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41�Ü© �85�åê9�'¯KïÄ6ïÄ¤J��8��¤¿uLÆâØ© 18 �; Ñ�=©;Í�Ü5Combinatorial Theory in Networks6(Mathematics Monograph Series 26)(êÆ;ÍX�£=©�¤26, �ÆÑ��, 2013). ��8��¤
��nã©Ù5On bondage numbers of graphs – a survey with some comments6, §XÚ/o(
�åêïÄ�{¤!?�!Ì�(J!̄ KÚß�!¿Nk�ö�µØ, uL35International

Journal of Combinatorics6£2013¤¥. ��8�Ì�ïÄó�?�Ú¤���¤J©ãXe.

§1 �åêïÄ� G ´ã, D ⊆ V (G). XJØ3 D ¥:Ñ� D ¥,�:��, K¡ D Ǒ G ���8. ����8¥�:ê¡Ǒ G���ê (domination number),PǑ γ(G). ã���¯K´ãØ�Ä�ïÄSN��. ,
, (½��ã���ê¯K´ NP ��¯K (� Garey Ú Johnson �Ö1 ¥N¹
GT2). ÏLé��8V\^�,û)Ñ�«�����¯K,X���,¤é��, p���. �Ï�ïÄ©z�Â83d HedetniemiÚ Laskar?��5Bibliography on domination in graphs62�©¥;ÙïÄ(J�Â¹3d Haynes, HedetniemiÚ Slater?��ü�Í�5Fundamentals of Domination

in Graphs63 Ú5Domination in Graphs: Advanced Topics64¥.ã���¯KïÄ,Ø
ãØ��¿Â	, 3�ä©Û¥Ǒk­�¿Â. �äë�u)�æ£=ã�>£�¤³7KǑ�ä���ê. Walikar Ú Acharya5, Bauer �<6 ÄkïÄù�¯K. 1990
, Fink �<7�ªJÑ�åêVg.� B ⊆ E(G), XJ γ(G−B) > γ(G), K¡ B Ǒ G ��å8. ���å8¥�>ê¡Ǒ G ��åê (bondage number), PǑ b(G).�åê´Ýþ��8yf5�Ì�ëê��, g 1990 
JÑ±5, �ÉïÄó�ö�'5.��8�¤
��nã©Ù5On bondage numbers of graphs – a survey with some comments6,§XÚ/o(
�åêïÄ�{¤!?�!Ì�(J!¯KÚß�!¿Nk�ö�µØ, uL35International Journal of Combinatorics6£2013¤¥.

§1.1 �åêE,5<�®²��, (½?¿ã���ê¯K´ NP ���, �(½?¿ã��åê´Ä´ NP ��¯K��vk)û. ��8�Ñ
�½�£�, òù
¯K8(Ǒ®�� 3 �÷v¯K (´ NP��¯K).

1M.R. Garey, D.S. Johnson, Computers and Intractability: A Guide to the Theory of NP-Completeness, Freeman,

San Francisco, 1979.
2S. T. Hedetniemi and R. Laskar, Bibliography on domination in graphs. Discrete Mathematics, 86 (1990), 257-277.
3T.W. Haynes, S. T. Hedetniemi, P. J. Slater, Fundamentals of Domination in Graphs. Marcel Dekker, New York,

1998.
4T. W. Haynes, S. T. Hedetniemi, P. J. Slater (Eds.), Domination in Graphs: Advanced Topics. Marcel Dekker,

New York, 1998.
5H. B. Walikar and B. D. Acharya, Domination critical graphs. National Academy Science Letters, 2 (1979), 70-72.
6D. Bauer, F. Harary, J. Nieminen and C. L. Suffel, Domination alteration sets in graphs. Discrete Mathematics,

47 (1983), 153-161.
7J. F. Fink, M. S. Jacobson, L. F. Kinch, J. Roberts, The bondage number of a graph. Discrete Mathematics, 86

(1990), 47-57.
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§1 �åêïÄ 5

3 �÷v¯K��ãXe:

3 �÷v¯K (3SAT)¢~: - C = {C1, . . . , Cm} ´Cþ8 U = {u1, . . . , un} þ� 3 éf8.¯K: U ´Äk÷v C ¥¤kéf�ý�D�?(Ø: 3 �÷v¯K´ NP ��¯K.�åê¯K�ãXe:�åê¯K:¢~: - G ´��ã, k ´��ê.¯K: ´Äk b(G) 6 k?½n 1.1 (½?¿ã��åê´ NP-hard ¯K.y²�Ä�g´´: �E��ã G ¿� k = 1 �� C ´�÷v���=� b(G) = 1.éz� i = 1, . . . , n, Cþ ui ∈ U éA��nÆ/ Ti = {ui, ūi, vi}; éz� j = 1, 2, . . . , m, éf Cj = {xj , yj, zj} ∈ C éA��º: cj ¿V\>8 Ej = {cjxj , cjyj, cjzj};��V\�^´ P =

s1s2s3 ë� s1 Ú s3 �z� cj (1 6 j 6 m), � k = 1. ã 1 ¤«�ã G Ò´d U = {u1, u2, u3, u4}Ú C = {C1, C2, C3} �EÑ5�, Ù¥ C1 = {u1, u2, ū3}, C2 = {ū1, u2, u4}, C3 = {ū2, u3, u4}. ´�,

γ(G) = 5, Ù¥ 5 �ç:|¤�� γ 8.

s2

s1 s3

c2

c1 c3

u1 ū1 u2 ū2 u3 ū3 u4 ū4

v1 v2 v3 v4

ã 1 d�� 3 éf8�EÑ�ã G, γ(G) = 5 � b(G) = 1,�ÏLe¡ 2 �·KÒy²
·��(Ø:

(i) γ(G) = n + 1 ��=� C ´�÷v�;

(ii) γ(G) = n + 1 ��=� b(G) = 1.ù�(JL²µéu���ã, Ø�3õ�ª�{½ö�{�ÑÚ�úª5L��åê, Ø�
NP = P . Ïd, Ïéõ�ªCq�{, ïáþ.�e.½ö(½,
AÏãa�°(�Ñ´ék
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§1 �åêïÄ 6¿Â. ·���Ñµ3 P 6= NP �b�e, (½?¿ã��åê¯K´ NP-hard ¯K, �Ø´ NP���, Ø���ê¯K´ P ¯K. ù´ÏǑé?¿� B ⊂ E(G), 8
�vk��õ�ª�{5�y γ(G − B) > γ(G).ù�(J�¹35On the complexity of the bondage and reinforcement problems, Journal of

Complexity, 28 (2) (2012), 192-2016�©¥.

§1.2 �Kã�åê� G´ n (> 2)� k �Kã. � k = n− 1�, G´��ã Kn. Fink�<8y²
µ��ã Kn

(n > 2) ��åêǑ ⌈n/2⌉. � k = n − 2 �, � G ´�� t Ü©ã Kt(2), Ù¥ t = n/2, n > 4 Ǒóê. Fink �<3Ó��©Ù¥y²
µn ��� t Ü©ã Kt(2) ã��åêǑ n− 2. � k = n − 3�, ·�Äky²
: é?Û n � (n− 3) �Kã G, XJ n > 4, �o G ���ê γ(G) = 2. ,�y²
:½n 1.2 � G ´ n � (n − 3) �Kã, �o G ��åê b(G) = n − 3.ù�¤J�¹35The bondage number of (n − 3)-regular graph of order6�©¥§T©®�5Ars Combinatoria6£2011¤�Â.

§1.3 (k��È�åê^ Pn Ú Cn ©OL« n �´Ú�. éuü�ã G1 Ú G2 �(k��È, Dunbar �<9 (½
 b(Cn × P2) (n > 3), Sohn �<10 (½
 b(Cn × C3) (n > 4), xw=�<11 (½
 b(Cn × C4)

(n > 4), �Z�<12(½
 b(C5i × C5j) (é,
 i Ú j), Cao �<13 (½
 b(Cn × C5) (n > 5,

n 6≡ 3 (mod 5)).^ Mn,m L«ü^´ Pm Ú Pn �(k��È Pm × Pn. ��8(½
� m = 2, 3, 4 �, Gm,n��åê b(Mm,n).½n 1.3 b(M2,2) = 3, b(M3,2) = 2, ¿�� n > 3 �,

b(Mn,2) =

{

1 XJ n ´Ûê,

2 XJ n ´óê.

b(Mn,3) =

{

1 XJ n ≡ 1 ½ 2 (mod4)

2 XJ n ≡ 0 ½ 3 (mod4).

b(M5,4) = b(M9,4) = 3, b(M6,4) = 2, �� n /∈ {1, 2, 3, 5, 6, 9}�, b(Mn,4) = 1.

8J. F. Fink, M. S. Jacobson, L. F. Kinch, J. Roberts, The bondage number of a graph. Discrete Mathematics, 86

(1990), 47-57]
9J. E. Dunbar, T. W. Haynes, U. Teschner, L. Volkmann, Bondage, insensitivity, and reinforcement. Domination

in Graphs: Advanced Topics (T.W. Haynes, S.T. Hedetniemi, P.J. Slater eds.), Monogr. Textbooks Pure Appl. Math.,

209, Marcel Dekker, New York, 1998, pp. 471-489.
10M. Y. Sohn, X.-D. Yuan and H. S. Jeong, The bondage number of C3 × Cn. Journal of the Korean Mathematical

Society, 44(6) (2007), 1213-1231.
11L.-Y Kang, M. Y. Sohn and H. K. Kim, Bondage number of the discrete torus Cn × C4. Discrete Mathematics,

303 (2005), 80-86.
12J. Huang and J.-M. Xu, The bondage numbers and efficient dominations of vertex-transitive graphs. Discrete

Mathematics, 308 (4) (2008), 571-582.
13J.-X. Cao, X.-D, Yuan, and M.Y. Sohn, Domination and bondage number of C5 × Cn. Ars Combinatoria, 97A

(2010), 299-310.
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§1 �åêïÄ 7ù
¤J�¹35The bondage number of mesh networks, Frontiers of Mathematics in China, 7

(5) (2012), 813-8266�©¥.

§1.4 ��ê�u 4 �ã��åê
2000 
, xw=Ú�A�14 y²
µé?Û²¡ã G, b(G) 6 min{8, ∆ + 2}, Ù¥ ∆ ´ G ���Ý. �5, Carlson Ú Develin15 JÑ��#�{�Ñù�(J�{üy². |^ù��{, �Z�16QïÄL3��ê��e�åê¯K. ��8|^ù��{y²
xw=Ú�A��(Jé��ê cr(G) �u 4 �ã G Ǒ´¤á�.½n 1.4 éuëÏã G, b(G) 6 ∆(G) + 2, XJ G ÷ve���:

(a) cr(G) 6 3,

(b) cr(G) = 4 � G Ø´ 4 �K�,

(c) cr(G) = 5 � G Ø¹ 4 Ý:.½n 1.5 � G´ëÏã� ∆(G) > 6� cr(G) 6 3. XJ ∆(G) > 7 ½ö ∆(G) = 6, δ(G) 6= 3¿�z^> e = xy, dG(x) = 5, dG(y) = 6 ��¹3�õ��nÆ/¥, �o b(G) 6 min{8, ∆(G) + 1}.½n 1.6 � G ´ëÏã� ∆(G) = 5, cr(G) 6 4. XJ?ÛnÆ/ÑØ¹ 2 � 5 Ý:, �o
b(G) 6 6 = ∆(G) + 1.ù
¤J35The bondage number of graphs with crossing number less than four, Ars Combi-

natoria, 112 (2013), 493-5026�©¥.

§1.5 ²¡ã�åêß�ïÄ'u²¡ã��åê, kü�Í¶�ß�.ß� 1.7 Fink �<ß�µb(G) 6 ∆ + 1 é?Û²¡ã G.xw=Ú�A��(J b(G) 6 min{8, ∆+2}L²: Ǒ
)ûù�ß�, �I��Ä 3 6 ∆ 6 6�²¡ã. 2003 
, Fischermann �<17|^�� g(G) ��?�Ú(J: é?Û²¡ã G,

b(G) 6























6, if g(G) > 4;

5, if g(G) > 5;

4, if g(G) > 6;

3, if g(G) > 8.¿JÑXeß�:

14L.-Y. Kang, J.-J. Yuan, Bondage number of planar graphs. Discrete Mathematics, 222 (2000), 191-198.
15K. Carlson and M. Develin, On the bondage number of planar and directed graphs. Discrete Mathematics, 306

(8-9) (2006), 820-826.
16J. Huang and J.-M. Xu, The bondage number of graphs with small crossing number. Discrete Math. 307(14)

(2007), 1881-1897.
17M. Fischermann, D. Rautenbach and L. Volkmann, Remarks on the bondage number of planar graphs. Discrete

Mathematics, 260 (2003), 57-67.
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§1 �åêïÄ 8ß� 1.8 Fischermann �<ß�: é?Û²¡ã G,

b(G) 6















7 ;

5 if g(G) > 4;

4 if g(G) > 5.8
¤¼��k'�åê�(J, Ñ´|^yk�þ.���. �Ǒk^�ü�þ.Ǒ:Ún 1.9 � G ´ëÏã, K G ��åê
(1) b(G) 6 min{dG(x) + dG(y) − 1 : ∀ x, y ∈ V (G), dG(x, y) 6 2};
(2) b(G) 6 min{dG(x) + dG(y) − 1 − |NG(x) ∩ NG(y)| : ∀ x, y ∈ V (G), xy ∈ E(G)}.Ù¥1��þ.d Fink �<18 Ú Teschner19 ��, 1��þ.d Hartnell Ú RallFink �<20��. <�Áã|^ùü�þ.5y²ß� 1.7 Úß� 1.8. ��8ÏL�E�A�~f`²:|^yk�þ.5y²²¡ã�åê�ß�´Ø�U�. Ǒ
`²·��(Ø, -

B(G) = min
x,y∈V (G)

{

{dG(x) + dG(y) − 1 : 1 6 dG(x, y) 6 2}⋃

{dG(x) + dG(y) − |NG(x) ∩ NG(y)| − 1 : dG(x, y) = 1}

}

.dÚn 1.9, áǑk
b(G) 6 B(G).¢Sþ, xw=Ú�A�, Fischermann �<¢Sþy²Xe(J. é?Û²¡ã G,

B(G) 6



































min{8, ∆(G) + 2};
6 if g(G) > 4;

5 if g(G) > 5;

4 if g(G) > 6;

3 if g(G) > 8.w,, e¡�ß�¿�Xß� 1.7 Úß� 1.8:ß� 1.10 é?Û²¡ã G,

B(G) 6























∆(G) + 1;

7 ;

5 if g(G) > 4;

4 if g(G) > 5.T�8ÏL�E 3�²¡ã G1, G2Ú G3�� B(G1) = 8, B(G2) = 6� g(G2) = 4, B(G3) = 5� g(G3) = 5 5Ä½ù�ß�.ã G3 ´��¡N, Xã 2 (a) ¤«, §´��Ǒ 5 � 3 �K²¡ã. dÚn 1.9, N´�y
B(G3) = ∆ + 2 = 5 = g(G3). ù�~fÄ½
ß�1.10 ¥�1�Ú����þ..

