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1. Introduction

For graph-theoretical terminology and notation not defined here we follow [19]. Let G = (V,E) = (V(G), E(G)) be a
simple graph and x € V. The neighborhood and degree of x are Ng(x) = {y € V : xy € E} and d¢(x) = |Ng(x)|, respectively. If
dc(x) = 1, then x is called a leaf and its unique neighbor is called a stem. The set of leaves of G is denoted by L(G). Letp > 1
be an integer and X C V with x € X. Avertexy € Ng(x) is called a p-private neighbor of x with respect to X ify € V — X and
INc(y) N X| = p. We use N, (x, X, G) to denote the set of p-private neighbors of x with respect to X in G.

For X C V, the subgraph induced by X (resp. V — X) is denoted by G[X] (resp. G — X). The complement G° of G is the
simple graph with vertex-set V and edge-set E(G°) = {xy : xy &€ E}. For B C E(G°), G + B denotes the graph obtained from
G by adding B. To simplify notation, for x € V and subgraph H C G, we write G — xand G — H for G — {x} and G — V(H),
respectively.

Letp > 1beanintegerand X C V.ForY C V, Xp-dominates Y in G if foreachy € Y, eithery € X or [Ng(y) N X| > p.
We write X >, Y if Xp-dominates Y, and write X 3, Y otherwise. In particular, if X >, V then X is called a p-dominating set,
abbreviated DS, of G. The p-domination number y,(G) is the minimum cardinality of a DS, of G. A DS, with cardinality y,(G)
is called a y,-set of G. The p-reinforcement number r,(G) is the smallest number of edges in G° that have to be added to G in
order to reduce y,(G), that is

r,(G) = min{|B| : B € E(G") with ,(G + B) < y,(G)}.
By convention,

1(G) =0 ify,(G) <p. (1.1)
Clearly, y; and rq are the well-known domination y and reinforcement r, respectively.
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Fig. 1. Trees F,_; and F; ,_;, where t > p and each y; has p — 1 leaves.

The concept of p-domination was introduced by Fink and Jacobson [10] in 1985 and has been well studied for recent
decade (see, for example, [2-4,7-9,11]). Chellali et al. [5] gave an excellent survey on this topic. The p-reinforcement number,
introduced by Lu, Hu and Xu [17], is a parameter for measuring vulnerability of p-domination, is also a natural extension of
the classical reinforcement number which was introduced by Kok and Mynhardt [15] and studied by a number of authors
(see, for example, [6,12-14,20]). Motivated by the work of these authors, Lu, Hu and Xu [17] studied p-reinforcement, found
a method to determine r,, in terms of y, and showed that the decision problem on r, is NP-hard and established some upper
bounds.

Surprisingly, for a tree T of order n, the known upper bounds for r,(T) are of distinct forms accordingtop = 1andp > 2.
For p = 1, Blair et al. [1] gave a sharp upper bound r{(T) < g For p > 2, however, there is an upper bound for r,(T) which
is independent of n.

Theorem 1.1 (Lu, Huand Xu [17]).1,(T) < p+ 1forany treeT andp > 2.

In this paper we characterize all extremal trees in Theorem 1.1 for p > 3 by a recursive construction. The rest of this
paper is organized as follows. The main result of this paper is stated in Section 2. To prove the main result, we propose two
needed parameters 1, and 1, in Section 3 and use them to establish some structural properties of a tree T withr,(T) = p+1
for p > 3 in Section 4. In Section 5 we complete the proof of the main result. A conclusion is in Section 6.

2. Main result

Throughout this paper, we always suppose that p > 3 is an integer. In this section we will give a constructive
characterization of trees with p-reinforcement number p + 1. First, we state two known results.

Lemma 2.1. Every DS, of a graph contains all vertices of degree less than p.

Lemma 2.2 (Lu et al. [16]). Let p > 2 be an integer and D be a DS, of a tree T. Then D is the unique y,-set of T if and only if for
eachx e Dwithdr(x) > p, [INc(X) ND| <p—2o0r|Ny(x,D,T)| > 2.

Let t > p be an integer. The spider S; is a tree obtained from a star K; ; by attaching one leaf at each leaf of K; ;. Two
important trees F,_; and F; ,_; in our construction are shown in Fig. 1, where F,_; (resp. F; ,—1) is obtained from a star Kj ,
(resp. a spider S;) by attaching p — 1 leaves at each leaf of K ; (resp. S;).

In Fig. 1, we call y the center of F,_1 (resp. F; p_1). It is obvious that the set of black vertices in F,_; (resp. F; ,—; for t > p)
is the unique y,-set of F,_; (resp. F; ,—1). For a star Ky ,, (m > 2), the unique stem is also called the center of Ky .

For two disjoint graphs G and H, let G @y, H denote the graph with vertex-set V(G) UV (H) and edge-set E(G) U{xy} UE(H),
wherex € V(G) andy € V(H).

Definition 2.3. Let G be a tree with a unique y,-set X. A new tree T is constructed from G by the following operation &.
0: T=GChyH,
where H € {K1 -1, K1 p, Fo—1, Fr p—1}, y is the center of H and x must fulfil the following conditions:

(1) x e XifH =Ky p_1.

(2) x g X ifH = Ky p.

(3) x € Xand [N, (x, X, G)| > min{p + 1, [Ng(x) N X| + 2} if H = F,_1.
(4) xis an arbitrary vertex in Gif H = F; ,_1.

Note that the tree H € {Kj p, Fy—1, F; p—1} with t > p has a unique y,-set, denoted by %4,;. By Definition 2.3, the following
observation follows almost immediately from Lemmas 2.1 and 2.2.

