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§1 'uëÏÝÚk.ëÏÝ�ïÄ 5

§1 'uëÏÝÚk.ëÏÝ�ïÄëÏÝ´ãØ�²;Vg, Ǒ´�ä��5ÚN�5�DÚÝþëê. ã G �:£>¤ëÏÝ κ(G)£λ(G)¤́ G ¥���:£>¤�¥�:£>¤ê. ·�UYþ��I[g,�ÆÄ7�85�ä5U|Ü©Û6£No.10271114¤�ïÄ, ¼�±eïÄ¤J.

1.1 �«�Èã�ëÏÝïÄã��«�È£�)(k��È¤́ ���ã��{. 3þ���8¥, ·�®²
ù
ã�ëÏÝ,�·�£�)<¤̂ ��{´ÏL Menger½n,�EÑ:£>¤Ø��´,�æE,,�y(J, �U�Ñe., �Ø�°(L�ª. 3ù��8¥·�é���#�{– é��©l8�©Û�{, ´·�3"v�uy�, � [C. Balbuena, P. Garcia-Vazquez and X. Marcote, Reliability

of Interconnection Networks Modeled by a Product of Graphs. Networks, 48 (3) (2006), 114-120]. |^ù��{, ·��Ñ�«�Èã�ëÏÝ�°(L�ª. ^ κi, λi, δi Ú υi L«ã Gi �ëÏÝ,>ëÏÝ, ��ÝÚ�ê.� (k��È��ã G1 × G2 �ëÏÝïÄ.(k��È´¯¤±��ãØ$�.'u(k��Èã�ëÏÝÚ>ëÏÝ,l 1958� 1998, ®��(J´:

κ(G1 × G2) ≥ κ(G1) + κ(G2)Ú
λ(G1 × G2) ≥ λ(G1) + λ(G2),Ù¥��(Ø´dG. Sabidussi [Graphs with given group and given graph theoretical properties.

Canadian Journal of Mathematics, 9 (1957), 515-525]���,Md²[Connectivity of Cartesian prod-

uct digraphs and fault-tolerant routings of generalized hypercube.5p�A^êÆÆ�6(=©6), 13B

(2) (1998), 179-187]òù�(Jí2�
k�ã; ���(Ø´dK. Day, A.-E. Al-Ayyoub [The

cross product of interconnection networks. IEEE Trans. Parallel Distributed Systems, 8(2) (1997),

109-118]���.3þ��ïÄ�8¥,·�(½
(k��È��ã�>ëÏÝ�°(L�ªǑ(Discrete Math.

360(1) (2006), 159-165):

λ(G1 × G2) = min{δ1 + δ2, λ1v2, λ2v1}.^�´�E5�{, é:ëÏÝ, ��Ñ
e.: κ(G1 × G2) ≥ min{κ1 + δ2, κ2 + δ1}. 3ù��8¥, ·�|^#�{, (½
(k��È��ã�:ëÏÝ�°(L�ªǑ:

κ(G1 × G2) = min{κ1v2, κ2v1, δ1 + δ2}.ù�(JuL35Ars Combinatoria6(95 (2010), 235-245)þ.� (k��Èk�ã G1 × G2 �ëÏÝïÄ.·�|^#�{, ��(½
(k��Èk�ã�:ëÏÝÚ>ëÏÝ�°(L�ª:

κ(G1 × G2) = min{κ1v2, κ2v1, δ
+
1 + δ+

2 , δ−1 + δ−2 };
λ(G1 × G2) = min{λ1v2, λ2v1, δ

+
1 + δ+

2 , δ−1 + δ−2 }.ù�(J®²uL35Networks6(52 (2008), 202-205)þ.
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§2 ��ëÏÝ�ïÄ 6� r�Èã G1 ⊗ G2�ëÏÝïÄ.ã�r�ÈǑ´�����ã��{, §�¹(k��È�Ǒ§�fã.ü���ã G1 = (V1, E1)Ú G2 = (V2, E2)�r�È G1⊠G2kº:8 V1×V2,üº: (x1, x2)Ú (y1, y2) ����=�éz� i = 1, 2 ½ö xi = yi ½ö xiyi ∈ Ei.3þ���8¥, ·��Ñ:ëÏÝ�þ.: κ(G1 ⊠ G2) ≥ min{κ1(1 + δ2), κ2(1 + δ1)}£5¥I�ÆEâ�ÆÆ�6, 36(3) (2006), 241-243¤. 3ù��8, ·��Ñr�Èã G1 ⊠ G2 �>ëÏÝ�°(L�ª:

λ(G1 ⊠ G2) = min{λ1(v2 + 2ε2), λ2(v1 + 2ε1), δ1 + δ2 + δ1δ2};�, XJκi = δi (i = 1, 2), K§��r�Èã�:ëÏÝǑ:

κ(G1 ⊠ G2) = min{δ1v2, δ2v1, δ1 + δ2 + δ1δ2}.ù�(JuL35¥I�ÆEâ�ÆÆ�6(38(5) (2008), 449-455)þ.£ù�©Ù�uLk�ã��, �·�5�ï�)6¥�/��ØéØ¯�¶K¯0�©.¤
1.2 (k��Èã�k.>ëÏÝïÄ� G ´��ã, k ´Ø�u G ��»��ê. ã G 'u k �k.>ëÏÝ λk(G) ´ G ¥���>ê, ù�ê8�>8�£r���fãk�»�u k. éu(k��Èã, ·�¼�Xe(J: XJ ki ≥ 2, K

λk1+k2(G1 × G2) ≥ λk1(G1) + λk2(G2).ù�(JuL35Discrete Applied Mathematics6(157 (2009), 3249- 3257)þ.

§2 ��ëÏÝ�ïÄ��ëÏÝ´Í¶O�Å;[ A.H.Esfahanian, Ú S.L.Hakimi [On computing a conditional

edge-connectivity of a graph. Information Processing Letters, 27 (1988), 195-199]JÑ5�. ëÏã
G���:£>¤ëÏÝǑ κ′£½ö λ′ ¤¿�X�� GØëÏ�z�©|��kü�:���l G ¥�K κ′ �:£½ö λ′ ^>¤. Esfahanian �����>ëÏÝ�þ., =: λ′(G) ≤ ξ(G),�Ò¤á, K¡ G Ǒ λ′ `�, Ù¥ ξ(G) ´ G ���>Ý. T�8é��>ëÏÝ�ïÄ, ��e�(J.

2.1. (k��Èã���>ëÏÝ'u(k��Èã G1 × G2 ���>ëÏÝ, Chiue Ú Shieh [W.S. Chiue and B.S. Shieh, On

connectivity of the Cartesian product of two graphs, Appl Math Comput 102 (1999), 129-137] �Ñ G1 × G2 ´ λ′ `��
¿©^�; Shieh [B.S. Shieh, Super edge- and point-connectivities of

the Cartesian product of regular graphs, Networks 40 (2002), 91-96] y²
: XJ G1 Ú G2 Ñ´�K�, K G1 × G2 ´ λ′ `�. Ueffing Ú Volkmann [N. Ueffing and L. Volkmann, Restricted

edge-connectivity and minimum edge-degree, Ars Combin 66 (2003), 193-203] 3 G1 Ú G2 Ñ´
λ′ `�^�e, ǑïÄ
 G1 × G2 � λ′ `ëÏ5. Li Ú Xu [L. Li and J.M. Xu, On restricted

edge-connectivity of vertex-transitive graphs, J China Univ Sci Tech 34 (2004), 266-272] (½

λ′(K2 × G) = min{υ(G), 2δ(G), 2λ′(G)}.
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§2 ��ëÏÝ�ïÄ 7·��Ñ
(k��Èã���>ëÏÝ�e.:

λ′(G1 × G2) ≥ min{λ′
1υ2, λ

′
2υ2, λ

′
1 + 2λ′

2, λ
′
2 + 2λ′

1};AO/, XJ λ′(Gi) = ξ(Gi), K
λ′(G1 × G2) = min{λ′

1υ2, λ
′
2υ2, ξ(G1 × G2)};±9

λ′(K2 × G) = min{υ(G), 2λ(G)}.ù
(JuL35Networks6(49 (2007), 152-157)þ, §U?
þ¡J���
(J.

2.2. 2Â(k��Èã���>ëÏÝ
Bermond�<[J.C. Bermond, C. Delorme, G. Farhi, Large graphs with given degree and diameter

II, J. Combin. Theory, Ser. B 36 (1984) 32-48]JÑ2Â(k��Èã G1 ∗ G2.� G1 = (V1, E1) Ú G2 = (V2, E2) ´ü�ã. éz�> xx′ ∈ E1, � πxx′ ´ V2 þ���. �Èã G1 ∗ G2 kº:8 V1 × V2, üº: (x, y), (x′y′) ����=�½ö x = x′ � yy′ ∈ E2 ½ö
xx′ ∈ E1 � y′ = πxx′(y). XJéz� xx′ ∈ E1, À� πxx′(y) = y, �o G1 ∗ G2 = G1 × G2, =(k��È.

C. Balbuena, P. Garcia-Vazquez and X. Marcote [Reliability of Interconnection Networks Modeled

by a Product of Graphs. Networks, 48 (3) (2006), 114-120]¼�:ëÏÝ�e.µ
κ(G1 ∗ G2) ≥ min{κ(G1)v(G2), (δ(G1) + 1)κ(G2), δ(G1) + δ(G2)}.·�ïÄ
 G1 ∗ G2 ���>ëÏÝ, í2
�
®�(J, ¿¼���>ëÏÝ�.:

min{λ1υ2; λ2υ1; λ1 + 2λ2; λ2 + 2λ1} ≤ λ′(G1 ∗ G2) ≤ min{λ1υ2; ξ(G1 ∗ G2)}.ù
(JuL35Applied Mathematics and Computation6£207 (2009), 300-306¤þ.