18J. F. Fink, M. S. Jacobson, L. F. Kinch, J. Roberts, The bondage number of a graph. Discrete Mathematics, 86

(1990), 47-57.
19U. Teschner, New results about the bondage number of a graph. Discrete Mathematics, 171 (1997), 249-259.
20B. L. Hartnell and D. F. Rall, Bounds on the bondage number of a graph. Discrete Mathematics, 128 (1994),

173-177.
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§1 �åêïÄ 9

(a) ��¡N (b) ��¡Nã 2 ü��K²¡ã,	ü�²¡ã G1 Ú G2 �EXe.ã G1 ��E: - H ´��¡N, Xã 2 (b) ¤«, §´ 5 �K²¡ã. - H ′ ´ÏL[© H¥z^>�g¤���ã. u´, H ¥z�º: u 3 H ′ ¥=� 5 �[©:��. ë�ù
[©:/¤���Ǒ 5����±²¡5,Xã 3¤«. ù����²¡ãǑ G1. dÚn 1.9 (2),N´�y, B(G1) = 8. ù�~fÄ½
ß�1.10 ¥�1��þ..

b
u

b

u1

bu2

b

u3

b
u4

b

u5

b
u

v1

v2v3

v4

v5

b

u1

bu2

b

u3

b
u4

b

u5ã 3 ã G1 ��Eã G2 ��E:- H ´ 3�á�N Q3, H ′ ´ÏL[© H ¥z^>üg¤���ã. ë�ù
[©:�����ã´��Ǒ 4 �²¡ã, -Ǒ G2, �ã 4. dÚn 1.9 (1), N´�y, B(G2) = 6� g(G2) = 4. ù�~fÄ½
ß�1.10 ¥�1n�þ..

b b

bb

b b

bb

b b

bb

b b

bb

ã 4 ã G2 ��Eù
~f`²: |^yk�þ.5y²²¡ã�åê�ß�´Ø�U�.ù�¤J�¹35Note on conjectures of bondage numbers of planar graphs. Applied Mathe-

matical Sciences, 6 (66) (2012), 3277-32876�©¥. Ïd, Áã)û²¡ãß�, 7L,éÑ´, ½öÏé²¡ã�åê#�þ.. ù´��~k℄Ô5�¯K.
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§2 ���Ú¤é��ïÄ 10

§2 ���Ú¤é��ïÄ� G ´��>�ã, D ⊆ V (G). XJ G¥z�:Ñ� D ¥,�:��,K¡ D Ǒ G ����8. �����8¥�:ê¡Ǒ G ����ê (total domination number), PǑ γt(G).� D ´ã G ���8. XJ�Ñfã G[D] �¹����, K¡ D Ǒ G �¤é (paired) ��8. ù�Vg´d Haynes Ú Slater21. ã G �¤é��ê (paired domination number) γpai(G)½ÂǑ��¤é��8¥�:ê. w,,

γ(G) ≤ γt(G) 6 γpai(G).

Pfaff �<22 Ú Haynes �<23 ©Oy²
: (½���êÚ¤é��ê¯KÑ´ NP ��¯K.

§2.1 ��¡�ä����êÚ¤é��ê^PÒ Gn,m L«��¡�ä, §´ü�� Cn Ú Cm �(k��È Cn × Cm. Klavžar Ú
Seifter24 (½
 γ(Gn,m), n > 3, m ∈ {3, 4, 5}. T�8¼�Xe(J.½n 2.1 é?Û�ê!n > 3,

γt(Gn,3) = ⌈ 4n
5 ⌉;

γpai(Gn,3) =

{

⌈ 4n
5 ⌉ if n ≡ 0, 2, 4 (mod5),

⌈ 4n
5 ⌉ + 1 if n ≡ 1, 3 (mod5);

γt(Gn,4) = γpai(Gn,4) =















n if n ≡ 0 (mod 4),

n + 1 if n ≡ 1, 3 (mod4),

n + 2 if n ≡ 2 (mod 4).T�8��Ñ γt(Gn,5) Ú γpai(Gn,5) �þ.. ù
(J�¹35Total and paired domination

numbers of toroidal meshes. Journal of Combinatorial Optimization, 27 (2) (2014), 369-3786�©¥.

§2.2 ��åê¯KE,5ïÄ� B ⊆ E(G). XJ γt(G − B) > γt(G), K¡ B Ǒ G ���å8. ����å8¥�>ê¡Ǒ G ���åê, PǑ bt(G).½n 2.2 (½?¿ã���åê´ NP-hard ¯K.ù�½ny²�½n 1.1 �y²��, òù�¯K8(Ǒ®�� 3 �÷v¯K.� U = {u1, u2, . . . , un} Ú C = {C1, C2, . . . , Cm} ´ 3 �÷v¯K�¢~. �E��ã G ¿�
k = 1 �� C ´�÷v���=� b(G) = 1.éz� i = 1, . . . , n, Cþ ui ∈ U éA��ã Hi, V (Hi) = {ui, ūi, vi, v

′
i} � E(Hi) =

{viui, uiūi, ūivi, viv
′
i}; éz� j = 1, 2, . . . , m, éf Cj = {xj , yj , zj} ∈ C éA��º: cj ¿V

21T. W. Haynes and P. J. Slater, Paired-domination and the paired-domatic number. Congresses Numerantium, 109

(1995), 65-72.
22J. Pfaff, R.C. Laskar, S.T. Hedetniemi, NP-completeness of total and connected domination and irredundance for

bipartite graphs, Technical Report 428, Clemson University, Dept. Math. Sciences, 1983.
23T. W. Haynes and P. J. Slater, Paired-domination in graphs. Networks, 32 (1998), 199-206.
24S. Klavžar and N. Seifter, Dominating cartesian products of cycles. Discrete Applied Mathematics, 59 (1995),

129-136.
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§2 ���Ú¤é��ïÄ 11\>8 Ej = {cjxj , cjyj , cjzj}, 1 ≤ j ≤ m;��V\��ã H , V (H) = {s1, s2, s3, s4, s5}�E(H) =

{s1s2, s1s4, s2s3, s2s4, s4s5}, ë� s1 Ú s3 �z� cj (1 ≤ j ≤ m), � k = 1. ã ?? ¤«�ã G Ò´d U = {u1, u2, u3, u4} Ú C = {C1, C2, C3} �EÑ5�, Ù¥ C1 = {u1, u2, ū3}, C2 = {ū1, u2, u4}Ú C3 = {ū2, u3, u4}. ´�, γt(G) = 10,Ù¥ 10 �ç:|¤�� γt 8.

s2s1 s3

s4 s5

c2

c1 c3

u1 ū1 u2 ū2 u3 ū3 u4 ū4

v1 v2 v3 v4

v′1 v′2 v′3 v′4

ã 5 d�� 3 éf8�EÑ�ã G, γt(G) = 10 � bt(G) = 1,�ÏLe¡ 2 �·KÒy²
·��(Ø:

(i) γt(G) = 2n + 2 ��=� C ´�÷v�;

(ii) γt(G) = 2n + 2 ��=� bt(G) = 1.ù
ïÄ¤J�¹35On the complexity of the bondage and reinforcement problems, Journal

of Complexity, 28 (2) (2012), 192-2016�©¥.

§2.3 ����åê�ïÄ^PÒ Mn,m L«��ä, §´ü�´ Pn Ú Pm �(k��È Pn × Pm. Gravier25 (½

γt(Gn,m), m ∈ {1, 2, 3, 4}. T�8(½
 Mn,2 Ú Mn,3 ���åê§¿�Ñ Mn,4 ���åêþ..äN(JǑµ

25S. Gravier, Total domination number of grid graphs. Discrete Applied Mathematics, 121 (2002), 119-128.
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§3 p ��ê��åê�ïÄ 12½n 2.3 é?Û�ê n > 2,

bt(Gn,2) =















1 XJ n ≡ 0 (mod 3),

2 XJ n ≡ 2 (mod 3),

3 XJ n ≡ 1 (mod 3).

bt(Gn,3) = 1.

bt(G6,4) = 2,

bt(Gn,4)























= 1 XJ n ≡ 1 (mod 5), n 6= 6;

= 2 XJ n ≡ 4 (mod 5);

6 3 XJ n ≡ 2 (mod 5);

6 4 XJ n ≡ 0, 3 (mod5).ù
(J�¹35The total bondage number of grid graphs. Discrete Applied Mathematics, 160

(16-17) (2012), 2408-24186�©¥.

§3 p ��ê��åê�ïÄ� G ´ã, D ⊆ V , p ´��ê. XJØ3 D ¥�:3 D ¥��k p ��:,K¡ D Ǒ G �
p ��8. w,§� p = 1 �, p ��8Ò´Ï~¿Âe���8. Ïd, p ��8´²;��8�í2. e¡�·K´w,�.·K 3.1 ã G ¥z� p ��8�½�¹¤kÙÝ�õǑ p − 1 �º:.�� p ��8¡Ǒ γp 8, γp 8¥�:ê¡Ǒ G � p ��ê, PǑ γp(G). ã� p ��ê´d
Fink �<26 JÑ5�.

§3.1 �� t Üã� p ��êw,, ã� p ��ê¯K´ NP ��¯K. Ïd, (½AÏãa� p ��ê´k¿Â�. 2009
, Shaheen27 ¼� γ2(Cm × Cn) þe., ¿(½,
�/�°(�. Ød±	, vk?Û(J. ��8(½�� t Üã Kn1,n2,··· ,nt
� p ��ê.- {V1, V2, · · · , Vt} ´ Kn1,n2,··· ,nt

� t Üy©, Nt = {1, 2, · · · , t}. é?¿ I ⊆ Nt, -
f(I) =

∑

i∈I

ni.5¿�d·K 3.1, � t = 1 ½ö f(Nt) 6 p �, γp(G) = |V (G)|. Ïd, o�±b½ t > 2 �
f(Nt) > p. -

Ip = {I ⊂ Nt : |I| 6 t − 2, f(I) < p, ⌈ p−f(I)
t−|I|−1⌉ 6 ni, i ∈ Nt − I}.¿�-

s1 = min{f(I) : I ⊆ Nt, f(I) > p},

s2 =

{

min{⌈ p−f(I)
t−|I|−1⌉ : I ∈ Ip} if Ip 6= ∅;

∞ if Ip = ∅.
26J. F. Fink, M. S. Jacobson, n-Domination in graphs, in: Y.Alavi, A.J.Schwenk (Eds.), Graph Theory with Appli-

cations to Algorithms and Computer Science, Wiley, New York, (1985) 283-300.
27R.S. Shaheen, Bounds for the 2-domination number of toroidal grid graphs. International Journal of Computer

Mathematics, 86 (4) (2009) 584-588.
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§3 p ��ê��åê�ïÄ 13|^ù
PÒ, ·��(J�±L«Xe:½n 3.2 � G = Kn1,n2,··· ,nt
´�� t Üã. XJ t > 2 � f(Nt) > p, �oé?Û p > 1,

γp(G) = min{s1, p + s2}.ù�(J35The p-domination number of complete multipartite graphs. Discrete Mathematics,

Algorithms and Applications, 6 (4) (2014) 1450063 (9 pages)6�©¥.

§3.2 ä� p ��êNõ�öïÄ
����8¯K. Gunther �<28 Ǒx
äk����8�ä. T�8ïÄ
ä��� p��8¯K, p > 2,�Ñäk�� p��8� 3��d^�,,�Ǒx
äk�� p��8�ä. Ǒ
Lã·��(J, ½ÂA�PÒ: � T ´ä, D ⊂ V (G), x ∈ D, p > 2,

PNp(x, D) = {y ∈ NG(x) : |D ∩ NG(y)| = p};
Xp(T ) = {x ∈ V (T ) : dT (x) > p}.
D ´n��XJéz� x ∈ D ∩ Xp(T ), ½ö |D ∩ NT (x)| 6 p − 2 ½ö |PNp(x, D)| > 2.½n 3.3 � T ´ä, p > 2, D ⊂ V (T ). e¡ 3 �^�´�d�:

(a) D ´ T ¥���γp 8;

(b) D ´n�� γp 8;

(c) D ´n�� p ��8.½n 3.4 � T ´ä, p > 2, D ⊂ V (T ). �o D ´ T ��� γp 8��=� D ´ γp 8�÷véz� x ∈ D ∩ Xp(T ), ½ö |D ∩ NT (x)| 6 p − 2 ½ö γp(T − x) > γp(T ).T�8l K1,t Ñu, 48/UE�aä Tp, ¿�y²½n 3.5 � T ´ä, p > 2. �o T k��� γp 8��=� ∆(T ) 6 p − 1 ½ö T ∈ Tp.ù
¤J�¹35Trees with unique minimum p-dominating sets. Utilitas Mathematica, 86

(2011), 193-2056¥.

§3.3 ä� p �åê�Ǒ�åê�g,í2,T�8JÑã�� p�åê(p-bondage number). f8 B ⊆ E ¡Ǒã
G � p �å8, XJ γp(G − B) > γp(G). �� p �å8¥�>ê¡Ǒ G � p �åê, PǑ bp(G).w,, b1(G) = b(G).

Blidia �<29 �Ñä T � p ��ê�., �âù
.N´(½ 1 6 b(T ) 6 2. Teschner30,

Hartnell Ú Rall31 ©OǑx
��e.Úþ.�¤kä. éu p > 2 Úä T ÷v ∆(T ) > p, T�8y² 1 6 bp(T ) 6 ∆(T )− p + 1 ¿Ǒx
��e.Úþ.�¤kä. dd·K 3.1,=I��ÄÙ��Ý ∆ > p �ä.

28G. Gunther, B. Hartnell, L. R. Markus, D. Rall, Graphs with unique minimum dominating sets, Congr. Numer.

101 (1994) 55-63.
29M. Blidia, M. Chellali and L. Volkmann, Some bounds on the p-domination number in trees. Discrete Math., 306

(2006), 2031-2037.
30U. Teschner, New results about the bondage number of a graph. Discrete Math., 171 (1997), 249-259.
31B. L. Hartnell and D. F. Rall, A characterization of trees in which no edge is essential to the domination number.

Ars Combin., 33 (1992), 65-76.
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§3 p ��ê��åê�ïÄ 14½n 3.6 XJä T ÷v ∆(T ) = ∆ > p. �o 1 6 bp(T ) 6 ∆ − p + 1.e¡(J�ÑÙ p �åêǑ 1 �ä�Ǒx.½n 3.7 XJä T ÷v ∆(T ) > p. �o bp(T ) = 1 ��=�é T ¥?Û γp 8 D �3�^>
xy �� x ∈ D � y ∈ PNp(x, D) ½ö y ∈ D � x ∈ PNp(y, D).Ǒ
ǑxÙ p �åê����� ∆ − p + 1 �ä, l K1,∆ Ñu, ½Â
 3 �$�. -

A = {T : T´ä ∆(T ) = ∆ > p + 1, bp(T ) = ∆ − p + 1},
B = {T : T´d K1,∆ ÏL�X��½$����ä}.½n 3.8 A = B.T¤J�¹35The p-bondage number of trees. Graphs and Combinatorics, 27 (1) (2011),

129-1416�©¥.

§3.4 (γt, γ2) ä�Ǒxéuã G, XJ§����ê γt(G) �u§� p ��ê γp(G), =, γt(G) = γp(G), �o G �¡Ǒ (γt, γp) ã. Haynes �<32 y²
: é?Ûä T k γt(T ) 6 γ2(T ). T�8��Ǒx
 (γt, γ2)ä. ù�(J�¹35A characterization of (γt, γ2)-trees. Discussiones Mathematicae Graph Theory,

30 (3) (2010), 425-4366�©¥.

§3.5 ål p ��êéu�ê k > 1 Úº: x ∈ V (G), ^PÒ Nk(x, G) L« x � k +�, = Nk(x, G) = {y ∈
V (G) : 0 < dG(x, y) 6 k}. éuf8 S ⊆ V (G), XJé?Û x ∈ V (G) \ S þk |Nk(v)∩ S| > p,�o S ⊆ V (G) Ǒ G � k ål p ��8, {¡ (k, p) ��8. �� (k, p) ��8¥�:ê¡Ǒ G �
(k, p) ��ê, PǑ γk,p(G). w,, γ1,1(G) = γ(G), 
�é?ÛëÏã G þk

γ2,2(G) 6 γt(G) 6 2γ(G).

