5), then DU {x,,} is a total dominating set and y; (G, 3) < |D|+1 =
[47.

Combining these facts with (3.4), we have that y; (G, 3) = [4?”].

If n=0,2,4 (mod5), then D is a paired dominating set and y,(G, 3) < |D| =
[47.

If n =1 (mod5), then D U {x,;} is a paired dominating set and y,(G,3) <
ID|+1=[%7+1.
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Fig. 2 The minimum paired dominating set (bold vertices) of G1g 3

If n =3 (mod5), then D U {x,1, x,2} is a paired dominating set and y, (G 3)
IDI+2=T%7+1.

Since ¥,(Gn3) = 71(Gu3) and yp(Gy3) is even, yp(Gu3) = [ if n
0,2,4 (mod5), and y, (G, 3) = [4?”] +1ifn=1,3 (mod5).

The theorem follows. O

IA

4 Total and paired domination number of G, 4

In this section, we determine the exact values of y,(Gy 4) and y,(Gp 4), the latter
was obtained by BreSar et al. (2007).

Lemma 4.1 y,(Gn.4) =y:(Gna) =n+1forn=1,3 (mod4).

Proof Forn =1 (mod4), let
D = {xi1, Xi2, X(i42)3, X(i+2)4 : i = 1 (mod4), i #n} U {xu1, Xn2}.

Then D is a paired dominating set of G, 4 with cardinality n + 1. For n = 3 (mod4),
D = {xj1, Xi2, X(i42)3, X(i+2)4 : 1 = 1 (mod4)} is a paired dominating set of G, 4 with
cardinality n + 1. Thus, ¥;(Gp4) < yp(Gp4) <n+1forn=1,3 (mod4).

By Lemma 2.2, y,(G, 4) > %” =n. Now, we prove y;(Gp 4) > n + 1. Suppose to
the contrary that y; (G, 4) = n. By Lemma 2.2, G, 4 has an efficient total dominating
set D’. By Lemma 2.1, |D’| = n is even, a contradiction. Therefore y; (G, 4) > n, and
hence y,(Gp4) =y (Gpa) =n+1. O

Lemma 4.2 (G 4) <yp(Gu4) <n—+2forn=2(mod4).

Proof Let

D = {xi1, Xi2, X(i42)3, X(i42)4 : i = 1 (mod4),i <n — 2}
U {X(—1)1, X(n—1)2> Xul, Xn2}-
Then D is a paired dominating set of G, 4 with cardinality n 4 2. Thus, y;(G,.4) <
Yp(Gna) <n+2. O
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To prove y;(G,.4) > n + 2 for n =2 (mod4), we need the following notations
and two lemmas. Let Hl.j =Y;UY 1 U---UYiyj_1, and let Glj be the graph ob-
tained from G, 4 — Hl.j by adding the edge-set {x( )X+ )k : 1 <k <4}, where the
subscripts are modulo n. Clearly, Glj =Gu_j4.

Lemma 4.3 Let D be a total dominating set of G,4. Then |D N Hl-4| > 4 for
any i with 1 <i < n. Moreover, if there exists some i with 1 <i <n such that
IN(v) N D| =1 for any vertex v in Hi4, then D' =D\ (DN Hl.4) is a total domi-
nating set of G?.

Proof Without loss of generality, assume i = 2. It can be easy verified to dominate 8
vertices in Y3 U Yy, at least 4 vertices are needed, and hence |D N Hg | > 4.

We now show the second assertion. Suppose to the contrary that D’ is not a total
dominating set of G‘z‘. Then there is a vertex u in Y1 U Yg such that it is not dominated
by D/, that is, Ncg (u) N D' = @. Without loss of generality assume u = x;;. Then
x21 € D and x¢1 ¢ D. Also x41 ¢ D since |[N(x31) N D| =1.

Since x33 should be dominated by D and |N(x33) N D| = 1, only one of x37,
X34, X23, and x43 belongs to D. If x3p € D or x34 € D, then [N(x31) N D| > 2, a
contradiction. If xp3 € D, then [N (x22) N D| > 2, a contradiction. Thus, x43 € D.
Since x51 should be dominated by D, x55 € D or x54 € D. Butthen |N(x53) N D| > 2,
a contradiction. Thus, D' =D\ (DN H;‘ ) is a total dominating set of G?. O

Lemma 4.4 Let D be a total dominating set of G, 4. If x;j is dominated by two ver-
tices u, v € D, then there exists a vertex w in Hl.z_1 or Hl-2 such that [N(w) N D| > 2.