Observation 2.4. Let p > 3 and t > p be two integers and G a tree different to K; ,_; with a unique y,-set X. Then the tree
T = G ®yy H obtained from G by operation ¢ has a unique y,-set

XU L(H) if H=Kjp-1;
Uy if He {Kip, Fp—1, Ft p—1}.
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Since the star K , has a unique y,-set, by Observation 2.4, we can define a family .7, of trees as follows.
7, = {T : T is obtained from the star K; , via a finite series of operation &}.

It must be pointed out that K; , ¢ .7,. We now are ready to establish our main result whose proof is postponed to
Section 5.

Theorem 2.5. For aninteger p > 3andatreeT,r,(T) =p+ lifandonly if T € 7,

3. Notations and lemmas

The notations 7, and u, introduced by Lu, Hu and Xu [17] play important roles in the study of p-reinforcement. In this
section, we present their definitions and fundamental results.
Let G = (V, E) be agraph and X C V. For each vertex x € V, define

{p — INeG) NXIIEX £, x;
0

p(x X, ©) = X > X,

(3.1)

If|X| > p, thenthereisasubset By € E(G") with |Bx| = n,(x, X, G) such thatX >, xin G4By, and so X is a DSy, of G4 (Uxev Bx),
which implies that 1,(G) < | Uyev Bs| = D,y 1p(%, X, G) by the definition of r,. Motivated by this inequality, Lu, Hu and
Xu [17] define

p(S.X.G) =Y np(x.X,G) forSCV, (3.2)

XeS

and prove the following two lemmas.

Lemma 3.1 (Lu, Hu and Xu [17]). Let p be an integer and G a graph. If y,(G) > p, then
1p,(G) = min{n,(V(G), X, G) : X € V(G) with |X| < y,(G)}.

Let Gbe a graphand X C V(G).If [X| < ,(G) and 1,(V(G), X, G) = r,(G), then X is called an n,-set of G.

Lemma 3.2 (Lu, Hu and Xu [17]). Let p be an integer and G be a graph. If X is an np-set of G, then |X| = y,(G) — 1.
The following observation is trivial by (3.1) and (3.2).

Observation 3.3. Let G be a graph and S, X C V(G). Then

(2) mp(S, X, G) < np(S, X1, G) forany X; C X.
(3) np(S, X, G) = n,(S, X, H) for any supergraph H of G.

By the definitions of 7, and &, the following lemma follows from Observation 3.3 and Lemmas 3.2 and 3.1 immediately.
Lemma 3.4. Let G; be a graph with x; € V(G;) for i = 1,2 and H = G1 ®x,x, G2.
(1) Forany X; € V(G (i = 1,2),

1 ifXxX X1 and X, > Xp;
np(V(G1), X1, G1) — np(V(Gy), X, UXp, H) = {O ({thelrzévfse? 277

(2) If vp(G1) > pand y,(H) = vp(G1) + ¥p(G2), then rp(H) < 1,(Gy).
Now we present the parameter w,. Let G = (V, E) be a graph and X C V. Forx € X, define
up(x, X, G) = [Np(x, X, G)| + max{0, p — [Ng(x) N X]}. (3.3)

Lemma 3.5 (Lu, Hu and Xu [17]). For a graph G,
1p(G) < minfu,(x, X, G) : Xisay,-setof Gandx € X}.

4. Properties for a tree T withr,(T) =p + 1

In this section, we use the parameters 7, and u, to establish some lemmas of a tree T with r,(T) = p 4 1, which will be
applied in the proof of Theorem 2.5.

Lemma4.1. Let p > 3and T a tree withr,(T) = p + 1.If Dis a y,-set of T, then

(1) Np(x, D, T) # @ foreach x € D.
(2) Dis the unique y,-set of T.
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Proof. Let x be any vertex in D. Then

|Np(xa D’ T)| = Mp(x’ D’ T) - max{O, p— |NT(X) N D|} (by (33))

> I’LP(X7 D7 T) —D
> 1,(T) —p (byLemma 3.5)
=1

and so the conclusion (1) holds.

We now prove the conclusion (2). Since D is a y,-setof T and r,(T) = p+ 1 > 0,|D| = y,(T) > p+ 1by (1.1). If
dr(x) < pforanyx € D, then D is the unique y,-set by Lemma 2.1, and so the conclusion follows. Assume now that there is
some x € D such that dr(x) > p. By Lemma 3.5 and (3.3),

p+1=r,(T) < up(x,D,T) = INy(x, D, T)| + max{0, p — [Nr(x) N D[},
that is,
INy(x,D, T)| > p+ 1 —max{0, p — [Nr(x) N D[}.

If INr(x) ND| > p — 1, then max{0, p — [Nr(x) N D|} < 1,and so [N,(x, D, T)| > p > 3. This fact implies that D satisfies the
second condition in Lemma 2.2, from which D is the unique y,-set of T. The lemma follows. =

Letp > 3 and T a tree with r,(T) = p 4 1. Through this paper, we use %7 to represent the unique y,-set of T. For any
xy € E(T), let T, denote the component of T — x containing y.

Lemma4.2. Letp > 3and T a tree withr,(T) = p + 1. Forany x € %4 andy € Nr(x),

(1) If y & Np(x, %, T), thenrp(Ty) = p + 1and 2%, = % NV (Ty).

(2) If y € Ny(x, %, T), then
(a) either T, is a star Ky ,_1 with center y or r,(Ty) = 1and 24 NV (Iy) is an n,-set of T,, and
(b) n,(V(T)), X, Ty) > p—1for X CV(T,) withy € X and |X| < |23 NV (T))|.

