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Æ�å


$ÊÆ(Operations Research, OR)´l��­Vno�c�£=�ÔÏ
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Mathematical programming

Network optimization

Decision analysis

Queuing theory

Game theory

Industrial engineering

Logistics

Supply chain management

Financial engineering

...
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½þ©Û

½þ©Ûé+nûüL§kX­�¿Â...

½þ©Û�{�IOÚ½

L�¯K (Definition of the problem)

ïá�. (Construction of the model)

©Û¦) (Solution of the model)

u�ÚU? (Validation of the model)

)�¢� (Implementation of the solution)
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L�¯K

L�¯Kµ�Ñ¯K��«��§§��)�
���Cþ£½¡ûü
Cþ¤§Ø��Cþ£ëê¤§�Cþ��å^�±9�(½�Z)û
�Y[æ^�8IÝþ"
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ïá�.

ïá�.µ=r¯K¥���Cþ§ëê§�å98I�'X^�½�
êÆ�.�xÑ5"
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u�ÚU?

u�ÚU?µò�.�)A^�¢S¯K¥§u�)�Ün5Úk�
5§�U�)�¯KÚ?U�."
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)�¢�

)�¢�µ�.�)A^u¢S¯K§¿�ª)û¢S¯K"
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ï�L§

实际问题 数学模型

实际问题
的解释

数学结论

简化抽象

求
解

结果分析

检
验
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ï��­�5

ïá�.µ¢S¯K−→ �N¢S¯K�êÆ�.£Xµ�©�§�
.§ÚO�.§�`z�.�¤"

�«`z�.9Ù¦)�êÆ�{�¤
$ÊÆ��Ü©SN§ù
�
L5�.�øÀJ�¿ØU��·^u¤k¢S¯K"

���$ÊÆë�ÖØ¬X­Qãïá�.�L§§ù¿Ø´`ï�Ø
­�¶��§ï�3?Û�ÿ?Û|ÜÑ´4Ù­��"
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�`z

3éõ¢SA^¯K¥§lêÆþwÑ´�·½�(ill-posed), =)Ø�
�"éuù��¢S¯K§<�  ÏL�½�A�8IOK§,�l
¯õ�)¥ÀÑ3�½^�e�Ð�)"

ù
�´�`znØ��{¤ïÄ�SN§�!é�`z�Ä�Vg�
�
{��0�§¿�Ñ�`zï��{��'�£"
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Vã

�`z?Ø�´�éÑ¢S¯K��`)ûüÑ
æ���.z9�
{§ÙL§´µ

kr�)û�¯K^�`z/ª£ã�3�½��å^�eéÑ¦
,�8I¼ê����£�¤�)¶

,�2æ^êÆþî���{5¦)"
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3ùp·�rN�`z�{��êÆóä3y¢¥�2�A^�¯¢§
�õêk�L5��`z�{Ñ®k§S¥Ú^��"�´§k�|^
ù
¤J´±k�)û�¯K®��.z¤�`z¯K�/ª�cJ
�§
ù�L§¿�{ü"

ù��.z�L§�¦µ3Â8�*êâ�Ó��k¯b�É	åÚn
ÜUå¶oOk�é5�+��£ÚEU"

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 19 / 422



A^

�`z�{3)�5y!²L+n!ó�ó§!�Ï$Ñ!I��­�
+�¥k2��A^§¿®É��?Ü�!�ïÅ�Ú��.�pÝ­
À"

~XµÀ�¯K§´$ÊÆÚO�AÛ�����©|"

À�¯K'5�´����Z �±~�Ãõ�¬¤�£X�Ï!�m
�¤§Ó���Äaq/;�6¬½Ø¬«NC���xÔ¬0�Ï
�"
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A^

éõÅìÆS?Ö��þ´£�=z�¤�`z�.µ

Supervised learning (Regression, Classification)

Unsupervised learning (Clustering, K-means, PCA)

Deep learning

Reinforcement learning

Collaborative filtering

Nonparametric Bayesian inference

Social activity modeling for networks

......

“Optimization lies at the heart of machine learning.”
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êÆ£ã

�`z(optimization)��´�3,«^�e�Ñ�Ð�ûü§½ö´l
¯õ��Y¥ÀÑ�Ð�"ù«¯K²~^e¡�êÆ�.£ãµ

3�½��å^�(constraint)e§éÑ��û
üCþ(decision variable)��§¦��¡�8I
¼ê(objective function)�L��"ºÝ�¼ê
�����½��"
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�`z�.

��`5ûüCþkõ�§Ïd^n��þx = (x1, . . . , xn)T5L«§u
´r¯K�¤Xe/ª

min f (x)
s.t. x ∈ S ⊂ Rn.

(1)

3d§8I¼êf´½Â3�¹S�·�8Üþ�¢�¼ê"?�
Ú§S´T¯KCþx�����8Ü§¡�¯K��1�(feasible
region).
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�`z¯K�©a

— XJ�1�S = Rn, K¡�Ã�å�`z¯Kµ

min
x∈Rn

f (x) (2)

— ��å�`z¯KÏ~���µ

min f (x)
s.t. ci (x) = 0, i ∈ E ,

ci (x) > 0, i ∈ I.
(3)

ùpci (x)´�å¼ê§EÚI©O´�ª�å��I8ÚØ�ª�
å��I8"
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�`z¯K�©a

— �8I¼êÚ�å¼êþ��5¼ê�§¯K¡��55y(Linear
Programming)¶

— �8I¼ê��å¼ê¥��k��´Cþx���5¼ê�§¯
K¡���55y(Nonlinear Programming)"

— d	§�âûüCþ!8I¼êÚ�¦�ØÓ§�`z��©��
ê5y!Ä�5y!�ä5y!�1w5y!�Å5y!õ8I5
y�"
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�`z¯K�)

÷v�å^�x ∈ S�x¡�¯K��1)(feasible solution), XJ�1
)x∗ ∈ S?�Ú÷v

f (x∗) 6 f (x),∀x ∈ S . (4)

K¡x∗�¯K(1)��Û�`)(global optimal solution). ,	§3�¹�
1)x∗ ∈ S�·���U(x∗)p§¤á

f (x∗) 6 f (x), ∀x ∈ S ∩ U(x∗). (5)

d�¡x∗�¯K(1)�ÛÜ�`)(local optimal solution).

Ø�¯K�8I¼ê½�å^��UéE,§�éÑ�Û�`)�~(
J§ù�·��8IÒ¬´¦ÑÛÜ�`)"
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�`5^�

�`5^�µ¯K��`)¤÷v�7�½ö¿©^�"§��`z¯
K¦)�{��O!©ÛJø7Ø���nØÄ:"

ÃÃÃ���ååå¯̄̄KKK���444���^̂̂���

��7�^�µ�8I¼êf (x)3:x̄?��§ex̄ ´ÛÜ4�:§
K∇f (x̄) = 0.

��7�^�µ�8I¼êf (x)3:x̄?�g��§ex̄´ÛÜ4�:§
K∇f (x̄) = 0, ¿�HesseÝ
∇2f (x̄) ≥ 0.

��¿©^�µ�8I¼êf (x)3:x̄?�g��§
e∇f (x̄) = 0�∇2f (x̄) > 0, Kx̄´ÛÜ4�:"

¿�^�µ�f (x)´½Â3Rnþ���à¼ê§Kx̄´�N4�:£�
Û�`)¤�¿�^�´∇f (x̄) = 0.
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�`5^�

���ååå¯̄̄KKK������`̀̀555^̂̂���

Kuhn-Tucker7�^�µ�x̄��å¯K(3)��1:§
PIe = {i ∈ I | ci (x̄) = 0}, fÚci (i ∈ Ie)3:x̄��§
ci (i ∈ I \ Ie)3:x̄ëY§ci (i ∈ E)3:x̄ëY��§
�þ8{∇ci (x̄) | i ∈ E ∪ Ie}�5Ã'"XJx̄´ÛÜ�`)§
K�3êλi ≥ 0(i ∈ Ie)Úµi (i ∈ E)¦�

∇f (x̄)−
∑
i∈Ie

λi∇ci (x̄)−
∑
i∈E

µi∇ci (x̄) = 0. (6)
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�`5^�

½ÂLagrange¼êL(x, λ, µ) = f (x)−
∑
i∈I

λici (x)−
∑
i∈E

µici (x). ex̄�¯K

ÛÜ�`)§K�3¦f�þλ̄ ≥ 0, µ̄¦�∇xL(x̄, λ̄, µ̄) = 0.

d�§��7�^��±L��

(K− T)


∇xL(x, λ, µ) = 0,
ci (x) = 0, i ∈ E ,
ci (x) ≥ 0, i ∈ I,
λici (x) = 0, i ∈ I,
λi ≥ 0, i ∈ I.

(7)
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�55y�.

min cTx
s.t. Aex = be

Ax ≤ b.
(8)
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~fµr���

,r�úi�)�ü«a.�ÄÔr�µ®Gr�Ú�âr�")�ù

r�¤I���dÿð!��Ú0U|¤"ÄkI�òù
��£Ø
0U	¤��§,�ò¤k��·Ü/¤r��¤¬"3����)�
óS¥§ò�¤¬�¤�âG½®"G§l
���ª�r��¬"

磨碎 混合

筛粉

结粒

糖渣

玉米

燕麦

颗粒
饲料

粉状
饲料
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~fµr���

r��¬Ñ�÷v�
E�¤©I¦"L1�Ñ
�«����x�§
��Ún�¹þz©'§±9�ª�¬��A¹þ�¦"

Table: E�¤©¹þz©'

�� �x� �� n��

ÿð 13.6 7.1 7.0
�� 4.1 2.4 3.7
0U 5.0 0.3 25.0

¹þ�¦ >= 9.5 >= 2.0 <= 6.0
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~fµr���

�«����^þ�k��"L2�Ñ
�«����^þ±9éA�
d�"

Table: ���^þ�d�

�� �^þ£Z�¤ d�£�/Z�¤

ÿð 11900 1.3
�� 23500 1.7
0U 750 1.2
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~fµr���

L3�Ñ
��óS�¤�"

Table: \ó¤�

�� ·Ü (â ç®

2.5 0.5 4.2 1.7

XJzUI¦þ�9ë�âr�§12ë®Gr�§K�«��A©O¦
^õ�?1·ÜâU¦�o¤��$º
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�.L�

3ùp§ÿð!��!0U�¦^þ�ûüCþ§¿©O��x1Z
�§x2Z�§x3Z�"

r����`z�.µ

min (1.3x1 + 1.7x2 + 1.2x3) + 2.5(x1 + x2) + 0.5(x1 + x2 + x3)
s.t. 13.6x1 + 4.1x2 + 5.0x3 ≥ 9.5(x1 + x2 + x3),

7.1x1 + 2.4x2 + 0.3x3 ≥ 2.0(x1 + x2 + x3),
7.0x1 + 3.7x2 + 25.0x3 ≤ 6.0(x1 + x2 + x3),
x1 + x2 + x3 ≥ 9000 + 12000,
0 ≤ x1 ≤ 11900,
0 ≤ x2 ≤ 23500,
0 ≤ x3 ≤ 750.

(9)
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linprog

Solve a linear programming problem

min
x

f T x

s.t. A x ≤ b
Aeq x = beq
lb ≤ x ≤ ub

(10)

where f , x , b, beq, lb, and ub are vectors and A and Aeq are matrices.