2.3. (½
,
AÏã���ë>ÏÝ·���(½
k� de Bruijn�ä!Kautz�ä£�)2Â�¤Ú�
�á�NC/�ä£XO2�á�N!C/�á�N�ä�¤���:ëÏÝÚ��>ëÏÝ,Ǒù
�ä�5U©ÛJøk
kå�nØ�â.� k� de Bruijn �ä·�Uþ���8(½k� Kautz �ä K(d, k) ���>ëÏÝ��[The restricted edge-

connectivity of Kautz undirected graphs. Ars Combinatoria. 81 (2006), 369-379],��(½
k� de

Bruijn �äB(d, k) ���>ëÏÝ. é?Û k ≥ 1 Ú d ≥ 2,

λ′(B(d, k)) =







∞, for k = 1 and 2 ≤ d ≤ 3, or k = d = 2;

2d − 4, for k = 1 and d ≥ 4;

2d − 2, otherwise.ù�(JuL35Ars Combinatoria6(87 (2008), 385-392)þ.� �� de Bruijn �ä
7



§2 ��ëÏÝ�ïÄ 8·�Uþ���8(½�� Kautz�ä UK(d, k)���>ëÏÝ��[Super edge-connectivity

of de Bruijn and Kautz undirected graphs. p�A^êÆÆ�, 19B (4) (2004), 449-454]��(½
�� de Bruijn �äUB(d, k) ���>ëÏÝ. é?Û k ≥ 1 Ú d ≥ 2,

λ′(UB(d, k)) =







∞ for k = 1 and 2 ≤ d ≤ 3;

2d − 4 for k = 1 and d ≥ 4;

4d − 5 for k = 2 and d ≥ 2, or k = 3 and d = 2;

4d − 4 for k ≥ 3 and d ≥ 3, or k ≥ 4 and d = 2.ù�(JuL35Ars Combinatoria6£83 (2007), 321-333¤þ.� O2�á�N�ä��ëÏÝ�Ǒ�á�N�ä�C/, n �O2�á�N�ä£augmented cube¤AQn ´d Choudum Ú
Sunitha [S.A. Choudum, V. Sunitha, Augmented cubes, Networks 40 (2) (2002) 71-84]JÑ5�, ¿�y²
§´ (2n − 1) �K (2n − 1) ëÏ�. T�8(½
§���:ëÏÝÚ��>ëÏÝ:

κ′(AQn) = 4n − 8 if n ≥ 6;

λ′(AQn) = 4n − 4 if n ≥ 5.ù�(JuL35Information Processing Letters6£106 (2) (2008), 59-63¤þ£y²�?¾�: 109(12)

(2009), 592-593¤.� C/�á�N�ä���ëÏÝ�Ǒ�á�N�ä�C/, n �C/�á�N£Varietal hypercube¤V Qn ´Cheng ÚChuang

[Cheng Shou-yi, Chuang Jen-hui. Varietal hypercube-a new interconnection networks topology for

large scale multicomputer [C]. Prooceedings of International Conference on Parallel and Distributed

Srstems, 1994, 703-708]u 1994JÑ5�. ��8(½
§�ëÏÝÚ��ëÏÝ:

κ(V Qn) = λ(V Qn) = n if n ≥ 1;

κ′(V Qn) = 2n − 2 if n ≥ 3;

λ′(V Qn) = 2n − 2 if n ≥ 2.ù�(JuL35¥I�ÆEâ�ÆÆ�6£39 (12) (2009), 1248-1252¤þ.� ��ã���ëÏÝ
Chen �<[Appl. Math. Comput. 140 (2003) 245-254]JÑ�aã, ·�6��§��ã, §�¹�á�NÚNõC/�Ǒ§�A~. �G0 ÚG1 ´ü�n �ã, M ´G0 ÚG1 �m�����. ¤¢��ãG(G0, G1; M) �º:8Ǒ V (G0) ∪ V (G1), >8ǑE(G0) ∪ E(G1) ∪ M .

Chen�<ïÄ
ù«��ã��ëÏ5. ·�ÏLïÄ
��ã���>ëÏÝÚ��>ëÏÝ, í2
���(J.�G1 ÚG2 ´n � k �K k ëÏã, G = G(G0, G1; M), Ké?Û k ≥ 2,

(1) κ′(G) = k + 1 ��=� n = k + 1, k ≥ 3;

(2) k + 1 < κ′(G) ≤ 2k ��=�n ≥ k + 2;

(3) κ′(G) = 2k XJG0 ÚG1 ÑØ¹nÆ/.�G1 ÚG2 ´n � k �K k ëÏã, G = G(G0, G1; M), Ké?Û k ≥ 1,

8



§3 'u��5Ú�ëÏ5�ïÄ 9

(1) λ′(G) = k + 1 ��=�n = k + 1;

(2) k + 1 < λ′(G) ≤ 2k ��=�n ≥ k + 2;

(3) λ′ = 2k XJG0 ÚG1 ÑØ¹nÆ/.�Ǒùü�(J�íØ, ·�á=¼��á�NQn, ��á�NCQn, Möbius á�NMQn,Ûá�NTQn ÚÛÜÛá�NLTQn ��ä���:ëÏÝÚ��>ëÏÝþǑ 2n − 2.ù�(JuL35Ars Combinatoria6£Ars Combinatoria, 94 (2010), 25-32¤(2006)þ.

2.4. r��ëÏÝ'u��:£>¤ëÏÝ�«í2´ h r��:£>¤ëÏ. ëÏã G � h r��:£>¤ëÏÝǑÝ κ(h)£λ(h) ¤¿�X�� G ØëÏ�z�©|��¹ h + 1 �:���l G ¥�K
κ(h) �:£λ(h) ^>¤.� ��ã� 2 r��ëÏÝ3þ���8¥, ·�ïÄ
��ã£½Â� 2.3 !¥ �¤� 2 r��>ëÏÝ [Q. Zhu,

J.-M. Xu, M. Lü, Edge fault tolerance analysis of a class of networks, Applied Mathematics and

Computation 172 (1) (2006) 111õ121],T�8ïÄ
��ã� 2 r��:ëÏÝ:� G = G(G0, G1; M), G0 Ú G1 Ñ´ (k − 1) �K, Ø¹nÆ/, κ′(G0) = κ′(G1) = 2k − 4. XJ G0 Ú G1 ¥?Ûüº:�õ�kü�ú��:, �o
κ(2)(G) = 3k − 5 for k ≥ 8;

κ(2)(G) ≥ 3k − 5 for 6 ≤ k ≤ 7.�Ǒù�(J�íØ, ·�á=¼��á�NQn , ��á�NCQn, Möbius á�NMQn, Ûá�NTQn ÚÛÜÛá�NLTQn ��ä� 2 r��:ëÏþǑ 3n − 5 XJ n ≥ 8.ù�(J©OuL35Information Processing Letters6(103 (2007), 222-226).� òU�á�N� 2 r��ëÏÝ��ãØ�¹òU�á�N, T�8(½
 n �òU�á�N FQn � 2 r��:Ú>ëÏÝ©OǑ:

κ(2)(FQn) = 3n − 2 for n ≥ 8;

λ(2)(FQn) = 3n − 1 for n ≤ 5.ù�(JuL35Information Science6£177 (2007), 1782-1788¤þ.

§3 'u��5Ú�ëÏ5�ïÄ��5Ú�ëÏ5�N�ä�(�AÆ,§é�1,
�{AOk^,Ǒ´CA�ä(�ïÄ9:��. w,, ��5Ú�ëÏ5¯K´NP-hard �, (½,
Í¶�ä���5Ú�ëÏ5w��ky¢¿Â.

n �ã G �¡Ǒ´ k ��� (k-pancyclic) (k ≤ n) XJ§�¹¤k�Ýl k � n ��, G �¡Ǒ��� (pancyclic)XJ§´ g ���,Ù¥ g = g(G)´ G ���. ã G �¡Ǒ´:£>¤���£vertex-pancyclic, edge-pancyclic¤XJ G ¥?Û:Ñá3¤k�Ýl g(G) � n ��þ.

9



§3 'u��5Ú�ëÏ5�ïÄ 10ã G �¡Ǒ´ Hamilton ëÏ� (hamiltonian connected) XJé G ¥?Ûüº:�mk�^
Hamilton ´. ã G �¡Ǒ´�ëÏ� (panconnected) XJé G ¥?Ûüº: x Ú y, ålǑ d,

G ¥�3¤k�Ýl d � n − 1 � xy ´.

Hamilton 5!Hamilton ëÏ5!��5!:��5!>��5!�ëÏ5�m��¹'X�ã 1.

F

B

D

A

E

C

A : Hamilton 5
B : Hamilton ëÏ5
C : ��5
D : :��5
E : >��5
F : �ëÏ5ã 1 ��5Ú�ëÏ5��¹'X.T�8UYþ���8ïÄ,�¤
��nã©Ù,uL35Frontiers of Mathematics in China6£4 (2) (2009), 217-252¤þ; (½
�
Í¶�ä£X�á�N!O2á�N!Ýá�N, ÛÜÛá�N!òU�á�N, ��á�N�¤���5Ú�ëÏ5, N���5ÚN��ëÏ5. äN(J©ãXe.

3.1 �á�N�N���5��ëÏ5� ·ÜN���5'u�á�N£hypercubes¤ Qn �N���5, ·�y²
: éuk fv ��æ:Ú fe ^�æ>��á�N Qn, XJ fv + fe ≤ 2n − 4, fe ≤ 2n − 5, n ≥ 3 �z�º:��kü^��æ>,�o¥�3���Ǒ 2n − 2fv ���æ�. ù�(JU?
Nõ'u�á�N���5®�(J,¿uL35¥I�ÆEâ�ÆÆ�6£38 (2008), 1020-1023¤þ.� >N��ëÏ5'u�á�N�>N���5, ·�y²
: éu�õk n − 1 ^�æ>�N��á�N Qn,XJ§��k n − 1 ^�æ>�Ø'éuÓ��º:, �oéu Qn ¥?¿ü: x Ú y, ålǑ d,�3�^�Ǒ ℓ� xy ��æ´, Ù¥ ℓ÷v d+2 ≤ ℓ ≤ 2n−1� ℓ−d ≡ 0 (mod 2). ù�(JU?
Nõ'u�á�N�>N���5�®�(J,¿uL35¥I�ÆEâ�ÆÆ�6£38 (2008),

1017-1019¤þ.� �õ>�æ�N��ëÏ5'u�á�Nk�õ�æ>�N��ëÏ5, ·�y²
: � x Ú y ´ Qn ¥?¿ü:, ålǑ d, ℓ´÷v d+2 ≤ ℓ ≤ 2n−1� ℓ−d ≡ 0 (mod 2)��ê. XJ Qn ¥�õk 2n−5^>Ó�u)�æ,�z�:��kü^��æ>, �o¥�3�^Ø¹�æ>��Ǒ ℓ� xy ´. ù�(J´8'u�á�NN��ëÏ5ïÄ¥���(J, §í2
Nõ®�(J, uL35Information

Sciences6£179 (2009), 404-409¤þ.