Proof Without loss of generality, let i = j = 2. If u, v € Y>, then assume u = x71,
v = x3 and, hence, |N (xp4) N D| > 2.

If one of 1 and v is in Y> and another is in ¥ U Y3, then without loss of generality
assume u = x31 € Y2 and v = x33 € ¥3. And then |N(x31) N D| > 2.

If one of u and v is in Y1 and another is in Y3, then without loss of generality
assume u = x12 € ¥ and v = x3 € Y3. Since xp4 should be dominated by D, let
s € N(x24) N D. It is clearly that N(s) N N(u) # @ or N(s) N N(v) # @, which
implies that there exists a vertex w ¢ {u, v} in le U H22 such that [N(w)ND|>2.0

Lemma 4.5 y;(G,4) =y,(Gy4) =n+2 forn=2 (mod4).

Proof By Lemma 4.2, we only need to show y;(G, 4) > n + 2. To this end, let n =
4k 4 2. We proceed by induction on k > 1. It is easy to verify that y;(Ge4) =8
and y,(G10,4) = 12. The conclusion is true for k = 1, 2. Assume that the induction
hypothesis is true for k — 1 with k > 3.

Let D be a minimum total dominating set of G, 4, where n = 4k + 2 for k > 3.
Assume to the contrary that |D| <n + 1. Since any vertex u can dominate at most 4
vertices in G, 4 and |V (G, 4)| = 4n, there are at most four vertices such that each of
them is dominated by at least two vertices in D.

We now prove that there exists some i € {1,2,...,n} such that |[N(v)ND|=1 for
any vertex v € Hl.4. There is nothing to do if there are at most three vertices such that
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each of them is dominated by at least two vertices since n > 14. Now, assume there
are exactly four vertices such that each of them is dominated by at least two vertices.
By Lemma 4.4, there exists two integers s and ¢ with 1 <, ¢t <n such that two of the
four vertices are in H?2 and the other two are in H?. Therefore, there exists an integer
i with 1 <i <n such that for any vertex v € Hl.4, IN(v) N D| =1 since n > 14.

By Lemma 4.3, |D N Hl.4| >4and D'=D\ (DN Hl.4) is a total dominating set
of G? = Gj—4.4. By the inductive hypothesis, |D'| > y;(Gp—4.4) > n — 2. It follows
that

n+1>|D|=|DNH|+|D'|>4+n—2=n+2,

a contradiction, which implies that y; (G, 4) = |D| > n + 2. By the induction princi-
ple, the lemma follows. O

By combining the above results in this section and Lemma 2.3, we get the follow-
ing theorem immediately.

Theorem 4.1 For any integer n > 3,

n, ifn =0 (mod4);
Yi(Gna) =yp(Gpa)=q1n+1, ifn=13(mod4);
n+2, ifn=2(mod4).

5 Upper bounds of y, (G ;) for n,m > 5

The values of y;(G,,m) and y, (G, ) for m € {3, 4} have been determined in the
above sections, but their values for m > 5 have been not determined yet. In this sec-
tion, we present their upper bounds. Since y;(G) < y,(G) for any graph G without
isolated vertices, we establish upper bounds only for y, (G, ) if we can not obtain
a smaller upper bound of y;(Gy, ;) than that of ¥, (G ).

Lemma 5.1 Vt(Gn,m) <% (Gnpt1,m) and Vp(Gn,m) =< Vp(Gn+l,n1)~

Proof Let D be a minimum paired (total) dominating set of G, .