[x,fval,exitflag,output,lambda] = linprog(f,A,b,Aeq,beq,lb,ub,x0,options)
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linprog

f = [4.3; 4.7; 1.7];
A = [−4.1, 5.4, 4.5;−5.1,−0.4, 1.7; 1,−2.3, 19;−1,−1,−1];
b = [0; 0; 0;−21000];
lb = zeros(3, 1);
ub = [11900; 23500; 750];

[x,fval,exitflag,output,lambda] = linprog(f,A,b,[],[],lb,ub);
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�.(J

)�ÑI¦�9ë�âr�Ú12ë®Gr�§�$¤��150868�"�
[�(JXe¤«µ

Table: r�����Z�Y

�� ÿð£Z�¤ ��£Z�¤ 0U£Z�¤

¦^þ 11897 8678.9 424.47
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~fµ)�Oy

,à|3ykè/þ«�ØÓà�Ô�)�OySü

½5©ÛµÜn©�è/]
§3�å^�9�½b�e¼�ÐÂ¤"

Table: à�Ô)��'êâ

à�Ô è/ ^ó ³� z� |d

A 1 450 35 350 1500
B 1 600 25 400 1200
C 1 900 30 300 1300

o]
 100 63000 3300 33000

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 40 / 422



~fµ)�Oy

©Û¿ïá�.
�à�ÔA, B, C�«�¡È©O�x1, x2, x3ú�§Ko|d´

1500x1 + 1200x2 + 1800x3

]
�åµ
è/�� x1 + x2 + x3 ≤ 100,
Nå�� 450x1 + 600x2 + 900x3 ≤ 63000,
³��� 35x1 + 25x2 + 30x3 ≤ 3300,
z��� 350x1 + 400x2 + 300x3 ≤ 33000,
d	§¢S«�¡È��K5��§=x1, x2, x3 ≥ 0.
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~fµ)�Oy

nþ¤ã§��à�)�OySü¯K�êÆ�.£�55y¤�µ

max 1500x1 + 1200x2 + 1800x3

s.t. x1 + x2 + x3 ≤ 100,
450x1 + 600x2 + 900x3 ≤ 63000,
35x1 + 25x2 + 30x3 ≤ 3300,
350x1 + 400x2 + 300x3 ≤ 33000,
x1, x2, x3 ≥ 0.

(11)
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�55y�.9ÙIOz

�55y���/ªµ

min(max) z = c1x1 + · · ·+ cnxn
s.t. a11x1 + · · ·+ a1nxn ≤ (=,≥)b1

...
am1x1 + · · ·+ amnxn ≤ (=,≥)bm

(12)
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�55yIO.

�55y¯Ko�±�¤XeIO/ªµ

(LP)

min
n∑

j=1
cjxj

s.t.
n∑

j=1
aijxj = bi , i = 1, · · · ,m

xj ≥ 0, j = 1, · · · , n.

(13)
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�55yIO.

½ö^Ý
L«�µ

(LP)
min cTx
s.t. Ax = b

x ≥ 0.
(14)

Ù¥Ý
A ∈ Rm×n, c´n���þ§b´m���þ"�
�¡üX/
�{�O�I�§·���±b�b ≥ 0.
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IOzÚ½

�U�IOzÚ½kµ

8I¼êmax f (x) −→ min−f (x)

Ø�ª�å��ªz£Ú\tµCþ½ö�{Cþ¤

gdCþ��Kzxj = x
′
j − x

′′
j , x

′
j , x

′′
j ≥ 0

Cþþe.�?n
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�55y�Ä�nØ

(((ØØØ1µµµ 3�55y¥§�å^�þ��5�ª9�5Ø�ª§¤±�
1�S´à8"
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�55y�Ä�nØ

444:::µµµ �S´��à8§ex = λx(1) + (1− λ)x(2), λ ∈ (0, 1),
x(1), x(2) ∈ S, 7kx = x(1) = x(2), K¡x´à8S�4:"

(((ØØØ2µµµ éuk.4à8§?Û�:ÑUL«¤4:�à|Ü"
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�55y�Ä�nØ

(Ø2éÃ.8¿Ø¤á§�dIÚ\4���Vg"

�S ⊂ Rn´4à8£�UÃ.¤§d��"�þ"XJéS¥�z�xÑ
k��{x + λd | λ ≥ 0} ⊂ S, K¡�þd�S���"

q�d(1)Úd(2)´S�ü���§eé?Û�êλkd(1) 6= λd(2), K
¡d(1)Úd(2)´ü�ØÓ���"

444������µµµ eS���dØUL«¤T8Ü�ü�ØÓ������5|
Ü§K¡d�S�4��
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�55y�Ä�nØ

LLL«««½½½nnnµµµ �S = {x | Ax = b, x ≥ 0}���õ¡8§Kk

(1) 4:8��§��3k��4:x(1), · · · , x(k);

(2) 4��8Ü��8�¿�^�´Sk.¶
(3) eSÃ.§K�3k��4��d(1), · · · ,d(`);

(4) x ∈ S�¿�^�´

x =
k∑

i=1

λix
(i) +

∑̀
j=1

µjd
(j)

Ù¥λi ≥ 0, i = 1, · · · , k ,
k∑

i=1
λi = 1, µj ≥ 0, j = 1, · · · , `.

[SK1.1µy²þãà8L«½n...]
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�55y�Ä�nØ

�ÄIO/ª

(LP)
min cTx
s.t. Ax = b

x ≥ 0.
(15)

��1�S = {x | Ax = b, x ≥ 0}�4:�x(1), · · · , x(k), 4��
�d(1), · · · ,d(`). �âL«½n§?Û�1:x�L«�

x =
k∑

i=1

λix
(i) +

∑̀
j=1

µjd
(j).
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�55y�Ä�nØ

òÙ�\IO.¥��µ

min cTx =
k∑

i=1
λi (cTx(i)) +

∑̀
j=1

µj(cTd(j))

s.t. λi ≥ 0, i = 1, · · · , k,
k∑

i=1
λi = 1, µj ≥ 0, j = 1, · · · , `.

(16)
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�55y�Ä�nØ

�`)��½

�1���=⇒ Ã)
�1�k.=⇒ ��) ½ö Ã¡õ)
�1�Ã.=⇒ ��) ½ö Ã¡õ) ½ö −∞

·�r/��)0Ú/Ã¡õ)0¡��.�3�`)§
r/Ã.
) −∞08\Ø�3�`)��/"
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�55y�Ä�nØ

(((ØØØ3µµµ IO/ª�55y�.��1���§�3k.�`)��=
�¤kcTd(j) ��Kê£Ù¥d(j)��1��4��¤"?�Úk§e
�3k.�`)§K8I¼ê��`��½U3,�4:£�`4:¤
?��"
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�55y�Ä�nØ

�55y��*ã)
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�55y�Ä�nØ

�55y��*ã)
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�55y�Ä�nØ

�55y��*ã)
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�55y�Ä�nØ

��55yIO/ª

(LP)
min cTx
s.t. Ax = b

x ≥ 0.
(17)

b�A = (B,N), Ù¥B´m��_Ý
£Ø���5¤"Ó�
Px = (xTB , x

T
N )T , Ù¥xB�©þ�B¥��éA§xN�©þ�N¥��

éA"
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�55y�Ä�nØ

ù�Ax = b=��¤

(B,N)

(
xB
xN

)
= b,

=BxB + NxN = b =⇒ xB = B−1b− B−1NxN .
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�55y�Ä�nØ

ÄÄÄ)))/ÄÄÄÝÝÝ


µµµ

3þª¥§xN�©þÒ´�5�§|Ax = b�gdCþ"AO/
-xN = 0, K��)

x =

(
xB
xN

)
=

(
B−1b

0

)
¡��§|���Ä)§éA�B¡�ÄÝ
"

xB��©þ¡�ÄCþ§xN��©þ¡��ÄCþ"
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�55y�Ä�nØ

���111ÄÄÄ)))/���111ÄÄÄÝÝÝ


µµµ

qeB−1b ≥ 0, K¡x =

(
B−1b

0

)
�(LP)��1Ä)§�A�¡B��

1ÄÝ
§xB =

 xB1

...
xBm

��|�1ÄCþ"
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�55y�Ä�nØ

~fµ

min −x1 + 3x2

s.t. x1 + 2x2 ≤ 8
x2 ≤ 2
x1, x2 ≥ 0.

(18)

[SK1.2µÁ�Ñþã~f�¤k4:Ú�1Ä)...]
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�55y�Ä�nØ

444:::888 -vs- ���111ÄÄÄ)))888

�55y�.¥§�1��4:��1Ä)�m´�déA�"

½½½nnnµµµ ��55yIO.(LP)��1�S = {x | Ax = b, x ≥ 0},
�rank(Am×n) = m, K�1�S�4:8�(LP)��1Ä)8´�d
�"

[SK1.3µy²4:8–�1Ä)8�d½n...]
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�55y�Ä�nØ

dààà888LLL«««½½½nnnÚ444:::–���111ÄÄÄ)))���ddd½½½nnn§·�´�µ

��55y¯K�3�`)�§8I¼ê��`��½U3�1��,
�4:?��§=(LP)�3�`)�§K�½�3���1Ä)´�`
)"

ù�§�55y�.�¦)£�`)¤8(�¦�`�1Ä)"ù�g
��´üX/�{�Ä�Ñu:"��1Ä)��ê  éõ§Ø¨�
�qÞ"Tæ�Û«üÑº
ù�´üX/�{�¢�...
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�55y�Ä�nØ

,	§·�3c¡�Ñ
ààà888LLL«««½½½nnn§Ù(Ø��´/4:��3k
�50§3ùpò±,�«�ªJÑ"

���111ÄÄÄ)))���333555½½½nnnµµµ (LP)k�1)§K�½�3�1Ä)"
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üX/{

ÄÄÄ���ggg���µµµ l���1Ä)Ñu§¦e��¦8I¼ê�k¤Uõ�
�1Ä)¶ÏLØäS�U?�1Ä)åã���`�1Ä)"

ÌÌÌ���ÚÚÚ½½½µµµ

�`�½(optimality)

=¶$�(pivoting)
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üX/{

Äkb½é�55yIO/¯K

{min cTx | Ax = b, x ≥ 0}

®�����1Ä�y©A = (B,N), x =

(
xB
xN

)
, c =

(
cB
cN

)
.
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üX/{

@odxB = B−1b − B−1NxN§8I¼ê��L«�

z = cTB xB + cTNxN
= cTBB

−1b + (cTN − cTBB
−1N)xN

= z0 +
∑
j∈N

(cj − zj)xj ,
(19)

ùp§
z0 = cTBB

−1b, (20)

zj = cTBB
−1aj , (21)

ajL«Ý
A�1j��þ"
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üX/{

éAu,�y©x =

(
xB
xN

)
, edª(21)¤û½�zj÷v£���`̀̀���½½½^̂̂

���¤
cj − zj ≥ 0, ∀j ∈ N. (22)

P?¿�1)x£÷vxj ≥ 0, j ∈ N¤�8I¼ê��z , Kd(19)�

z = z0 +
∑
j∈N

(cj − zj)xj ≥ z0 = cTBB
−1b.
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üX/{

=d���1Ä)x =

(
xB
xN

)
=

(
B−1b

0

)
¤éA8I¼ê�z0Ø'

?Û���1)�8I¼ê�z�§¤±x =

(
B−1b

0

)
=�¯K��

`)"

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 70 / 422



üX/{

��§eª(22)Ø¤á�§=�3,�p ∈ N¦�

cp − zp < 0. (23)

Ïdrxp±	��ÄCþ�½�y3�0�§òxp�d0O\�∆(≥ 0),
8I¼ê�z�A/�dz0~�z0 + (cp − zp)∆(≤ z0).
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üX/{

�
�y)��15§k7�?�Ú©Û∆���9ÄCþxB�Cz�
¹"

e�xp = ∆, xj = 0(j ∈ N, j 6= p), Kd�5�§|Ax = b�xB���

xB = B−1b− B−1ap∆.