Bean �<33 ïÄ
 γk,p(G) ¿JÑß�: XJ δk(G) > k + p − 1, �o γk,p(G) 6
np

k+p
, Ù¥

n = |V (G)|, δk(G) = min{|Nk(x)| : x ∈ V (G)}. 2005 
, Fischermann Ú Volkmann34 y²
ù�ß�´¤á�é?Û k Ú p ≡ 0 (mod k). 2008 
, Korneffel �<35 y²
 γ2,2(G) 6
n+1

2 
ØI�^�/δ2(G) > 30, �Ǒx
��Ò¤á�¤kã G.��8�Ää, ¿¼�Xe(J.

32T.W. Haynes, S.T. Hedetniemi, M.A. Henning and P.J. Slater, H-forming sets in graphs, Discrete Math. 262 (2003)

159-169.
33T. J. Bean, M. A. Henning and H. C. Swart, On the integrity of distance domination in graphs, Australas. J.

Combin., 10 (1994), 29-43.
34M.Fischermann and L.Volkmann, A remark on a conjecture for the (k, p)-domination number. Utilitas Math., 67,

(2005), 223-227.
35T.Korneffel, D.Meierling and L.Volkmann, A remark on the (2, 2)-domination number, Discuss. Math. Graph

Theory 28 (2) (2008), 361-366.
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§4 Roman ��ê9�åê�ïÄ 15½n 3.9 � T ´�²�ä, �o
γ2,2(T ) >

2

3
(γ(T ) + 1)¿�Ǒx
���Ò¤á�¤kä.½n 3.10 � T ´�ê��Ǒ 3 �ä. �o γ2,2(T ) = 2γ(T ) ��=� T ÷v±e 3 �^�:

(1) T k��� γ 8 D,

(2) D ¥z�º:���ü� 1 Ý:��,

(3) D ¥?Ûüº: x Ú y þvkú��:.5. 5¿�Ø�ª: γ2,2(G) 6 γt(G) 6 2γ(G). ��8�Ñ÷v γ2,2(T ) = 2γ(T ) �ä T �Ǒx. �÷v γ2,2(T ) = γt(T ) �ä T �Ǒxq�é(J.ù
(J�¹35On the (2,2)-domination number of trees. Discussiones Mathematicae Graph

Theory, 30 (2) (2010), 185-1996�©¥.

§4 Roman ��ê9�åê�ïÄã G þ� Roman ��¼ê´d Cockayne �<36JÑ�, ´�N� f : V (G) → {0, 1, 2} ��z���Ǒ 0 �:�������Ǒ 2 �:��. - Vi = {x ∈ V (G) : f(x) = i}, i = 0, 1, 2. K
(V0, V1, V2)´ V (G)�y©. ´�, V1∪V2 ´ G���8,¡Ǒ Roman��8,PǑ DR = (V1, V2).

f(G) =
∑

x∈V

f(x)¡Ǒ f ��. Roman��ê γR(G)´�¤k Roman��¼ê¥����. Roman��ê γR(G) �²;��ê γ(G) �m�'Xµ
γ(G) 6 γR(G) 6 2γ(G).

§4.1 Roman ��ê8
'u Roman ��ê�(J¿Øõ. ��8¼�Xe(J.½n 4.1 'uã G � Roman ��ê, ·���Xe(Jµ� éu�Üã, Roman ��ê¯K´ NP ���.� XJ n > 3, K γR(G) = 3 ��=� ∆ = n − 2.� XJ G ´ n − 3 �K��� n > 4, K γR(G) = 4.

§4.2 Roman �åêã G � Roman �åê bR(G) ´d Stewart37 JÑ5�, ½ÂǑ�� Roman ��êO\¤I��K���>ê. 'uã G � Roman �åê, ·���Xe(Jµ
36E.J. Cockayne, P.A. Dreyer Jr., S.M. Hedetniemi, S.T. Hedetniemi, A.A. McRae, Roman domination in graphs.

Discrete Mathematics,278 (1-3) (2004), 11-22.
37I. Stewart, Defend the Roman Empire. Scientific American, 281 (1999), 136-139.

15



§5 'u\rê�ïÄ 16½n 4.2 (½?¿ã G � Roman �åê¯K´ NP-hard ¯K, =� G ´ 2 Üã.½n 4.3 éuëÏã G, ·�¼� Roman �åê bR(G) �þ.µ� XJ� n > 3 � γR(G) = γ(G) + 1, K bR(G) 6 min{b(G), η∆}, Ù¥ η∆ ´ G ¥��ÝǑ
∆ �:ê.� �� n > 4. XJ γR(G) = 3, �o

bR(G) 6

{

∆(G) = n − 2 XJ γR(G) = 3,

∆(G) + δ(G) − 1 XJ γR(G) = 4.½n 4.4 ·�(½
,
ã� Roman �åê bR(G) �°(�:� XJ G k����� Roman ��¼ê, K bR(G) = 1.� � K3,3,...,3 ´�� t Üã, t > 3. XJ G = K3,3,...,3, �o bR(G) = n−1; XJ G 6= K3,...,3,K bR(G) = n − 2.� XJ n > 2, � bR(P2 × Pn) = 2.� � G = Km1,m2,...,mt
´�� t (> 2 ) Üã, Ù¥ m1 = m2 = . . . = mi < mi+1 6 . . . 6 mt,

n =
t
∑

j=1

mj � n > 3. �o
bR(G) =



































⌈ i
2⌉ XJ mi = 1, n > 3;

2 XJ mi = 2, i = 1;

i XJ mi = 2, i > 2;

n − 1 XJ mi = 3, i = t > 3;

n − mt XJ mi > 3, mt ≥ 4.ù
(J�¹3ü�©Ù5On the Roman bondage number of a graph, Discrete Mathematics,

Algorithms and Applications, 5 (1) (2013)6Ú5Roman bondage numbers of some graphs, Australasian

Journal of Combinatorics, 58 (1) (2014), 106-1186¥.

§5 'u\rê�ïÄ^ Gc L«ã G �Öã, = V (Gc) = V (G), E(Gc) = {xy : xy /∈ E(G)}. f8 B ⊆ E(Gc)¡Ǒ G �\r8, XJ γ(G + B) < γ(G). ��\r8¥�>ê¡Ǒ G �\rê (Reinforcement

number), PǑ r(G). \rêVg´d Kok Ú Mynhardt38JÑ. �Z�<39 ïÄLk�ã�\rê. ��åê��, \rêǑ´Ýþã���êyf5�­�Vg. aq��±½ÂÙ§�)���\rê. ~Xµf8 B ⊆ E(Gc) ¡Ǒ G ��\r8, XJ γt(G + B) < γt(G). ���\r8¥�>ê¡Ǒ G��\rê (total reinforcement number), PǑ rt(G).f8 B ⊆ E(Gc) ¡Ǒ G � p \r8, XJ γp(G + B) < γp(G). �� p \r8¥�>ê¡Ǒ
G � p \rê (p-reinforcement number), PǑ rp(G).

38J. Kok and C. M. Mynhardt, Reinforcement in graphs, Congr. Numer. 79 (1990) 225-231.
39J. Huang, J.-W. Wang and J.-M. Xu, Reinforcement numbers of digraphs. Discrete Applied Mathematics, 157(8)

(2009), 1938-1946.
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§5 'u\rê�ïÄ 17

§5.1 \rê�E,5ã G �\rê¯K�±LãXe:\rê¯K (Reinforcement problem):¢~: ?¿�½ã G Ú��ê k.¯K: ´Äk r(G) 6 k?½n 5.1 \rê¯K´ NP-hard ¯K.y²�Ä�g´´: �E��ã G ¿� k = 1 ���� 3 éf8 C ´�÷v���=�
r(G) = 1.éz� i = 1, . . . , n, Cþ ui ∈ U éA��nÆ/ Ti = {ui, ūi, vi}; éz� j = 1, 2, . . . , m, éf Cj = {xj , yj , zj} ∈ C éA��º: cj ¿V\>8 Ej = {cjxj , cjyj , cjzj}; ��V\��º: së� s �z� cj (1 6 j 6 m), � k = 1.ã 11´d U = {u1, u2, u3, u4}Ú C = {C1, C2, C3}�EÑ5�ã G,Ù¥ C1 = {u1, u2, ū3}, C2 =

{ū1, u2, u4}, C3 = {ū2, u3, u4}. ´�, γ(G) = 5, Ù¥ 5 �ç:|¤�� γ 8; r(G) = 1, 'XV\>
e = u1s, �o γ(G + e) = 4.Äky²: γ(G) = n + 1. ,�y²: C ´�÷v���=� r(G) = 1.

s

c2

c1 c3

u1 ū1 u2 ū2 u3 ū3 u4 ū4

v1 v2 v3 v4

ã 6 d�� 3 éf8�EÑ�ã Gã G ��\rê¯K�±LãXe:�\rê¯K (Total reinforcement problem):¢~: ?¿�½ã G Ú��ê k.¯K: ´Äk rt(G) 6 k?½n 5.2 �\rê¯K´ NP-hard ¯K.

17



§5 'u\rê�ïÄ 18y²�Ä�g´�½n 5.1 ��,�E��ã G ¿� k = 1 ���� 3 éf8 C ´�÷v���=� rt(G) = 1.éz� i = 1, . . . , n, Cþ ui ∈ U éA��fã Hi, Ù¥ V (Hi) = {ui, ūi, vi, v
′
i}, E(Hi) =

{viui, uiūi, ūivi, viv
′
i};éz� j = 1, 2, . . . , m,éf Cj = {xj , yj , zj} ∈ C éA��º: cj ¿V\>8 Ej = {cjxj , cjyj , cjzj}; ��V\��´ P = s1s2s3 ¿ë� s1 �z� cj (1 6 j 6 m), � k = 1.,�y²µC ´�÷v���=� rt(G) = 1.ùü�(J�¹35On the complexity of the bondage and reinforcement problems, Journal of

Complexity, 28 (2) (2012), 192-2016�©¥.y3�Äã G� p \rê¯K.� p = 1 �, G� 1 \rê¯KÒ´²;�\rê¯K,d½n 5.1 �, §´ NP-hard¯K. ÏǑ²;�\rê¯K´ p \rê¯K�f¯K, ¤± p \rê¯KǑ´ NP-hard¯K.·��Ä,�aE,5¯K. éuz��½� p, p ��ê¯K%´ P ¯K (� Downey Ú
Fellows �ü�©Ù40). ,
, =� p ´�½�, (½ p ¯KǑ´ NP J¯K. ù�¯K�±LãXe: �½ p \rê¯K (fixed p-reinforcement problem):¢~: ?¿�½ã G Ú�½���ê p (> 2).¯K: ´Äk rp(G) 6 1?½n 5.3 éu�½���ê p (> 2), p \rê¯K´ NP-hard ¯K.y²�Ä�g´´: r 3�÷v¯K (3SAT) 8(Ǒ p \rê¯K.Ǒd,� U = {u1, . . . , un}Ú C = {C1, . . . , Cm} ´ 3SAT �?¿¢~. �E��ã G Xe.

a. éz�Cþ ui ∈ U , ����ã Hi, Ù¥ Hi ´l±º:8Ǒ {ui, ui} ∪ (∪p
j=1{vij

, vij
}) ���ã K2p+2 V\>8 ∪p−1

j=1{uivij
, uivij

} 
���ã;

b. éz�éf Cj ∈ C , ����º: cj ¿�ë� cj � Hi ¥z�º: ui (½ö ui) ��=�©i ui (½ö ui) Ñy3éf Cj ¥ (i ∈ {1, . . . , n});

c. V\����ã T (∼= Kp) ¿�ë�§�¤kº:�z� cj .,�y²µC ´�÷v���=� rp(G) = 1.ù�ïÄ¤J3©Ù5On the p-reinforcement and the complexity, Journal of Combinatorial

Optimization, Online First 2013-02-256�©¥.

40R.G. Downey, M.R. Fellows, Fixed-parameter tractability and completeness I: Basic results. SIAM J. Comput. 24

(1995), 873-921.

R.G. Downey, M.R. Fellows, Fixed-parameter tractability and completeness II: On completeness for W [1]. Theoretical

Computer Science, 54 (3) (1997), 465-474.
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§5 'u\rê�ïÄ 19

§5.2 ,
AÏã�\rê·�(½
´ PnÚ� Cn� p\rê. � p = 1, KokÚMynhardt41(½
 r(Pn) = r(Cn) = iXJ n = 3k + i > 4, Ù¥ i ∈ {1, 2, 3}. T�8(½
� p > 2 �, rp(Pn) Ú rp(Cn) �°(�.½n 5.4 éu p > 2, XJ γp(Pn) > p �o
rp(Pn) =















2 if p = 2 and n is odd

1 if p = 2 and n is even

p − 2 if p ≥ 3;XJ γp(Cn) > p �o
rp(Cn) =















2 if p = 2 and n is odd

4 if p = 2 and n is even

p − 2 if p ≥ 3.éu�� t Ü©ã Kn1,··· ,nt
, - X = {ni1, ··· , nir

} ´ {n1, · · · , nt} f8, ½Â
|X | = r � f(X) =

r
∑

j=1

nij
,

X = {X : X ⊆ {n1, · · · , nt}� f(X) > γp(G)}.éz� X ∈ X , ½Â
f∗(X) = max{f(Y ) : Y ⊆ X� |Y | = |X | − 1, f(Y ) < p}.½n 5.5 � G ´�� t Ü©ã G = Kn1,··· ,nt

, t > 2. XJ γp(G) > p, �oé?Û p > 1,

rp(G) = min{(p − f∗(X))(f(X) − γp(G) + 1) : X ∈ X }.éu���ã, ·���Xe(Jµ½n 5.6 rp(G) 6 ∆(G) + p; XJ δ(G) < p, �o rp(G) 6 δ(G) + p; XJ γp(G) > p � ∆(G) < p,�o rp(G) = p − ∆(G).íØ 5.7 é?Ûä T Ú p > 2, rp(T ) 6 p + 1.��5¿�´, íØ 5.7 =é p > 2 ¤á. éu p = 1, Blair �<42 y²
: r1(T ) 6
n
2 , Ù¥ n´ä T ��. � p > 3 �, ·�48/�EÑ�� rp(T ) = p + 1 �¤kä T . �·���E�{Ø·u p = 2 ��/. �C, ºd�43 �Ñä T k r2(T ) = 3 ��¿©7�^�.ù
ïÄ¤J�¹3©Ù5On the p-reinforcement and the complexity§Journal of Combinatorial

Optimization§Online First 2013-02-256Ú5Trees with maximum p-reinforcement number. Discrete

Applied Mathematics, 175 (1) (2014), 43-54.6¥.