10



§3 'u��5Ú�ëÏ5�ïÄ 11

3.2 O2�á�N��ëÏ5Ú��5� �ëÏ5Ú>N���5éuO2�á�N£augmented cubes¤AQn, ·�y²
§��ëÏ5,=: é AQn ¥?¿ü: x Ú y, ålǑ d, Ú÷v d ≤ ℓ ≤ 2n − 1 ��ê ℓ, AQn ¥�3�^�Ǒ ℓ ���æ´.·�Ǒy²
 AQn ´ 2n− 3 >N����,=, �� AQn ¥>�æêØ�L 2n− 3,Ké?Û÷v 3 ≤ ℓ ≤ 2n ��ê ℓ, AQn ¥�3�Ǒ ℓ �Ø¹�æ>�.ùü�(JuL35Parallel Computing6£33 (2007), 36-42¤þ.� ·Ü�æ�N��5éu:�æÚ>�æÑÑy��/, ·�y²
: AQn ´ 2n − 3 N����, =, �� AQn¥�æ:Ú�æ>êØ�L 2n− 3,Ké?Û÷v 3 ≤ ℓ ≤ 2n ��ê ℓ, AQn ¥�3�Ǒ ℓ �Ø¹�æ:Ú�æ>�.ù�(JU?
�
®�(J, uL35Information Processing Letters6£103 (2007), 52-56¤þ. � ·Ü�æ�N��ëÏ5éuN��ëÏ5ïÄ, ·���Xe(J: XJ AQn k�õ 2n − 5 ��æ:Ú�æ>, é
AQn ¥?¿ü���æ: x Ú y, ålǑ d, Ú÷v d + 2 ≤ ℓ ≤ 2n − 1− fv ��ê ℓ, AQn ¥�3�Ǒ ℓ �Ø¹�æ:Ú>� xy ´.ù�(J®²uL35Frontiers of Mathematics in China6£4 (2009), 697-719¤þ.

3.3 Ýá�N���5·�y²
Ýá�N£twisted cubes¤TQn ´ n− 2 N����, =, �� TQn ¥:�æêÚ>�æêØ�L n − 2, Ké?Û÷v 4 ≤ ℓ ≤ 2n − fv ��ê ℓ, TQn ¥�3�Ǒ ℓ �Ø¹�æ:Ú�æ>�. ù�(JuL35$Ê�+n6£16 (1) (2007), 52-57¤þ.

3.4 ÛÜÝ�á�N�>��5·�y²ÛÜÛá�N£locally twisted cubes¤LTQn �>��5, =ÛÜÛá�N LTQn �z^>¹3z��Ý£l 4 � 2n ¤��þ. ù�(J®²uL35Ars Combinatoria6£89 (2008),

89-94¤þ.

3.5 ²ï�á�N�>��5²ï�á�N£balanced hypercube¤BQn Ǒ´�á�N�ä��«C/, ´d Huang Ú Wu

[Area efficient layout of balanced hypercubes, Int’1 J. High Speed Electronics and Systems, 6(4),

(1995), 631-646]JÑ5�,¿�y²
: BQn ´�Üã,¿�é?Û÷v 2 ≤ 2n ��ê ℓ, BQn ¥�¹�Ǒ ℓ ��. ·�U?
ù�(J, y²
: BQn ´>���, =: é?Û÷v 4 ≤ ℓ ≤ 22n �ó�ê ℓ, BQn ¥�z^>¹3�Ǒ ℓ��¥. �,·��y²
: BQn ´ Hamiltonian laceable.ù
(J®uL35Applied Mathematics and Computation6£189 (2007), 1393-1401¤þ.

3.6 òU�á�N�N� Hamilton 5'uòU�á�N£folded hypercubes¤FQn�N� Hamilton5, D.Wang [Embedding hamilto-

nian cycles into folded hypercubes with faulty links. J. Parallel and Distributed Computing, 61(2001),

11



§4 'u´d=u�ê�ïÄ 12

545-564]y²
: FQn ´ (n−1)>N� Hamilton�. ·�U?
ù�(J, ��: FQn ´ (2n−3)��>N� Hamilton �. ù�(JòuL35Ars Combinatoria6£95 (2010), 179-186¤þ.

3.7 ���á�N�N��ëÏ5'u��á�N(crossed hypercubes) CQn �N��ëÏ5, Huang et al [On the fault-tolerant

hamiltonicity of faulty crossed cubes, IEICE Trans. Fundamentals, E85-A (6) (2002), 1359-1370]ÚChen et al [On some super fault-tolerant Hamiltonian graphs, Applied Math. and Computation], 148

(2004), 729-741]y²
 CQn´ HamiltonëÏ�. ·�U?
ù�(J,y²
: é?Û�ê n ≥ 3,XJ CQn ¥:�æê fv Ú>�æê fe �ÚØ�L n−3,�oé?Û÷v 2n−1− ≤ ℓ ≤ 2n−fv−1��ê ℓ, CQn ¥?Ûü���æ:�m�3�Ǒ ℓ �Ø¹�æ:Ú�æ>�´. ù�(JuL35Theoretical Computer Science6£407 (2008),110-116¤þ.

3.8 (k��Èã���5Ú�ëÏ5'u(k��Èã���5Ú�ëÏ5, ·�¼�Xe(J. XJ G1 Ú G2 Ñ´�ëÏ���ê��Ǒ 3, �o(k��Èã G1 × G2 Ǒ´�ëÏ5�; XJ G1 Ú G2 Ñ´Û��´�Ü�ëÏ� Hamilton ã, ½öÑ´�ê��Ǒ 4 ��Ü�ëÏ��Üã, �o G1 × G2 ´�Ü�ëÏ�. ùü�(Jí2
Nõk'(Ø, §�©OuL35Journal of Supercomputing6£DOI

10.1007/s11227-009-0356-8, 2009¤Ú5Australasian Journal of Combinatorics6£46 (2010), 297-306¤þ.

§4 'u´d=u�ê�ïÄ´d´�ä�Ä�õU,´d=u�ê´Ýþ´d`���Ýþëê��,d7ǑI�<[The

forwarding index of communication networks. IEEE Trans. Info. Theory, 33 (1987), 224-232] JÑ.®�y²: ´d=u�ê�(½¯K´ NP-hard �[R. Saad, Complexity of theforwarding index

problem.SIAM J. Discr. Math. 6 (1993),418-427]. ��8UYþ���8��ïÄ, ¼�±e¤J.

4.1 :=u�ê�þ.'u:=u�ê�þ.,7ǑI�<3JÑ´d=u�êVg�, �Ñ
��þ. (n−1)(n−2),Ù¥ n ´ã��. ·�ÏLy²��êØ(JU?
ù�þ.:

(n − 1)(n − 2) −
(

2n− 2 − ∆

⌊

1 +
n − 1

∆

⌋)⌊
n − 1

∆

⌋

,Ù¥ ∆ ´ã���Ý. ,	, ·�(½
ëê ξδ,n (¤k�êǑn ��ÝǑ δ ã�:=u�ê ξ(G)����) �°(�:

ξδ,n =

⌈
2(n − 1 − δ)

δ

⌉

,Ù¥ δ (≥ 1) ǑãG ���Ý.ù�(JuL35Ars Combinatoria6£83£2007¤, 289-293¤þ.

4.2 ëÏ�Kã�=u�êéu k ëÏ k �Kã G �=u�ê, Fernandez de la Vega Ú Manoussakis [Discrete Applied

Mathematics, 1989, 23(2): 103-123]�Ñ
:=u�ê ξ(G) Ú>=u�ê π(G) �þ.,¿�ß�:

ξ(G) ≤ ⌈(n − k)(n − k − 1)/k⌉.

12



§4 'u´d=u�ê�ïÄ 13T�8y²
ù�ß�� k = 3 �¤á, ¿U?þ.Ǒ:

ξ(G) ≤ ⌈(n − k)(n − k − 1)/k⌉ − (n − k − 1)Ú
π(G) ≤ n⌈(n − k − 1)/k⌉ − (n − k).ù�(JuL35¥I�ÆEâ�ÆÆ�6£38 (2008), 456-459¤þ.

4.3 (½
,
Í¶�ä�=u�ê(½
,
Í¶�ä, X: O2�á�N!Ì��ä!á�ëÏ��ä!�7R/k�ãÚ�7R/��ã��:Ú>=u�ê.� O2�á�N�ä�>Ú:=u�ê2�á�NAn´ S. A. Choudum and V. Sunitha [Augmented Cubes. Networks, 40 (2) (2002),

71-84] JÑ5��á�N���C/. ·�(½
§�:=u�êÚ>=u�ê©OǑ
ξ(AQn) =

2n

9
+

(−1)n+1

9
+

n2n

3
− 2n + 1, π(AQn) = 2n−1.ù�(JuL35Information Processing Letters6£101 (2007), 185-189¤þ.� á�ëÏ��ä�:=u�ê

n �á�ëÏ�(cube-connected cycle), PǑCCC(n), ´ò�Ǒn ����Cn O�n ��á�NQn �z�º:�EÑ5�, Ù¥Qn ¥1 i �>ë�Cn ¥1 i �º:. Shahrokhi Ú
Székely [ Discrete Appl. Math., 108 (2001), 175-191]�� CCC(n) �>=u�ê�CqL�ª:

π(CCCn) =
5

4
n22n(1 − o(1)).T�8�� CCC(n) �:=u�ê�CqL�ª:

ξ(CCCn) =
7

4
n22n(1 − o(1)).ù�(JuL35Discrete Appl. Math.6£157 (2009), 1-7¤þ.� �7R/k�ã�:=u�êéu��ê∆Ú n,� Zn = {0, 1, · · · , n−1}´� n�\{+, Z

n
∆ = {x0x1 · · ·xn−1 : xi ∈ Z∆}.ÝǑ ∆ ��êǑ n ��7R/k�ã£wrapped butterfly digraph¤B∆(n) �º:Ǒ (ℓ;x), Ù¥

ℓ ∈ Zn, x ∈ Z
n
∆; º: (l; x0x1 · · ·xn−1) �º: (l + 1; x0 · · ·xl−1αxl+1 · · ·xn−1) é?Û α ∈ Z∆. w,, B∆(n) ´rëÏ� ∆ �Kk�ã, �Ǒ N = n∆n. ØK B∆(n) ¥¤k>��������ã��7R/��ã, PǑ UB∆(n).T�8(½
 B∆(n) �:=u�êǑ:

ξ(B∆(n)) =
3n(n − 1)

2
∆n − n(∆n − 1)

∆ − 1
+ 1.éu UB∆(n) �:=u�ê, ·��¼���þ.:

ξ(UB∆(n)) <
5n2 − 4n

4
∆n − 2n

(

∆⌊n/2⌋ + ∆⌈n/2⌉−1
)

+ (3n + 1).