Proof. LetY =24 NV(T)) andZ = {z € V(Ty) \ Y : INr(2) N %r| = p}. Note that x € % and %4 is the unique y,-set of T.
Sincep > 3,Y # and so Z # ) by Lemma 4.1(1). For any z € Z, since % >,z and x € %7,

INt,(z) N%r| = INr(z) N % — {x}| = p — 1,

with equality if and only if z = y. Hence either T, is a star K; ,—; with center y or [V(T,)| > p. In the former case, the
conclusion (b) in (2) is trivial by (3.1) and (3.2). Thus, to prove the lemma, we only need to consider the case of |V (T,)| > p.

We claim that y,(T,) > p. Suppose, to be contrary, that y,(T,) < p. Furthermore, y,(T,) = p since |[V(T,)| > p. Note
that p > 3 and p vertices in a tree have at most one common neighbor. Since Ty is a tree, T, = Kj . Let z be the center
of T,. Since p > 3 and %7 is a DS, of T, it follows from Lemmas 2.1 and 4.1(1) that L(T,) = Y andz € Z.Ifz = y, then
INr(z) N 2| = |L(Ty)) U {x}| = p + 1, which contradicts thatz € Z.Ifz # y,theny € Y C %7 and Nr(y) = {x, z},
furthermore, Ny (y) N %4 = {x} and N,(y, %, T) = {z}. By (3.3),

wp, %, T) = INy(y, 27, T)| + max{0,p — INr) N %} =14+ (p— 1) =p,

from which and Lemma 3.5 we obtain that r,(T) < u,(y, %r, T) = p, a contradiction. The claim holds.

Firstly, we prove (1).LetT — T, = T,.ThenT = T, @y, T,.Since x € % andy & N,(x, %, T), %r N V(Ty) >, V(Iy) and
Y >, V(T)). It follows that y,(T) = |%| = |2 NV(T)| + |Y| = yp(Tx) + y,(Ty), furthermore, y,(T) = y,(Ty) + ¥, (Ty)
since the union of a y-set of T, and a y;,-set of T, is a DS, of T. So Y is a yp-set of T,,. By Theorem 1.1 and Lemma 3.4(2),
p+1=r,(Ty) = 1,(T) =p+1,and so %;, = Y by Lemma 4.1(2).

Secondly, we prove the conclusion (a) of (2). Since y € Ny (x, %, T) and %1 >, V(T), N1, ) N Y| = [Nr(¥) N2 — {x}| =
p—1landY >, V(T)) — {y}. Thus, by (3.2) and (3.1),

V(). Y. T) =0, Y. T)+ Y mpz Y. Ty) =1. (4.1)
zeV(Ty)—{y}

We claim that |Y| < y,(Ty). Assume, to the contrary, that |Y| > y,(Ty). Let Y’ be a y,-set of T,. Since x € % and %; is a
unique y,-setof T, % — Y >, V(T) — V(Ty).So (% —Y)U Y’ >, V(T) and

(2 =) UY'| = (2] = YD + Y] = (D) = [Y] + yp(Ty) = (D).

This fact means that (24 —Y)UY' isa yp-set of T different from %4, a contradiction. The claim holds. Therefore, by Lemma 3.1
and (4.1),

rp(Ty) < np(V(Ty)a Y, Ty) =1
Note that r,(T,) > 1by (1.1) since y,(T) > p. Thus, r,(Ty) = n,(V(T)), Y, T)) = 1and Y (=% N V(Ty)) is an n,-set of T,.



Y. Lu, J.-M. Xu / Discrete Applied Mathematics 175 (2014) 43-54 47

Finally, we prove the conclusion (b) of (2). Let X € V(T,) such thaty € X and |X| < [Y|. It suffices to show that
np(V(Ty), X, Ty) > p— 1.Forany u € Nr,(y), let T, be the component of T — y containing u. Sincey € X — %7 and [X| < |Y|,

YoOXNV@)=X—W<YI—1= Y | nV(T)l -1,

ueNT, (y) ueNT, (¥)
which implies that there is some u € Ny, (y) such that |X N V(T,)| < |2r NV (Tu)|. Let
S= (U — V() UXNV(TL)).
Then |S| < |%r| = y,(T). Since [N (y) N S| = Nr(y) N (27 — V(TW)| = INr(y) N %] — 1 =p — 1,by (3.1),

.S, T) < 1. (4.2)
Since % — V(T) >p V(T — T, — y), by (3.1) and (3.2),
np(V(T),S, T) =np(V(T),S, T) + np(y, S, T). (4.3)

It follows from Lemma 3.1 that

p + 1 = rp(T) S np(V(T)’ Sa T)
(by (4'3)) = np(V(Tu), 57 T) + T’p(.ys sv T)
(by Observation 3.3(2) and (4.2)) < n,(V(T,),SNV(Ty),T) + 1
(by Observation 3.3(3)) < n,(V(T,),SNV(Ty), Ty) + 1,
thatis, n,(V(Ty), SN V(Ty), Ty) > p. Note that Ty, = (T, — T,) ®y, T, and X N V(T,,) = S N V(T,). Therefore,
np(V(Ty), X, Ty)) > np,(V(T,), X, Ty) (byObservation 3.3(1))
> np(V(T), SNV (Ty), Ty) — 1 (by(3.1)and (3.2))
>p—1

as required. The lemma follows. W
Remark 4.3. With a similar argument, both Lemmas 4.1 and 4.2 are also true for p = 2.