41J. Kok and C.M. Mynhardt, Reinforcement in graphs. Congr. Numer. 79 (1990) 225-231.
42J.R.S. Blair, W. Goddard, S.T. Hedetniemi, S. Horton, P. Jones and G. Kubicki, On domination and reinforcement

numbers in trees. Discrete Math., 308 (2008): 1165-1175.
43Y. Lu, W. Song and H-L. Yang, Trees with 2-reinforcement number three. Bulletin of the Malysian Mathematical

Sciences Society, to appear in 2014.
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§6 'u��y©êïÄ 20

§5.3 ÎÒ\rêã G��¼ê´N� f : V (G) → {0.1}�� f 3z�: x�4�:8 NG[x]k f(NG[x]) > 1.N� f ´ G ���8 D �AÆ¼ê, ��ê γ(G) Ò´ min{f(G) : f ∈ F (G)}, Ù¥ F (G) Ǒ G���¼ê8. O� {0, 1} Ǒ {−1, 1} Ò��ÎÒ��¼ê. ÎÒ��ê γs(G) = min{f(G) : f ∈
Fs(G)}, Ù¥ Fs(G) Ǒ G �ÎÒ��¼ê8. ÎÒ��ê´d Dunbar �<44 JÑ5�.��8(½
,
ã G �ÎÒ\rê rs(G) ��. ~X:½n 5.8 � n > 3.

rs(K1,n−1) = 1;

rs(Pn) =

{

2, n ≡ 2 (mod 3)

1, otherwise;

rs(Cn) =















0, n = 3, 4

3, n ≡ 0 or 1 (mod 3) and n > 6

2, n ≡ 2 (mod 3);

rs(Wn) =















0, if n = 4,

2, n = 1 (mod 3),

1, otherwise.éuä Tn, n > 2, �U�Ñþ. rs(T ) 6 2. �ù�þ.´���, ÏǑ rs(T3k+2) = 2.ù
(J�¹35Signed reinforcement numbers of certain graph, AKCE International Journal

of Graphs and Combinatorics, 9 (1) (2012), 59-706�©¥.

§6 'u��y©êïÄ� G ´ã, Ω(G) ´ V (G) �y©. XJ Ω(G) ¥z�f8Ñ´ G ���8, K¡ Ω(G) ¡Ǒ
G ���y©. G ���y©ê (domatic number) d(G) ´ V (G) ���y© Ω(G) ¥f8���ê8. ã G ���y©ê d(G) aqu G �:Úê π(G). ã G ���y©ê���8Vgk',
:Úê�Õá8k'. 
/domatic0́ d
/dominating0Ú
/chromatic0)¤. ã� domaticêVg´d Cockayne Ú Hedetniemi45JÑ5�. ��8ïÄ
üa��y©ê: ÎÒ��y©êÚ� {k} ��y©ê.

§6.1 ÎÒ��y©ê3 §5.3 !, ·�½Â
ÎÒ��. Volkmann Ú Zelinka46 ïÄ
ÎÒ��y©ê ds(G), ¿�y²
: ds(G) ´Ûê. T�8�ÄÎÒ>��y©ê d′s(G).ã G �ÎÒ>��¼ê´N� f : E(G) → {−1, 1} �� f(e) 3z�> e �4�>8 NG[e]k f(NG[e]) > 1. ã G �ÎÒ>��y©ê d′e(G) ´��ê d �� G � d �ØÓ�ÎÒ>��¼ê {f1, . . . , fd} ÷vé?Û> e k d
∑

i=1

fi(e) 6 1. éu��ã G, d′s(G) Ú ds(G) ke�'X:

44J. E. Dunbar, S. T. Hedetniemi, M. A. Henning and P. J. Slater, Signed domination in graphs, Graph Theory,

Combinatorics, and Applications, John Wiley & Sons, Inc. 1 (1995), 311-322.
45E. J. Cockayne and S. T. Hedetniemi, Towards a theory of domination in graphs. Networks, 7 (1977), 247-261.
46L. Volkmann, B. Zelinka, Signed domatic number of a graph. Discrete Applied Mathematics, 150 (2005), 261-267.
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§6 'u��y©êïÄ 21

d′s(G) = ds(L(G)) ´Ûê, Ù¥ L(G) ´ G ��ã.��8(½
,
AÏãa�ÎÒ>��y©ê, X´!�!(!��ä!��ã�.½n 6.1 éu n > 3,

d′s(Cn) = ds(Cn) =

{

3 n ≡ 0 (mod 3),

1 n ≡ 1, 2 (mod 3).

d′s(K1,n) = ds(Kn) =

{

n n ≡ 1 (mod 2),

⌊n
2 ⌋o n ≡ 0 (mod 2).Ù¥ ⌊n⌋o L«Ø�L n ���Ûê.

d′s(Pn) = 1, n > 2.

d′s(Pn × Pm) = 1, n, m > 2.½n 6.2 éu��ã Kn, n > 2,

d′s(Kn) =















n − 1 if n ≡ 0 (mod 2);

n if n ≡ 3 (mod 4) and H(n + 1) exists;

n − 2 if n ≡ 1 (mod 4) and H(n − 1) exists,Ù¥ H(n) ´ Hadamard Ý
.ù�(J`²: XJ n ´Ûê, d′s(Kn) �(½�6u Hadamard Ý
 H(4k) ��35. ù�(Jïá
ÎÒ>��y©ê� HadamardÝ
�m���éX.ù
(J�¹35Signed edge-domatic number of a graph, Graphs and Combinatorics, 29 (6)

(2013), 1881-18906�©¥.

§6.2 � {k} ��y©êéu�½��ê k, ã G �� {k} ��¼ê´N� f : V (G) → {0, 1, . . . , k} �� f 3z�:
x �m�:8 NG(x) k f(NG(x)) 6 k. ã G �� {k} ��y©ê d

{k}
t (G) ´��ê d �� G �

d �ØÓ�� {k} ��¼ê {f1, . . . , fd} ÷vé?Û: x k d
∑

i=1

fi(x) 6 k.� {k} ��y©ê´d SheikholeslamiÚ Volkmann47 ÄkïÄ. ��8(½
ÓÚ��ã�� {k} ��y©ê.½n 6.3 éuÓ Wn+1(n > 3), � n ≡ 0 (mod 4) �,

d
{k}
t (Wn+1) =

{

2 XJ k = 1;

3 Ù��/,� n 6≡ 0 (mod 4) �,

d
{k}
t (Wn+1) =

{

3 XJ (⌊k
3 ⌋ − 1)n > k;

2 Ù��/.

47S.M. Sheikholeslami, L. Volkmann, The total k-domatic number of a graph. Journal of Combinatorial Optimization,

23 (2) (2012),252-260.
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§7 ��Â ê 22½n 6.4 éu���ã Kn (n > 3),

d
{k}
t (Kn) =

{

⌊ kn
k+1⌋ XJ 1 6 k 6 n − 2;

n − 2 Ù��/.ù
(J�¹5The total {k}-domatic number of wheels and complete graphs. Journal of Com-

binatorial Optimization, 24 (3) (2012), 162-1756�©¥.

§7 ��Â êã G ���[©ê sdγ(G) ½ÂǑ���>ê��ù
>�[©�g��ã���êO\.

ArumugamJÑù�ëê¿y²
: éu n�ä Tn (n > 3), sdγ(T ) 6 3,¿ß�ù�þ.é?Ûã¤á. 2001
, Haynes�<48 �Ñ�~ G = Kt ×Kt (t > 4)Ä½
ù�ß�,ÏǑ sdγ(G) = 4. ��²1�Vg´���[©ê sdγt
(G). 2003 
, Haynes �<49 y²: é?Ûä T k sdγt

(T ) 6 3.·��Ä>Â é��ê�KǑ. ã G ��� (���) [©ê ctγ(G) (ctγt
(G)) ½ÂǑ���>ê��ù
>�Â ��ã���ê~�. XJ γ(G) = 1,K½Â ctγ(G) = 0;XJ γt(G) = 2,K½Â ctγt

(G) = 0.´�, é´ Pn Ú� Cn, XJ n > 4, �o
ctγ(Pn) = ctγ(Cn) = i, n = 3k + i, 1 6 i 6 3;XJ n > 5, �o

ctγt
(Cn) = ctγt

(Pn) =















1 if n ≡ 1, 2 (mod 4);

2 if n ≡ 3 (mod 4);

3 if n ≡ 0 (mod 4).½n 7.1 éëÏã G, ctγ(G) 6 3 � ctγt
(G) 6 3.�â§����, ·�©a¿Ǒx
¤k�ã. ù
(J�¹35Domination and total domi-

nation contraction numbers of graphs. Ars Combinatoria, 94 (2010), 431-4436�©¥.

§8 2Â��ê�ÕáêïÄã G �°�» dm(G) ´���ê d ��é G ¥?Ûü: x Ú y �3 m ^S:Ø���ÝØ�L d � xy ´. w,, d1(G) Ò´²;��» d(G).ã G �2Â��ê γd,m(G) ´���ê k, G ¥�3:êǑ k �f8 D ��é?ÛØ3 D¥�: x,�3 m^S:Ø���ÝØ�L d� xy ´. w,, γ1,1(G)Ò´²;���ê γ(G). Ïd,éu���ã G,(½ γd,m(G)¯K´ NP���. é?Û m ëÏã G,XJ d > dm(G), �o
γd,m(G) = 1. Ïd, XJ d < dm(G), �o γd,m(G) > 2.ã G �2ÂÕáê αd,m(G) ´���ê k, G ¥�3:êǑ k �f8 D ��é D ¥?Ûü: x Ú y §��°ål dm(G; x, y) > k. w,, α1,1(G) Ò´²;���ê α(G). Ïd, éu��

48T.W. Haynes, S.M. Hedetniemi, S.T. Hedetniemi, D.P. Jacobs, J. Knisely, van der Merwe, C. Lucas, Domination

subdivision numbers. Discuss. Math. Graph Theory, 21 (2001), 239-253.
49T.W. Haynes, S.T. Hedetniemi, van der Merwe, C. Lucas, Total domination subdivision numbers. J. Combin.

Math. Combin. Comput. 44 (2003), 115-128.
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§8 2Â��ê�ÕáêïÄ 23�ã G, (½ αd,m(G) ¯K´ NP ���. w,, é?Û m ëÏã G, αd,m(G) = 1 ⇔ d > dm(G).Ïd, XJ d < dm(G), �o αd,m(G) > 2.V�¡�ä Gm,n = Cm × Cn ´ 4 �K 4 ëÏã. - d4 = d4(Cm × Cn), ¿�- e = ⌊m
2 ⌋. ��8ïÄV�¡�ä Gm,n �2Â��ê γd,4(Gm,n) Ú2ÂÕáê αd,4(Gm,n), ¼�Ü©(J.½n 8.1 � Gm,n = Cm × Cn. �o,

γd,4(Gm,3) = 2 ⇔ d4 − e 6 d < d4, m > 5;

γd,4(Gm,4) = 2 XJ d4 − (2e − ⌊m+2
2 ⌋) 6 d < d4, m > 4;

γd,4(Gm,n) = 2 XJ d4 − e + 2 6 d < d4, m = n > 4.ù
(J�¹35Domination number of undirected toroidal mash. Acta Mathematica Sinica,

English Series, 28 (3) (2012), 453-4626�©¥.½n 8.2 � Gm,n = Cm × Cn. �o,

αd,4(Gm,3) = h + 1 XJ d = d4 − h, Ù¥ 1 6 h 6 e − 2, m > 7;

αd,4(Gm,4) =

{

2 XJ m ∈ {21, 23, 24, 25, 27},
3 Ù§�/;

αd,4(Gm,n) = 2 XJ d = d4 − 1, m = n > 10.ù
(J�¹35����¡�� (d, m) Õáê. XÚ�Æ�êÆ, 32 (3) (2012), 327-3336�©¥.

23



241�Ü© 2010-2013 
ÏmÙ§ïÄ¤JùÜ©0�
·�3 2010 
� 2013 
m�¤���åê�'�ïÄó�. ù
ïÄ�Ü©´±
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§9 'u�"ê�ïÄé{üã G = (V, E), §���£cycle rank¤½ö Betti ê£Betti number¤́ ��>ê ρ(G),ù�ê8�>8l G ¥£�Ò���e�fãØ¹�. l¤±�, XJ G ´��ã, �o ρ(G) =

ε − υ + ω, Ù¥ ε, υ Ú ω ©O´ G �>ê, º:êÚëÏ©|ê.éA�¯K´º:�£�. �º:f8F ⊂ V , XJd G − F Ø¹�, K¡ F ´ G ��":8. ���":8¥�:ê¡Ǒ�"ê (the feedback number). ®²y²: (½é��ã����":8¯K´ NP ��¯K50. Beineke Ú Vandell51 ¡�"êǑ��ê (decycling number) ¿��Ñ?¿��ã�"ê�e..Ún 9.1 � G ´��ã, �êǑ υ, >êǑ ε, ��ÝǑ ∆. �oé G �?Û�"8 F þk
|F | >

⌈

ε − υ + 1

△− 1

⌉

.��8ïÄ
,
Í¶ãa��"ê¯K.

§9.1 Kautz ��ãÚ De Bruijn ��ã��"ê
Kautz��ã UK(d, n)´l Kautzk�ã K(d, n)¥í�z^>����2í�­>
���ã. w,, UK(d, n)k dn + dn−1 �º:, dn+1 + dn − 1

2d(d + 1) ^>, ��ÝǑ 2d (n > 3), ��ÝǑ 2d − 1 (n > 2).

De Bruijn��ã UB(d, n) ´l De Bruijnk�ã B(d, n) ¥í�z^>����2í��Ú­>
���ã. w,, UB(d, n) k dn �º:, dn − 1
2d(d − 1) − d ^>, ��ÝǑ 2d, ��ÝǑ

2d − 2.^ fUK(d, n)L« UK(d, n)��"ê, fBK(d, n)L« UB(d, n)��"ê. KrálovičÚ Ružička52(½
µ
fUK(2, n) = 2n−1, fUB(2, n) =

⌈

2n − 2

3

⌉

.é��� d > 2, ��8�Ñ fUK(d, n) Ú fUB(d, n) �..½n 9.2 é?Û d > 2 Ú n > 3, Kautz ��ã UK(d, n) ��"ê fUK(d, n) ÷v
⌈

dn+1 − dn−1 − d(d+1)
2 + 1

2d − 1

⌉

6 fUK(d, n) 6 dn −
(⌊

d2

4

⌋

+ 1

)

dn−2.AO/, fUK(2, n) = 2n−1.

50M. R Garey, D. S. Johnson, Computers and Intractability, Freeman, San Francisco, CA, 1979
51L. W. Beineke, R. C. Vandell, Decycling graphs, J. Graph Theory, 25 (1997), 59-77.
52R. Královič and P. Ružička, Minimum feedback vertex sets in shuffle-based interconnection networks. Inf. Processing

Letters 86 (4) (2003), 191–196.
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§9 'u�"ê�ïÄ 25ù�(J�¹35Feedback Numbers of Kautz Undirected Graphs. Australasian Journal of

Combinatorics, 52 (2012), 3-96¥.½n 9.3 é?Û d > 3 Ú n > 1, De Bruijn ��ã UB(d, n) ��"ê fUB(d, n) ÷v
⌈

dn+1 − d − d(d−1)
2 − dn + 1

2d − 1

⌉

6 fUB(d, n) 6 dn

(

1 −
(

d

1 + d

)d−1
)

+

(

n + d − 2

d − 2

)

.ù�(J�¹35Bounds on feedback numbers of de Bruijn graphs. Taiwanese Journal of

Mathematics, 15 (3) (2011), 1101-11136�©¥.