13



§5 'uN��»�ïÄ 14ù
(JuL35Networks6£53 (2009), 329-333¤þ.� rëÏÌ�k�ã�=u�êéurëÏÌ�k�ãG(n; S),Ù¥S = {s1, s2, · · · sk} ⊆ {1, 2, · · · , n− 1}, s1 < s2 < · · · < sk,·���:

ξ(G(n; S)) = min
E

{
n−1∑

i=1

(ei1 + ei2 + . . . + eik)

}

− (n − 1);

min
E

{
n−1∑

i=1

(ei1 + ei2 + . . . + eik)/k

}

≤ π(G(n; S))

≤ min
E

{maxi∈{1,2,...,k}{e1i + e2i + . . . + e(n−1)i}},Ù¥E = {ei1s1 + ei2s2 + · · · + eiksk(mod n) : 1 ≤ i ≤ n − 1, 1 ≤ j ≤ k} ´n 'uS �L«. AO/, XJn = dm �S = {1, d, · · · , dm−1}, d ≥ 2, �o
ξ(G(dm; S)) =

dm−1∑

i=1

(ai1 + ai2 + · · · + aim) − (dm − 1),

π(G(dm; S)) = (d − 1)dm/2.ù�(JuL35êÆ,�6£27 (2007), 621-629¤þ.

§5 'uN��»�ïÄã�N��»Vg´d F. R. K. Chung Ú M. R. Garey [Diameter bounds for altered graphs.

Journal of Graph Theory, 8 (4) (1984), 511-534]ÄkJÑ5�. k ëÏã G �N��» Dk(G) ´l G ¥?¿�K k − 1 �º:����ã����». §�´N��äk�5��Ýþëê.

5.1. 2Â(k��ÈãN��»éu(k��Èã G1 × G2 �N��», Krishnamoorthy Ú Krishnamurthy [M. S. Krish-

namoorthy, B. Krishnamurthy, Fault diameter of interconnection networks. Comput. Math. Appl.

13 (5/6) (1987), 577-582]/y²0
: Dk1+k2(G1 × G2) 6 Dk1(G1) + Dk2(G2).,, M¯�< [M. Xu, J.-M. Xu, X.-M. Hou, Fault diameter of Cartesian product graphs.

Info. Process. Lett., 93 (2005), 245-248]�Ñ���~ C4 × C4, ¿?Uþ.Ǒ: Dk1+k2(G1 × G2) 6

Dk1(G1) + Dk2(G2) + 1.

Banič Ú Žerovnik [I. Banič and J. Žerovnik, Fault-diameter of Cartesian graph bundles. Info.

Process. Lett., 100 (2) (2006), 47-51]�Ä(k�ãå£Cartesian graph bundle¤G1 ·G2£§�¹(k��È¤, í2
M¯�<�(J: Dk1+k2(G1 · G2) 6 Dk1(G1) + Dk2(G2) + 1.éu2Â(k��Èã£½Â� 2.2 !, §�¹(k�ãå¤G1 ∗ G2 �N��», ·�¼�±e(J:

Dk1+k2(G1 ∗ G2) 6 Dk1(G1) + Dk2(G2) + 1.ù�(JuL35Information Processing Letters6£102 (2007), 226-228¤þ.
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5.2. ëê f(t, 3)

Chung Ú Garey 3ïÄN��»�, JÑëê f(t, k), §L«�»Ǒ k � (t + 1) >ëÏã¥£� t ^>����ã����». w,, éu�»Ǒ k �ã G, k Dt+1(G) ≤ f(t, k). 1984, C. Peyrat [Diameter vulnerability of graphs. Discrete Appl. Math., 9(3) (1984), 245-250](½

f(t, 2) = 4 ¿�Ñ f(t, 3) �/þ.0: � t ¿©��,

3
√

2t − 3 ≤ f(t, 3) ≤ 3
√

2t + 4.T�8��Xe�.µ� t ≥ 4 �
4
√

2t − 6 < f(t, 3) ≤ max{59, 5
√

2t + 7}.w,, � t ≥ 50 �, ·��e.�u Peyrat �þ.. �dÓ�, ·��(½
: f(2, k) = 3k − 1 Ú
f(3, k) = 4k − 2. ù
(JuL35Discrete Mathematics6£309 (2009), 1001-1006¤þ.

5.3 >±Èê� G ´��ã, �»Ǒ d, k ´Ø�u d ��ê. ã G 'u k �k.:ëÏÝ κk(G)£>ëÏÝ λk(G)¤́ ��:£>¤ê, ù�ê8�>8l G ¥£r���fãk�»�u d. G �:±Èê£persistence¤½ÂǑ κd(G), >±Èê½ÂǑ λd(G). ±Èê´�»yf5Ýþ, ù�Vg�:�/´d Boesch �<[Graphs as models of communication network vulnerability: connectivity and

persistence,Networks, 11 (1981), 57-63] ÄkJÑ5�, >�/d Exoo [G. Exoo, On a measure of

communication network vulnerability, Networks, 12(1982), 405-409]JÑ5�. T�8ïÄ
>±Èê, ^ D+(G) L«ã G �>±Èê.

Graham Ú Harary [N. Graham and F. Harary, Changing and unchanging the diameter of a

hypercube, Discrete Applied Mathematics, 37/38 (1992), 265-274] (½
 D+(Qn) = n − 1. SungÚWang [Changing the diameter of graph products (J. Wang ed.): COCOON 2001, LNCS 2108,

Springer, 2001, 390-394]ïÄ
(k��Èã�>±Èê, �Ñ£vky²¤
 Cm × Cn, Qn × CmÚ Cm × Pn �>±Èê�/°(�0, Ó���ß�:

D+(G1 × G2) ≥ max{D+(G1), D
+(G2)} + 1.·�ÏLy²

λk1+k2(G1 × G2) ≥ λk1(G1) + λk2(G2) for ki ≥ 2,��
D+(G1 × G2) ≥ D+(G1) + D+(G2) for ki ≥ 2.ly² Sung ÚWang �þãß�, ¿(½
þãJ��(k��Èã�>±Èê�°(�µ

D+(Cn × Pm) =

{

1 for n = 3;

2 for n ≥ 4.

D+(Cn × Cm) =

{

2 if n = 3 or m = 3 or both n and m are odd;

3 otherwise.

D+(Qn × Pm) = n for n ≥ 2 and m ≥ 2.

15



§6 ��ê9�'¯KïÄ 16

D+(Qn × Cm) =

{

n for m = 3,

n + 1 for m ≥ 4ù
�`² SungÚWang¤(½��´Ø�(�. ·��(JuL35Discrete Applied Math-

ematics6(157 (2009), 3249-3257)þ.

§6 ��ê9�'¯KïÄ'u(k��È G×H ���ê, Vizing [V. G. Vizing, Some unsolved problems in graph theory.

Usp. Mat. Nauk. 23(6(144)) (1968), 117-134]JÑXeß�: é?Ûü�ã G Ú H ,

γ(G)γ(H) ≤ γ(G × H). (6.1)

2000 , Clark Ú Suen [W. E. Clark, S. Suen, An inequality related to Vizing’s conjecture.

Electron J Combin, 7(1) (2000), No.4] y²
: γ(G)γ(H) ≤ 2γ(G × H).��8�7 Vizing ß�m�
�
ïÄ.

6.1 �ê k ��ê9 Vizing ß�� G ´ã, k ´��ê, N ´�K�ê8. ¼ê f : V (G) → N ¡Ǒ G ��ê k ��ê£k-domination number¤¼ê, XJ
∑

y∈NG[x]

f(y) ≥ k ∀ x ∈ V (G). (6.2)

G ��ê k ��ê£k-domination number¤γk(G) ½ÂǑ G �¤k�ê k ��¼ê f ����,=: - F (G) ´ G � k ��ê¼ê8, K
γk(G) = min

f∈F (G)







∑

x∈V (G)

f(x)






. (6.3)f8 S ⊂ V (G) ´ G ��C£packing¤XJé S ¥?Ûü�ØÓº: x Ú y þk NG[x] ∩

NG[y] = ∅. G ��Cê£packing number¤ρ(G) ½ÂǑ G ��C¥���:ê. w,, é?Ûã
G, ρ(G) ≤ γ(G). é 0 ≤ k < ρ(G), ã G ¡Ǒ (ρ, γ − k) ã, XJ ρ(G) = γ(G) − k.éuëê ρ, γ Ú γk, Domke �<[G. Domke, S.T. Hedetniemi, R.C. Laskar, G. Fricke, Rela-

tionships between integer and fractional parameters of graphs, in: Graph Theory, Combinatorics, and

Applications, vol. 2, John Wiley & Sons, Inc., 1991, pp. 371-387] y²: é?Ûã G Ú k þk
kρ(G) ≤ γk(G) ≤ kγ(G). Hartnell Ú Rall [B. L. Hartnell, D. F. Rall, Vizing’s conjecture and the

one-half argument, Discuss. Math. Graph Theory, 15 (1995) 205-216] Vizing ß�£ 6.1¤é (ρ, γ)ãÚ (ρ, γ − 1) ãÑ´¤á�.�u(k��Èã G×H ��ê k ��ê, Bres̆ar�< [B. Bres̆ar, M.A. Henning, S. Klavzar,

On integer domination in graphs and Vizing-liking problems, Taiwanese J. Math. 10 (5) (2006),

1317-1328]��:

γk(G)γk(H) ≤ k(k + 1)γk(G × H) (6.4)

16



§6 ��ê9�'¯KïÄ 17T�8ïÄ
(k��Èã G × H ��ê k ��ê, ��§�e.:

γk(G × H) ≥ max{ρ(G)γk(H), ρ(H)γk(G)};�, XJ m = γk(G) − kρ(G), �o
γk(G × H) ≥ ρ(G)γk(H) + γm(H).AO, XJ k = 1, �o
γ(G × H) ≥ ρ(G)γ(H) + γm(H). (6.5)ù�(JU?
 Chen �< [G. Chen, W. Piotrowski, W. Shreve, A partition approach to Vizing’s

conjecture, J. Graph Theory, 21 (1996) 103-111] �(J. 3ª£6.5¤¥, XJ ρ(G) = γ(G) ½ö
ρ(G) = γ(G)−1,§¿�X: γ(G×H) ≥ γ(G)γ(H). (Üª£6.4¤,=�þ¡J�� HartnellÚ Rall(J: Vizing ß�£ 6.1¤é (ρ, γ) ãÚ (ρ, γ − 1) ã¤á. ·��y²æ^
Ú©z¥ØÓ��{,Ø=U?
<�(J�lØÓ�ÆÝ��
©z¥�(Ø,"v<r�í�uLTØ©,Ty²�{Ǒ)û Vizing ß�Jø
#�g´.ù
(JuL35Discrete Mathematics6£309 (2009), 3413-3419¤þ.