Lemma4.4. Letp > 3, T atree withr,(T) = p + 1, and x € %; such that p,(x, %y, T) > p + 2. Forany X € V(T — x) with

Proof. Let X be a counterexample to the lemma with |X N %7| as large as possible. Since [X| < y,(T), Lemma 3.1 implies
that ,(V(T),X,T) > r,(T) = p + 1, furthermore, n,(V(T),X,T) = p+ 1 = r,(T) since X is a counterexample to the
lemma. Thus X is an n,-set of T and |X| = ¥, (T) — 1 by Lemma 3.2.

Let Ny(x, %7, T) = {X1,....%} and Nr(x) = {x1,..., X, Xr4+1, ..., Xq}, where d = dr(x). For each i, let T; be the
component of T — x containing x;. Since x € % — X and |X| = y,(T) — 1,

d
Y XNVT)| =X = (M) —1=|2]—1=)_ |2 NV (4.4)
i=1 i=1

and, by (3.2) and Lemma 3.4(1),

d

d
p+1=n,(V(T),X, T) =np(x,X,T) + Z np(V(T),XNV(T), T)). (4.5)
i=1

Claim1. Fort +1<i<d,XNV(T) = 2 NV(T) if X N V(T)| = |24 N V(T)|.

Proof. Suppose, to be contrary, that X NV (T;) # 24 NV (T)). Let X' = (2 NV (T;)) U (X — V(T;)). Thenx € X/, |X'| = |X| <
vo(T) and X' N 24| > |X N % ).
Since x; & Ny(x, %, T), % N V(T;) is the unique y,-set of T; by Lemma 4.2(1), and so X N V(T;) #, V(T;) but X’ >, V(Ty)
in T. Thus,
npy(V(T), X NV(Ty),T) > 1, (4.6)

np(V(T), X', T) = 0. (4.7)
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Note that T = T; @xx(T — T)) and X' N V(T — T;) = X' — V(Tj) = X — V(T;). By (3.2),
mp(V(T), X', T) = np(V(T)), X', T) + np(V(T = T), X', T)
(by (4.7) amd Lemma 3.4(1)) < 0+ n,(V(T —T), X' — V(T}), T — T})
= V(T —-T), X —-VT), T—-T)
(by Lemma 3.4(1)) < n,(V(T = T),X,T) + 1
(by (4.6)) < npy(V(T —T), X, T) + np(V(Ty), X N V(T}), T)
(sincex € X) = n(V(T = T), X, T) +np,(V(T}), X, T)

T]p(v(T)9 X7 T)
p+1,

which means that X’ is another counterexample to Lemma 4.4 with |X’ N 24| > |X N %;|, a contradiction to the choice
ofX. O

Claim2. X NV(T)| =|2r NV(T)|for 1 <i<d.
Proof. Suppose not, (4.4) implies that there is some i such that [ X N V(T})| < |24 N V(T;)|. Let
X' = (2 —V(T)) U X NV(Ty).

Then [X'| < |%| = y,(T).Since % >, V(T) andx € % — V(T;) € X', X' >, V(T —Tj) inT and so n,(V(T — T;), X', T) = 0.
Therefore,

np(V(T), XNV (T, Ty

\Y

np(V(Ty), X', T) (byLemma 3.4(1))
nP(V(T)7X/7 T)
>rnp(T)=p+1, (byLemma3.1)

from which and (4.5), it follows that

mp(V(T), XN V(T;), T;) =0 forj#1i, (4.9)
np(x, X, T) =0. (4.10)

Note that X’ is an np-set of T by (4.8) since r,(T) = p+ 1and |[X'| < y,(T).By Lemma 3.2, |X'| = y,(T) — 1 = |%s| — 1and
o)

XNV = X'| =2 — V(D) = 7| —1— |2 = V()| = |2 NV(T)] — 1. (4.11)
On the other hand, (4.9) implies that, for j # i, X N V(T}) >, V(T}) in T; and it follows from Lemmas 4.2 and 3.2 that

|2 NV(THI+1 if1<j<t

|X N V(T])| > VP(TJ) = {W/T N V(T])| ift+1 Sj < d. (4-12)

(4.4), (4.11) and (4.12) together imply that |[{1,...,t} — {i}|] < 1, thatis, t < 2. Furthermore, from the hypothesis
wp(x, 2y, T) > p+ 2 and (3.3), we obtain that
t = INy(X, %1, T)| = pup(x, %, T) — max{0, p — [Nr(x) N 21|} = 2
and |Nt(x) N 24| = 0. It follows from (4.4), (4.11) and (4.12) that
XNV =2 NV(T)|, forj>t+1=3.
By Claim 1,X NV (T;) = 24 NV (T;) for 3 <j < dand so

2 d
INF () NX] = > INe() N XAV + Y INe(x) N (2 N V(T))]
j=1 j=3

=A+D+INx)NU| =2 <p,
which means that ,(x, X, T) > 1by (3.1) since x ¢ X, a contradiction to (4.10). The claim follows. O

We now continue to prove the lemma. Let ] = {i | 1 < i < tand x; € X}. Since p > 3, it follows from Claim 2 and the
conclusion (b) in Lemma 4.2(2) that

Y V@ XOVT). T =Y (- 1) = 1 - 1. (4.13)

iel iel
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@; . O

Fig.2. Atree T withr,(T) = 3.