Pb̄ = B−1b, yp = B−1ap, þª��¤
xB1

xB2

...
xBm

 =


b̄1

b̄2
...
b̄m

−


y1p

y2p
...

ymp

∆. (24)
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üX/{

É�u�K�å§3ª(24)m>Ø�K���p����∆, =

∆ =
b̄r
yrp

= min{ b̄i
yip
| yip > 0(i = 1, · · · ,m)} (25)

þª�∆��xp�#�§Ó�¿�3yip > 0cJe����
b̄i
yip

, ¿ò�

�T����eIiP�r . ù�½e�

xBi
= b̄i − yip∆(i = 1, · · · ,m)

xp = ∆
xj = 0(j ∈ N, j 6= p)

(26)

�¤¯K��1)§AO/¤áxBr = 0.
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üX/{

�d§xBrÚxj(j ∈ N, j 6= p)Üå5kn −m�Cþ���0; �����
�U´Ød�	�{xB1 , · · · , xBr−1 , xp, xBr+1 , · · · , xBm}. rùm�Cþw¤
#�ÄCþ§,	n −m�w¤�ÄCþ§Ò��
#�/y©0"

u´§·�¼�
#��1Ä)

x = (xB1 , · · · , xBr−1 , 0, xBr+1 , · · · , xBm , 0, · · · , xp, · · · , 0)T .

[SK1.4µy²þã#���x´�1Ä)...]
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üX/{

±þö�´ÏLO�ÄCþxBr��ÄCþxp5(½#��1Ä)§·
�¡��===¶¶¶$$$���(pivoting).

,	§¡ù��xBr�ÑÄCþ§xp�\ÄCþ"ù����#�1Ä
)§|^ª(22)?1�`�½§¿­Eþãö�"
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üX/{

üüüXXX///���{{{(SIMPLEX)

1�Ú£Ð©z¤µ
(½���1Äy©A = (B,N), ¿O�xB = b̄ := B−1b.
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üX/{

üüüXXX///���{{{(SIMPLEX)

1�Ú£�`�½¤µ
O��þw = (BT )−1cB , é¤k��Ä©þj ∈ N¦Ñzj = wTaj .

XJcj − zj ≥ 0(j ∈ N), K�c��1Ä)x =

(
xB
xN

)
=

(
b̄
0

)
®

´�`)[stop!]"
ÄK§À���÷vcp − zp < 0�p ∈ N?\e�Ú"
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üX/{

üüüXXX///���{{{(SIMPLEX)

1nÚ£=¶$�¤µ
O��þyp = B−1ap. eyp ≤ 0, K¯KÃk.)[stop!!]"

ÄK§éÑr¦�∆ = b̄r
yrp

= min{ b̄i
yip
| yip > 0(i = 1, · · · ,m)}, òÄ

Ý
B���þaBr^apO�§��#�ÄÝ


B = (aB1 , · · · , aBr−1 , ap, aBr+1 , · · · , aBm).

?
§P#ÄCþ���

xBi
= b̄i − yip∆(i = 1, · · · ,m, i 6= r), xp = ∆.

-ÄCþ�eI8Ü��ÄCþ�eI8Ü©O�

B := B ∪ {p} − {Br}, N := N ∪ {Br} − {p}.

£�1�Ú"
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üX/{

üüüXXX///{{{���nnnØØØÂÂÂñññ555

Xc¤ã§²L=¶$�§éAucp − zp < 0��ÄCþxp\Ä��#
��1Ä)�§8I¼ê�ò~�|cp − zp|∆.

3ùp§∆ := b̄r
yrp

= min{ b̄i
yip
| yip > 0(i = 1, · · · ,m)}.

Ï�b̄ = B−1b ≥ 0, ¤±∆ ≥ 0.

AO�b̄ > 0�§k∆ > 0§d�8I¼ê�î�~�"

,	§�1Ä)��ê´k��§S�Ø¬Ã�­Ee�§73k�g
S��(åO�"
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üX/{

üüüXXX///{{{���kkk���ÂÂÂñññ555½½½nnnµµµ£�òz�/¤e¤���55y¯K
�±¦ÑÐ©�1Ä)§
�=¶$�L§¥�¤k�1Ä)Ñ´�ò
z�§K|^üX/{3k�gS��§�oé��`)§�o£OÑ
¯KÃk.)§l
(åO�"

555µµµ �1Ä)x =

(
xB
xN

)
=

(
b̄
0

)
÷vb̄ > 0�§¡§��òz�"

��§�3b̄i = 0, ¡T�1Ä)�òz�"
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üX/{

ÐÐÐ©©©���111ÄÄÄ)))µµµ cãüX/{I����1Ä)��Ð©)"

��¯K¥��ÑÐ©�1Ä)§·�3ùp0�~^�µ

ü�ã{

�M{
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üX/{

¤¢üüü���ããã{{{§´1��ã¦��9Ï¯K��`)§1��ã2±§
��¯K�Ð©�1Ä)?1O�"

3üüü���ããã{{{�1��ãp§�é�55y¯K

{min cTx | Ax = b, x ≥ 0},

�ÄXe�9Ï¯K
min 1Ty
s.t. Ax + y = b

x ≥ 0, y ≥ 0.
(27)

ùp§y�#Ú?�m�<óCþ�þ§1´¤k©þþ�1�~ê�
þ"
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üX/{

39Ï¯K(27)¥§

(
x
y

)
=

(
0
b

)
´�1Ä)"rT�1Ä)��Ð

©)§Ò���^þüX/{?1S�"

w,§9Ï¯K(27)�8I¼ê1Ty3�1�p��´�K�"eÙ�

`)´

(
x̄
ȳ

)
, K¤á1T ȳ ≥ 0

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 83 / 422



üX/{

XJ�¯K�3�1)§K?¿�1)xÚy = 0�|Ü

(
x
0

)
Ñ÷v9

Ï¯K(27)��å^�§�8I¼ê��1Ty = 0.

ù�¯¢¿�X§�9Ï¯K��`)

(
x̄
ȳ

)
¤á1T ȳ > 0�§�¯K

vk�1)"

��§XJ9Ï¯K��`)

(
x̄
ȳ

)
¤á1T ȳ = 0§=ȳ = 0. d

�§x̄w,´�¯K����1)£�´�1Ä)¤"

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 84 / 422



üX/{

k¦ÑÐ©�1Ä)�2?11��ã�`)�O�Ü¿¤�Ú���
�{§¡����M{{{"

���M{{{�ÄXe�55y¯K

min cTx + M · 1Ty
s.t. Ax + y = b

x ≥ 0, y ≥ 0.
(28)

ùpM�¿©��~ê§<óCþyÚ~ê�þ1�ü�ã{¥���"
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üX/{

3���M{{{�¯K(28)¥§8I¼ê�M · 1TyÓ|�/ §¤±üX/{
S�òÄk4<óCþyi��~�"Ù(J´§e¤k<óCþÑ¤
�0, K8I¼êcTx + M · 1Ty Ú�¯K�8I¼êcTx��þ��§�
@�3d��üX/{�S�¤?1�Ò´¦�¯K�`)�O�"

¯¢þ§XJ�¯Kk�`)§3M¿©��§�����M{{{¯K(28)�

�`)

(
x̄
ȳ

)
¥ȳ = 0§�x̄ ¤��¯K��`)"
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üX/{

^üX/{¦)Xe¯Kµ

min −4x1 − x2

s.t. −x1 + 2x2 ≤ 4
2x1 + 3x2 ≤ 12
x1 − x2 ≤ 3
x1, x2 ≥ 0.

(29)

[SK1.5µk�ÑüX/{�O�Ú½§,�¦)þã�55y¯K...]
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üX/{

üX/L£üX/�{�O�(�¤�ï

min f
s.t. f − cTx = 0

Ax = b
x ≥ 0.
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üX/{

üX/L£üX/�{�O�(�¤�ï

min f
s.t. xB +B−1NxN = B−1b

f +0xB +(cTBB
−1N − cTN )xN = cTBB

−1b
xB ≥ 0, xN ≥ 0.
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üX/{

Table: üX/L

f xB xN RHS

0 Im B−1N B−1b

1 0 cTBB
−1N − cTN cTBB

−1b
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üX/{

Table: üX/L

xB1 · · · xBr · · · xBm · · · xj · · · xp · · ·

xB1

...
xBr

...
xBm

1 · · · 0 · · · 0
...

...
...

0 · · · 1 · · · 0
...

...
...

0 · · · 0 · · · 1

· · · y1j · · · y1p · · ·
...

...
· · · yrj · · · yrp · · ·

...
...

· · · ymj · · · ymp · · ·

b̄1
...
b̄r
...
b̄m

0 · · · 0 · · · 0 · · · zj − cj · · · zp − cp · · · cTB b̄

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 91 / 422



üX/{

^���M{{{¦)Xe¯Kµ

min x1 + x2 − 3x3

s.t. x1 − 2x2 + x3 ≤ 11
2x1 + x2 − 4x3 ≥ 3
x1 − 2x3 = 1
x1, x2, x3 ≥ 0.

(30)

[±üX/{�L�/ª?1O�...]
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üX/{

IOz�.£���M{{{¤µ

min x1 + x2 − 3x3 + M(x6 + x7)
s.t. x1 − 2x2 + x3 + x4 = 11

2x1 + x2 − 4x3 − x5 + x6 = 3
x1 − 2x3 + x7 = 1
x1, x2, x3, x4, x5, x6, x7 ≥ 0.

(31)
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üX/{

Table: S�üX/L-1

x1 x2 x3 x4 x5 x6 x7

x4 1 -2 1 1 0 0 0 11
x6 2 1 -4 0 -1 1 0 3
x7 1 0 -2 0 0 0 1 1

3M − 1 M − 1 −6M + 3 0 −M 0 0 4M
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üX/{

Table: S�üX/L-2

x1 x2 x3 x4 x5 x6 x7

x4 0 -2 3 1 0 0 -1 10
x6 0 1 0 0 -1 1 -2 1
x1 1 0 -2 0 0 0 1 1

0 M − 1 1 0 −M 0 1− 3M M + 1
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üX/{

Table: S�üX/L-3

x1 x2 x3 x4 x5 x6 x7

x4 0 0 3 1 -2 2 -5 12
x2 0 1 0 0 -1 1 -2 1
x1 1 0 -2 0 0 0 1 1

0 0 1 0 -1 1−M −1−M 2
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üX/{

Table: S�üX/L-4 (opt)

x1 x2 x3 x4 x5 x6 x7

x3 0 0 1 1/3 -2/3 2/3 -5/3 4
x2 0 1 0 0 -1 1 -2 1
x1 1 0 0 2/3 -4/3 4/3 -7/3 9

0 0 0 -1/3 -1/3 1/3−M 2/3−M −2

5µüX/�{�¤kO�Ñ�éAuüX/L£Ý
¤���$�
£=1Ð�C�¤"

[SK1.6µy²3�1Ì���{c�ü�ØÓ�1Äe��OXêÚ
8I¼ê�kXe'X]{

(zj − cj)
new = (zj − cj)−

yrj
yrp

(zp − cp);

(cTBB
−1b)new = cTBB

−1b− b̄r
yrp

(zp − cp).
(32)
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éónØ

�é?¿���55y�.§�±½Â��¡��éó¯K
(Dual Problem) ��."

éééóóónnnØØØò�«�¯K�éó¯K�m�S3éX§�?�Ú�\ïÄ
�55y�¦)�{JønØ�â"
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éónØ

�¯Kµ

(LP)
min cTx
s.t. Ax ≥ b

x ≥ 0.
(33)

éó¯Kµ

(DP)
max bTw
s.t. ATw ≤ c

w ≥ 0.
(34)
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éónØ

éó'X£ãµ

(1) 8I¼ê4�(min) ←→ 4�(max)

(2) ��¯K�8I¼êXê�þ¤�,��¯K��å^�m>~ê
�þ

(3) �å^�Ý
A ←→ AT , ��å^��Ø�Ò����

(4) �–éó¯K�CþÑ�k�K�å
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éónØ

éó¯K£�d/ª¤µ

(DP)
min (−b)Tw
s.t. (−A)Tw ≥ −c

w ≥ 0.
(35)

éó¯K�éóµ

(DDP)
max (−c)Tx
s.t. (−A)x ≤ −b

x ≥ 0.
(36)
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éónØ

IO.éóµ

min cTx
s.t. Ax = b

x ≥ 0.
⇒

min cTx
s.t. Ax ≥ b

−Ax ≥ −b
x ≥ 0.

(37)

max bTw
s.t. ATw ≤ c.