6.2 ���ê9�ê k ���ê� ���ê� Vizing ß�ïÄǑ
ïÄ Vizingß�´Äé���ê γt(G)¤á, HenningÚ Rall [M. A. Henning, D. F. Rall,

On the total domination number of Cartesian products of graphs. Graph Comb. 21 (2005), 63-69]��: é?Ûvk�á:�ü�ã G Ú H ,

γt(G)γt(H) ≤ 6γt(G × H), (6.6)¿JÑXeß�:

γt(G)γt(H) ≤ 2γt(G × H). (6.7)T�8U?
ª£6.6¤¥�þ., ��:

γt(G)γt(H) ≤ 5γt(G × H),ù�(JuL35Discuss Math Graph Theory6£27 (2007), 175-178¤þ.� �ê k ���ê
2008 , Ho [P. T. Ho, A note on the total domination number. Util. Math. 77 (2008), 97-100]ò·��(JU?Ǒ: γt(G)γt(H) ≤ 2γt(G × H), ly²
ß�£6.7¤.T�8�Ä�ê k ���ê. G ��ê k ���ê£total k-domination number¤γk

t (G) �½Â´r�ê k ��ê½Â£6.3¤¥�4�8UǑm�8=�. w,, γ1
t (G) = γt(G). � k ��êVg´d Cockayne�< [E. J. Cockayne, R. M. Dawes, S. T. Hedetniemi, Total domination in graphs.

Networks, 10 (1980), 211-219] ÄkJÑ5�. T�8y²
éu(k��Èã��ê k ���êkaquª£6.4¤�(J, =: é?Ûvk�á:�ü�ã G Ú H ,

γk
t (G)γk

t (H) ≤ k(k + 1)γk
t (G × H).
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§6 ��ê9�'¯KïÄ 18� k = 1 �, γt(G)γt(H) ≤ 2γt(G×H), ùÒ´ Ho�(J,=ß�£6.7¤¤á. ù�(JuL35J.

Comb. Optim.6£18 (2009),173-178¤þ.� r���>�.ã� G ´Ø¹�á:ã, §����ê γt(G). XJé G ¥?ÛØ��üº: x Ú y þk
γt(G + xy) < γt(G), K¡ G Ǒ γt �.�. γt �.ã�¡Ǒr γt �.�, XJé G ¥?Ûº: xþ�3��:êǑ γt(G) − 1 ���8 S ���Ñfã G[S] Ø¹Ø x 	��á:.T�8ïÄ
 γt �.��5�, ¿JÑl�r γt �.ã�E�r γt �.ã��{. ù
(JuL35¥I�ÆEâ�ÆÆ�6£38(9) (2008), 1024-1029¤þ.

6.3 ¤é��êã G�º:f8 S ¡Ǒ G�¤é��8£paired-dominating set¤, XJ S ´ G���8,��Ñfã G[S] �¹����. ã G �¤é��ê£paired-domination number¤γp(G) ½ÂǑ G¥¤k¤é��8¥���:ê. w,, γt(G) ≤ γpr(G) ≤ 2γ(G) é?Ûã G ¤á.� 'uä�¤é��êxwkÚ×¶Î� [ J. of Global Optimization, 25(2003)] Ǒx
äk γpr(T ) = γ(T ) �¤kä T . xwkÚ Henning � [Australas. J. Combin. 30(2004)] Ǒx
äk γt(T ) = γpr(T ) �¤kä T . Henning [ Util. Math. 60(2001)¶Util. Math. 69 (2006)] ©OǑx
äk γt(T ) = 2γ(T ) ±9 γt(T ) = γpr(T ) �¤kä T . T�8Ǒx
�� γpr(T ) = 2γ(T ) �¤kä T . ù�(JuL35Discrete Mathematics6£308 (2008), 3420-3426¤þ.� �.¤é��ã��»ã G¡Ǒ¤é���.ã£paired domination vertex critical¤,PǑ γpr(G) �.ã,XJé G¥?Ûº: x£Ø��u 1 Ý:¤, þk γpr(G − x) > γpr(G).

Edwards [M. Edwards, Criticality concepts for paired domination in graphs. Masters Thesis,

University of Victoria (2006)]y²
: γpr(G) �.ã��» d(G) ≤ 2γpr(G) − 4. � γpr(G) ≤ 8 �,

Henning Ú Mynhardt [Henning, M.A., Mynhardt, C.M.: The diameter of paired-domination vertex

critical graphs. Czechoslovak Math. J., 58 (4) (2008), 887-897]y²
: d(G) ≤ 3
2 (γpr(G)−2),¿ß�ù�þ.é��ãǑ¤á. T�8y²
ù�ß�,uL35Graphs and Combinatorics6£24(2008),

453-459¤þ.

6.4 'uä� p-��êe.éu�½���ê p, ã G �º:f8 S ¡Ǒ G � p ��8£p-dominating set¤, XJéz� x ∈ S þk |NG(x) ∩ S| ≥ p. ã G � p ��ê£p-domination number¤γp(G) ½ÂǑ G ¥¤k
p ��8¥���:ê.ù�Vg´ FinkÚ Jacobson [J. F. Fink, M. S. Jacobson, n-Domination in graphs, in: Y.Alavi,

A.J.Schwenk (Eds.), Graph Theory with Applications to Algorithms and Computer Science, Wiley,

New York, 1985, 283-300]JÑ5�.� T ´ n �ä� n ≥ 3, p ≥ 2, Lp(T ) L« T ¥Ý�õǑ p − 1 �:8, Sp(T ) L« T ¥Ø3 Lp(T ) ¥�� Lp(T ) ¥����:���:8. - lp = |Lp(T )|, sp = |Sp(T )|. Lemańska [M.

Lemańska, Lower bound on the domination number of a tree, Discuss. Math. Graph Theory, 24(2)

(2004), 165-169] y²
 γ(T ) ≥ (n + 2 − l2)/2. Chellali [M. Chellali, Bounds on the 2-domination

18



§7 'uål��ê�ïÄ 19

number in cactus graphs. Opuscula Math., 26 (2006), 5-11]y²
 γ2(T ) ≥ (n + l2 − s2)/2, Blidia�
[M. Blidia, M. Chellali and L. Volkmann, Some bounds on the p-domination number in trees. Discrete

Math. 306 (2006), 2031-2037]y²
 γp(T ) ≤ (n + lp)/2. T�8¼�Xe(Jµ
γp(T ) ≥ (n + lp − sp)/2.§í2
 Chellali�(J.·��(JuL35Opuscula Mathematica6£29 (2) (2009), 157-164¤þ.

§7 'uål��ê�ïÄål��ê´���ÆÜ	u�Ç3��3 Cornell �Æ�Æ¬Æ Ø©[k-domination and

graph covering problems. Ph.D. Thesis, School of OR and IE, Cornell University, Ithaca, NY(1982)]¥JÑ5�.� G ´�»Ǒ d �ã. éu�½��ê k (1 ≤ k ≤ d), G � k ål��8´����8 S,�� S ¥z�:� S �ål�õǑ k. k ål��ê γk(G) ´ G ¥ k ål��8¥���:. w,, γ1(G) = γ(G).Ïd, k ål��´²;��Vg�í2. C 30 5, 'uk ål��ê�ïÄvk�o?�. w,, (½ål��ê¯K´ NP-hard �. Ïd, éu�½��ê k (1 ≤ k ≤ d), ïáã G �
k ål��ê γk(G) �þe., (½AÏãa�ål��ê, ïÄål��ê�Ù§a.���ê�m�'X´k¿Â�. ål��êǑ´·�þ���8ïÄSN��, 3T�8¥, ·�UYïÄ, ��Xe(J.

7.1 ål��ê�þ.� ëÏãål��ê�þ.'un (≥ k + 1) �ëÏãG � k ål��ê γk(G) �þ., ®��(J´µγk(G) ≤ ⌊ n
k+1⌋.§´dMeir ÚMoon [A. Meir and J. W. Moon, Relation between packing and covering number of

a tree. Pacific Journal of Mathematics, 61(1) (1975), 225-233]�Ñ�, ���vkÚå<��À.��3 2002, Sridharan�<[N. Sridharan, V. S. A. Subramanian and M. D. Elias, Bounds on the

distance two-domination number of a graph. Graphs and Combinatorics, 18 (2002), 667-675]�Õáy²
µγ2(G) ≤ ⌊n
3 ⌋. ù´Meir-Moonþ.�A~. ¯¢þ, ·�ÏLã���Ý ∆ �Ñ γk ;�þ.:

γk(G) ≤
⌊

n − ∆ + k − 1

k

⌋

.,	, éu²;���ê γ(G), N. Alon [Transversal numbers of uniform hypergraphs. Graphs

Combin., 6 (1990), 1-4] Ú Lovasz [L. Lovász, On the ratio of optimal and integral fractional covers.

Discrete Math., 13 (1975), 383-390]ÏLã���Ý δ �Ñ γ(G) �þ.:

γ(G) ≤ n
1 + ln(δ + 1)

δ + 1
.·�í2ù��(J������ê k, ��

γk(G) ≤ n
1 + ln(m(δ + 1) + 2 − t)

m(δ + 1) + 2 − t
,Ù¥ where m =

⌈
k
3

⌉
, t = 3

⌈
k
3

⌉
− k.
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§7 'uål��ê�ïÄ 20ù
(JuL35The Australasian Journal of Combinatorics6£43 (2009), 181-190¤þ.� 2 ëÏãål��ê�þ.·�^ γ2
k(G) L« 2 ëÏã G � k ål��ê. éu γ2

1(G), Y. Caro, R. Yuster [2-connected

graphs with small 2-connected dominating sets. Discrete Math., 269 (2003), 265-271]¼���þ.:

γ2
1(G) ≤ (1 + oδ(1))n ln(δ+1)

(δ+1) ·�|^VÇ�{�����r�(Jµ
γ2

k(G) ≤ (1 + oδ(1)) n
ln[m(δ + 1) + 1 − t]

[m(δ + 1) + 1 − t]
,Ù¥ m = ⌈k

3 ⌉, t = 3⌈k
3 ⌉ − k.ù�(JuL35Theoretical Computer Science6£410 (2009), 3804-3813¤þ.