§9.2 Kautz k�ãÚ De Bruijn k�ã��"ê
2007 
, ·�ïÄ
 Kautz k�ãK(d, n) ��"ê. 2007
,·�Äk��Xe(J53.½n 9.4 é?Û�ê d > 2 Ún > 1, Kautz k�ã K(d, n) ��"ê

−→
f K(d, n) =























d for n = 1;
(ϕ ⊙ θ)(n)

n
+

(ϕ ⊙ θ)(n − 1)

n − 1
for 2 6 n 6 7;

dn

n
+

dn−1

n − 1
+ O(ndn−4) for n > 8,Ù¥ (ϕ ⊙ θ)(n) =

∑

i|n
ϕ(i)θ

(n

i

)

, i | n ¿�X i U�Øn, θ(i) = di + (−1)id, ϕ(1) = 1 � ϕ(i) =

i ·
r
∏

j=1

(

1 − 1

pj

)

(i > 2), p1, . . . , pr ´ i �üüØÓ��Ïf.éu De Bruijn k�ã B(d, n), ��8¼�aq(J.½n 9.5 é?Û�ê d > 2 Ún > 1, De Bruijn k�ã B(d, n) ��"ê
−→
f B(d, n) =















1

n

∑

i|n
diϕ

(n

i

)

for 2 6 n 6 4;

dn

n
+ O(ndn−4) for n > 5,Ù¥ i | n ¿�X i U�Øn, ϕ(1) = 1 � ϕ(i) = i ·

r
∏

j=1

(

1 − 1

pj

)

(i > 2), p1, . . . , pr ´ i �üüØÓ��Ïf.ù�(J�¹35Feedback numbers of de Bruijn digraphs. Computers and Mathematics with

Applications, 59 (2010), 716-7236�©¥.

§9.3 (n, k) (ã��"ê- In = {1, . . . , n}, P (n, k) ´ In þ� k ��8 (1 6 k < n), =, P (n, k) = {x1x2 . . . xk| xi ∈
In, xi 6= xj , 1 6 i 6= j 6 k}. - p(n, k) = |P (n, k)|. K p(n, k) = n !/(n − k) !.

53J.-M. Xu, Ye-Zhou Wu, Jia Huang and Chao Yang, Feedback number of Kautz digraph. Discrete Mathematics,

307(13) (2007), 1589-1599.
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(n, k) (ã Sn,k (1 6 k < n) kº:8 P (n, k). º: x1x2 . . . xi . . . xk �e�º:��
(1) xix2 · · ·xi−1x1xi+1 · · ·xk, 2 6 i 6 k.

(2) αx2x3 · · ·xk, α ∈ In − {xi| 1 6 i 6 k}.ã 7 ¤«�´ (4, 2) (ã S4,2.

32

42 12

23

43 13

14

24 34

41

21 31
S1

3,1

S3

3,1S2

3,1

S4

3,1

ã 7 (4, 2) (ã S4,2½n 9.6 éz� k, 2 6 k < n, θ = min{k− 1, n− k + 1}, (n, k) (ã Sn,k ��"ê fS(n, k) ÷v
p(n, k) − 2(k − 1)!

(

n

k − 1

)

6 fS(n, k) 6 p(n, k) − 2(k − 1)!

θ−1
∑

i=0

(

n − 2i − 1

k − i − 1

)

.� k = 2 Ú k = 3 �, ½n 9.6 �e.©OǑ n(n − 3) Ú n(n − 1)(n − 4). MUJ�<54 y²
 fS(n, 2) = n(n − 3) Ú fS(n, 3) = n(n − 1)(n − 4). ù`²½n 9.6 �e.´�±���.ù�(J�¹35On the bounds of feedback numbers of (n, k)-star graphs. Information Pro-

cessing Letters, 112 (12) (2012), 473-4786�©¥.

§9.4 k�ã�>�"ê� G = (V, E) ´k�ã. XJ§Ø¹k��, K¡ G Ǒ�� (acyclic) k�ã. � X ⊆ E(G),XJ G − X ´���, K¡ X Ǒ G ��">8 (feedback edge set). ^ β(G) L« G ¥����>8¥>ê.ù�Vgé��ã G Ǒ´k��,
� β(G) = ε(G)− υ(G) + ω(G). �ék�ã, Karp55y²
(½����>8¯K%´ NP ���.^ ρ(G)L«k�ã G¥Ø���:éê8. Chudnovsky�<56y²
: XJ GØ¹nÆ/,�o β(G) 6 ρ(G), ¿JÑXeß�.ß� 9.7 XJk�ã G Ø¹k� 3 �, �o, β(G) 6
1
2 ρ(G).

54X.-R. Xu, B.-C. Wang, J. Wang, Y. Zhang, Y.-S. Yang, Feedback number of (n, k)-star graphs. Utilitas Math., to

appear.
55R. M. Karp, Reducibility among combinatorial problems, in: Complexity of Computer Computations, (R. E. Miller

and J. W. Thatcher, eds.), New York, Plenum, 1972, pp. 85-103.
56M. Chudnovsky, P. Seymour and B. Sullivan, Cycles in dense digraphs. Combinatorica 28 (2008), 1-18.
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§9 'u�"ê�ïÄ 27'uù�ß�, Dunkum �<57 y²
 β(G) 6 0.88 ρ(G); Chen �<58 ?U§Ǒ β(G) 6

0.8616 ρ(G). Sullivan59 JÑe¡����ß�.ß� 9.8 XJk�ã G ��� g(G) > m > 3, �o
β(G) 6

2

(m + 1)(m − 2)
ρ(G).� m ∈ {4, 5} �, ß� 9.8 ¥þ.©OǑ 1

5 ρ(G) Ú 1
9 ρ(G). ��8��Xe(J.½n 9.9 XJk�ã G ��� g(G) > 4, �o β(G) 6
3−

√
5

2 ρ(G) ≈ 0.3819 ρ(G).½n 9.10 XJk�ã G ��� g(G) > 5, �o β(G) 6 (2 −
√

3) ρ(G) ≈ 0.2679 ρ(G).ù
(J�¹35On Sullivan’s conjecture on cycles in 4-free and 5-free digraphs. Acta Mathe-

matica Sinica, English Series, 29 (1) (2013), 53-646�©¥.� m ∈ {4, 5} �, Sullivan y²
 β(G) 6
1

m−2 ρ(G). ��8U?
ù�(J.½n 9.11 XJk�ã G ��� g(G) > m > 4, �o β(G) 6
1

m−2γ(G).ù�(J�¹35Minimal feedback arc set of m-free digraphs. Information Processing Letters,

113 (8) (2013) 260-2646�©¥.

§9.5 Caccetta-Häggkvist ß�ß� 9.7 �e¡� Caccetta - Häggkvistß����'. 1978
, CaccettaÚ Häggkvist60 JÑXe�Í¶ß�:ß� 9.12 � G ´ n �k�ã. XJ δ+(G) > r, �o G 7¹ÑÝØ�u ⌈n/r⌉ �k��.� r = 1 �, ß� 9.12 w,¤á. � r = 2 �, Caccetta ÚHäggkvist y²ß�¤á. 1987 
,

Hamildoune61, Hoáng Ú Reed62 ©Oy²
� r = 3 Ú r = 4, 5 �ß�¤á. �C, Shen63 y²
� r <
√

n/2 �ß�¤á. éu��� r, dß��8E��)û.� r = n
3 �, ß� 9.12 �±LãǑ:ß� 9.13 � G ´ n �k�ã. XJ δ+(G) >

n
3 , �o G 7¹k� 3 �.

57M. Dunkum, P. Hamburger and A. Pór, Destroying cycles in digraphs. Combinatorica 31 (2011), 55-66
58K. Chen, S. Karson, D. Liu, J. Shen, On the Chudnovsky-Seymour-Sullivan Conjecture on Cycles in Triangle-free

Digraphs. A manuscript submitted to Discrete Math. for possible publication. ArXiv preprint arXiv:0909.2468, 2009 -

arxiv.org.
59B. Sullivan, Extremal Problems in Digraphs. Ph.D. thesis, Princeton University, May 2008.
60L. Caccetta and R. Häggkvist, On minimal digraphs with given girth. Proc. 9th S-E Conf. Combinatorics, Graph

Theory and Computing (1978) 181-187.
61Y. O. Hamidoune, A note on minimal directed graphs with given girth. J. Combin. Theory, Ser. B, 43(3) (1987),

343-348.
62C. Hoáng and B. Reed, A note on short cycles in digraphs. Discrete Math., 66(1-2) (1987), 103-107.
63J. Shen, On the girth of digraphs. Discrete Math., 211(1-3) (2000), 167-181.
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§10 'u�ä^�ëÏÝïÄ 28Ǒ
y²ù�ß�, <�Ïé��U��~ê c ��z� n �k�ã G, ��§���ÑÝ
δ+(G) > cn, G7¹k� 3�. CaccettaÚ Häggkvisty²
 c 6 0.3819; Bondy64y²
 c 6 0.3797;!ï65 ?U§� c 6 0.3542; Hamburger �<66 ?U� 0.35312. In 2009, Hladký �<67 ?�Ú?U§� 0.3465. ù�(JL²: ?Û n �k�ã G, XJ§����ÑÝ δ+(G) > 0.3465 n, �o
G 7¹k� 3 �.��8�Ä r = n

4 , ��: XJk�ã G ���Ý δ+(G) > 0.28866 n, �o G 7¹k�ÝØ�u 4 �k��. �5, ·�U?
ù�(JXe.½n 9.14 � G ´ n �k�ã. XJ δ+(G) > 0.28724 n, �o G 7¹k�ÝØ�u 4 �k��.ù
(J�¹35k�ã����Ø�u4���¿©^�.3��ÆÆ�, 51 (2) (2013), 241-

2436Ú5'u Caccetta-Haggkvistß��5P. êÆÆ�, 56 (4) (2013), 479-4866¥.��Ä r = n
5 , ��8��:½n 9.15 � G ´ n �k�ã. XJ δ+(G) > 0.24817 n, �o G 7¹k�ÝØ�u 5 �k��.ù�(J�¹35A note on directed 5-cycles in digraphs. Applied Mathematics, 3 (7) (2012),

805-8086�©¥.

§10 'u�ä^�ëÏÝïÄ� G = (V, E)´ëÏã, X ⊆ V (G). éu�½��ê h (> 0),XJ G−X ØëÏ� δ(G−X) >

h, �o¡ F Ǒ G � h �:�, ½ö h :�. G � h �:ëÏÝ κ
(h)
s (G) ½ÂǑ�� h :�¥�>ê. w,, κ

(0)
s (G) = κ(G), Ù¥ κ(G) ´ã G �²;:ëÏÝ. éu h > 1, XJ κ

(h)
s (G) �3,K κ

(h−1)
s (G) 6 κ

(h)
s (G).Ó�/�±½Â G � h �>ëÏÝ. � F ⊆ E(G). éu�½��ê h (> 0), XJ G − F ØëÏ� δ(G − F ) > h, �o¡ F Ǒ G � h �>�, ½ö h >�. G � h �>ëÏÝ λ

(h)
s (G) ½ÂǑ�� h >�¥�>ê. w,, λ

(0)
s (G) = λ(G), Ù¥ λ(G) ´ã G �²;>ëÏÝ.éu h > 1,XJ λ

(h)
s (G) �3, K λ

(h−1)
s (G) 6 λ

(h)
s (G).éu?¿�ã G Ú�½��ê h, (½ κ

(h)
s (G) Ú λ

(h)
s (G) ´��(J�, ÏǑ Latifi �<68ßÿ§´ NP-hard¯K. ¯¢þ, κ

(h)
s (G) Ú λ

(h)
s (G) ��35¯K�´��vk)û�¯K.Ïd(½Í¶�ä� h �:ëÏÝÚ h �>ëÏÝ´k¿Â�. � h ���, ,
Í¶�ä� h �>ëÏÝ®�(½. éu��� h,Ù(J��. éu�á�N Qn,� k 6 n−2�, Oh�<69 ÚWu�<70 Õá/(½
 κ

(k)
s (Qn) = 2k(n− k); � h 6 n− 1�, Md²71(½
 λ

(h)
s (Qn) = 2h(n− h).

64J. A. Bondy, Counting subgraphs: A new approach to the Caccetta-Häggkvist conjecture. Discrete Math. 165/166

(1997), 71-80.
65J. Shen, Directed triangles in digraphs. J. Combin. Theory, Ser. B, 74 (1998), 405-407.
66P. Hamburger, P. Haxell, and A. Kostochka, On the directed triangles in digraphs. Electronic J. Combin. 14 (2007),

Note 19.
67J. Hladký, D. Král’ and S. Norine: Counting flags in triangle-free digraphs. Electronic Notes in Discrete Mathe-

matics. 34 (2009), 621-625.
68S. Latifi, M. Hegde, M. Naraghi-Pour, Conditional connectivity measures for large multiprocessor systems, IEEE

Trans. Comput. 43 (2) (1994) 218-222.
69A. D. Oh, H. Choi, Generalized measures of fault tolerance in n-cube networks. IEEE Transactions on Parallel and

Distributed Systems, 4 (1993), 702-703.
70J. Wu, G. Guo, Fault tolerance measures for m-ary n-dimensional hypercubes based on forbidden faulty sets. IEEE

Transactions on Computers, 47 (1998), 888-893.
71J.-M. Xu, On conditional edge-connectivity of graphs, Acta Math. Appl. Sin. 16 (4) (2000) 414-419.
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§10 'u�ä^�ëÏÝïÄ 29*	�3�:ëÏÝVg¥, XJ S ´� h �:�, �o δ(G − S) > h. Ïd, G − S �z�ëÏ©|��k h + 1 �º:. Fàbrega Ú Fiol72 Ú\ h rëÏÝ (h-extra connectivity) Vg.� G ´ëÏã, S ⊆ V (G) (½ö F ⊆ E(G)). XJ G − S (½ö G − F ) ØëÏ
�z�ëÏ©|��k h + 1 �:, �o¡ S (½ö F ) Ǒ G � h r:� (½ö h r>�). ã G � h r:ëÏÝ κ
(h)
o (G) (½ö h r>ëÏÝ λ

(h)
o (G)) ½ÂǑ�� h r:�¥:ê (½ö h r>�¥�>ê).^�ëÏÝ��´·�õ
5ïÄSN��, Qé��� h�,(½
�
�ä'uù
ëê�. �æ^�y²�{ØUí2���� h. ��8?�ÚïÄù
ëê, |^,
�ä�48(�, æ^8B�{, é��� h, (½
�
�ä'uù
ëê�.

§10.1 á�N9ÙC.�ä� G0 = (V0, E0) Ú G1 = (V1, E1) ´ü�Ø��ã� |V0| = |V1|, σ : V0 → V1 ´V�,

Mσ = {xσ(x)| x ∈ V0, σ(x) ∈ V1}. ^ G0 ⊕σ G1 L«ã G = (V0 ∪ V1, E0 ∪ E1 ∪ Mσ). w,, Mσ ´
G �����. 
�, XJ σ ´ V (G0) þ�ð���, �o G0 ⊕σ G0 = G0 × K2.�â σ �ØÓ, $� ⊕σ �±ØÓ�ã. 48/$^$� ⊕σ, �±�a�¡Ǒ n ��á�Nãa (hypercube-like graphs) HLn. 48½ÂXeµ

(1) HL0 = {G0}, Ù¥ G0 = K1;

(2) Gn ∈ HLn ⇔ Gn = Gn−1 ⊕σ G′
n−1, Ù¥ Gn−1, G

′
n−1 ∈ HLn−1.w,, z�ã Gn ∈ HLn ´ 2n �� n �K n ëÏã.d½Â, N´�y: �á�N (hypercube) Qn = Qn−1 ⊕σ1

Qn−1, C/ (varietal hypercube)

V Qn = V Qn−1 ⊕σ2
V Qn−1, Ûá�N (twisted cube) TQn = TQn−1 ⊕σ3

TQn−1, ÛÜÛá�N
(locally twisted cube) LTQn = LTQn−1⊕σ4

LTQn−1,��á�N (crossed cube) CQn = CQn−1⊕σ5

CQn−1, Möbiusá�NMQn = MQn−1⊕σ6
MQn−1. �u48Ì�ã (recursive circulant) G(2n, 4),� n ∈ {2, 3, 4} �, V (G(2n−1, 4)) þ�3���� σ �� G(2n, 4) = G(2n−1, 4) ⊕σ G(2n−1, 4)

(see Fig. 8). ��/, G(2n, 4) ØUlü�48Ì�ÏL$� ⊕σ 
��. ,
, Kim73 y²:

V (G(2n−2 × K2, 4)) ¥�3�� σ �� G(2n, 4) = [G(2n−2, 4) × K2] ⊕σ [G(2n−2, 4) × K2]. Ïd, {Qn, V Qn, TQn, LTQn, CQn, MQn, G(2n, 4)} ⊆ HLn.��8(½
 Gn ∈ HLn � h �>ëÏÝ.½n 10.1 é?Û Gn ∈ HLn, ?Û n Ú h ∈ In−1 = {1, 2, . . . , n − 1},

λ(h)
s (Gn) = 2h(n − h).íØ 10.2 é?Û n Ú h ∈ In−1, XJ Gn ∈ {Qn, V Qn, CQn, MQn, TQn, LTQn, G(2n, 4)}, �o

λ
(h)
s (Gn) = 2h(n − h).ù�ïÄ(J�¹35Edge-fault tolerance of hypercube-like networks. Information Processing

Letters, 113 (19-21) (2013), 760-7636�©¥.