If DNY,41 =0, then D is also a paired (total) dominating set of G, and hence
yp(Gn,m) 5 |D| (Vt(Gn,m) 5 |D|)

Assume D N Y,41 # ¥ below. Let A = {j|xu+1); € D} and B = {j|x,; € D}.
Then D' = (D \ Y,41) U {(x(—1)jlj € ANB}U{x,;|j € A\ B} is a total dominating
set of G, and |D’| < |D|. Therefore y,(Gy.;m) < Vi (Gpti.m)-

The vertex set D’ may not be a paired dominating set of G, ,, that means, the
induced subgraph G by D’ in G, ,, may contains odd connected components. Let
p be the number of odd connected components in G. It is clear that |D’| < |D| — p
by the construction of D’ from D. Therefore, we can obtain D” by adding at most
p vertices to D’ such that the induced subgraph by D" in G, , does not contain
odd connected components. Then D” is a paired dominating set of G, ,,,, and hence
Yp(Gnm) <ID"| < |D|. O
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Fig.3 Two paired dominating sets (bold vertices) of Gg 4 and Gg 5 in Theorems 5.2 and 5.3, respectively

Theorem 5.1 y, (G, ) <4511 1.

Proof Let n =4a — i and m = 4b — j where 0 <i,j < 3. By Lemma 2.3,
Yp(Gaaap) =4ab=4[7117]. By Lemma 5.1,

Vp(Gm,n) =< yp(G4a,4b) = 4’7%—‘ ’7%—‘ 0

Forn,m >5,let m =a (mod4) and n = b (mod4) where 0 < a, b < 3. We will
establish some better bounds of (G ) and y,(Gy, ;) than those in Theorem 5.1
for some special a and b. Let

D, = {Xij, Xi(j+1), X@42)(j+2) Xi+2)(j+3) * b J = 1 (mod4) },

where l <i<n—-2,1<j<m-—3,andn,m>35.
Theorem 5.2 (G, ) < "5 form =0 (mod4) and n =1 (mod4).

Proof Let D = D, U {xyj, Xy(j+1) : j =1 (mod4)}, where 1 < j <m — 3. Then, it
is easy to see that D is a paired dominating set of G, ,, with cardinality W (see

Fig. 3 for n =9 and m = 4). Thus, y,(Gp,m) < W- =

Theorem 5.3 ,(Gpm) < "D and (G ) < S for mon =
1 (mod4).

Proof Let D = D U {Xpj, Xp(j+1) X(i+1)(m—1)> X(i+2)m : 1, ] =1 (mod4)} U {xp},
where 1 <i <n —2and 1 < j <m — 3. Then, it is easy to see that D is a total
dominating set of G, ,, with cardinality wﬂ (see Fig. 3 forn =9 and m =5),
and D U {x;(n—1), X(i+1ym 1 i =1 (mod4)} \ {xy,,} is a paired dominating set of G,
with cardinality o+Dm+3) _ 2, where 1 <i <n —2. Thus, y(G,,n) < W
and y, (G ) < @D 5 O

Theorem 5.4 1, (G, ) < @D 3 for i =3 (mod4) and n =1 (mod 4).

Proof Let D = (D¢ U {Xjm-2) Xign—1)> X(i+1ym> XG+2m : I = 1 (mod4)} U
{xnj, Xn+n  J =1 (modDH} U {x—1)ms Xnm-21) \ {X@—3)m» X1gn—1)}, where
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Fig. 4 Two paired dominating sets (bold vertices) of Gg 7 and G ¢ ¢ in Theorems 5.4 and 5.5, respec-
tively

l<i<n-—2and1<j<m-—3(see Fig. 4 forn =9 and m = 7). Then, D is a
paired dominating set of G, with cardinality W - 2. O

Corollary 5.1 y,(G, ) < "2 3 for m =2 (mod4) and n =1 (mod 4).

Proof By Lemma 5.1, y,(Gp,m) < ¥p(Gpu,m+1). The corollary follows from Theo-
rem 5.4. O

Theorem 5.5 y, (G, ) < "2 6 for m,n =2 (mod4).

Proof Let D = (D, U {Xij(n—2), Xim—1)s X(i4+2)(m—1)> X(i+2m : I = 1 (mod4)} U

{Xa—1)js Xn—D)(j+1)s Xn(i+2)s Xn(ji+3) © ] = 1 (modd)} U {xpen—1)}) \ {x10m—2),
X1(m—1)> Xn(m—3)}, where 1 <i <n —2and 1 < j <m — 3 (see Fig. 4 for n = 10 and
m = 6). Then D is a paired dominating set of G, ,, with cardinality w — 6.

Thus, p(Gpm) < ZF2AmED ¢ O
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