7.2 ålëÏ��ê�þ.ã G ¥� k ål��8 S ¤�Ñ�fã G[S] ´ëÏ�, K¡ S Ǒ G � k ålëÏ��8.

k ålëÏ��ê γc
k(G) ´ G ¥ k ålëÏ��8¥���:.éu�Ǒ n ���ÝǑ ∆ �ëÏã G, ·���ålëÏ��ê γc

ℓ (G) �þ.:

γc
k(G) ≤ max{1, n− 2ℓ − ∆ + 2}.�, XJ S ´G � k ål��8, �G[S] k p �ëÏ©|, K

γc
k(G) ≤ |S| + 2(p − 1)k.éu²;�ëÏ��ê γc(G), Caro�< [Y. Caro, D. B. West and R. Yuster, Connected dom-

ination and spanning trees with many leaves. SIAM J. Discrete Math., 13(2) (2000), 202-211] ÏLã���Ý δ �Ñ γc(G) �þ.:

γc
1(G) ≤ (1 + oδ(1))n

ln(δ + 1)

δ + 1
.|^VÇ�{, ·��� γc

ℓ (G) �ì?þ..½n 9.5 � ℓ ´?¿��ê, G ´n (≥ 2) ���ÝǑ δ �ëÏã, K
γc

ℓ (G) < n
72k + 20km2 + 17 + 0.5

√
ln q + ln q

q
, or γc

ℓ (G) ≤ (1 + oδ(1))n
ln q

q
,Ù¥ q = m(δ + 1) + 2 − t, m = ⌈k

3 ⌉ � t = 3⌈ ℓ
3⌉ − ℓ.3þª¥- ℓ = 1 Ò©O�� Caro �<�(J.ù
(JuL35Ars Combinatoria6£84 (2007), 357-367¤þ.

7.3 ål���.ã��»ã G ¡Ǒ���.ã, XJéz�º: x þk γ(G − x) < γ(G). ���.ã({¡ γ �.ã)�ïÄ´ãØ²;SN��, §éïÄ��êu�
��^. Fulman �< [ Fulman, J., Hanson,

D. and MacGillivray, G., Vertex domination-critical graphs. Networks, 25 (1995), 41-43] y²
: éu γ �.ãG, XJ γ ≥ 2, �o§��» d(G) ≤ 2(γ − 1).
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γ �.ã�Vgí2�ål���.ã´ég,�. éu��ê k ≥ 1, ãG ´ k ål���.({¡ γk �.) �, XJéG ¥z�º:x þk γk(G − v) < γk(G). Henning et al [Henning, M.

A., Oellermann, O. R. and Swart, H. C., Distance domination critical graphs. J. Comb. Inform. Syst.

Sci., 5(1) (1994), 69-79]ÄkïÄ
ù«ã�5�. ·�í2Fulman �<�(J� γk �.ã.�G ´ γℓ �.ã. K§��» d(G) ≤ 2ℓ(γℓ − 1). AO/, XJ γ2 ≥ 2, �o d(G) ≤ 3(γ2 − 1),�ù�þ.´���.ù�(JuL3�5Applied Mathematics Letters6£21 (2008), 416-420¤þ. £ù�©Ù�uLkã��, �·��ï�)5��Ø©�kp<)P6�©.¤
7.4 ²þål�ål��ê

n �ëÏãG �²þål½ÂǑ
µ(G) =

1

n(n − 1)

∑

x, y∈V

dG(x, y).²þål´©ÛÚÝþ�ä5U��ëê,Ïd,Úå<��4�ïÄ,�. ~X, P. Dankelmann

[Average distance and domination number, Discrete Appl. Math., 80 (1997), 21-35]ÏL��ê γ(G)�Ñn �ëÏãG ²þålµ(G) �;��þ.:XJ γ ≤ n
3 , �o
µ(G) ≤

{
n+1

3 − (n−3γ)(n−3γ+2)(2n+3γ−7)
6n(n−1) , if n − γ is odd;

n+1
3 − (n−3γ)(n−3γ+2)(2n+3γ−7)−9(γ−1)

6n(n−1) , if n − γ is even;XJ γ ≥ n
3 , �o

µ(G) ≤
{

n+1
3 − (3γ−n)(3γ−n−2)(5n−6γ−4)

3n(n−1) , if n − γ is even;
n+1

3 − (3γ−n−1)(3γ−n−3)(5n−6γ−2)+6(2n−3γ−1)
3n(n−1) , if n − γ is odd.·�òù�(Jí2� k ål��ê γk. � k = 1 �, Ò´þã(J. ØL, L�ª�ǑE,,QãXe.�G ´n �ëÏã. γk ≤

⌈
n

2k+1

⌉

, �o
µ(G) ≤







n+1
3 −

(
n−(2k+1)γk

)(
n−(2k+1)γk+2

)(
2n+(2k+1)γk−7

)

6n(n−1) ,

if γk ≤ n
2k+1 and n − γk is odd;

n+1
3 −

(
n−(2k+1)γk

)(
n−(2k+1)γk+2

)(
2n+(2k+1)γk−7

)
−3
(
(2k+1)γk−3

)

6n(n−1) ,

if γk ≤ n
2k+1 and n − γk is even;

n+1
3 , if γk =

⌈
n

2k+1

⌉

.XJ γk >
⌈

n
2k+1

⌉

, K�3 t �� (2k + 1)γk − n ≡ t (mod k). XJ γk−n−t
k ´óê, K

µ(G) ≤ n+1
3 − B

6n(n−1)

[(
(2k + 1)γk − n − t − 2k

)(
C − 2(k + 1)

)

+3t
(
D − 2

)]

− 2t(k − t)
(

A+t−k−1
n(n−1)

)
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§8 'u�åê9�'¯K�ïÄ 22XJ γk−n−t
k ´Ûê, K

µ(G) ≤ n+1
3 − B−k−1

6n(n−1)

[(
(2k + 1)γk − n − t − 3k

)(
C − (k + 1)

)

+3t
(
D + 2k

)
+ 3
(
kD + (k − 1)t − k(k + 1)

)]

−2t(k − t)
(

A+t
n(n−1)

)
,Ù¥,

A = (2k+1)n−(k+1)(2k+1)γk+t
k ,

B = (2k+1)(k+1)γk−(k+1)n−(k+1)t
k

C = (4k+1)n−(k+1)(2k+1)γk+(k+1)t
k

D = (3k+1)n−(2k+1)(k+1)γk−(k−1)t
k .ù�(JuL35Discrete Applied Mathematics6£157 (2009)1113-1127¤þ.

§8 'u�åê9�'¯K�ïÄǑ
�O(/Ýþ�ä>�æé��ê�KǑ, Fink et al. [The bondage number of a graph.

Discrete Math. 86 47-57 (1990)] JÑã��å (bondage) ê b(G) Vg, §L«����êO\7Ll G ¥£����>ê.

8.1 ���êã��åê
Dunbar�< [J.E. Dunbar, T.W. Haynes, U. Teschner, L. Volkmann, Bondage, insensitivity, and

reinforcement. Domination in Graphs: Advanced Topics (T.W. Haynes, S.T. Hedetniemi, P.J. Slater

eds.), Marcel Dekker, New York, 1998, pp. 471-489]JÑ²¡ã�åê�ß�.

Dunbar �<ß�: é?Û²¡ãG þk
b(G) 6 ∆(G) + 1.xwkÚ�A� [L. Kang, J. Yuan, Bondage number of planar graphs. Discrete Math. 222

(2000) 191-198]y²
:

b(G) 6 min{8, ∆(G) + 2} é?Û²¡ãG.ù�(J¿�X�∆(G) > 7 �, Dunbar�<�ß�´¤á�. Fischermann�<[M. Fischermann,

D. Rautenbach and L. Volkmann, Remarks on the bondage number of planar graphs. Discrete Math.

260 (2003) 57-67]y²
Dunbar �<�ß�é�� g(G) > 4 ���Ý ∆(G) > 5 ëÏ²¡ã´¤á�. ¯¢þ, ��y²
e¡�(J:

b(G) 6







6, if g(G) > 4;

5, if g(G) > 5;

4, if g(G) > 6;

3, if g(G) > 8.·�í2ù�(J����ê�ëÏãG, ��Xe(J: éu��ê cr(G) �ëÏãG, k
b(G) 6







6, if g(G) > 4, cr(G) 6 3;

5, if g(G) > 5, cr(G) 6 4;

4, if g(G) > 6, cr(G) 6 2;

3, if g(G) > 8, cr(G) 6 2.
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§8 'u�åê9�'¯K�ïÄ 23·�Ǒí2xwkÚ�A��(J����ê�ëÏãG, ��Xe(J:

b(G) 6 min{8, ∆(G) + 2} XJ cr(G) ≤ 3.·��¼����êëÏã�åê���\��[�(J.ù
(Jdü�©Ù|¤,©Od5Discrete Mathematics6(307£14¤(2007), 1881-1897)uLÚ�5Ars Combinatori6�Â (2008-08-

24). Ù¥uL35Discrete Mathematics6©Ù�µ"<�¿�4<-Äµ/The results appearing in

this paper are correct and of interest. The authors generalize results concerning the bondage number

on connected graphs to connected graphs with small crossing number. This is an excellent paper that

deserves to be published.0
8.2 :�[ã��åêéu:�[��ãÚk�ã��åê, ¼��
(J.�G ´n �:�[ã, γ = γ(G), K

b(G) >

{

⌈n/2γ⌉ XJ G ´��ã;

⌈n/γ⌉ XJ G ´k�ã.XJG �ÝǑ k, �o
b(G) 6

{

k XJ G ´��ã� n > γ(k + 1) − k + 1;

k + 1 + ℓ XJ G ´k�ã� n > γ(k + 1) − ℓ, 0 6 ℓ 6 k − 1.�Ǒù
(J�A^,·��¼��
Í¶:�[��ãÚk�ã��åê. ~X: éuÌ�k�ãG =
−→
C (n; 1, s), XJ 3 | n � s ≡ 2 (mod 3), �o b(G) = 3; éuÌ���ãG = C(n; 1, s),XJ 5 | n � s ≡ ±2 (mod 5), �o b(G) = 3.ù
(JuL35Discrete Mathematics6(308 (2008), 571-582)þ.

8.3 2Â de Bruijn ÚKautz k�ã���åê,�«¿Âe�2Â(extended) de Bruijnk�ã EB(d, n; q1, . . . , qp)ÚKautzk�ã EK(d, n;

q1, . . . , qp) ´dY. Shibata and Y. Gonda [Extension of de Bruijn graph and Kautz graph. Comput.