Fori e {1, ..., t}\I, Claim 2 and the conclusion (a) in Lemma 4.2(2) together imply that XNV (T})| = |25 NV (T)| < yp(Ty),
and so X NV (Ty) #, V(T;). Thus,

S p@XOVTLTY = Y 1=t~ ] = [Ny 2. T)| — Il (4.14)

On the other hand, Claims 1 and 2 together imply that X N V(T;) = 24 N V(T;) fort + 1 < t < d. Note that x; & % for
1 <i<t.Thus

d
INF(x) NX| =Y INr(0) N (X N V(T)))

i=1

d
= I+ Z INr(x) N (2 NV (T;)| = [Nr (%) O 27| + |11 (4.15)
i=t+1

Sincex ¢ X, np(x, X, T) = max{0, p — [Ny (x) N X|} by (3.1). Therefore,

d
p+1=nxX,T)+ Z npy(V(T), X NV(Ty), T;) (by(4.5))

i=1
max{0, p — [Nr(x) N X[} + [Ny(x, 27, T)| + [I|(p — 2) (by (4.13)-(4.14))
max{0, p — [Nr(x) N |} — |I| + [Np(x, 27, T)| + |I[|(p — 2) (by (4.15))
wp(x, 2%y, T) (by(3.3), sincep > 3)
p+2,

a contradiction. The lemma follows. W

IV IV IV IV

Remark 4.5. Lemma 4.4 is not true for p = 2.

Consider the tree T shown in Fig. 2, in which %4 consists of all large circles in T, y,(T) = || = 17, 1,(T) = 3,x € %
and pu,(x, %1, T) = 4 by (3.3). Let X be the set of black vertices in T. Then |X| = 16 < y»(T), however, 1, (V(T), X, T) = 3
by (3.1) and (3.2).

5. Proof of Theorem 2.5

In this section, we will complete the proof of Theorem 2.5. For the convenience, let H; = Kj p—1, H = Ky p, H3 = Fp—4
and Hy = F; ,_1 with t > p. Let ¢; denote the operation ¢ if H = H; fori € {1, 2, 3, 4} in Definition 2.3.
Letp > 3 and T a tree obtained from a star K; , by ¢; for some i € {1, 2, 3, 4}. By the condition of ¢;, i # 3 and
Fp,1 ifi = 1;
T=1S5, ifi = 2;
FH—],p—] OrKl,p @xyFt,p—l ifi = 4,
where t > p, x is the center of K; p, and S, ;, is a tree obtained from a complete graph K, by attaching p leaves at each vertex
of K;. By calculating n, in (3.1) and (3.2), r,(T) = p + 1 by Lemma 3.1.
The sufficiency of Theorem 2.5 follows from the above fact and the following lemma by the definition of .7,.

Lemma 5.1. Let p > 3 be an integer and G a tree with r,(G) = p + 1. If T is obtained from G by operation ¢; fori =1, 2, 3, 4,
thenr,(T) =p+ 1.
Proof. Since T is obtained from G by operation ¢; for somei € {1, 2, 3, 4},

T = G®y Hi,
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where y is the center of H; and x satisfies the conditions in Definition 2.3. Note that r,(G) = p + 1 and G has the unique
Vp-Set % by Lemma 4.1(2). By Observation 2.4,

p—1 ifi=1;

nﬂﬁﬂ%ﬂ+hﬂﬁ)i“eQ3Ak (5.1)

To complete the proof of the lemma, it suffices to show that r,(T) > p + 1 by Theorem 1.1. Suppose, to be contrary, that
1p(T) < p.Let S be an n,-set of T such that

(1) |IS N V(G)] is as small as possible,
(2) subject to (1), |S N %] is as large as possible.
Then n,(V(T), S, T) = 1,(T) < pand |S| = y,(T) — 1 by Lemma 3.2. We will deduce a contradiction by distinguishing the
following two cases.
Case 1. 1SNV (G)| > |%].
We claim that S N V(G) = %. Suppose, to be contrary, that S N V(G) # %. Let

SNV (H;) ifISNV(GQ)| = |%];

S/=%U{(sr\V(H,-))U{y}ifl5ﬂV(G)|>|%|‘

Then |S'| < |S| = y,(T) — 1and either | NV(G)| < [SNV(G)|or |S"NV(G)| =|SNV(G)|and |S' N %]| > |S N %;]|. This
contradicts the choice of S if S’ is an n,-set of T. Thus, to prove the claim, it suffices to show that S’ is an 7,-set of T. Since S
is an n,-set of T, by the definition of n,-set,

Note that 1,(V(G),S’, T) = 0since S'NV(G) = % >, V(G).If SNV (G)| > |%], then S’ NV (H;) = SNV (H;) U {y} and so
np(V(H;), S, T) < np(V(H;), S, T) by (3.1) and (3.2). Therefore, by (3.2),
mp(V(T), S, T) = np(V(G),S', T) + np(V(Hy), S, T)
< np(V(G),S, T) +np(V(H), S, T) = np(V(T), S, T). (5.3)
If[SNV(G)| = |%]|, then S N V(G) #, V(G) since S N V(T) # % and % is the unique y,-set of G. Note that S N V(H;) =
S"NV(H)and T = GPy Hi.Let§ = 0ify € S,and § = 1ify ¢ S. By (3.1) and (3.2),
nP(V(T)7 S’ T) = T]p(v(c)? S? T) + np(V(Hl)a 57 T)
> 8+ (np(V(H),S', T) — 8)
= np(V(G)v S/’ T) + nD(V(Hl)7 S,v T)
np(V(T),S', T). (5.4)

Since S is an n,-set of T, S’ is also an n,-set of T by (5.2)-(5.4). The claim holds.
By the above claim, |%| + |S N V(H;)| = |S| = y»(T) — 1 and so, by (5.1),

ISNV(Hy)| = {yp(Hi) —1 ifie{2,3,4}.