⇐
max bTw

′ − bTw
′′

s.t. ATw
′ − ATw

′′ ≤ c

w
′ ≥ 0,w

′′ ≥ 0.

(38)
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éónØ

��ªéóµ

min cTx
s.t. AGx ≥ bG

AEx = bE

ALx ≤ bL

x ≥ 0.

(39)

max bT
G wG + bT

E wE + bT
L wL

s.t. AT
G wG + AT

E wE + AT
L wL ≤ c

wG ≥ 0, wE free, wL ≤ 0.
(40)
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éónØ

�¯K�éó¯K�mkXS���S3'X§PxÚw©O
�(LP)Ú(DP)�?¿�1)"
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éónØ

ffféééóóó½½½nnnµµµ ?¿�55y¯K(LP)9Ùéó¯K(DP)�m¤á±e
'X

(a) x´(LP)¯K��1)§w´(DP)¯K��1)§⇒ cTx ≥ bTw.

(b) x´(LP)¯K��1)⇒ cTx ≥ ¯K(DP)����"
w´(DP)¯K��1)⇒ bTw ≤ ¯K(LP)����"

(c) x´(LP)¯K��1)§w´(DP)¯K��1)§�cTx = bTw
⇒ x´(LP)¯K��`)§w´(DP)¯K��`)"

(d) ¯K(LP)Ã. ⇒ ¯K(DP)Ã�1)"
¯K(DP)Ã. ⇒ ¯K(LP)Ã�1)"
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éónØ

���`̀̀)))���333555½½½nnnµµµ e(LP)�(DP)Ñk�1)§K§�þ�3�`
)"
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éónØ

éééóóó½½½nnnµµµ �¯K(LP)Úéó¯K(DP)����k�`)§K,��
�k�`)§�d�ü���`���"

[SK1.7µy²þãéó½n...]
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éónØ

pppÖÖÖtttµµµ½½½nnnµµµ �x̄Úw̄©O´(LP)Ú(DP)��1)§@ox̄Úw̄´éA
¯K�`)�¿�^�´µ{

x̄T (AT w̄ − c) = 0
w̄T (Ax̄− b) = 0

(41)
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éónØ

�55y�Kuhn-Tucker^��µ

(K− T)



Ax− b ≥ 0
x ≥ 0
ATw − c ≤ 0
w ≥ 0
xT (ATw − c) = 0
wT (Ax− b) = 0

(42)
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éónØ

|^pÖtµ½n§�����¯K��`)�§�¦ÑÙéó¯K�
�`)"

max w1 + 2w2

s.t. 3w1 + w2 ≤ 2
−w1 + 2w2 ≤ 3
w1 − 3w2 ≤ 1
w1 ≥ 0,w2 ≥ 0.

��`)w̄ =

(
w1

w2

)
=

(
1/7

11/7

)
.

min 2x1 + 3x2 + x3

s.t. 3x1 − x2 + x3 ≥ 1
x1 + 2x2 − 3x3 ≥ 2
x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

��`)x̄ =

 x1

x2

x3

 =

 4/7
5/7

0

 .
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éónØ

|^pÖtµ½n§�����¯K��`)�§�¦ÑÙéó¯K�
�`)"

max w1 + 2w2

s.t. 3w1 + w2 ≤ 2
−w1 + 2w2 ≤ 3
w1 − 3w2 ≤ 1
w1 ≥ 0,w2 ≥ 0.

��`)w̄ =

(
w1

w2

)
=

(
1/7

11/7

)
.

min 2x1 + 3x2 + x3

s.t. 3x1 − x2 + x3 ≥ 1
x1 + 2x2 − 3x3 ≥ 2
x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

��`)x̄ =

 x1

x2

x3

 =

 4/7
5/7

0

 .
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éónØ

|^pÖtµ½n§�����¯K��`)�§�¦ÑÙéó¯K�
�`)"

max w1 + 2w2

s.t. 3w1 + w2 ≤ 2
−w1 + 2w2 ≤ 3
w1 − 3w2 ≤ 1
w1 ≥ 0,w2 ≥ 0.

��`)w̄ =

(
w1

w2

)
=

(
1/7

11/7

)
.

min 2x1 + 3x2 + x3

s.t. 3x1 − x2 + x3 ≥ 1
x1 + 2x2 − 3x3 ≥ 2
x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

��`)x̄ =

 x1

x2

x3

 =

 4/7
5/7

0

 .
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(¯Ý©Û

¢S¯K¥§éõ�ÿ´Äu,
æ8êâ5û½�.�Xê"3ù«
�¹e§³7¬ÑyXê�6Ä9Úå�Cz"

¤¢(¯Ý©ÛÒ´|^)��¯K���(J§ïÄ�Xêk��C
z��`)��A"
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(¯Ý©Û

�{üå�§�Ä¯K
min cTx
s.t. Ax = b

x ≥ 0
(43)

�å^�m>~ê�þ���Cz

b + ∆b = (b1 + ∆b1, · · · , bm + ∆bm)T ,

��#��55y¯K

min cTx
s.t. Ax = b + ∆b

x ≥ 0.
(44)
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(¯Ý©Û

yb�é¯K(43)|^üX/{®��Ù�`

)x∗ =

(
x∗B
x∗N

)
=

(
B−1b

0

)
.

ù�éu�`ÄB, �â�15^�k

B−1b ≥ 0, (45)

�â�`5^�k
cTN − cTBB

−1N ≥ 0. (46)
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(¯Ý©Û

�bC�b + ∆b�§XJ�¤á

B−1(b + ∆b) ≥ 0, (47)

K¯K(43)��`ÄB�´¯K(44)��`Ä"

d�¯K(44)��`)¤�x =

(
xB
xN

)
=

(
B−1(b + ∆b)

0

)
.
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(¯Ý©Û

?�Ú§P¯K(43)�8I¼ê�`��z(b), ¯K(44)�8I¼ê�`
��z(b + ∆b), Kk

z(b) = cTBB
−1b

z(b + ∆b) = cTBB
−1(b + ∆b)

(48)

�¤á
z(b + ∆b)− z(b) = cTBB

−1∆b. (49)
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(¯Ý©Û

¯¢þ§(BT )−1cB´éAuÄÝ
B�üX/¦f�þw. �âéón
Ø§§=�¯K(43)�éó¯K��`)"

Ïd§Pw∗ = (BT )−1cB , Kþª��¤

z(b + ∆b)− z(b) = (w∗)T∆b =
m∑
i=1

w∗i ∆bi . (50)
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(¯Ý©Û

�Ä∆bi → 0��4�§Ò�±��

∂z(b)

∂bi
= w∗i , (i = 1, · · · ,m). (51)

ùp§¢Sþ�Ñ
éó¯K�`)�²L¿Â£Kfd�¤�
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�55y�õ�ª�m�{

l��O�þ�Ý5w§üX/�{Ø´õ�ª�m�{"'uüX/
�{�nØ9¢Sþ�O��Ç��nã©zµ

R. Shamir. The efficiency of the simplex method: A survey. Management
Science, Vol. 33, 1987: 301-334.
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�55y�õ�ª�m�{

�é�55y¯K�õ�ª�m�{µ

ý¥�{§�k3nØþ²(�55y¯Kð3õ�ª�mS�
)§Ï
§´¿Â���"
L.G. Khachiyan. A polynomial algorithm in linear programming.
Soviet Mathematics Doklady, Vol. 20, 1979: 191-194.

S:�{§���O�üX/{�k��{
Ú\58§Ó�§�
�í2¿A^�Ø�u�55y����¯K"
N. Karmarkar. A new polynomial time algorithm for linear
programming. Combinatorica, Vol. 4, 1984: 373-395.
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�Ù��£�55y¤

Exercise 1.1: y²�55y�1�S = {x | Ax = b, x ≥ 0}
�à8L«½n"

Exercise 1.2: �Ñ~f(18)�¤k4:Ú�1Ä)"

Exercise 1.3: y²�55y�.�Ä��1)8�Ù�1��4:
8´�d�"

Exercise 1.4: y²üX/{=¶$����

x = (xB1 , · · · , xBr−1 , 0, xBr+1 , · · · , xBm , 0, · · · , xp, · · · , 0)T

´��#��1Ä)"
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�Ù��£�55y¤

Exercise 1.5: k�ÑüX/{�O�Ú½§,�¦)�55y~
f(29)"

Exercise 1.6: y²3�1Ì���{c�ü�ØÓ�1Äe��O
XêÚ8I¼ê�÷v(32).

Exercise 1.7: y²�55y¯K�éó½n§=�¯K(LP)Úéó
¯K(DP)����k�`)§K,���k�`)�d�ü���
`���"
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1 XØ

2 �55y

3 �ä�`z

4 Ä�5y

5 ��55yÄ:nØ

6 Ã�å�`z

7 �g5y

8 ��5�å�`z

9 o(

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 122 / 422



�ä�`z{0

$Ñ¯K§�á´¯K§��6¯K§��¤�6¯K�k'�ä�`
zÏ~A^u)û¢S¯K§¿äk­��²L¿Â"

ÒêÆ�.
ó§§�´�55y�A�­�A~"�é�55y�.
®kõ�ª�m�{§Ï��ä�.�AÏêÆ(�§|^Ù(�A5
��±�OÑ�Ç�p�¦)�{"
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$Ñ�.

$Ñ�.´�aAÏ��55y§=lÀ
/£X)��[¤C$ÀÔ
�8�/£X²�ûó¥¤§Ù8I´(½$ÑL¦�o$Ñ¤���
¿÷vøAÚI¦���^�"

$Ñ�.�*ÐA^uÙ¦+�§�)Ý]��§ó�NÝ§<
��
�"
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$Ñ�.

²;�$Ñ¯Kµ

ó�i�ÀÔþsi , i = 1, 2, · · · ,m.

I¦:j�I¦þdj , j = 1, 2, · · · , n.

ló�i�I¦:j�ü À$¤^cij9ÙuÀþxij .

À���U¦$Ño¤^�����´»5y"
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$Ñ�.

…

S_2

S_1

S_m

…
D_2

D_1

D_n

1111 : xc

mnmn xc :
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$Ñ�.

$Ñ¯K�êÆ£ã

min
m∑
i=1

n∑
j=1

cijxij

s.t.
n∑

j=1
xij ≤ si , i = 1, · · · ,m

m∑
i=1

xij ≥ dj , j = 1, · · · , n

xij ≥ 0, i = 1, · · · ,m j = 1, · · · , n.

(52)
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$Ñ�.

Table: Mileage Chart

Denver Miami

Los Angeles 1000 2690
Detroit 1250 1350
New Orleans 1275 850

Table: Transportation Cost per Car

Denver(j = 1) Miami(j = 2)

Los Angeles(i = 1) $80 $215
Detroit(i = 2) $100 $108
New Orleans(i = 3) $102 $68

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 128 / 422



$Ñ�.

Table: MG Auto Transportation Model

Denver Miami Supply
Los Angeles 80 215

x11 x12 1000
Detroit 100 108

x21 x22 1500
New Orleans 102 68

x31 x32 1200
Demand 2300 1400
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$Ñ�.

min z = 80x11 + 215x12 + 100x21 + 108x22 + 102x31 + 68x32

s.t. x11 + x12 ≤ 1000 (LosAngeles)
x21 + x22 ≤ 1500 (Detroit)
x31 + x32 ≤ 1200 (NewOreleans)
x11 + x21 + x31 ≥ 2300 (Denver)
x12 + x22 + x32 ≥ 1400 (Miami)
xij ≥ 0, i = 1, 2, 3, j = 1, 2

(53)
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$Ñ�.

�Ä��²ï��/

min
m∑
i=1

n∑
j=1

cijxij

s.t.
n∑

j=1
xij = si , i = 1, · · · ,m

m∑
i=1

xij = dj , j = 1, · · · , n

xij ≥ 0, i = 1, · · · ,m j = 1, · · · , n.

(54)
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$Ñ�.