Math. Appl. 30(9) 51-61 (1995)] JÑ�). w,, � p = 1�, EB(d, n; n) = B(d, n), EK(d, n; n) =

K(d, n). 3þ���8¥, é qi �AÏ��, ·�ïá
ù
ã��åê��
þ.Úe., ¿é,
AÏ��(½
§���åê. 3ù��8¥, ·��Äù
ã���åê.ÏǑk�(total) ��êVg, ¤±�Ä��åê´g,�. ã G ���8 S ¡Ǒ���8,XJ S ��Ñfã G[S] Ø¹�á:. ���ê γt(G) ´ G ¥���8¥���:ê. �� G ����êO\¤7I£����>ê bt(G) ¡Ǒ G ���åê.éu2Â de Bruijn k�ã EB(d, n; q1, . . . , qp) ÚKautz k�ã EK(d, n; q1, . . . , qp), ·���'��¿Âe��åê�(J���õ.� EB = EB(d, n; q1, . . . , qp), d > 2. XJ�3 qk > 2 (1 6 k 6 p), �o
γt(EB) = dn−p.XJ {q1, . . . , qp} ¥=k r (0 6 r 6 p − 1) ��Ǒ 1, �o

dp − dr 6 bt(EB) 6 dp − 1;
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§8 'u�åê9�'¯K�ïÄ 24XJ q1, . . . , qp > 2, �o bt(EB) = dp − 1. AO/,

γt(B(d, n) = dn−1, bt(B(d, n)) = d − 1.�EK = EK(d, n; q1, . . . , qp). XJ qk > 2, k = 1, 2, . . . , p, �o
γt(EK) = dn−2p(d + 1)p,XJ qk > 2, k = 1, 2, . . . , p, �o

bt(EK)) = dp.AO/, γ(K(d, n)) = dn−1 + dn−2, bt(K(d, n)) = d.ù
(JuL35Computer and Mathematics with Applications6£53 (2007), 1206-1213¤þ.

8.4 p-��ê��åêã G� p��ê γp(G)®²½Â3 7.4!. T�8ïÄÚ?ã G� p-��ê��åê bp(G),½ÂǑ
bp(G) = min{|B| : B ⊆ E(G), γp(G − B) > γp(G)}.w,, b1(G) = b(G).éu�½ p ≥ 2 Ú÷v ∆(T ) > p �ä T , T�8�Ñ
 bp(T ) �.µ

1 6 bp(T ) 6 ∆(T ) − p + 1. (8.8)éuf8 S ⊂ V (G) Ú x ∈ S, -
Np(x, S, G) = {y ∈ S ∩ NG(x) : |NG(y) ∩ S| = p}.�o,��ª£8.8¤¥e. 1 �ä T U�ǑxXe. bp(T ) = 1 ��=�é T �?Û γp 8 S,�3�^> xy ∈ (S, S) �� y ∈ Np(x, S, T ). T�8�?�ÚǑx
��ª£8.8¤¥þ. ∆(T )− p + 1�¤kä T .ù
(J®²�5Graphs and Combinatorics6u 2010 6� 1F3�uL£DOI 10.1007/s00373-

010-0956-3¤.

8.5 \rê>�~�¬�ã���êO\. ��, >�V\¬�ã���ê~�. ��åêéó�Vg´ã�\rê£reinforcement number¤, éu��ã, §´d Kok Ú Mynhardt [Reinforcement in

graphs. Congr. Numer. 79 (1990), 225-231]ÄkJÑ5�. ã G �\rê r(G) ½ÂǑ����ê
γ(G) ~�I�V\���>ê. ·�í2ù�Vg�k�ã, ¿?1�M5ïÄ.éu���½���ã G, �3½�ã H1 Ú H2 �� r(H1) 6 r(G) 6 r(H2); ïá
 R(G)�þ., ¿ǑxÑ��þ.�ã; ïÄ
�KãÚ2Â� de Bruijn k�ãÚ Kautz ã, ¿(½

de Bruijn k�ã B(d, n) Ú Kautz ã K(d, n) �\rê.

r(B(d, n)) =

{

d if n is odd;

1 if n is even.
r(K(d, n)) = d + 1.ù
(JuL35Discrete Applied Mathematics6£157 (2009), 1938-1946¤þ.
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8.6 ���Â êã G ���[©ê£domination subdivision number¤sdγ(G) ´��[©ã SG ���ê
γ(SG) �u G ���ê γ(G) O\¤I�[©���>ê£�^>�õ�g¤. Arumugam Ú
Paulraj Joseph [S. Arumugam, J. Paulraj Joseph, Domination in subdivision graphs. J. Indian Math.

Soc. (N.S.), 62 (1-4) (1996), 274-282] Äk½Âù�ãØëê, y²
: �� 3 �:�ä T k
sdγ(T ) 6 3, ¿�JÑß�: ù�þ.é?Û�� 3 �º:�ãÑ¤á. Haynes �<[T.W. Haynes,

S.M. Hedetniemi, S.T. Hedetniemi, D.P. Jacobs, J. Knisely, van der Merwe, C. Lucas, Domination

subdivision numbers. Discuss. Math. Graph Theory, 21 (2001), 239-253]�Ñ�~,y²
: sdγ(Kt×
Kt) = 4 (t > 4). SwaminathanÚ Sumathi [V. Swaminathan and P. Sumathi, Subdivision number of

graphs and falsity of a conjecture. Electron. Notes Discrete Math., 15, Elsevier, Amsterdam, 2003]Ǒ�E
��ã G �� sdγ(G) = 5.Äu���Vg, Òkã G ����[©ê sdγt
(G). Haynes �<[T.W. Haynes, S.T. Hedet-

niemi, van der Merwe, C. Lucas, Total domination subdivision numbers. J. Combin. Math. Com-

bin. Comput., 44 (2003), 115-128] JÑù�ëê, ¿�ÏL:Ýïá
�
þ.; �ÑeZ��
sdγt

(G) 6 3 �¿©^�; y²
é?Ûä T , k sdγt
(T ) 6 3. �� sdγt

(T ) = 3 �ä T ��E3[T.W. Haynes, M.A. Henning, L. Hopkins, Total domination subdivision numbers of trees. Discrete

Math., 286 (2004), 195-202.] ¥.aq�, ·��Ä G �>Â £edge contraction¤ã CG, ¿JÑ��Â ê ctγ(G) Ú���Â ê ctγt
(G) Vg, §�©O½ÂǑ��>Â ã CG ���ê γ(CG) > γ(G) Ú CG ����ê γt(CG) > γt(G) O\¤I�Â ���>ê.·�y²
: é?ÛãëÏ G, k

ctγ(G) 6 3, ctγt
(G) 6 3.�, �âùü�þ., ·�©Oé�� 0, 1, 2, 3�ã?1
©aÚǑx.ù
(JuL35Ars Combinatoria6£94 (2010), 431-443¤þ.

§9 'u�"ê�ïÄã G ��"ê£feedback number¤́ �� G Ø¹�¤I�£����:ê. (½ã����"ê, Ø
§3�+�¥£AO´3pë�ä¤k2��A^�µ	, �kÙ�Ǒ�ãØ¿Â.� G ´k υ �º:, ε ^>, ω �ëÏ©|, �o�� G Ø¹�¤I�£����>ê£=
Betti ê) ρ(G) = ε − υ + ω. Ïd, �"ê´ Betti ê�:�/. Ød�	, (½�"ê�du(½
G ¥�Ñf�����£� Erdős � [P. Erd˝os, M. Saks, and V. T. Sós, Maximum induced trees

in graphs. J. Combin. Theory Ser. B., 41 (1986), 61-79]¤,ÏǑ§��Ú�u G ��.®²y²: é��ã(½���"ê´ NP-hard ¯K[M. R Garey, D. S. Johnson, Computers

and Intractability, Freeman, San Francisco, CA, 1979].3ù��8¥, ·�Ì�ïÄ
 Kautz k�ãÚ��ã!De Bruijn k�ãÚ��ã��"ê¯K.
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9.1 Kautz k�ã��"ê^ fK(d, n) L« Kautz k�ã K(d, n) ��"ê. 3þ���8¥ [5$Ê�+n6(14 (3)

(2005), 10-14)],·�(½
 fK(d, n) �þe.Ǒµ
(ϕ ⊙ θ)(n)

n
+

(ϕ ⊙ θ)(n − 1)

n − 1
≤ fK(d, n) ≤

d∑

i=1

in−1, d ≥ 2, n ≥ 1,Ù¥ (ϕ⊙θ)(n) =
∑

i|n
ϕ(i)θ

(n

i

)

, i | n¿�X iU�Ø n, ϕ(i)´ Euler ϕ¼ê,=, θ(i) = di+(−1)id,

ϕ(1) = 1 � ϕ(i) = i ·
r∏

j=1

(

1 − 1

pj

)

(i ≥ 2), p1, . . . , pr ´ i �üüØÓ�ØǑ 1 ��Ïf.3ù��8¥, ·�?�Ú(½
� 1 ≤ n ≤ 7 � fK(d, n) �°(�, ¿(½
� n ≥ 8 �
f(d, n) �ìC�§=e¡�(J.

fK(d, n) =







d for n = 1;
(ϕ ⊙ θ)(n)

n
+

(ϕ ⊙ θ)(n − 1)

n − 1
for 2 ≤ n ≤ 7;

dn

n
+

dn−1

n − 1
+ O(ndn−4) for n ≥ 8.ù�(JuL35Discrete mathematics6£307 (2007),1589-1599¤þ.

9.2 De Bruijn k�ã��"ê^ fB(d, n) L« de Bruijn k�ã B(d, n) ��"ê. ·�(½
De Bruijn k�ã��"ê
fB(d, n) � 2 ≤ n ≤ 4 ��°(�Ú� n ≤ 5 ��ìC�, =: é d ≥ 2 Ú n ≥ 2,

fB(d, n) =







1

n

∑

i|n
diϕ

(n

i

)

for 2 ≤ n ≤ 4;

dn

n
+ O(ndn−4) for n ≥ 5,Ù¥ i | n ¿�X i �Ø n, ϕ(i) ´ Euler ϕ ¼ê, =, ϕ(1) = 1 �� i ≥ 2 �ϕ(i) = i ·

r∏

j=1

(

1 − 1

pj

)

,Ù¥ p1, . . . , pr ´ i �üüØÓ�ØǑ 1 ��Ïf.ù�(JuL35Computers and Mathematics with Applications6£59 (2010), 716-723¤.