72J. Fàbrega, M. A. Fiol, Extraconnectivity of graphs with large girth. Discrete Mathematics, 127 (1994), 163-170.
73klp11
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ã 8 ã HL4

§10.2 (ãÚ (n, k) (ãéu�½��ê n (> 2), - In = {1, 2, . . . , n}, I ′n = {2, . . . , n}, P (n) = {p1p2 . . . pn : pi ∈
In, pi 6= pj , 1 6 i 6= j 6 n} ´ In þ���8. éz��ê k (1 6 k 6 n − 1), - P (n, k) =

{p1p2 . . . pk : pi ∈ In, pi 6= pj , 1 6 i 6= j 6 k} ´ In þ� k ��8. w,, |P (n)| = n !, |P (n, k)| =
n!

(n−k)! . éz� i ∈ I ′n, - pi = pip2 . . . pi−1p1pi+1 . . . pn.

n �(ã (star graph) Sn ´��ã, Ù¥ V (Sn) = P (n), E(Sn) = {ppi : p ∈ P (n), i ∈ I ′n}.��á�N Qn ��, (ã Sn ´ (n − 1) �K�:!>�[� Cayley ã CΓ(S), Ù¥ Γ ´ Inþ�é¡+, S = {t2, t3, . . . , tn}, Ù¥ t ´ð���74.2Â(ã– (n, k) (ã Sn,k, §�º:8Ǒ P (n, k), º: p = p1p2 . . . pi . . . pk �e�º:��:

(a) pip2 · · · pi−1p1pi+1 · · · pk, Ù¥ i ∈ I ′k.

(b) p′1p2p3 · · · pk, Ù¥ p′1 ∈ In \ {pi : i ∈ Ik}.w,, Sn,1
∼= Kn, Sn,n−1

∼= Sn. ¤±, (n, k) (ã´(ã�í2. (n, k) (ã´d Chiang �<75JÑ5�,§´ (n−1)�K (n−1)ëÏ�:�[ã. 
¥u�<76 y²
: XJ 2 6 k 6 n−2,�o κ
(1)
s (Sn,k) = n + k − 3 (n > 3), κ

(2)
s (Sn,k) = n + 2k − 5 (n > 4). ��8��(½
 κ

(h)
s (Sn,k).½n 10.3 XJ 2 6 k 6 n − 1 � 0 6 h 6 n − k, �o

κ
(h)
s (Sn,k) = n + h(k − 2) − 1;

λ
(h)
s (Sn,k) =

{

(n − h − 1)(h + 1), h 6 min{k − 2, n
2 − 1},

(n − k + 1)(k − 1), Ù��/.ùü�(J©O�¹35Fault-tolerance of generalized star networks. Applied Mathematics and

Computation, to appear6�©Ú5Generalized measures of edge fault tolerance in (n, k)-star graphs.

Mathematical Science Letters. 1 (2) (2012), 133-1386�©¥.

74S. B. Akers, B. Krishnamurthy, A group theoretic model for symmetric interconnection networks. IEEE Transactions

on Computers, 38 (4) (1989), 555-566.
75W.-K. Chiang, R.-J. Chen, The (n, k)-star graphs: A generalized star graph, Inform. Process. Lett. 56 (1995)

259-264.
76W.-H. Yang, H.-Z. Li, X.-F. Guo, A kind of conditional fault tolerance of (n, k)-star graphs, Inform. Process. Lett.

110 (2010) 1007-1011.
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§10 'u�ä^�ëÏÝïÄ 31�X·�¤w��, � k = n − 1 �, Sn,n−1
∼= Sn. Cheng �<77, Hu �<78, m¡Á�<79 Ú

Rouskov�<80 Õá(½
 κ
(1)
s (Sn) = λ

(1)
s (Sn) = 2n − 4 (n > 3). ù
(JÑ�¹3½n 10.3.,
,
¥u�<81 (½
 λ

(2)
s (Sn) = 6(n−3) (n > 4). Üè�<82 (½
 κ

(2)
s (Sn) = 6(n−3)

(n > 4). ù
(J%Ø�¹3½n 10.3. ¯¢þ, ·�¼�e¡����(J.½n 10.4 é?Û�ê k, XJ 0 6 k 6 n − 2, �o
κ(k)

s (Sn) = λ(k)
s (Sn) = (k + 1)!(n − k − 1).ù�(J�¹35Generalized Connectivity of Star Graphs. Networks, 63 (3) (2014), 225-2306�©¥.

§10.3 (n, k) Ù�ã�X·�w��, (ã Sn k n !�º:. ��*¿ Sn � Sn+1, º:ê8l n !� (n + 1) !, Ù¥ké���Y. Ǒ
�Ñù�":, Day �<83 JÑ (n, k) Ù�ã (arrangement graph) An,k, Ù¥ V (An,k) = Pn,k, E(An,k) = {(p, q) | p Ú q =���IØÓ}. ã 9 ¤«�´ (4, 2) Ù�ã A4,2.

4 3 2 3 2 1 4 1

1 3

2 4

3 1

1 4 3 4

3 21 2

4 2

ã 9 (4, 2) Ù�ã A4,2

(n, k) Ù�ã An,k ´ n!
(n−k)! �� k(n − k) �Kã, ´:!>�[�� κ(An,k) = k(n − k). 
�, An,1

∼= Kn, An,n−1
∼= Sn. Chiang �<84 y²: An,n−2

∼= AGn, Ù¥ AGn ´ n ���+ã.éu n ���+ã AGn, Cheng �<85 y²: κ
(1)
s (AG4) = 4, κ

(1)
s (AGn) = 4n− 11 (n > 5). Ü

77E. Cheng, M. J. Lipman, Increasing the connectivity of the star graphs. Networks, 40 (3) (2002), 165-169.
78S.-C. Hu, C.-B. Yang, Fault tolerance on star graphs. International Journal of Foundations of Computer Science, 8

(2) (1997), 127-142.
7968. m¡Á,4ù{, Md², Star ãpë�ä�N�5©Û,5êÆÔnÆ�6, 24 (2) (2004) 168-176.
80Y. Rouskov, S. Latifi, P. K. Srimani, Conditional fault diameter of star graph networks. Journal of Parallel and

Distributed Computing, 33 (1) (1996), 91-97.
81W.-H. Yang, H.-Z Li, J.-X Meng, Conditional connectivity of Cayley graphs generated by transposition trees.

Information Processing Letters, 110 (23) (2010), 1027-1030.
82M. Wan, Z. Zhang, A kind of conditional vertex connectivity of star graphs. Applied Mathematics Letters, 22

(2009), 264-267.
83K. Day, A. Tripathi, Arrangement graphs: a class of generalized star graphs, Information Processing Letters

42(5)(1992) 235-241.
84W. K. Chiang, R.J. Chen, On the arrangement graph. Information Processing Letters, 66(4)(1998) 215-219.
85E. Cheng, L. Lipták, F. Sala, Linearly many faults in 2-tree-generated networks, Networks 55(2)(2010) 90-98.
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(2)
s (AG4) = 4, κ

(2)
s (AGn) = 6n− 18 (n > 5). ·�í2ù
(J� An,k.½n 10.5 � An,k ´ (n, k) Ù�ã. �o

κ
(1)
s (An,k) = (2k − 1)(n − k) − 1 for k > 3, n > k + 1.

κ
(2)
s (An,k) = (3k − 2)(n − k) − 2 for k > 4, n > k + 2.ù
(J�¹35Conditional fault tolerance of arrangement graphs. Information Processing

Letters, 111 (21-22) (2011), 1037-10436�©¥.� G´ κëÏã. XJz���:�Ñ©l��º:,K¡ G´� κëÏ (super κ-connected)ã. XJz���:�Ñ©l G Ǒü�ëÏ©|, Ù¥��Ǒ��º:, K¡ G ´;� κ ëÏ
(tightly super κ-connected) ã. ~X, �� 2 Üã Kn,n ´� n ã, �Ø´;� n ã.� κ ã´d Bauer�<87JÑ5�. Cheng �<88 ïÄ
(ã Sn Ú��+ã AGn ��;�ëÏ5: � n > 4�, Sn ´;� (n− 1)ëÏ�; � n > 5 �, AGn ´;� (2n− 4)ëÏ�. ·�í2ù
(J����� (n, k) Ù�ã. N´�y: A4,2 Ø´;�ëÏ�, ¤±b½k > 3.½n 10.6 é?Û n > 4, k > 3, An,k ´;� k(n − k) ëÏ�.ù
(J�¹35Fault diagnosability of arrangement graphs. Information Sciences, 246 (10)

(2013), 177-1906�©¥.

§10.4 ©��á�N�ä�X·�¤��, n �á�ëÏ� CCCn ´ò�^�Ǒ n �� Cn �O� n ��á�N Qn�z�º:
���ã. Malluhi �<89JÑ n �©��á�N (hierarchical hypercube) HHCn,§´^�� n ��á�N Q2m �O� Q2m �z�º:
���ã. Ïd, |V (HHCn)| = 2n, Ù¥
n = 2m + m � m > 2. Wu �<90y²
: κ(HHCn) = λ(HHCn) = δ(HHCn) = n + 1. ·�¼�Xe(J.½n 10.7 XJ n = 2m + m � m > 2, �oκ

(1)
0 (HHCn) = 2m, κ

(2)
0 (HHCn) = 3m − 2.ù�(J�¹35Conditional fault diagnosis of hierarchical hypercubes. International Journal

of Computer Mathematics, 89 (16) (2012), 2152-21646�©¥.

86Z. Zhang, W. Xiong, W.H. Yang, A kind of conditional fault tolerance alternating group graphs. Information

Processing Letters, 110(2010) 998-1002.
87D. Bauer, F. Boesch, C. Suffel, and R. Tindell, Connectivity extremal problems and the design of reliable proba-

bilistic networks, The theory and application of graphs. Y. Alavi and G. Chartrand (Editors), Wiley, New York (1981),

89-98.
88E. Cheng, M. J. Lipman, and H. A. Park, Super connectivity of star graphs, alternating group graphs and split-stars.

Ars Combinatoria, 59 (2001), 107-116.
89Q.M. Malluhi, M.A. Bayoumi, T.R.N. Rao, On the hierarchical hypercube interconnection network, Proceedings of

the International Parallel Processing Symposium, 1993, 524-530.
90R.-Y. Wu, G.-H. Chen, Y.-L. Kuo, G.J. Chang, Node-disjoint paths in hierarchical hypercube networks, Information

Sciences 177(2007) 4200-4207.
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§10.5 éóá�N�äéóá�N (dual-cube) �ä DCn k 22n+1 �º:, V (DCn) = {x2nx2n−1 . . . x0 : xi ∈
{0, 1}, 0 6 i 6 2n}, üº: x = x2nx2n−1 . . . x0 Ú y = y2ny2n−1 . . . y0 ����=�§�÷veã^�:

(1) x Ú y =1 i ��IØÓ;

(2) XJ 0 6 i 6 n − 1, �o x2n = y2n = 0;

(3) XJ n 6 i 6 2n− 1, �o x2n = y2n = 1.

DCn ´éóá� (dual-cube) �ä, d Li �<91 JÑ5�. DCn ´ Cayley ã, Ïd´:�[�. ±Ö²�<92 (½
:

κ(h)
s (DCn) = 2n(n + 1 − h), h ∈ {0, 1, 2}.·�¼�Xe(J.½n 10.8 é?Û�ê n > 3, DCn ´;� n + 1 ëÏ�, ¿�
κ(1)

o (DCn) = 2n, κ(2)
o (DCn) = 3n − 2.ù�(J�¹35Conditional fault diagnosability of dual-cubes. International Journal of Foun-

dations of Computer Science, 23 (8) (2012), 1729-17496�©¥.

§10.6 ���á�N�äéu�½�ü��ê s Ú t, -
V (s, t) = {us+t · · ·ut+1ut · · ·u1u0| u0, ui ∈ {0, 1}, i ∈ Is+t}.���á�N (exchanged hypercube)�ä EH(s, t)�º:8Ǒ V (s, t),üº: u = us+t · · ·u0Ú v = vs+t · · · v0 ����=�§�÷ve¡^�:

(a) u Ú v ØÓ=1 r �½ö�����I,

(b) XJ r ∈ It, �o u0 = v0 = 1,

(c) XJ r ∈ Is+t − It, �o u0 = v0 = 0.ã 10 ¤«�´ EH(1, 1) Ú EH(1, 2).���á�N�ä EH(s, t)´d Loh�<93 JÑ5�. §´�á�NC.��,ÏǑ EH(s, t)�±l�á�N Qs+t+1 ¥£��
>
��. N´w�, EH(s, t) ∼= EH(t, s). Ïd, �±b½
s 6 t. ê{#�<94 (½
: XJ 1 6 s 6 t, �o κ

(0)
s (EH(s, t)) = λ

(0)
s (EH(s, t)) = s + 1,

κ
(1)
s (EH(s, t)) = λ

(1)
s (EH(s, t)) = 2s. ·�í2ù�(J������/.

91Y. Li, S. Peng, Dual-cubes: a new interconnection network for high-performance computer clusters. In: Proceedings

of the 2000 International Computer Architecture, (2000), pp. 51-57.
92X. Yang, S. Zhou, On conditional fault tolerant of dual-cubes. International Journal of Parallel, Emergent and

Distributed Systems, 28 (3) (2013), 199-213.
93P. K. K. Loh, W. J. Hsu, Y. Pan, The exchanged hypercube. IEEE Transactions on Parallel and Distributed

Systems, 16 (9) (2005), 866-874.
94M. Ma and L. Zhu, The super connectivity of exchanged hypercubes. Information Processing Letters, 111 (2011),

360-364.
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EH(1, 1) EH(1, 2)ã 10 ���á�N EH(1, 1) Ú EH(1, 2)½n 10.9 XJ 1 6 s 6 t, �oé?Û h, 0 6 h 6 s,

κ(h)
s (EH(s, t)) = λ(h)

s (EH(s, t)) = 2h(s + 1 − h).� s = t = n �, EH(n, n) ∼= DCn (DCn �½Â� §10.5). ±Ö²�<95 (½
: κ
(h)
s (DCn) =

2n(n + 1 − h) éz� h ∈ {0, 1, 2}. ·��(J�¹
ù
(J.íØ 10.10 é?Û h, XJ 0 6 h 6 n, �o
κ(h)

s (DCn) = λ(h)
s (DCn) = 2n(n + 1 − h).ù
(J�¹35Generalized measures of fault tolerance in exchanged hypercubes. Information

Processing Letters, 113 (14-16) (2013), 533-5376�©¥.