$Ñ¯K�éó

max
m∑
i=1

siui +
n∑

j=1
djvj

s.t. ui + vj ≤ cij , i = 1, · · · ,m, j = 1, · · · , n
ui , vj Ã��

(55)
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$Ñ�.

|^éó'Xµ

éÄCþxij
ó§ui + vj = cij , =σij = ui + vj − cij = 0.

é�ÄCþxij
ó§eσij = ui + vj − cij ≤ 0, ®éó�1¶
eσij = ui + vj − cij > 0, �éó�1§KÚ?Ä"
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$Ñ�.

$$$ÑÑÑ���...���üüüXXX///{{{¦¦¦)))ÚÚÚ½½½µµµ

1. À��|m + n − 1�´»§��Ð©�1Ä)"

2. u��c)´Ä�U?§XJ�U?§KÚ?���ÄCþ?1
Ú3§ÄKÊ�"

3. �rÚ2¥]À�CþÚ?�§(½=�´»A�dÄ)¥òÑ"

4. N�Ù¦Ä�´»�6þ£÷v�15¤§�£�Ú2.

·�ò±~f5`²$Ñ�.�üX/�{"
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$Ñ�.

Table: ,úi�$ÑL

D(1) D(2) D(3) D(4) Supply
S(1) 10 2 20 11

x11 x12 x13 x14 15
S(2) 12 7 9 20

x21 x22 x23 x24 25
S(3) 4 14 16 18

x31 x32 x33 x34 10
Demand 5 15 15 15
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$Ñ�.

Table: Ð©�1Ä)(Northwest-Corner Starting Solution)

D(1) D(2) D(3) D(4) Supply
S(1) 10 2 20 11

5 10 15
S(2) 12 7 9 20

5 15 5 25
S(3) 4 14 16 18

10 10
Demand 5 15 15 15
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$Ñ�.

Table: S�-1

v1 = 10 v2 = 2 v3 = 4 v4 = 15 Supply

10 2 20 11

u1 ≡ 0 5 10 15
[-16] [4]

12 7 9 20

u2 = 5 5 15 5 25
[3]

4 14 16 18

u3 = 3 10 10
[9] [-9] [-9]

Demand 5 15 15 15
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$Ñ�.

Table: S�-1 ££´¤

v1 = 10 v2 = 2 v3 = 4 v4 = 15 Supply

10 2 20 11

u1 ≡ 0 5− θ 10 + θ 15
[-16] [4]

12 7 9 20

u2 = 5 5− θ 15 5 + θ 25
[3]

4 14 16 18

u3 = 3 θ 10− θ 10
[9] [-9] [-9]

Demand 5 15 15 15
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$Ñ�.

Table: S�-2

v1 = 1 v2 = 2 v3 = 4 v4 = 15 Supply

10 2 20 11

u1 ≡ 0 15 15
[-9] [-16] [4]

12 7 9 20

u2 = 5 0 15 10 25
[-6]

4 14 16 18

u3 = 3 5 5 10
[-9] [-9]

Demand 5 15 15 15
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$Ñ�.

Table: S�-2££´¤

v1 = 1 v2 = 2 v3 = 4 v4 = 15 Supply

10 2 20 11

u1 ≡ 0 15− θ θ 15
[-9] [-16] [4]

12 7 9 20

u2 = 5 0 + θ 15 10− θ 25
[-6]

4 14 16 18

u3 = 3 5 5 10
[-9] [-9]

Demand 5 15 15 15
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$Ñ�.

Table: S�-3 £�`)¤

v1 = −3 v2 = 2 v3 = 4 v4 = 11 Supply

10 2 20 11

u1 ≡ 0 5 10 15
[-13] [-16]

12 7 9 20

u2 = 5 10 15 [-4] 25
[-10]

4 14 16 18

u3 = 7 5 5 10
[-5] [-5]

Demand 5 15 15 15
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�ä�.

�G = (V ,E )�k�ã§Ù¥V´!:�8Ü§E´>�8Ü"

k�r,�!:��Ð©:s, ,����ª:t
AÏé�"

�>e ∈ EþDk¤�c(e)±9Nþu(e), �Ñ�¢ê�"

d§�|¤�|E |��A�þ©OP�

c = (c(e)|e ∈ E ), u = (u(e)|e ∈ E ).

Ú)ù
���N = (G , s, t, c,u)¡��ä"
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�á´»¯K

�á´»¯K¥§¤�c(e))º�>e��Ý"�á´»¯K�;./
ª´µ

3�äN = (G , s, c)¥¦Ñ©:s�Ù§�:v ∈ V��á´»9Ù�
Ý"

,	§½Âw ∈ V�v ∈ V�´»(path)

π = vi0(= w), vi1 , · · · , vik (= v)

�Ý�

c(π) =
k−1∑
j=0

c(vij , vij+1
).
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�á´»¯K

�N¥vk�Ý�K�£´�§�3kls�¤k:v��á´»§§�
�^±s������ááá´́́äää5L«"

¦s�v��á´»§��÷Xs�v��á´ä�>re�Ò1"

s 2 4 2

3

2

1

-1 1 1

1 1 2

1 2 0

-1

2

2

1

3

-2

2

1

3

2 1 0

1 -1 2

2 2 -1

XÛ¦�T�á´äº�á´»¯K��.�{º
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�á´»¯K

�á´»¯K�êÆ£ãµ

min
∑

(i ,j)∈E
cijxij

s.t.
∑

(s,j)∈E
xsj = 1∑

(k,j)∈E
xkj −

∑
(i ,k)∈E

xik = 0, ∀k ∈ V − {s, t}

−
∑

(i ,t)∈E
xit = −1

xij ≥ 0,∀(i , j) ∈ E

(56)
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�á´»¯K

�á´»¯K�éó�µ

max (ys − yt)
s.t. yi − yj ≤ cij , ∀(i , j) ∈ E

(57)
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�á´»¯K��{

���ä��á´»¯K�±w¤´���55y�.£¯¢þ´��
�AÏ�$Ñ�.¤§��âéó5�EÙ¦)�{"

XJÄuÄ�5y�g�§��Ñ�á´»¯K�rõ�ª�m�{"
±e=`²äk�L5��{��µ

Dijkstra’s algorithm.
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�á´»¯K��{

���{{{ DIJKSTRA

Ñ\ k�ãG = (V ,E ), �>�Ýc : E → R+, ©:s ∈ V .

ÑÑ l©:�¤k!:v ∈ V��á´»9Ù�Ýc∗(v).

Ú� Ð©zµ-d(s) := 0, d(v) :=∞(v ∈ V − {s}), ±9P := ∅.
Ú� S�µÀ���÷vd(v∗) = min{d(v) | v ∈ V − P}�!

:v∗ ∈ V − P.

Ún �#µc∗(v∗) := d(v∗), P := P ∪ {v∗}.
?�Úéw ∈ V − P��>e = (v∗,w) ∈ E�Xe�#µ

d(w) := min{d(w), d(v∗) + c(e)}.

Úo (å�½µXJP = VK(åO�¶ÄK£�Ú�"
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�á´»¯K��{

O�L§¥¦Ñ�d(v)ð�ls�v��á´»�Ýc∗(v)�þ.§
=d(v) ≥ c∗(v).

�3®�1!:8ÜP ⊂ Vp§äk5�d(v) = c∗(v), v ∈ P. u´§
�P = V�=¦Ñ
s�¤k!:��á´»9Ù�Ý§(åO�"
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�á´»¯K�~
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graphshortestpath

[dist, path, pred] = graphshortestpath(G,S)

This procedure determines the single-source shortest paths from node S to
all other nodes in the graph represented by matrix G.

Input G is an N-by-N sparse matrix that represents a graph. Nonzero
entries in matrix G represent the weights of the edges.

Output dist is the vector of N distances from the source to every node
(using Infs for nonreachable nodes and 0 for the source node).

Output path contains the winning paths to every node.

Output pred contains the predecessor nodes of the winning paths.
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graphshortestpath

Create and view a directed graph with 6 nodes and 11 edges.

W = [.41 .99 .51 .32 .15 .45 .38 .32 .36 .29 .21];

DG = sparse([6 1 2 2 3 4 4 5 5 6 1],[2 6 3 5 4 1 6 3 4 3 5],W);

h = view(biograph(DG,[],’ShowWeights’,’on’))
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graphshortestpath

Find the shortest path in the graph from node 1 to node 6.

[dist,path,pred] = graphshortestpath(DG,1,6)

set(h.Nodes(path),’Color’,[1 0.5 0.5])

edges = getedgesbynodeid(h,get(h.Nodes(path),’ID’));

set(edges,’LineColor’,[1 0 0]); set(edges,’LineWidth’,2)
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�á´»¯K¢~

�á´»¯K�A^¢~µ���#

Table: Equipment replacement

Replacement cost
for given years in operation

Equipment acquired
at start of year +1 +2 +3

1 4000 5400 9800
2 4300 6200 8700
3 4800 7100 –
4 4900 – –
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�á´»¯K¢~

�á´»¯K�A^¢~µ���#

54321
4000 4300 4800 4900

8700

6200

7100

9800

5400
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��6¯K

�äN = (G , s, t,u)p§¤¢l
:s�®:t�6(flow) ´�¢ê�
þx = (x(e) | e ∈ E ), ÷vXe666þþþÅÅÅððð^�µ∑

e∈Out(v)

x(e)−
∑

e∈In(v)

x(e) = 0, v ∈ V − {s, t} (58)

ùpOut(v)ÚIn(v)©OL«G¥6ÑÚ6\v!:�>8Ü"
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��6¯K

ls�X6Ñþ
x(s) ,

∑
e∈Out(s)

x(e)−
∑

e∈In(s)

x(e)

��t�X6\þ

x(t) ,
∑

e∈In(t)

x(e)−
∑

e∈Out(t)

x(e)

��§=¤á
x(s) = x(t). (59)

ù�x(s)¡�x�6�"
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��6¯K

�6x?�Ú÷vNNNþþþ���ååå (capacity constraint)^�

0 ≤ x(e) ≤ u(e), e ∈ E (60)

K¡§����111666 (feasible flow)"
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��6¯K

¤¢��6¯K§Ò´¦Ñ¦6������16¯K§êÆþ�£ã
Xeµ

max x(s)
s.t.

∑
e∈Out(v)

x(e)−
∑

e∈In(v)

x(e) = 0, v ∈ V − {s, t}

x(s) =
∑

e∈Out(s)

x(e)−
∑

e∈In(s)

x(e)

0 ≤ x(e) ≤ u(e), e ∈ E .

(61)
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��6¯K
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���¯K

r��6�ä�º:8y©¤ü�8ÜSÚT , ¦�
:s ∈ S�®
:t ∈ T . ©�(S ,T )�Nþ�

U(S ,T ) =
∑

(i , j) ∈ E
i ∈ S , j ∈ T

u(i , j).

¤¢���§Ò´�¤k©�¥Nþ������"
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��6���½n

l�*þw§�8(S ,T )´l
:s�®:t�7²�´§XJT´×l
K6lsÃ{��t"u´·��±��e¡�½n"

������666���������½½½nnnµµµ ?¿��6�ä���6þ�uT�ä����
�Nþ"

5µ½n�y²�±ë�ãØ�¡�©z]�"
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��6���½n

l�*þw§�8(S ,T )´l
:s�®:t�7²�´§XJT´×l
K6lsÃ{��t"u´·��±��e¡�½n"

������666���������½½½nnnµµµ ?¿��6�ä���6þ�uT�ä����
�Nþ"

5µ½n�y²�±ë�ãØ�¡�©z]�"
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��6¯K��{

�äN = (G , s, t,u)¥�½���16x§ÏL�E{{{���äääÚ666***¿¿¿´́́
5S��#����6"

lN��>e = (v ,w) ∈ EÑu§Uì±e5K)¤
>(v ,w)½(w , v)£�â�¹�ö=�Ù�¤§���>8ÜP�Ex, Ó
�(½ÙNþū.

Rule 1 XJu(e)− x(e) > 0, K)¤(v ,w) ∈ Ex, ¿-ÙN
þū(v ,w) = u(e)− x(e).

