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�!Ýºã�Ä�(�Ú5�

1. ��Ä�½n

ãØ1�½nµTheorem 1.1 For any digraph D,

ε(D) =
∑
x∈V

d+
D(x) =

∑
x∈V

d−D(x).

Corollary 1.1 For any undirected graph G,

2ε(G) =
∑
x∈V

dG(x)

and the number of vertices of odd degree is even.

2. ü�(�'X½n

1) ����m�'Xµ£Theorem 2.3, 2.4) If F is a spanning forest of a graph G, then F + e

contains a unique cycle for any e ∈ F , and F + e contains a unique bond of G for any e ∈ F .

2) ��m���m�m�'Xµ£Corollary 2.5, 2.6¤E (G) = C (G) + B(G), and dim B = v − ω,

dim C = ε− v + ω.

3. n�Ä�(��½½n

1) �Üã�½½nµ

Theorem 1.6 A strongly connected digraph is bipartite ⇔ it contains no odd directed circuit.

Corollary 1.6.2 (König, 1936) An undirected graph is bipartite ⇔ it contains no odd cycle.

2) Euler ã�½½nµ

Theorem 1.7 A digraph is eulerian ⇔ it is connected and balanced.

Corollary 1.7.2 An undirected graph is eulerian ⇔ it is connected and has no vertex of odd

degree.

3) ä�½½nµ

Theorem 2.1 A graph G is a tree

⇔ G has no loop and there is a unique path between any two vertices;

⇔ G is connected and ω(G− e) = 2 for any edge e of G;

⇔ G is connected and ε = v − 1.

4. o�p?�½½n

1) ²¡ã�½½nµ

Theorem 3.6 A graph is planar ⇔ it contains no subdivision of K5 or K3,3 as its subgraph.
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2) k ëÏã�½½nµ

Theorem 4.5 Let G be a graph of order at least k + 1. Then

(a) κ(G) ≥ k ⇔ ζG(x, y) ≥ k, ∀ x, y ∈ V (G);

(b) λ(G) ≥ k ⇔ ηG(x, y) ≥ k, ∀ x, y ∈ V (G).

3) �Üã�����½½nµ

Theorem 5.1 (Hall’s theorem) Let G be a bipartite graph with bipartition {X, Y }. Then G

contains a matching that saturates every vertex in X ⇔ |S| ≤ |NG(S)| for any S ⊆ X.

4) �����½½nµ

Theorem 5.2 (Tutte’s theorem) A graph G has a perfect matching ⇔ o(G−S) ≤ |S| for any S ⊂
V (G).

5. Ê�Ä�ª

1) Euler úªµTheorem 3.3 v − ε + φ = 2 for any connected plane graph.

2) ²¡ãÝÚ>Ø�ªµδ ≤ 5 and ε ≤ 3v − 6 for any simple planar graph.

3) Whitney Ø�ªµTheorem 4.4 κ(G) ≤ λ(G) ≤ δ(G) for any graph G.

4):/ÚBrooks ½nµTheorem 6.2 χ(G) ≤ ∆(G) if G is neither an odd cycle nor a complete

graph.

5) >/ÚVizing ½nµTheorem 6.3 ∆(G) ≤ χ′(G) ≤ ∆(G) + 1 for any simple graph G.

6. 8��d½n

Theorem 4.1 (Maximum Flows and Minimum Cuts) ⇔

Theorem 4.2 (Menger’s Theorem) ⇔

Theorem 4.3 (Menger’s Theorem) ⇔

Theorem 5.1 (Hall’s Theorem) ⇔

Theorem 5.2 (Tuttle’s Theorem) ⇔

Theorem 5.3 (König’s Theorem)
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e¡�(JáuO. Ore (1968) [Ore O, Diameter in graphs, Journal of Combinational Theory,

5(1968): 75-81], ùp�Ñ'�{ü�y².

~ 1. (O. Ore, 1968) �G ´ υ�ëÏ k �»Ã�ã, K

ε(G) 6 k +
1
2
(υ − k + 4)(υ − k − 1).

y² �xÚ y´G¦� dG(x, y) = k�üº:, P´�áxy´. -Z = V (G − P ). Ké?

Û z ∈ Zþk |NG(z) ∩ V (P )| 6 3. Ïd,

ε(G) = ε(P ) + ε(G[Z]) + |EG(Z,P )|
6 k +

(
υ−k−1

2

)
+ 3(υ − k − 1)

= k + 1
2 (υ − k − 1)(υ − k − 2) + 3(υ − k − 1)

= k + 1
2 (υ − k + 4)(υ − k − 1)

·K�y.

~ 2. Prove by the graph-theoretical language that for 2n + 1 points in the plane if there are two

points among any three points with distance less than 1, then at least n + 1 points of them lie in an

identical circle.

Proof Let S = {x1, x2, . . . , x2n+1} be the set of 2n + 1 points in the plane. Construct a graph

G = (V,E) with V = S and xixj ∈ E if and only if the distance between xi and xj is less than 1. By the

hypothesis, there is an edge among any three vertices in G.

Arbitrarily choose a vertex x ∈ V . If dG(x) ≥ n, then all vertices in NG(x) ∪ {x} lie the identical

circle with the center x, and |NG(x) ∪ {x}| ≥ n + 1. If dG(x) ≤ n − 1, then there is a vertex y not in

NG(x) ∪ {x} since |V | = 2n + 1. Since there is an edge among any three vertices in G, all vertices not

in NG(x) ∪ {x, y} must be adjacent to y. Thus, dG(y) ≥ n, and so all vertices in NG(y) ∪ {y} lie the

identical circle with the center y, and |NG(y) ∪ {y}| ≥ n + 1. The conclusion follows.

(This exercise can be changed as: Let G be a graph of order 2n + 1. If there is an edge among any

three vertices in G, then ∆(G) ≥ n.)
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