§10.7 O2á�N�ä
n �O2á�N (augmented cube) �ä AQn kº:8 V (AQn) = {xnxn−1 · · ·x1 : xi ∈

{0, 1}, 1 6 i 6 n}, Ueã�ª48�E
¤:

AQ1 = K2, V (K2) = {0, 1}. é n > 2, AQn ´kü�Ø�� (n − 1) �O2á�N AQ0
n−1Ú AQ1

n−1, Ù¥ V (AQ0
n−1) = {0xn−1 . . . x2x1 : xi ∈ {0, 1}, 1 6 i 6 n − 1} Ú V (AQ1

n−1) =

{1xn−1 . . . x2x1 : xi ∈ {0, 1}, 1 6 i ≤ n − 1}, AQ0
n−1 ¥�: X = 0xn−1 . . . x2x1 � AQ1

n−1 ¥�:
Y = 1yn−1 . . . y2y1 k>�ë��=�½ö (i) xi = yi, 1 6 i 6 n− 1,½ö (ii) xi = ȳi, 1 6 i 6 n− 1.ã 11 ¤«�´ AQ1, AQ2 Ú AQ3.O2á�N AQn ´d Choudum Ú Sunitha96JÑ5�, §´ (2n − 1) �K (2n − 1) ëÏ�
(n > 4), 
 κ(AQ3) = 4. ·�Qy²97: κ

(1)
o (AQn) = 4n − 8 (n > 6), λ

(1)
o (AQn) = 4n − 4 (n > 2).éu h = 2, ·���Xe(J:½n 10.11 κ

(2)
o (AQn) = 6n − 17 (n > 9), λ

(2)
o (AQn) = 6n − 9 (n > 4).

95X. Yang, S. Zhou, On conditional fault tolerant of dual-cubes. International Journal of Parallel, Emergent and

Distributed Systems, 28 (3) (2013), 199-213.
96S. A. Choudum, V. Sunitha, Augmented cubes. Networks, 40 (2) (2002), 71-84.
97M. Ma, G. Liu, J.-M. Xu, The super connectivity of augmented cubes. Information Processing Letters, 106 (2)

(2008), 59-63. See a corrigendum: M. Ma, X. Tan, J.-M. Xu, G. Liu, A note on “The super connectivity of augmented

cubes”. Information Processing Letters, 109 (12) (2009), 592-593.
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AQ3ã 11 O2á�N AQ1, AQ2 Ú AQ3ù
¤J�¹35Fault-tolerant analysis of augmented cubes. AKCE International Journal of

Graphs and Combinatorics, 10 (1) (2013), 37-556�©¥.

§10.8 (k��Èã�k. Menger ê� x Ú y ´ëÏã G �ü�ØÓº:. k. xy-Menger ê ζℓ(x, y) ´ G ¥S:Ø���ÝØ�L ℓ � xy ´���^ê. ã G �k. Menger êζℓ(G) = min{ζℓ(x, y) : x, y ∈ V (G)}. XJ
ℓ < d(G), �o ζℓ(G) = 0. w,, ζℓ(G) 6 δ(G), 
� ζd(G)(G) 6 ζd(G)+1(G) 6 · · · 6 ζn−1(G), Ù¥
d(G) ´ G ��».éu(k��Èã, ·�¼�Xe(J.½n 10.12 éuü�ëÏã G1 Ú G2, XJ ℓi > 2, i = 1, 2, �o

ζℓ1+ℓ2(G1 × G2) > ζℓ1(G1) + ζℓ2(G2).ù�(J�¹35The Menger number of cartesian product of graphs. Applied Mathematics

Letters, 24 (5) (2011), 627-629. 6�©¥.

§11 'u�ä��Ú�ëÏ5ïÄ�ä���Ú�ëÏ5´þ�Ï�I[g,�ÆÄ7�85�ä¥eZãØ¯KïÄ6£2007.1-

2009.12¤¥Ì�ïÄSN��. 3T�8(K��, ·���
�
ïÄ, ¼��
ïÄ¤J.� G ´ n �ã, k ´��ê, k 6 n. XJéz� ℓ (k 6 ℓ 6 n), G �¹�Ǒ ℓ ��, K¡ G Ǒ
k ��� (pancyclic); XJ k = g(G) (G ���), ù¡ G ´���. � x Ú y ´ G ?¿üº:,

d = dG(x, y). XJé?¿�ê ℓ (d 6 ℓ 6 n − 1) (½ö d 6 ℓ 6 n − 1 � ℓ ≡ d (mod 2)), G ¥�3�Ǒ ℓ � xy ´, K¡ G ´�ëÏ� (panconnected) (½öó�ëÏ� (bipanconnected)). 2009
,·��¤
��k'�ä��Ú�ëÏ5�ïÄ?��nã©Ù98 .

§11.1 �á�N�ä� Qn ´�á�N, fv Ú fe ©OL« Qn �æ:êÚ>ê. Fu99 y²: XJ n > 3 � fv 6

98J.-M. Xu, and M.-J. Ma, A survey-on path and cycle embedding in some networks. Frontiers of Mathematics in

China, 4 (2) (2009), 217-252.
99J. S. Fu, Fault-tolerant cycle embedding in the hypercube. Parallel Computing, 29 (2003), 821-832.
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2n− 4,�o Qn �¹���Ǒ 2n − 2fv ���æ�. Hsieh100 U?�: XJ n > 3, fe + fv 6 2n− 4� fe 6 n − 2, �o Qn �¹���Ǒ 2n − 2fv ���æ�.

Fu �Ñ~f`²: XJ fv = 5, �o Q4 ¥Ø�3���Ǒ 6 (= 24 − 2 × 5) ���æ�. Ó��Ñ: éu n > 5 � fv > 2n − 3, Ø´y² Qn ¥Ø�3���Ǒ 2n − 2fv ���æ�. ·�y²
eã(J, ¿�£�
ù�¯K.½n 11.1 XJ n > 5 � fv = 2n − 3, �o Qn ¥�3���Ǒ 2n − 2fv ���æó�.ù�(J�¹35A note on cycle embedding in hypercubes with faulty vertices. Information

Processing Letters, 111(3) (2011), 557-5606�©¥.

§11.2 òU�á�N�ä�Ǒ�á�N�ä Qn �C., n ��òU�á�N�ä FQn ´l Qn ¥?Ûü�pÖ�º:�mV\�^Ö>
���ã. �X·����, �á�N Qn ´ Cayley ã CZn
2
(S), Ù¥

Zn
2 = Z2 × Z2 × · · · × Z2, S = {(10 · · ·0), (010 · · · 0), · · · , (0 · · · 010 · · ·0), · · · , (0 · · · 01)}, 
�´>�[�. éòU�á�N FQn Ǒkaq�(J.½n 11.2 òU�á�N FQn ´ Cayley ã CZn

2
(S ∪ {(11 · · · 1)}), 
�´>�[�.·�Qy²101: FQn ´ 2 Üã��=� n ´Ûê. 'u FQn �ëÏ5, ·���Xe(J.½n 11.3 � x Ú y ´ FQn ?¿üº:�ålǑ d. XJé?¿�ê ℓ (h 6 ℓ 6 2n − 1), G ¥�3�Ǒ ℓ � xy ´, Ù¥ h ∈ {d, n + 1 − d}, 
� ℓ � h k�Ó�Ûó5.ù�(J�¹35Algebraic properties and panconnectivity of folded hypercubes. Ars Combi-

natoria. 95 (2010), 179-1866�©¥.

§11.3 ÛÜÛá�N�ä
n �ÛÜÛá�N (locally twisted cube) �ä LTQn (n > 2) 48�EXe:

(1) LTQ2
∼= Q2.

(2) é n > 3, LTQn dü�Ø�� (n − 1) �ÛÜÛá�N LTQ0
n−1 Ú LTQ1

n−1, LTQ0
n−1 ¥�º: x = 0x2x3 . . . xn � LTQ1

n−1 ¥�º: y = 1(x2 + xn)x3 . . . xn ë>, Ù¥ ‘+′ L«� 2 \{. ã 12 ¤«�´ LTQ3 Ú LTQ4.ÛÜÛá�N LTQn ´
�~�<102JÑ5�,¿�y²
: LTQn �¹ 4� 2n ¤k�Ý��. ·�Q103 U?ù�(J�: é LTQn �?Û>, �3¤k�Ý���¹ù^>. 3�æ�3��¹e, Chang �<104 Ú Park�<105Õáy²
: �� fv + fe 6 n − 2, LTQn E,�3¤k�Ý���æ�. ·�y²
Xe(J:

100S.-Y. Hsieh, Fault-tolerant cycle embedding in the hypercube with more both faulty vertices and faulty edges.

Parallel Computing, 32(1) (2006), 84-91.
101J. M. Xu and M. Ma, Cycles in folded hypercubes, Applied Mathematics Letters, 19 (2006), 140-145.
102X.F. Yang, D.J. Evans, G.M. Megson, The locally twisted cubes, International Journal of Computer Mathematics

82 (4) (2005) 401-413.
103M.-J. Ma, J.-M. Xu, Weak Edge-pancyclicity of locally twisted cubes, Ars Combinatoria 89 (2008) 89-94.
104Q.-Y. Chang, M.-J. Ma, J.-M. Xu, Fault-tolerant pancyclicity of locally twisted cubes (in Chinese). J. China Univ.

Sci. Tech., 36 (6) (2006) 607-610.
105J.-H. Park, H.-S. Lim, H.-C. Kim, Panconnectivity and pancyclicity of hypercube-like interconnection networks

with faulty elements, Theoretical Computer Science 377 (2007) 170-180.
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§11 'u�ä��Ú�ëÏ5ïÄ 37½n 11.4 XJ fv + fe 6 n− 3 � n > 3, �oé LTQn ¥?Û��æ> e Ú?Û�ê ℓ (6 6 ℓ 6

2n − fv), LTQn ¥�3�Ǒ ℓ ���æ��¹ e.
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(b) LTQ4 = LTQ0

3
⊕ LTQ1

3ã 12 ÛÜÛá�N LTQ3 Ú LTQ4ù�(J�¹35Fault-tolerant edge-pancyclic of locally twisted cubes. Information Sciences,

181(11) (2011), 2268-22776�©¥.

§11.4 (k��Èã
In 1984 
, Bhuyan Ú Agrawal106 JÑ2Â�á�N (generalized hypercube) Qn(k1, · · · , kn),§´(k��È Kk1

×· · ·×Kkn
,Ù¥ Kki

´ ki ���ã (i = 1, · · · , n, ki > 2). w,, Qn(2, · · · , 2)´�á�N Qn, Qn(3, · · · , 3) ´ 3 � n á�N Q3
n. Hsieh �<107 y²
: Q3

n ´�ëÏ�. ·�í2
ù�(J.½n 11.5 XJ�ê��Ǒ 3 �ü�ã G1 Ú G2 Ñ´�ëÏ�, �o G1 × G2 Ǒ´�ëÏ�.íØ 11.6 é?Û n > 2, ki > 2 (i = 1, 2, · · · , n), Qn(k1, k2, · · · , kn) ´�ëÏ���=� ki >

3 (i = 1, 2, · · · , n).íØ 11.7 Q3
n ´�ëÏ�.ù�(J�¹35Panconnectivity of cartesian product graphs. Journal of Supercomputing, 56

(2) (2011), 182-1896�©¥.éz� i = 1, · · · , n, ^ Cki
L«�Ǒ ki ��. (k��È Ck1

× · · · × Ckn
Ï~� n ����ä (undirected toroidal mesh), PǑ Cn(k1, · · · , kn). Cn(k, · · · , k) Ï~� k � n á�N (k-ary

n-cube), PǑ Qk
n. Hsieh �<108 y²
: XJ n > 2 � k > 4 ´óê, �o Qk

n ´ó�ëÏ�.

Stewart �<109 y²
: XJ n > 2 � k > 3 ´Ûê, �o Qk
n Ǒ´ó�ëÏ�. ·�í2
ù
(JXe.

106L. N. Bhuyan and D. P. Agrawal, Generalized hypercube and hyperbus structures for a computer network. IEEE

Trans. Computers, 33(4) (1984), 323-333.
107S. Y. Hsieh, T. J. Lin and H. L. Huang, Panconnectivity and edge-pancyclicity of 3-ary n-cubes. J. Supercomput.,

42 (2007), 225-233.
108S.-Y. Hsieh and T.-J. Lin, Panconnectivity and edge-pancyclicity of k-ary n-cubes. Networks, 54 (1) (2009), 1-11.
109I. A. Stewart and Y. Xiang, Bipanconnectivity and bipancyclicity in k-ary n-cubes. IEEE Transactions on Parallel

and Distributed Systems, 20 (1) (2009), 25-33.
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§12 'u�ä�æ�äïÄ 38½n 11.8 éz�u i = 1, 2, XJ Gi ´Û�ó�ëÏ Hamilton ã, ½ö´�ê��Ǒ 4 �ó�ëÏ 2 Üã, �o G1 × G2 ó�ëÏ�.½n 11.9 é?Û�ê n > 2 Ú ki > 3 (i = 1, · · · , n), Cn(k1, · · · , kn) ó�ëÏ�.íØ 11.10 é?Û�ê n > 2 Ú k > 3, Qk
n ó�ëÏ�.ù
(J�¹35Bipanconnectivity of cartesian product graphs. Australasian Journal of Com-

binatorics, 46 (2010), 297-3066�©¥.

§12 'u�ä�æ�äïÄã G = (V, E) �'��äüÑ�±^­ã M = (V, C) 5L«, Ù¥ C ´\�>8. XJ?nì u Ú v ´ÏL?nì w ?1'�, K�3�^\�> (u, v), PǑ (u, v)w, ¿�¡ w Ǒ u �
v �'�ì. ù�� w Ø´���, ¤± M ´­ã. ^ σ((u, v)w) L«'�(J:

σ((u, v)w) =

{

0 XJ u Ú v �ÑÑ´���;

1 XJ u Ú v �ÑÑ´Ø���.XJ w ´��æ?nì� σ((u, v)w) = 0, �o u Ú v Ǒ´��æ�; 
 σ((u, v)w) = 1 ¿�X 3�?nì u, v Ú w ¥����u)
�æ. Xd½Â�¼êσ : C → {0, 1} ¡ǑT�ä���f
(syndrome).XJ?nì w u)
�æ, K'�(J´Ø���. Ïd, �æ:8�U�)ØÓ���f.f8 F ( V ���f σ ´�'��, XJ σ U�� F ¥¤k:´�æ:, 
 V − F ¥¤k:´��æ:.XÚ G´��ä�,XJéz���f σ,�3���f8 F ⊂ V ��§� σ´�'��. XÚ G ´ t ��ä�, XJ G ´��ä�, ���æ:êØ�L t. G � t ��äÝ (diagnosability)

t(G) ½ÂǑ
t(G) = max{t : G ´ t ��ä�}.� σF = {σ : σ � F ´�'�� }. V (G) ¥ü�ØÓf8 F1 Ú F2 ´Ø�£O���=�

σF1
∩ σF1

6= φ, ÄK´¿�´�£O�. 3'��.e, �3NõØÓ��{u�XÚ´Ä´ t ��ä�. Sengupta Ú Dahbura110 �Ñ��¿©7�^�±(�XÚ��£O5.Ún 12.1 ã G ¥ü�ØÓ�:f8 F1 Ú F2 ´�£O���=�§����÷ve�^�^���.

(1) �3ü�ØÓ u, w ∈ V (G− F1 ∪F2) Ú�� v ∈ F1∆F2 �� (u, v)w ∈ C, Ù¥ F1 △ F2 =

(F1 \ F2) ∪ (F2 \ F1);

(2) �3ü�ØÓ� u, v ∈ F1 \F2 (½ö F2 \F1) Ú�� w ∈ V (G−F1 ∪F2) �� (u, v)w ∈ C.