Rule 2 XJx(e) > 0, K)¤(w , v) ∈ Ex, ¿-ÙNþū(w , v) = x(e).

¤���k�ãGx = (V ,Ex) ÚNþūÜå5B´{�
äNx = (Gx, s, t, ū). @o§Nx¥ls�t�´¡�6*¿´"
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��6¯K��{

ÚÚÚnnn £6*¿´¤�½�äN = (G , s, t,u), Ù�16x���6�¿�
^�´§{�äNx¥Ø�3k6*¿´"

XJ�3k6*¿´§Kx�?��6����6x
′
.
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��6¯K��{

b½3Nx¥�3ls�t�´π, K|^

∆ := min{ū(e) | e ∈ π}, (62)

é�>e = (v ,w) ∈ E�Xe?�

x
′
(e) =


x(e) + ∆, (v ,w) ∈ π(dRule 1 )¤�>)
x(e)−∆, (w , v) ∈ π(dRule 2 )¤�>)
x(e), Ù§�/

(63)

´yx
′
�´N��16§Ù6�´

x
′
(s) = x(s) + ∆.

[g�öSK]

�yþãx
′
´N��16§¿�Ù6��x

′
(s) = x(s) + ∆.
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��6¯K��{

���{{{ MAX-FLOW

Ñ\ �äN = (G , s, t,u), Ù¥k�ãG = (V ,E ).

ÑÑ ls�t���6�fmax.

Ú� Ð©zµ-x(e) := 0(e ∈ E )±9fmax := 0.

Ú� {�äµ�E�c�16x�{�äNx = (Gx, s, t, ū).

Ún 6�*¿µXJNx¥vk6�*¿´K(åO�"��§XJ�3
k6�*¿´§KÀ�Ù�π, �â(62)ªÚ(63)ª?�x��6x

′
.

-fmax := fmax + ∆, x := x
′
£�Ú�"
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graphmaxflow

[MaxFlow, FlowMatrix, Cut] =

graphmaxflow(G, SNode, TNode)

This procedure calculates the maximum flow of directed graph G from
node SNode to node TNode.

Input G is an N-by-N sparse matrix that represents a directed graph.
Nonzero entries in matrix G represent the capacities of the edges.

Output MaxFlow is the maximum flow, and FlowMatrix is a sparse matrix
with all the flow values for every edge. FlowMatrix(X,Y) is the flow from
node X to node Y.

Output Cut is a logical row vector indicating the nodes connected to
SNode after calculating the minimum cut between SNode and TNode. If
several solutions to the minimum cut problem exist, then Cut is a matrix.
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graphmaxflow

Create a directed graph with six nodes and eight edges.

cm = sparse([1 1 2 2 3 3 4 5],[2 3 4 5 4 5 6 6],...

[2 3 3 1 1 1 2 3],6,6);

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 169 / 422



graphmaxflow

View the graph with the original capacities.

h = view(biograph(cm,[],’ShowWeights’,’on’))
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graphmaxflow

Calculate the maximum flow in the graph from node 1 to node 6.

[M,F,K] = graphmaxflow(cm,1,6);

Notice that K is a two-row matrix because there are two possible solutions
to the minimum cut problem.
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graphmaxflow

View the graph with the calculated maximum flows.

g = biograph(F,[],’ShowWeights’,’on’); view(g)
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graphmaxflow

Show one solution to the minimum cut problem in the graph.

set(g.Nodes(K(1,:)),’Color’,[1 0 0]); view(g)

Notice that in the three edges that connect the source nodes (red) to the
destination nodes (yellow), the original capacities and the calculated
maximum flows are the same.
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graphmaxflow

Show another solution to the minimum cut problem in the graph.

set(g.Nodes(K(2,:)),’Color’,[0 1 0]); view(g)

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 174 / 422



��¤�6¯K

�Ä�äN = (G , s, t, c,u)þ�6x, Ù¥6��½�

x(s) = f ∗.

36�x(s) = f ∗Ø�L�ä���6�^�e§¦Ñ¦¤�����6
Ò´¤¢��¤�6¯K"
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��¤�6¯K

��¤�6¯K�êÆ�.µ

min
∑
e∈E

c(e)x(e)

s.t.
∑

e∈Out(v)

x(e)−
∑

e∈In(v)

x(e) = 0, v ∈ V − {s, t}∑
e∈Out(s)

x(e)−
∑

e∈In(s)

x(e) = f ∗

0 ≤ x(e) ≤ u(e), e ∈ E .

(64)

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 176 / 422



��¤�6¯K

3��¤�6¯K¥§�±kõ�
:Ú®:"XJ��¤�6¯Kä
kk�
:si , i = 1, · · · , k±9�g�6Ñþx(si ) = f ∗(si ), �kk ′�®
:tj , j = 1, · · · , k ′±9�g�6Ñþx(tj) = f ∗(tj), K�±Ú\å�

:sÚå�®:t, ¿V\(k + k ′)^>

(s, si ) : c(s, si ) = 0, u(s, si ) = f ∗(si ), i = 1, · · · , k ;

(tj , t) : c(tj , t) = 0, u(tj , t) = f ∗(tj), j = 1, · · · , k ′.

…
ks

…

'k
t

1t

t
s

1s
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��¤�6¯K

��¤�6¯KäkéÐ��.zUåµ

ÏLÚ\å�Ú�E�A�>£9ÙþzD�¤§�ò�á´»¯KÚ
��6¯K=z�¦)AÏ���¤�6¯K"
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��¤�6¯K

��¤�6¯KäkéÐ��.zUåµ

£�¤ÏLÚ\å�ª:t ′, \\lv ∈ VÑu�>(v , t ′)�÷v

c(v , t ′) = 0, u(v , t ′) = 1.

@o§�á´»¯K¤�¦)ls�t ′�äk6�f ∗ = n���¤�6¯
K"ùp§n = |V |, ¿b½��ä�>�Nþ��∞"
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��¤�6¯K

��¤�6¯KäkéÐ��.zUåµ

£�¤ÏLÚ\å�©:s ′, ¿�EXeü^>µ

(s ′, s); c(s ′, s) = 0, u(s ′, s) =∞

(s ′, t); c(s ′, t) = 1, u(s ′, t) =∞

@o§��6¯K¤�¦)ls ′�t���¤�6¯K"ùp§�½��
äpc(e) = 0(e ∈ E ), ¿���6��·�þ.£'X

∑
e∈E u(e)¤�

ls ′Ñu�6�f ∗.
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��¤�Ì�6¯K

XØ�ÄA½�!:�
:½ö®:§¿3�>e ∈ E þÚ\6�e.
�l = (l(e) | e ∈ E ), l
����äN = (G , c, l,u).

¦3ù��äþ¦¤������6§=¤¢���¤�Ì�6¯Kµ

min
∑
e∈E

c(e)x(e)

s.t.
∑

e∈Out(v)

x(e)−
∑

e∈In(v)

x(e) = 0, v ∈ V

l(e) ≤ x(e) ≤ u(e), e ∈ E .

(65)

[g�öSK]

��¤�Ì�6¯K��.zUå���¤�6¯K�d"
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��¤�Ì�6¯K

��¤�Ì�6¯K (65)�'u��¤�6¯K§Ù�å^��\{
'§Ï
äk��ß�¦)�{£ã�`:"

[?§öS]

Nï��¤�Ì�6¯K��{ïÄ?Ð§¿ÀJ¢yÙ�¦)�{"
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�Ù��£�ä�`z¤

Exercise 2.1: �âéónØ§�Ñ�á´»¯K��«¦)�{"

Exercise 2.2: y²��6���½nµ?¿��6�ä���6þ
�uT�ä�����Nþ"

Exercise 2.3: �y(63)ª�Ñ�x
′
´��äN��16§¿�Ù6

��x
′
(s) = x(s) + ∆.

Exercise 2.4: ÏL�E`²��¤�6¯K��ÙAÏ�¹�¹µ
�á´¯KÚ��6¯K"

Exercise 2.5: Áy²��¤�Ì�6¯K���¤�6¯Käk�
d��.zUå"
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�Ù��£�ä�`z¤

Project 2.6: Nï¿¢y��¤�Ì�6¯K�rõ�ª�m¦)�
{"�¦J�§S
�èÚ§S�w"

§S�w�Jj£�)�Ø�u¤µ

¯K£ã

�{�n

§S�H

§SÿÁ

(Ø
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1 XØ

2 �55y

3 �ä�`z

4 Ä�5y

5 ��55yÄ:nØ

6 Ã�å�`z

7 �g5y

8 ��5�å�`z

9 o(
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Ä�5y

Ä�5yïÄ�´/ûüL§��`z0§äk2�A^�µ§¿®ï
á
î��nØÄ:"
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Ä�5y

�á´»¯K���~f

1 3

2

4

5

6

7

7

8

5

12

8

9

7

13

9

6
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Ä�5y

©�ã�Ä

1 3

2

4

5

6

7

7

8

5

12

8

9

7

13

9

6

3

2

4

5

6

0

f_0

7

f_1

12

f_2

17

21

f_3

8

5
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Ä�5y

48�§(Recursive Equation)

{
fi (xi ) = min

(xi−1,xi )∈E
{d(xi−1, xi ) + fi−1(xi−1)}, i = 1, 2, 3,

f0(x0) = 0.
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Ä�5y

Ä�5y�A�'���µ

Stages

Alternatives

States

Recursive Equations
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Ä�5y

��/ÀÔC1(Knapsack/Cargo-Loading)

A general (n-Item, W -LB) knapsack problem can be represented by the
following Integer Linear Programming:

max z =
n∑

i=1
rimi

s.t.
n∑

i=1
wimi ≤W

m1, · · · ,mn ∈ Z+ ∪ {0}
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Ä�5y

1. Stage i is represented by item i , i = 1, 2, · · · , n.

2. The alternatives at stage i are represented by mi , the number of units
of item i included in the knapsack. It follows that
mi = 0, 1, · · · , bWwi

c.
3. The state at stage i is represented by xi , the total weight assigned to

stages (items) i , i + 1, · · · , and n. This definition reflects the fact that
the weight constraint is the only restriction that links all n stages
together.
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Ä�5y

��48(backward recursion)


fi (xi ) = max

mi = 0, 1, · · · , bW
wi
c

xi ≤ W

{rimi + fi+1(xi+1)}, i = n, · · · , 1

fn+1(xn+1) = 0.
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Ä�5y

��48(backward recursion)


fi (xi ) = max

mi = 0, 1, · · · , bW
wi
c

xi ≤ W

{rimi + fi+1(xi − wimi )}, i = n, · · · , 1

fn+1(xn+1) = 0.
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Ä�5y

~fµ7-ton Vessel

Item i 1 2 3

wi 2 3 1

ri 31 47 15
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Ä�5y

���#�.(Equipment Replacement Model)

b�·��Ä�´��ªÝ�nc����#¯K"zcÐ·�I�û
½´Ä�3�c��2¦^�c½ö����#���"-r(t), c(t),
s(t)©OL«��t-c#���cE�Â\§c$E¤�9Ùí�",
	§35yÏS�?Û�c	���#���¤�´I .
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Ä�5y

���#�.

Stage i is represented by year i where i = 1, · · · , n.

The alternatives at stage i are either keeping or replacing the machine
at the start of year i .

The state at stage i is the age of the machine at the start of year i .

Recursive equation:

fi (t) = max

{
r(t)− c(t) + fi+1(t + 1), if Keeping
r(0)− c(0) + s(t)− I + fi+1(1), if Replacing

fn+1(t) ≡ 0

where fi (t) is defined as the maximum net income for years
i , i + 1, · · · , n by given a t-year-old machine at the start of year i .
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Ä�5y

���#�.µ�,úiyk��3c#���§I�½���
54c(n = 5)����#�`üÑ"Túi�5½6c#���7L�±
��"��#���¤�´$100,000. eL�Ñ�´���#¯K��
'êâ§Ù¥t´Åìc#§r(t), c(t), s(t) ©OL«tc#Åì�cE�
Â\§c$E¤�9í�"

Table: ���#¯KêâL

t r(t) c(t) s(t)

0 20,000 200 –
1 19,000 600 80,000
2 18,500 1,200 60,000
3 17,200 1,500 50,000
4 15,500 1,700 30,000
5 14,000 1,800 10,000
6 12,200 2,200 5,000
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Ä�5y

���#�.