Note that H; € {Kq p—1,K1,p, Fy—1, F: p—1} with t > p > 3. By calculating directly n, by (3.1) and (3.2),

p+2 ifi#2andSNV(H) #,y;

p+ 1 otherwise. (5.5)

np(V(Hy), SNV(H)), Hy) > {

Note that T = G @, H;. Since S N V(G) = %, n,(V(G), S, T) = 0 and, by Definition 2.3, i # 2 if x € S. It follows from (3.2),
Lemma 3.4 and (5.5) that
np(V(T)» 57 T) = np(V(Hl)v 59 T) + np(V(G), Sv T)

_ [ mp(VH). SNVH), H) — 1 ifx e SandSNV(H) #,y;
= | np(V(H), SNV (H), Hy) otherwise.

>p+1.

Since S is an np-set of T, r,(T) = n,(V(T), S, T) > p + 1 by Lemma 3.1, which contradicts the assumption r,(T) < p.
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Case 2. 1SNV (G)| < |%].
Note that T = G @y, H; with r,(T) < p and S is an n,-set of T. Since |S N V(G)| < |%|, Lemma 3.1 implies that
np(V(G),SNV(G), G) > rp(G) = p + 1, and hence

p = 1p(T) = np(V(T), S, T)

(by (3.2)) = np(V(G), S, T) + np(V(Hy), S, T)

1 ifSNV(G) #p,xandy € S;
0 otherwise.

- {p ifSNV(G) #,xandy € S;

— |p+1 otherwise,

(by Lemma 3.4(1)) > n,(V(G),SNV(G),G) — :

from which we obtain that S N V(G) #,x (and sox ¢ S),y € S,

np,(V(G),SNV(G),G) =p+1, and (5.6)
np(V(Hy),S,T) =0. (5.7)

By (5.6), n,(V(G),SNV(G), G) = r,(G) and so S NV (G) is an np-set of G. Note that |S| = y,(T) — 1. By Lemma 3.2 and (5.1),
ISNV(G)| = |%]| — 1and

1SNV (H)| = {p_l ifi = 1; (5.8)

vp(Hy) ifie (2,3, 4}.

Note that H; € {Ky p—1,K1,p, Fo—1, Fr p—1} (t = p > 3) withcenteryandy € SN V(H;). Sincex ¢ S, SNV (H;) >, V(H;) by
(5.7), which and (5.8) together imply that H; = F,_1. By the definition of ¢ in Definition 2.3,
INp (%, %, G)| = min{p + 1, [N(x) N %| + 2}.

Thus either up(x, %, G) > p + 2 by (3.3) or N, (X, %, G)| = p + 1and [Ng(x) N %;| > p.

In the former case, it follows from Lemma 4.4 that n,(V(G), SN V(G),G) > p+ 2sincex € Sand S NV (G) = |%| — 1,
which contradicts (5.6).

In the latter case, since S N V(G) ¥, x and [Ng(x) N %| > p, there is a vertex z € Ng(x) such thatz € % butz ¢ S. Let
G, denote the component of G — x containing z. Note that z & N,(x, %, G) and n,(x, S N V(G), G) > 1since x € % and
SNV(G) #p,xIf[SNV(G)| < |% NV (G,)], then ny(V(G;), S NV(G,), G;) > 1p(G;) = p + 1 by Lemmas 3.1 and 4.2(1).
Since x ¢ S, Lemma 3.4(1) implies that n,(V(G;), S N V(G), G) = n,(V(G,), SN V(G,), G;). Hence, by (3.2),
1+ 1,(V(G,), SNV(G,), G,)
p+2,
which contradicts (5.6). If |S N V(G,)| > |%; N V(G,)|, then let

§'=(—-V(G)) U (% NV(G)).

Obviously, |[S'NV(G)| < |SNV(G)|and |S' N %;| > |S N %] since z € %; — S. To end the proof, it suffices to prove that S’
is an np-set of T (this is a contradiction to the choice of S). Note that T = (T — G,) @y, G;. Since S’ — V(G,) = S — V(G;) and
z € §' — S, it follows from (3.1) and (3.2) that

np(V(T - GZ)7 S/a T) 5 np(V(T - GZ)? Sa T)
Since z & Ny (x, %, G), Lemma 4.2(1) implies that 2 N V(G,) is the unique y,-set of G, and so S’ >, V(G,) in T. By (3.2),

np(V(T)7 s, T) np(V(T - G), s, T) + np(V(Gz)7 s, T)
np(V(T —G;),S,T)+0
Up(V(T - GZ)’ Sv T) + T]p(V(Gz), 57 T) = np(V(T)1 S’ T)

On the other hand, since |S'| = |S — V(G,)| + |% N V(G,)| < IS — V(G,)| + SN V(G,)| = |S| and S is an n,-set of T,
np(V(T),S',T) = n,(V(T), S, T) by Lemma 3.1. Hence,

nP(V(T)v S/’ T) = nP(V(T)1 S’ T)7

which means that S’ is also an n,-set of T. The lemma holds. =

IV IV IV

IATA

It remains to establish the necessity of Theorem 2.5. We do so by proving Lemma 5.2.
Let T be a tree with the unique y,-set %7. Define

M,(T) = {x e V(T) | thereissomey € %; suchthatx € N,(y, %1, T)}
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and m, (T) = |[M,(T)|. Since each vertex in M,(T) is the common p-private neighbor of exactly p vertices of 24 with respect
to %4,

1
my(T) = [My(T)| = = Y INy(x, %, T)|. (5.9)

xeur

Let T beatreerootedatrandy € V(T).We use C(y) and D(y) to denote the sets of children and descendants, respectively,
of y, and define D[y] = D(y) U {y}. For x € V(T), the notation dy(x, y) represents the distance between x and y in T. Define

£(y) = max{dr(x,y) | x € D[yl}. (5.10)

Lemma 5.2. Let p > 3 beanintegerand T atree. If r,(T) =p+ 1,thenT € 7,

Proof. Induction on m,(T). Since p > 3 and r,(T) = p + 1, Lemma 4.1 implies that T has the unique y,-set 27 and
INy(v, %, T)| > 1forv € %;. Note that |%7| = y,(T) > pby (1.1) since r,(T) = p + 1 > 0. By (5.9),

1 1 1
my(T) = 2 >INy, %, T)| = 5 do1= Sl > 1.

veUr veuUr

Furthermore, m,(T) > 2 since m,(T) is an integer.