2008
, Lin �<111 JÑ^��äÝVg. � F ⊂ V (G). XJ G− F Ø¹�á:, K¡ F Ǒ
G �^��æ8. XJ V (G) ¥?Ûü�ØÓ�^��æ8 F1 Ú F2, |F1| ≤ t, |F2| ≤ t, Ñ´�£
110A. Sengupta, A. Dahbura, On self-diagnosable multiprocessor systems: diagnosis by the comparison approach.

IEEE Transaction on Computers, 41(1992), 1386-1396.
111C. K. Lin, J. J. M. Tan, L. H. Hsu, E. Cheng, and Lipták, Conditional diagnosability of cayley graphs generalized

by transposition tree under the comparison diagnosis model. Journal of Interconnection networks, 9(2008), 83-97.
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§12 'u�ä�æ�äïÄ 39O�, K¡ G ´^� t ��ä�. G �^� t ��äÝ (conditional diagnosability) tc(G) ½ÂǑ
tc(G) = max{t : G ´^� t ��ä�}.w,, tc(G) > t(G).

§12.1 (n, k) Ù�!©��á�NÚéóá�N�ä
Lin�<JÑ^��äÝVg�Ó�,3(½
3'��.e(ã Sn�^���äÝ tc(Sn) =

3n − 7 (n > 5). 2010 
, ±Ö²�<112(½
3'��.e��+ã AGn �^���äÝ
tc(AGn) = 6n − 19 (n > 6). ·�í2ù
(J����� (n, k) Ù�ã An,k, ¼�Xe(J.½n 12.2 � An,k ´ (n, k) Ù�ã, k > 4. K

tc(An,k) =

{

3n − 7 XJ n = k + 1;

(3k − 2)(n − k) − 3 XJ n > k + 2.ù�(J�¹35Fault diagnosability of arrangement graphs. Information Sciences, 246 (10)

(2013), 177-1906�©¥.éu©��á�N�ä HHCn, ·���Xe(J.½n 12.3 XJ n = 2m + m � m > 2, �o tc(HHCn) = 3m − 2.ù�(J�¹35Conditional fault diagnosis of hierarchical hypercubes. International Journal

of Computer Mathematics, 89 (16) (2012), 2152-21646�©¥.éuóá�N�ä DCn (½Â� §10.5),·���Xe(J.½n 12.4 tc(DCn) = 3n− 2 for n ≥ 3.ù�(J�¹35Conditional fault diagnosability of dual-cubes. International Journal of Foun-

dations of Computer Science, 23 (8) (2012), 1729-17496�©¥.

§12.2 k�üSã
n �k�üSã (bubble-sort graph) Bn ´d Akers �<113JÑ�, §�º:8´ P (n), üº: x = x1x2 · · ·xn Ú y = y1y2 · · · yn ����=� xi = yi+1, xi+1 = yi é,� i � xj = yj é¤k

j 6= i ½ö i + 1. ã 13 ¤«�´ B2, B3 Ú B4.?nXÚ�g·�ä� PMC �.´d Preparata�<114JÑ�. 3ù��.e, ·�(½
k�üSã Bn �^��äÝ tc(Bn).½n 12.5 3 PMC �.e, � n > 4 �,

tc(Bn) =

{

5 XJ n = 4;

4n− 11 XJ n > 5.ù�(J�¹35Conditional fault diagnosis of bubble sort graphs under the PMC model.

International Journal of Foundations of Computer Science, 23 (8) (2012), 1729-17496�©¥.

112S.M. Zhou, and W.J. Xiao, Conditional diagnosability of alternating group networks. Information Processing

Letters, 110(10)(2010), 403-409.
113ak89
114F.P. Preparata, G. Metze, R.T. Chien, On the connection assignment problem of diagnosable systems, IEEE

Transactions on Computers 16(1967) 848-854.
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ã 13 k�üSã B2, B3 and B4.

§13 Ù§ïÄ¯K
§13.1 �a#�:�[ã� n, m Ú i ´�½��ê�÷v n > m > i > 0, Ωn ´8 A = {x1, x2, . . . , xn} ��8. -
Ωm

n = {X ∈ Ωn : |X | = m}. Godsil Ú Royle115 ½Â
�aã J(n, m, i). §�:8Ǒ Ωm
n , üf8

X Ú Y ����=� |X ∩ Y | = i. � n > 2m �, ã J(n, m, m − 1) ´ Johnson ã; J(n, m, 0) ´
Kneser ã; J(5, 2, 0) ´ Petersen ã.é?Û�ê n,Ú k, n > k > 1,·�½Â�a#�ã H(n, k),§�:8Ǒ Ωn, üf8 X Ú Y����=� |X∆Y | = k, Ù¥ X∆Y ´ X Ú Y �é¡�.w,, H(n, k) k 2n �º:, H(n, 0) ´�>ã K2n , H(n, n) = 2n−1K2. ��/, � 0 < k < n�, N´y²: w,, H(n, k) ´ 2n �º:� (

n
k

) �Kã.- Ωm
n = {X ∈ Ωn : |X | = m}, Ωo

n = {X ∈ Ωn : |X | ´Ûê}, Ωe
n = {X ∈ Ωn : |X | ´óê}.�o, |Ωn| = 2n, |Ωm

n | =
(

n
m

)

, |Ωo
n| = |Ωe

n| = 2n−1. P Hm(n, k) (Ho(n, k), He(n, k)) Ǒ H(n, k)¥d
Ωm

n (Ωo
n, Ωe

n) �Ñ�fã.N´y²: XJ n ´óê, k ´Ûê, �o H(n, k) ∼= H(n, n − k). XJ k ´óê, �o
Ho(n, k) ∼= He(n, k).½n 13.1 é?Û�ê n, m Ú i, n > m > i > 0, XJ n > 2m− 2i, �o

Hm(n, 2m − 2i) = J(n, m, i).Ïd, Hm(n, k)�¹ Johnsonã, KneserãÚ Petersenã. 
�·�y²
: é?Û��ê n,

H(n, 1) ∼= Qn, Ù¥ Qn ´ n ��áN. ·�¼�ã H(n, k) Nõû���ê5�Ú(�5�.éu�½��� X ∈ Ωn, ½ÂN� ρX : Ωn → Ωn Xe.

ρX : Y 7→ X∆Y, ∀ Y ∈ Ωn (13.1)

115C. Godsil and G. Royle, Algebraic Graph Theory. Springer Press, New York, 2004.
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Hn = {ρX : X ∈ Ωn}, Ù¥ ρX X (13.1) ¤½Â.ÏǑ ρX ´ Ωn þ�����, ¤± Hn ´ Aut(H(n, k)) �f+.½n 13.2 ã H(n, k)´ Cayleyã CΓ(S),Ù¥ Γ´8 Ωn þ'u$�/∆0� Abelian+, S = Ωk

n.

H(n, k) ´ l�[�. Aut(H(n, k)) �¹�Ǒ 2nn! �f+ HnSn. 
� Aut(H(n, 1)) = HnSn, Ù¥ Sn ´ n ��8þ�é¡+.½n 13.3 XJ k ´óê, �o H(n, k) ´dü�Ó��ëÏ©| Ho(n, k) Ú He(n, k) |¤. XJ k ´Ûê, �o H(n, k) ´ëÏ� 2 Ü Hamilton ã, 
� κ(H(n, k)) =
(

n
k

)

, �»Ǒ
d(H(n, k)) =

{

⌈n−1
k

⌉ + 1 XJ n > 2k − 1;

⌈n−1
n−k

⌉ + 1 XJ n 6 2k − 2.ù
(J�¹35A new class of transitive graphs. Discrete Mathematics, 310 (4) (2010), 877-

8866�©¥.

§13.2 Kronecker �Èã��»ü�ã G1 Ú G2 � Kronecker �È G1 ⊗ G2 kº:8 V (G1) × V (G2), üº: x1x2 Ú y1y2����=� (x1, y1) ∈ E(G1) � (x2, y2) ∈ E(G2).éz� i = 1, 2, ^ ei Ú di ©OL«ã Gi ����êÚ�». ·�(½
 G1 ⊗ G2 ��».½n 13.4 �éz� i = 1, 2, Gi ëÏã, di > 1. XJ G1 �¹Û�, �o
d(G1 ⊗ G2) =















e1 if e1 = e2;

max{e2 + 1, d1} if e1 > e2;

max{e1 + 1, d2} if e1 < e2.^ K+
n L«d Kn �z�º:\þ�^�¤���ã. w,, z� n ��²1>�ã G,

e(G) = 1 ⇔ G ∼= K+
n . e¡·��Ñ=�Ïfã�»k'� d(G1 ⊗ G2) L�ª.½n 13.5 �éz� i = 1, 2, Gi ´ ni(> 2) �ëÏã. K d(G1 ⊗ G2) = 1 ⇔ G1

∼= K+
n1
�

G2
∼= K+

n2
.½n 13.6 � G ´ n(> 2) �ëÏã, G ≇ K+

n � m > 2. K
d(K+

m ⊗ G) =

{

2, d(G) = 1;

d(G), d(G) > 2.½n 13.7 � G ëÏã, �» d = d(G) > 1, � H ´�� t(> 3) Üã. K
d(G ⊗ H) =















d, d > 3;

2, d 6 2 and e(G) 6 2;

3, d 6 2 and e(G) > 2.
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§13 Ù§ïÄ¯K 42íØ 13.8 � Cm ´Û�, H ´ n �ëÏã, �» d = d(H) > 1.

(1) XJ H ´ 2 Üã, �o d(Cm ⊗ H) = max{m, d}. Ïd, d(Cm ⊗ Pn) = max{m, n− 1}, �
d(Cm ⊗ Cn) = max{m, n

2 } XJ n ´ó�.

(2) XJ H = Cn � n Û�, �o
d(Cm ⊗ Cn) =















m − 1 if m = n,

max{n, m−1
2 } if m > n

max{m, n−1
2 } if m < n.ù
(J�¹35On the diameter of the Kronecker product graph. Mathematical Sciences

Letters, 2 (2) (2013), 121-1276�©¥.

§13.3 �Kã�°�»ã G �°ÝǑ m ��» dm(G) ´���ê d �� G¥?Ûüº:�m���3 m ^Ù�ÝÑØ�L d �S:Ø��´. §´rëÏÝÚ�»(Üå5�å�Ä�ãØëê, ´�änØ�Ä�Vg, Ǒ´·��K|õ
ïÄ�SN��.°�»´dN�I116 ÚoÊ�<117 u 1994
ÕáJÑ. éu��� w ëÏã G, Hsu y²
(½ dw(G) ´ NP ��¯K.éu n� w �K w(> 3)ëÏã G, N�I118 �Ñ��;�þ.:

dw(G) 6
⌊

n
2

⌋

. ·�U?ù�(J.½n 13.9 XJ�ê m ÷v ⌈ 2w+5
3 ⌉ 6 m 6 w, �o n � w �K w ëÏã�°�»

dm(G) 6

⌊

(n − 2)(w − 2)

(w − m + 1)(3m − w − 4)

⌋

+ 1.íØ 13.10 � G ´ n � w �K w ëÏã. XJ w > 5, �odw(G) 6
⌊

n
2

⌋

.ù�(J�¹35The wide-diameter of regular graphs. ¥I�ÆEâ�ÆÆ�, 43 (8) (2013),

603-6066�©¥.

§13.4 3�´»ã��»�ä´dÀJ¯K´|Ü�ä­�nØ��§Ǒ´·��K|CA
Ì�ïÄ¯K��. ·��¤��k'´d=u�ê¯K�nã©Ù5The Forwarding Indices of Graphs – a Survey. Opuscula

Mathematica, 33 (2) (2013), 345-3726. 3ù�©Ù¥,·�XÚ/nã
´d=u�ê¯K��µÚïÄ?�£Ù¥�)·��ïÄ(J¤, Ì��{Ú?�(J��Ï. ´dÀJ�,�a¯K´´d3�ã��»¯K, ÙïÄ?��ú, (Jé�.� G ´ã, ρ ´ G �´dÀJ, F ⊂ V (G) ∪ E(G), |F | < κ(G), FV = F ∩ V (G). 3�´»ã
(surviving route graph) R(G, ρ)/F ´k�ã,§�º:8ǑV (G) \FV ;XJ ρ(x, y) Ø¹ F ¥��,�oë�k�>l x� y. éu�½�´dÀJ ρ,3�´»ã��» d(R(G, ρ)/F )��æ8 F k
116Hsu D H. On container width and length in graphs, groups, and networks. IEICE Trans. Fundam, E (77A) (1994),

668-680.
117Flandrin E. and Li, H. Mengerian properties, Hamiltonicity and claw-free graphs. Networks, 24 (1994), 660-678.
118Hsu D F and Luczak T. Note on the k-diameter of k-regular k-connected graphs. Discrete Math., 132 (1994),

291-296.
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�XJ κ(G) > 2 � |F | < κ(G), �o d(R(G, ρ)/F ) ´(½�. éu�½�´dÀJ ρ, 3�´»ã��»½ÂǑ
d(G, ρ) = max{d(R(G, ρ)/F ) : F ⊂ V (G) ∪ E(G), |F | < κ(G)}.

Dolev �<119 ïÄ�á�N Qn ¿y²
: d(Qn, ρ) 6 3 é?Û��´dÀJ ρ. Wada �<120 í2ù�(J� Qd
n. ·�121 Qí2ù�(J�����ã Cd1

× Cd2
× . . .× Cdn

, Ù¥ Cdi´ di > 2 �k��, i = 1, 2, . . . , n.éu�½��ê k, k�ã G k5� Pk XJ G ÷ve¡ü�^�.

(1) é G ?ÛüØÓº:é (x, y), �3 k S:Ø��k� (x, y) ´, Ù¥��´�á´, Ù{�z^U´�õ 3 ^�á´�¿.

(2) z� x ∈ V (G) ��¹3 k ^:Ø��k��¥, z^k��U´�õ 3 ^�á´�¿,Ù¥�^©u x.~X, k��Ú��äÑk5� P1, ��ã Kk+1 k5� Pk. ·�¼�Xe(J.½n 13.11 d(R(G1 × G2 × . . .× Gn, ρ)/F ) 6 3 é?Û�� ρ � |F | <
∑n

i=1 ki XJ Gi ´�ê��Ǒ 2 �rëÏk�ã, k����´d�k5� Pki
, i = 1, 2, . . . , n.íØ 13.12 d(R(G1 ×G2 × . . .×Gn, ρ)/F ) 6 3 é?Û�� ρ � |F | < n XJ Gi ´�ê��Ǒ 2�rëÏk�ã, k����´d, i = 1, 2, . . . , n.íØ 13.13 d(R(Q(d1, d2, . . . , dn), ρ)/F ) 6 3 é?Û�� ρ � |F | <

∑n
i=1 di − n.ù�(J�¹35Highly fault-tolerant routings in some cartesian product digraphs. Ars Com-

binatoria, 98 (2011), 461-4706�©¥.

119D., Dolev, J., Halpern, B., Simons, R., Strong, A new look at fault tolerant network routing, in: Proceedings of the

16th Annual ACM Symposium on Theory of Computing, 1984, 526-535.
120K., Wada, T., Ikeo, K., Kawaguchi, W., Chen, Highly fault-tolerant routings and fault-induced diameter for gener-

alized hypercube graphs, Journal of Parallel and Distributed Computing, 43 (1997), 57-62.
121J.-M., Xu, Connectivity of cartesian product digraphs and fault-tolerant routings of generalized hypercube, Applied

Mathematics, a Journal of Chinese Universities, 13B (1998), 179-187.
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