3

1

2

3

4

5

6

1 1 1

2 2

3

4

end

1 2 3 4 5
Decision Year

1

2

6

4

5

M
ac

hi
ne
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ge K

R

S

S

S

S

R

R

R

K

K

K

K

K

R RR

R R

R

K K

K
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�Ù��£Ä�5y¤

Exercise 3.1: �yk��2c#���§,5½5c#���7L�
�"35yÏ	�#���¤�©O´

(p1, p2, p3, p4, p5) = (100, 105, 110, 115, 120).

Á�ïXe���#�Ä�5y�.¿¦Ù�`�#üÑ"

Table: ÊcÏ���#

��c#t í�vt $1¤^ct
0 - 30
1 50 40
2 25 50
3 10 75
4 5 90
5 2 -
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�Ù��£Ä�5y¤

Exercise 3.2: Nï©ÛÄ�5y¯K�¦)�{9Ù�mE,5"

Project 3.3[���ÀÀÀ]: ¢yÄ�5y��«¯��{¿J�§S
�
èÚ§S�w"
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1 XØ

2 �55y

3 �ä�`z

4 Ä�5y

5 ��55yÄ:nØ

6 Ã�å�`z

7 �g5y

8 ��5�å�`z

9 o(
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��55y

min f (x)
s.t. x ∈ S ⊂ Rn.

(66)

3d§8I¼êf´½Â3Rnþ�¢�¼ê§S´ûüCþx�����
8Ü§¡�¯K��1�(feasible region).
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��55y

�`z¯Klá5þ�±©�ü�aµ�a´äkëYCþ�¯K§,
�a´lÑCþ�¯K£=|Ü`z¯K¤"

��55yáuëY.�`z¯K��Æ§Ï~�1�S�d�|�§
5£ã§=

S = {x ∈ Rn | gi (x) ≥ 0, i = 1, · · · ,m; hj(x) = 0, j = 1, · · · , `}.
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��55y

min f (x)
s.t. gi (x) ≥ 0, i = 1, · · · ,m

hj(x) = 0, j = 1, · · · , `
(67)

ùp§f (x), gi (x), hj(x)Ñ´nCþ!¢�!(½�¼ê§���k��
´��5�"
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��55y

�¦)����55y¯K£=éÑÙ�`)¤§�d�'�ïÄ©ü
��¡µ�´ïÄ�`)�5�§�´�Ok��{5¼�¯K�)"
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£��`)�½Â

÷v�å^�x ∈ S�x¡�¯K��1)(feasible solution), XJ�1
)x∗ ∈ S?�Ú÷v

f (x∗) 6 f (x),∀x ∈ S . (68)

K¡x∗�¯K(66)��Û�`)(global optimal solution). ,	§3�¹
�1)x∗ ∈ S�·���U(x∗)p§¤á

f (x∗) 6 f (x), ∀x ∈ S ∩ U(x∗). (69)

d�¡x∗�¯K(66)�ÛÜ�`)(local optimal solution).
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�`5^�

�`5^�µ¯K��`)¤÷v�7�½ö¿©^�"

�`5^�ò��«¦)�{��O!©ÛJø7Ø���nØÄ:"
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Ã�å¯K�4�^�

��7�^�µ�8I¼êf (x)3:x̄?��§ex̄ ´ÛÜ4�:§
K∇f (x̄) = 0.

��7�^�µ�8I¼êf (x)3:x̄?�g��§ex̄´ÛÜ4�:§
K∇f (x̄) = 0, ¿�HesseÝ
∇2f (x̄) ≥ 0.

��¿©^�µ�8I¼êf (x)3:x̄?�g��§
e∇f (x̄) = 0�∇2f (x̄) > 0, Kx̄´ÛÜ4�:"

¿�^�µ�f (x)´½Â3Rnþ���à¼ê§Kx̄´�N4�:£�
Û�`)¤�¿�^�´∇f (x̄) = 0.
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�å¯K��`5^�

���111������

�x̄ ∈ S , d ∈ Rn´�"�þ"e�3δ > 0¦�µ

x̄ + λd ∈ S ,∀λ ∈ (0, δ) (70)

K¡d´S3x̄?��1��"

PS3x̄?�¤k�1���8Ü�F (x̄, S).
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�å¯K��`5^�

eeeüüü������

�f (x)´Rnþ�¢¼ê§x̄ ∈ Rn§d´�"�þ"e�3δ > 0¦�µ

f (x̄ + λd) < f (x̄),∀λ ∈ (0, δ) (71)

K¡d�¼êf (x)3x̄?�eü��"
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�å¯K��`5^�

eeeüüü������888���fff888

XJf (x)´��¼ê§�∇f (x̄)Td < 0. w,§d?�d �f (x) 3x̄ ?�
eü��"Pù����8Ü�

D(x̄, f ) = {d | ∇f (x̄)Td < 0}.
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�å¯K��`5^�

(((ØØØ

éu¯Kmin{f (x) | x ∈ S}, �x̄ ∈ S , f (x)3x̄?��"XJx̄´¯K�Û
Ü�`)§K

F (x̄, S) ∩ D(x̄, f ) = ∅. (72)
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�å¯K��`5^�

PI(x̄) = {i ∈ {1, · · · ,m} | gi (x̄) = 0},

Df = D(x̄, f ) = {d | ∇f (x̄)Td < 0}, (73)

Fg = F (x̄, g) = {d | ∇gi (x̄)Td > 0, i ∈ I(x̄)}, (74)

Fh = F (x̄, h) = {d | ∇hj(x̄)Td = 0, j = 1, · · · , `}. (75)

�x̄�¯K(67)�ÛÜ�`)§fÚgi , i ∈ I(x̄)3:x̄��§
gi , i /∈ I(x̄)3:x̄ëY§hj3:x̄ëY��§�{∇hj(x̄)}`j=1

�5Ã'§K
Df ∩ Fg ∩ Fh = ∅. (76)
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�å¯K��`5^�

Fritz-John^�µ3¯K(67)¥§�x̄��1:§fÚgi , i ∈ I(x̄)3:x̄�
�§gi , i /∈ I(x̄)3:x̄ëY§hj3:x̄ëY��"XJx̄´ÛÜ�`)§K
�3Ø��"�êλ0, λi , i ∈ I(x̄) Úµj , j = 1, · · · , ` ¦�

λ0∇f (x̄)−
∑

i∈I(x̄)

λi∇gi (x̄)−
∑̀
j=1

µj∇hj(x̄) = 0. (77)

Ù¥λ0 ≥ 0, λi ≥ 0, i ∈ I(x̄).
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�å¯K��`5^�

y²(1)µXJ{∇hj(x̄)}`j=1�5�'§K�3Ø��"�

êµj , j = 1, · · · , ` ¦� ∑̀
j=1

µj∇hj(x̄) = 0.

ù��-λ0 = 0, λi = 0, i ∈ I(x̄), (Ø¤á"
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�å¯K��`5^�

y²(2)µXJ{∇hj(x̄)}`j=1�5Ã'§K7kDf ∩ Fg ∩ Fh = ∅.
=Ø�ª| 

∇f (x̄)Td < 0
∇gi (x̄)Td > 0, i ∈ I(x̄)
∇hj(x̄)Td = 0, j = 1, · · · , `

(78)

Ã)"
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�å¯K��`5^�

y²(2)Yµ-A´±{∇f (x̄),−∇gi (x̄), i ∈ I(x̄)} ��|¤�Ý
§B´
±{−∇hj(x̄), j = 1, · · · , `}��|¤�Ý
"
u´� {

ATd < 0
BTd = 0

(79)

Ã)"

ey {
Ap1 + Bp2 = 0
p1 ≥ 0

(80)

k)"
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�å¯K��`5^�

y²(2)Yµy½Â

S1 = {( y1

y2
) | y1 = ATd, y2 = BTd,d ∈ Rn},

S2 = {( y1

y2
) | y1 < 0, y2 = 0}.

w,S1ÚS2���à8§�S1 ∩ S2 = ∅.

dà8©l½n�§é∀d ∈ Rn, ∀(
y1

y2
) ∈ CL(S2), �3�"�þ(

p1

p2
)

¦�pT
1 ATd + pT

2 BTd ≥ pT
1 y1 + pT

2 y2.
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�å¯K��`5^�

y²(2)Yµ

Äk-y2 = 0, dd�?¿5£�d = 0¤9y1 < 0, =⇒ p1 ≥ 0.

2-(
y1

y2
) = (

0
0

) ∈ CL(S2), =⇒ pT
1 ATd + pT

2 BTd ≥ 0.

���d = −(Ap1 + Bp2), =⇒ Ap1 + Bp2 = 0.

nþ¤ã§=�(80)k)"
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�å¯K��`5^�

y²(2)Yµ

rp1�©þP�λ0Úλi , i ∈ I(x̄), p2�©þP�µj , j = 1, · · · , `. á=�
�

λ0∇f (x̄)−
∑
i∈I (x̄)

λi∇gi (x̄)−
∑̀
j=1

µj∇hj(x̄) = 0. (81)
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�å¯K��`5^�

Kuhn-Tucker^�µ�x̄��å¯K(67)��1:§fÚgi , i ∈ I(x̄) 3
:x̄��§gi , i /∈ I(x̄) 3:x̄ëY§hj3:x̄ëY��§�þ
8{∇gi (x̄), i ∈ I(x̄);∇hj(x̄), j = 1, · · · , `} �5Ã'"XJx̄´ÛÜ�`
)§K�3êλi ≥ 0 Úµj ¦�

∇f (x̄)−
∑

i∈I(x̄)

λi∇gi (x̄)−
∑̀
j=1

µj∇hj(x̄) = 0. (82)
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�å¯K��`5^�

½ÂLagrange¼êL(x, λ, µ) = f (x)−
m∑
i=1

λigi (x)−
∑̀
j=1

µjhj(x).

ex̄�¯KÛÜ�`)§K�3¦f�þλ̄ ≥ 0, µ̄¦�

∇xL(x̄, λ̄, µ̄) = 0.

d�§��7�^��L��

(K− T)


∇xL(x, λ, µ) = 0
gi (x) ≥ 0, i = 1, · · · ,m
λigi (x) = 0, i = 1, · · · ,m
λi ≥ 0, i = 1, · · · ,m
hj(x) = 0, j = 1, · · · , `

(83)
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eü�{

nØþ�±^�`5^�¦/��55y¯K0��`)§�3¢�¥
¿Ø�¢�1"

3¦)�`z¯K��~^�O��{´/S�eü�{0"
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�{N�

�{N�µ�{A´½Â3�mXþ�:::���888�N�§=éz�
:x(k) ∈ X, ²�{A�^��)��:8A(x(k)) ⊂ X, ?¿ÀJ��
:x(k+1) ∈ A(x(k))��x(k) ��Y:"
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4N�

Ú\¤¢�{�45§Ù¢�´:�:N��ëY5�í2"

�XÚY©O´�mEpÚEq¥���48§A : X −→ Y�:�8�N
�"XJx(k) ∈ X, x(k) → x, y(k) ∈ A(x(k)), y(k) → y %ºXy ∈ A(x), K
¡N�A3x ∈ X?´4�"
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)8Ü

�ïÄ�{�Âñ5§Äk�²()8Ü�Vg"

3Nõ�¹e§�¦�{�)�:�Âñu�Û�`)´4�(J�"
Ïd§��r÷v,
^��:8½Â�)8Ü"�S�:áuù�8
Ü�§ÒÊ�S�"

~X§3Ã�å�`z¯K¥§�±½Â)8Ü�

Ω = {x̄ | ‖∇f (x̄)‖ = 0},

3�å�`z¯K¥§)8Ü��

Ω = {x̄ | x̄´K-T:}.
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eü¼ê

��/§eü�{o´�,�¼ê3S�L§¥¼ê��~�éX3�
å§ÏdI��Ñeü¼ê�Vg"