If my(T) = 2, then let Mp(T) = {x, y}. Since N, (v, %, T)| > 1forv € %, % = (Nt (x) N %4) U (Nr(y) N %1). Suppose
that T has a vertex z not in %7 U {x, y}. Since p > 3 and %7 >, z, z has two neighbors in either Nr(x) N %4 or Nr(y) N %,
which means that T contains a cycle with length 4. This contradicts that T is a tree. So

V(T) = 27 U {x,y} = (Nr(x) N %) U (Nr (y) N 27) U {x, y}.
Note that x and y have at most one common neighbor in T. Since [Ny (x) N %4 | = p and [Nt (y) N % | = p,
T=F_; or Sy,

Thus T is obtained from Ky , by 07 if T = F,_1, otherwise by ¢, and so T € 7. This establishes the base case.

Let m,(T) > 3. Assume that, for any tree T’ with r,(T") = p + 1,if m,(T") < m,(T) thenT’ € .

We root T at a leaf r. Since m,(T) > 3, T is not a star and so £(r) > 3 by (5.10). By (5.10), 0 < £(y) < £(r) fory € V(T).
Let

Vi={yeV(@) |Ly) =i} for0O=<i=<d(r). (5.11)
Then {Vy, V1, ..., Vi) is a partition of V(T), and satisfies the following properties.

I. Vo = L(T) — {r} C %4.1tis trivial by (5.11) and Lemma 2.1.
II. Fory € Vq,(i)y € Mp(T); (ii)dr(y) =porp+ 1;(iii) T € 5, ifdr(y) =p+ 1.

Proof of 1. By (5.11), D(y) € V; and y has exactly one neighbor (i.e., the father of y) not in V. By [ and Lemma 4.1(1),
¥ € Mp(T) and so dr(y) = p or p + 1. Both (i) and (ii) hold.

We now prove (iii). Let T’ = T — D[y] and x be the father of y. Since D(y) C Vo € % bylanddr(y) =p+ 1,x & %
and T[D[y]] = K;, with center y. So T = T’ @, K; p. Since %t is a DS, of T containing no {x, y}, 24 N V(T’) >, V(T’) and
D(y) >p Dly]. Thus

(D) = 27| =20 N V(T + DO = vp(T) + yp(Kip).

Furthermore, y,(T) = ¥,(T") + ¥, (K1 ) since the union between a y,-set of T" and a y,,-set of Ky , is also a DS, of T, which
implies that 24 N V(T’) is a y,-set of T'. Since M,(T) > 3, T’ contains at least two vertices not in %4 and, to p-dominate
them, |% NV (T’)| > p + 1. By Theorem 1.1 and Lemma 3.4(2),

p+1=r,(T)=1,(T) =p+1,

which implies that r,(T") = p + 1. So % = 24 N V(T') by Lemma 4.1(2), and then m,(T") = m,(T) — 1sincey € M,(T)
by (i). Applying the inductionon T', T" € 7,.Since T = T' @,, K1, andy & % N V(T'), T is obtained from T’ by ¢,, and so
T € %, (iii) follows. O

To the end, assume, by II, that
veMy,(T) and dr(v) =p, foreachv e V;. (5.12)
Then the father of each vertex in V; belongs to %4, and so
Vo C 2. (5.13)

Let x € V3 and P = xwvu be a path in T[D[x]] such that dr(w) is as large as possible. By I, (5.12) and (5.13),
ueVo C%,veVy CMy(T)isastemof T withdr(x) =p,and w € V, C %;. By Lemma 3.5,

Mp(w, %Ts T) Z rp(T) = p + ]
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Case 1. up(w, %7, T) > p + 2.

Let T/ = T — D[v]. Since v is a stem of T and |D(v)| = dr(v) — 1 = p — 1,T[D[v]] = K;p—; with center v
and so T = T’ @y, K1 p—1. Since mp(T) > 3, T’ contains at least two p-private neighbors with respect to %7 and hence
[V(T")| = p + 2, which implies that y,(T") > p + 1 since p vertices of the tree T" have at least one common neighbor in T.

We claim that r,(T’) = p + 1. It suffices to prove r,(T") > p 4+ 1 by Theorem 1.1. Since w € Vo, € %, 2 NV(T') >, T/,
and so y,(T) = |%| = |20 NV(T")|+ (p— 1) = yp(T") +p — 1. Let X" be an n,-set of T" and X = X’ U D(v). By Lemma 3.2,

X1 =IXT+ DW= T) =D+ @ -1 < yp(D),

and then 1,(V(T),X,T) > r,(T) = p + 1 by Lemma 3.1. Since v ¢ X, Lemma 3.4(1) implies that n,(V(T"), X", T") =
np(V(T"), X, T).If w € X', then n,(V(Ky p—1), X, T) = 0and

(T = np(V(T), X', T') = mp(V(T'), X, T)
np(V(T)’Xv T) - np(v(Kl,p—l),Xa T) 2 p + 1

Ifw & X', then n,(V(Ky p—1), X, T) = 1by (3.1) and (3.2), and n,(V(T), X, T) > p + 2 by Lemma 4.4 since r,(T) = p + 1
and pp(w, %, T) > p + 2. Thus

rp(T") = np(V(T'), X', T") = np(V(T), X, T)
= np(V(T), X, T) — np(V(K1p-1),X,T) = p+ 1.