9.3 De Bruijn ��ã��"ê^ fUB(d, n) L« de Bruijn ��ã UB(d, n) ��"ê.

R. Královič and P. Ružička [Minimum feedback vertex sets in shuffle-based interconnection net-

works. Information Processing Letters, 86 (4) (2003), 191-196]y²
:

fUB(2, n) =

⌈
2n − 2

3

⌉

.� d ≥ 3 �, ·�¼�Xe�.:

fUB(d, n) ≤ dn

(

1 −
(

d

1 + d

)d−1
)

+

(
n + d − 2

d − 2

)

.ù�(J®²�5Taiwanese Journal of Mathematics6�Â£2009-11-25¤.
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§10 �.+¯KïÄã��.+�Vg5g [C. Godsil, G. Royle. Algebraic Graph Theory GTM 207, Springer-

Verlag, New York, 2001],ISÍ¶êÆ[ Biggs 3[N. L. Biggs, Chip-Firing and the Critical Group

of a Graph. Journal of Algebraic Combinatorics 9 (1999) 25-45] y²
ã��.+U
� G �
Laplace Ý
� Smith IO.¤Ǒy. ®²y²: ?Ûã��.+��ê�uTã| ä�ê8.Ïd, ïÄã��.+´k¿Â�.T�8ïÄ
Aa(k��Èã��.+, �Ñ Km × Pn, Km × Cn Ú C4 × Cn ��.+(�Ú| �äê8, ¿��A�#�nÆð�ª, Ù¥ Km, Pn Ú Cn ©O´ n ���ã, ´Ú�.

10.1 Km × Pn ��.+·��Ñ(k��Èã Km × Pn ��.+Ǒ:

Z/tZ ⊕ (Z/mtZ)m−2 ,Ù¥
t =

1√
m2 + 4m

((

m + 2 +
√

m2 + 4m

2

)n

−
(

m + 2 −
√

m2 + 4m

2

)n)

.� m = 3 �, Ò´©Ù [�²|, û�², ã Pn × C3 ��.+, �H���Æg,�ÆÆ�,

20051 4 Ï] ¥�(J.dù�(J, ·���(k��Èã Km × Pn �| äê8:

τ(Km × Pn) = mm−2tm−1,�\ t �L�ª, ��
τ(Km × Pn) = mm−2

[

1√
m2 + 4m

((

m + 2 +
√

m2 + 4m

2

)n

−
(

m + 2 −
√

m2 + 4m

2

)n)]m−1

.u´Ò��
��#�nÆð�:

n−1∏

j=1

(

m + 2 + 2 cos

(
πj

n

))

=
1√

m2 + 4m

((

m + 2 +
√

m2 + 4m

2

)n

−
(

m + 2 −
√

m2 + 4m

2

)n)

.ù
(JuL35Linear Algebra and its Applications6£428£2008¤, 2723-2729¤þ.

10.2 Km × Cn ��.+·�?�ÚO�Ñ
(k��ÈãKm × Cn��.+.� n = 2s + 1 ǑÛê�, Km × Cn (m, n ≥ 3) ��.+Ǒ:

Zs1(B) ⊕ Zs2(B) ⊕ Zs1(W ) ⊕ · · · ⊕ Zs1(W )
︸ ︷︷ ︸

m−2

⊕ Zγ ⊕ Zs2(W ) ⊕ · · · ⊕ Zs2(W )
︸ ︷︷ ︸

m−3

⊕ Zϕ,Ù¥






s1(B) = (n, gs),

s2(B) = hs,

s1(W ) = hs,

γ = hs

(n,gs) (n, hs),

s2(W ) = mhs,

ϕ = nmhs

(n,hs)
.
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§10 �.+¯KïÄ 28� n = 2s Ǒóê�, Km × Cn (m, n ≥ 3) ��.+Ǒ:

Zs1(B) ⊕ Zζ ⊕ Zs1(W ) ⊕ · · · ⊕ Zs1(W )
︸ ︷︷ ︸

m−3

⊕ Zη ⊕ Zρ ⊕ Zs2(W ) ⊕ · · · ⊕ Zs2(W )
︸ ︷︷ ︸

m−3

⊕ Zξ,Ù¥






s1(B) = (us, 2τs),

ζ =
(

us(n,(m+4)us,us−4τs)
(us,2τs)

, (m, 2)us

)

,

s1(W ) = (m, 2)us,

η =
u2

s(m,2)(n,(m+4)us,us−4τs)

(us,2τs)(us(n,(m+4)us,us−4τs)
(us,2τs)

,(m,2)us)
,

ρ = (m+4)us

(m,2)

(

m, n(m,2)
(n,(m+4)us,us−4τs)

)

,

s2(W ) = m(m+4)us

(m,2) ,

ξ = nm(m+4)us

(n,(m+4)us,us−4τs)(m,
n(m,2)

(n,(m+4)us,us−4τs))
.Ù¥�ê� hp = up + up+1 Ú gp = τp + τp+1 dXe��(½

up := 1
α−β (αp − βp) ,

vp := αp + βp, τp :=
p−up

m ,
α = m+2+

√
m2+4m

2 ,

β = m+2−
√

m2+4m
2 .u´, ·��� Km × Cn �| äê8

n

m

((

m + 2 +
√

m2 + 4m

2

)n

+

(

m + 2 −
√

m2 + 4m

2

)n

− 2

)m−1

,Ú��#�ð�ª
∏n−1

j=1

(

m + 2 − 2 cos

(
2πj

n

))

=
1

m

((

m + 2 +
√

m2 + 4m

2

)n

+

(

m + 2 −
√

m2 + 4m

2

)n

− 2

)

.ù
(J�5Acta Mathematica Sinica6£2009¤�Â.

10.3 C4 × Cn ��.+3��
 Km × Pn Ú Km × Cn ��.+�(���, ·�F"U?�Ú�ÑCm × Cn��.+, �´�.+�(��~E,, ·��Ñ3m = 4��(J, =C4 × Cn��.+.e n = 2s + 1 ǑÛ, KC4 × Cn (n ≥ 3) ��.+Ǒ:

Z(n, h′

s, g′

s) ⊕ Z(h′

s, g′

s) ⊕ Z (n, h′
s)(h′

s, g′
s)

(n, h′
s, g′

s)

⊕ Zh′

s
⊕ Zh′

s(nh′
s,ng′

s,h′
sg′

s)

(n,h′
s)(h′

s,g′
s)

⊕ Z h′
sg′

s
(h′

s,g′
s)

⊕ Z 4nh′
sg′

s
(nh′

s,ng′
s,h′

sg′
s)

;e n = 2s � s ǑÛ, K C4 × Cn (n ≥ 3) ��.+Ǒ:

Z(s,es,fs) ⊕ Z(es,fs) ⊕ Z (s,es)(es,fs)
(s,es,fs)

⊕ Zes
⊕ Z 4es(ses,sfs,esfs)

(s,es)(es,fs)

⊕ Z 12esfs
(es,fs)

⊕ Z 48sesfs
(ses, sfs, esfs)

;e n = 2s � s Ǒó, K C4 × Cn (n ≥ 3) ��.+Ǒ:

Z(s, es, fs) ⊕ Z(es, fs) ⊕ Z 4(s, es)(es, fs)
(s, es, fs)

⊕ Z6es
⊕ Z 6es(ses,sfs,esfs)

(s,es)(es, fs)

⊕ Z 2esfs
(es,fs)

⊕ Z 8sesfs
(ses,sfs,esfs)

;
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es =

1

2
√

3

(

(2 +
√

3)s − (2 −
√

3)s
)

,

fs =
1

4
√

2

(

(3 + 2
√

2)s − (3 − 2
√

2)s
)

,

h′
s = es + es+1, g′s = fs + fs+1.(Üù�(JÚÝ
-ä½n�AÆ/ª§·�?����#�nÆð�ª:

n−1∏

j=1

(
4 − 2 cos 2πj

n

)2 (
6 − 2 cos 2πj

n

)

=
1

4n+2

(

(
√

3 + 1)n − (
√

3 − 1)n
)4 (

(
√

2 + 1)n − (
√

2 − 1)n
)2

.ù
(J®�5Ars Combinatoria6£2009¤�Â.

§11 Ù�ãØ¯K
11.1 uy
�a#�:�[ã� n, m Ú i ´�½��ê�÷v n ≥ m ≥ i ≥ 0, Ωn ´8 A = {x1, x2, . . . , xn} ��8. -
Ωm

n = {X ∈ Ωn : |X | = m}. Godsil Ú Royle 3 [C. Godsil and G. Royle, Algebraic Graph Theory.

Springer Press, New York, 2004.] ½Â
�aã J(n, m, i). §�:8Ǒ Ωm
n , üf8 X Ú Y ����=� |X ∩ Y | = i. � n ≥ 2m �, ã J(n, m, m − 1) ´ Johnson ã; J(n, m, 0) ´ Kneser ã;

J(5, 2, 0)´ Petersenã.T�8½Â
#�ã H(n, k), §�:8Ǒ Ωn, üf8 X Ú Y ����=� |X∆Y | = k, Ù¥ X∆Y ´ X Ú Y �é¡�.- Ωm
n = {X ∈ Ωn : |X | = m} �P Hm(n, k) Ǒ H(n, k) ¥d Ωm

n �Ñ�fã. �o, �
n ≥ 2m − 2i �, Hm(n, 2m − 2i) = J(n, m, i). Ïd, Hm(n, k) �¹ Johnson ã, Kneser ãÚ
Petersenã. �, é?Û��ê n, H(n, 1) ∼= Qn, Ù¥ Qn ´ n ��áN.T�8ïÄ
 H(n, k) �ÿÀ5�Ú�ê5�. ~X, H(n, k) ´ Cayley ã; H(n, k) �gÓ�+�¹ 2nn! �f+; H(n, k) k��ëÏÝ (

n
k

)
; XJ k ´Ûê, H(n, k) ´ Hamilton �, ��»

d(H(n, k)) = ⌈n−1
k ⌉ + 1 if n ≥ 2k − 1, d(H(n, k)) = ⌈n−1

n−k⌉ + 1 if n ≤ 2k − 2; XJ k ´óê, H(n, k)dü�Ó��ëÏ©|�¿.ù
(JuL35Discrete Mathematics6£310 (4) (2010), 877-886¤þ.

11.2 ,
�Èã���¬CXêb½ã¥æ��
��¬. 3ãþ?1��¬£Ä�Ú½Ǒl��:þ�rü���¬, ¿3§��:þ�þ����¬. w,,�3,���ê, �ã¥¤k��¬�oêØ�uù�ê�, �Ø��¬3ã¥kÛ«�©©Ù, Ñ�±²L�X�þãÚ½, ��z�:��k����¬. ÷vd^����êÒ¡ǑTã���¬CXê(cover pebbling number).ù�¯KÄkd Chung£7ǑI¤[F. R. K. Chung, Pebbling in hypercubes. SIAM Discrete

Mathematics, 2(1989), 467-472], ®Úå2�À, � Hurlbert �ü�nã©Ù [G. Hurlbert, A

survey of graph pebbling. Congressus Numerantium, 139 (1999), 41-46] Ú [G. Hurlbert, Recent

progress in graph pebbeling. Graph Theory Notes of New York, 49 (2005), 25-37].T�8(½
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