The claim follows.

Since r,(T') = p + 1, T" has the unique y,-set %4 of T’ by Lemma 4.1(1). We now show %, = % N V(T'). Suppose, to
the contrary, that %4 # 24 N V(T'). Note that 24 N V(T') >, V(T') since w € %;. Then |24 N V(T')| > |%| + 1. Since
% UD[v] >, V(T) and |2 UD[]| = |2 | +p < |24 NV(T)| + (p — 1) = y»(T), % U D[v] is a yp-set of T different to
7. This contradicts that %7 is the unique y,-set of T. Hence %4 = 2 N V(T').

Since 24 = 2r NV(T') and v € Ny(w, %, T), my(T") = my(T) — 1. Applying the induction on T, T’ € 7. Since
w € % NV(T') = %, T is obtained from T’ by ¢4, and hence T € .7,

Case 2. up(w, 2%y, T) =p+ 1.

By the definition of 1, in (3.3),

INy(w, %, T)| + max{0,p — INr(w) N %r|} =p+ 1. (5.14)
Since w € V, € %4 by (5.13), w is not a stem of T and so C(w) € V; € M,(T) by (5.11) and II(i). Therefore,
C(w) € Np(w, %7, T), (5.15)

and, for v’ € C(w), the component of T — w containing v’ is a star K; ,_; with center v'.

Case2.1x € .

Let T" = T — D[w]. Since x € %, Ny(w, %, T) = C(w) by (5.15) and Nr(w) N % = {x}. Thus |C(w)| = 2 by (5.14). So
T[D[w]] = F,—; withcenter w and T = T’ @y, Fp_1.

Sincex & Ny(w, %, T), 1p,(T") = p+1and 2 = 2 NV(T') by Lemma 4.2(1). Thus m,(T") = m,(T) —|C(w)| < my(T).
Applying the inductionon T’, T" € .7,. Hence if x satisfies the condition of 3, that is,

INp(x, 27, T')| > min{p + 1, [Np(x) N 2| + 2}, (5.16)

then T is obtained from T' by ¢3 and T € 7,
We now show (5.16).Sincex € %7 and r,(T) = p+1,(3.3) and Lemma 3.5 together imply that N, (x, %z, T)|+max{0, p—
INF () N 2]} = pp(x, %, T) = 1,(T) = p + 1, that is,

[Ny (x, %1, T)| = min{p + 1, [Ny (x) N % | + 1}. (5.17)

Since w € Nr(x) N % and % = % NV(T'), INy(x, %, T')| = |Np(X, %, T)| and [Ny (x) N 2| = |Nr(x) N 2| — 1.
Therefore, (5.16) follows from (5.17).

Case2.2x & .

Let T" = T — D[x] and Ty = T[D[x]]. Then T = T’ @y, T, where y is the father of x.

We claim that Ty = F; ,—; with center x, where t = |C(x)| > p. Note that Nr(w) = C(w) U {x}. Since x ¢ % and
C(w) € Np(w, %7, T) by (5.15), Ny (w)N% = @Bandso [Ny(w, %, T)| = 1by(5.14). Therefore, C(w) = Npy(w, %1, T) = {v}
and

X g Ur UNp(w, U, T) (518)

By (5.18), INr(x) N%4| > p+ 1landsot = |C(x)| = |[Nr(x)| — 1 > p.Let w’ € C(x). By the choice of P4 = xwvu, dr(w') <
dr(w) = 2 < p.By Lemmas 2.1 and 4.1(1), w’ € %4 and Np(w’, %7, T) # . It follows that dr(w’) = 2 since x € Nr(w')
is not a p-private neighbor with respect to #%;. Let Ny(w’, %, T) = {v'}. Then v’ € V; and dr(v') = p by (5.12). By the
arbitrariness of w’, Ty = T[D[x]] = F; 1 with center x. The claim holds.
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Since %NV (T') >, V(T') and 24NV (To) >, V(To) by (5.18), v, (T) = |%1| = |2:N\V (T")|+12: NV (To)| = yp(T)+y,(To).
Furthermore, y,(T) = ¥, (T’) + ¥, (To) because the union between a y,-set of T” and a y,-set of Ty is a DS, of T. So % NV (T")
(resp., 2 NV(Tp)) is a y,-set of T’ (resp., To).

Note that N, (z, %, T) # ¢ for any z € % by Lemma 4.1(1). (5.18) implies that T’ has at least one p-private neighbor
with respect to %, and so y,(T') = |2 NV(T')| > p.

If y»(T") = p, then T" = K; . Thus T is obtained from K; , by 04 and T € 7,.

If y,(T") > p+ 1, then r,(T") > 1,(T) = p + 1 by Lemma 3.4(2), furthermore, r,(T") = p + 1 by Theorem 1.1. Since
2rNV(T')isa yp-setof T', it follows from Lemma 4.1(2) that % = 24NV (T’), and hence my,(T") = m,(T)—m,(To) < m,(T).
Applying the inductionon T’, T" € .%,. Thus T is obtained from T’ by ¢, and T € 7,. W

6. Conclusion

We characterize all trees with p-reinforcement number p + 1 for p > 3 by a recursive construction. Our proof strongly
depends on Lemma 4.4. However, Lemma 4.4 is not true for p = 2 (see Remark 4.5). When p = 2, Theorem 1.1 implies that
r,(T) < 3forany tree T. Very recently, Lu, Song and Yang [ 18] have presented a sufficient and necessary condition for a tree
to have the 2-reinforcement number 3.
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