�Ω ⊂ X�)8Ü§A�Xþ����{N�§ψ(x)´½Â3Xþ�ëY
¢¼ê§e÷v

�x /∈ Ω�y ∈ A(x)�§ψ(y) < ψ(x)

�x ∈ Ω�y ∈ A(x)�§ψ(y) ≤ ψ(x)

K¡ψ´'u)8ÜΩÚ�{A�eü¼ê"
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�{Âñ5

�Ω�)8Ü§A�Xþ��{N�"e±?¿Ð©:x(0) ∈ Y ⊂ X Ñ
u§�{�)�S��?�Âñf��4�áu)8Ü§K¡�{N
�A3Y þÂñu)8ÜΩ.
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�{Âñ5

½½½nnnµµµ �A�Xþ����{§Ω�)8Ü§�½Ð©:x(0) ∈ X, ?1
XeS�µXJx(k) ∈ Ω, KÊ�S�¶ÄK�x(k+1) ∈ A(x(k)),
k := k + 1, ­E±þL§"ù��)S�S�{x(k)}. q�µ

1 S�{x(k)}¹uX�;f8¥¶

2 �3��ëY¼êψ, §´'uΩÚA�eü¼ê¶
3 N�A3Ω�Ö8þ´4�"

KS�{x(k)}�?�Âñf��4�áuΩ.
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�{Âñ5½ny²

yyy²²²µµµ kyS�{x(k)}éA�eü¼ê�ê�{ψ(x(k))}k4�"

{x(k)}¹uX�;f8§ÏdkÂñf�{x(k)}K , �Ù4��x ∈ X.
dψ�ëY5�§ψ(x(k)) −→ ψ(x), k ∈ K . =é∀ε > 0,∃N¦�
�k ≥ N�§k0 < ψ(x(k))− ψ(x) < ε, k ∈ K . AO
/§0 < ψ(x(N))− ψ(x) < ε.

qdψ�eü5�§ψ(x(k))− ψ(x(N)) < 0,∀k > N. u´k

0 < ψ(x(k))− ψ(x) = ψ(x(k))− ψ(x(N)) + ψ(x(N))− ψ(x) < ε,∀k > N.

=� lim
k→∞

ψ(x(k)) = ψ(x).
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�{Âñ5½ny²

yyy²²²£££UUU¤¤¤µµµ eyx ∈ Ω£�y{¤"

b�x /∈ Ω, �ÄS�{x(k+1)}K . du§�¹u;8§¤±��3Âñf
�{x(k+1)}K̄ , K̄ ⊂ K , ��Ù4��x̄ ∈ X. w,£Óncãy
²¤ lim

k→∞
ψ(x(k+1)) = ψ(x̄). dψ(x(k))4����5�§

ψ(x) = ψ(x̄).

,	§ék ∈ K̄ ⊂ Kk

x(k) −→ x, x(k+1) ∈ A(x(k)), x(k+1) −→ x̄.

�{A3Ω�Ö8þ´4�§x /∈ Ω, ÏdA3x?´4�§=kx̄ ∈ A(x).

duψ´)8ÜΩÚ�{A�eü¼ê§x /∈ Ω, Kkψ(x̄) < ψ(x). ùw,
gñ§¤±x ∈ Ω.
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¢^ÂñOK

3S�eü�{p§�x(k) ∈ Ω�âª�S�"3¢�¥Nõ�¹e§
ù´���4��L§§I�Ã�gS�"Ïd�)û¢S¯K§I�
5½�
¢^�ª�S�L§�OK§��¡�ÂñOK½ÊÅOK"

~^�ÂñOKk±eA«µ

1 ‖x(k+1) − x(k)‖ < ε or
‖x(k+1) − x(k)‖
‖x(k)‖

< ε

2 f (x(k))− f (x(k+1)) < ε or
f (x(k))− f (x(k+1))

|f (x(k))|
< ε

3 ‖∇f (x(k))‖ < ε

3ùp§ε�¯k�½�¿©���ê"Ød�	§��±�âÂñ½
n§�½ÑÙ§�ÂñOK"
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Âñ�Ç

µd�{`��IO��´Âñ�¯ú§Ï~¡�Âñ�Ç"

��½ÂXeµ�S�{x(k)}Âñ�x∗, ÷v

0 ≤ ¯lim
k→∞

‖x(k+1) − x∗‖
‖x(k) − x∗‖p

= β <∞ (84)

��Kêp�þ(.¡�S�{x(k)}�Âñ�"

e3½Âª(84)¥§p = 1�β < 1, K¡S�´£Âñ'β¤�5Âñ
�"

e3½Âª(84)¥§p > 1, ½ö{p = 1, β = 0}, K¡S�´��5Âñ
�"
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O�E,5

�`z�±J���©�P�4�¯K§,
§¤���Õá�Æ�´
3��­Vo�c�"§��DantzigJÑ
¦)���55y¯K�ü
X/{"d��«�`z¯K�nØ9A^ïÄ��×�uÐ§AO´
�55yduÙ�.�ÊH5Ú¢^5§�'�{�?ÐÚå2��­
À"

�X¢S¯K�5��5��±93O�ÅEâ�íÄe§<�m©l
E,5�ÝïÄ�55yÚ��55y��{"
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S��{

�`z�{Ï~æ^S��{¦¯K��`)§ÙÄ�g�´µ

�½��Ð©:x(0) ∈ Rn, Uì,�S�5K�)��:�{x(k)}, ¦�
�{x(k)}´k¡:��§Ù����:´�`z�.¯K��`)§
�{x(k)}´Ã¡:��§§k4�:�Ù4�:´�`z�.¯K��
`)"
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S��{

��Ð�S��{Aä��;.A�´µ

S�:x(k)U­½/�CÛÜ4�:x∗����§,�×�Âñux∗. �
�/§éu,«�{·�I�y²ÙS�:�x(k)�à:£=f��4
�:¤��ÛÜ4�:"3¢SO�¥§��½�ÂñOK÷v�§S
�=ª�"
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|¢���Ú�Ïf

�x(k)�1kgS�:§d(k)�1kg|¢��§αk�1kgÚ�Ïf§K
1k + 1gS��µ

x(k+1) = x(k) + αkd(k). (85)

lþãS��ª�±wÑ§ØÓ�|¢��ÚØÓ�Ú�üÑ�¤ØÓ
��{"
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|¢���Ú�Ïf

3�`z�{¥§|¢��d(k)��À��´,d�¼ê(merit
function) ψ 3x(k)?�eü��§=d(k)÷v

∇ψ(x(k))Td(k) < 0. (86)

Ú�Ïf�(½��8(�)���`z¯K

min
α≥0

ψ(x(k) + αd(k)) (87)
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�`zS��{�Ä�(�

(a) �½Ð©:x(0)

(b) O�|¢��d(k), =�E,d�¼êψ3x(k):?�eü����
|¢��¶

(c) (½Ú�Ïfαk , ¦Td�¼ê�k,«§Ý�eü¶

(d) S��#§-x(k+1) = x(k) + αkd(k).

(e) �äÊÅOK§ex(k+1)÷v,«ª�^�§KÊ�S�§��C
q�`)x̄ = x(k+1). ÄK§�£(b)­E±þÚ½"
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1 XØ

2 �55y

3 �ä�`z

4 Ä�5y

5 ��55yÄ:nØ

6 Ã�å�`z

7 �g5y

8 ��5�å�`z

9 o(
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Ã�å�`z

Ã�å�`z¯K
min
x∈Rn

f (x) (88)

Ù8I¼êf´½Â3Rnþ�¢�¼ê§ûüCþx�����8Ü´�
�mRn.
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FÝa¦)�{

FÝ�þ∇f (x)´¼êf3:x?O\�¯���§�§¤��`z��
­�óä"¢Sþ�éÃ�å�`z¯K§�[¤��¦)�{¥�õ
áue¡�FÝ�{a"

GRADIENT £££FFFÝÝÝ{{{aaa¤¤¤

(0) Ð©zµÀ�·��Ð©:x(0) ∈ Rn, -k := 0.

(1) O�|¢��µ|^·���½é¡
HkO�|¢���
þd(k) := −Hk∇f (x(k)). £XJ∇f (x(k)) = 0, K(åO�¤

(2) (½Ú�Ïfµ)���`z¯Kmin
α≥0

f (x(k) + αd(k)), ¦ÑÚ

�α = αk , -x(k+1) = x(k) + αkd(k), k := k + 1, £�1(1)Ú"
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�E|¢��µKFÝ��

Ã�å�`z¯Kµmin
x∈Rn

f (x)

f (x) = f (x(k)) +∇f (x(k))T (x− x(k)) + O(‖x− x(k)‖2) (89)

�KFÝ��
d(k) = −∇f (x(k)),

K�αkv
��§oU¦

f (x(k) + αkd(k)) < f (x(k)).
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�E|¢��µÚî��

f (x) = f (x(k)) +∇f (x(k))T (x− x(k))

+
1

2
(x− x(k))T∇2f (x(k))(x− x(k)) + O(‖x− x(k)‖3)

(90)

�|¢��
d(k) = −G−1

k ∇f (x(k)),

Ù¥Gk = ∇2f (x(k))�¼êf3x(k):?�HesseÝ
"
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(½Ú�Ïfµ��|¢

3S��ª¥§ÏL)���`z¯K

min
α≥0

ϕ(α) = f (x(k) + αd(k)) (91)

(½Ú�Ïf��{¡�������|||¢¢¢(Line Search).
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(½Ú�Ïfµ��|¢

e±¯K(91)��`)�Ú�§d�¡�°°°(((������|||¢¢¢(Exact Line
Search).

²~^��°(��|¢k�7©�{Ú��S�{"=¦`´°(�
�|¢§ÏLk�gO�¦Ñ¯K(91)�î�)���´Ø�U�§¢
Sþ3��kv
°Ý�Cq)�§Òæ^§��Ú�"
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(½Ú�Ïfµ��|¢

3¢SO�¥§  Ø´¦)���`z¯K(91), 
´éÑ÷v,

·�^��oÑCq)��Ú�§d�¡����°°°(((������|||¢¢¢(Inexact
Line Search).

�°(��|¢�'§3éõ�¹eæ^�°(��|¢�±Jp�N
O��Ç"
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(½Ú�Ïfµ��|¢

�ᾱk´¦�
f (x(k) + αd(k)) = f (x(k))

����êα.

u´§·�ò3«m[0, ᾱk ]S¦�÷v·�^����É�Ú�Ïf§
=α ∈ [0, ᾱk ].

ϕ

α α

)0(ϕ
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(½Ú�Ïfµ��|¢

Goldstein(1965) conditions:

ϕ(α) ≤ ϕ(0) + ραϕ
′
(0) (92)

ϕ(α) ≥ ϕ(0) + (1− ρ)αϕ
′
(0) (93)

Ù¥ρ ∈ (0, 1/2)´���½ëê"
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(½Ú�Ïfµ��|¢

Goldstein(1965) conditions:

ϕ

)0()0( 'ραϕϕ +

α

)0(ϕ

)0()1()0( 'αϕρϕ −+
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(½Ú�Ïfµ��|¢

Wolfe(1968)-Powell(1976) conditions:

ϕ(α) ≤ ϕ(0) + ραϕ
′
(0) (94)

ϕ
′
(α) ≥ σϕ′(0) (95)

Ù¥σ ∈ (ρ, 1)´,���½ëê"
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(½Ú�Ïfµ��|¢

Wolfe(1968)-Powell(1976) conditions:

ϕ

)0()0( 'ραϕϕ +

α

)0(ϕ

)0(:slope 'σϕ
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(½Ú�Ïfµ��|¢

3éõ¢S�{¥§ª(95)~�rz�V>^�¤��

|ϕ′(α)| ≤ −σϕ′(0) (96)
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(½Ú�Ïfµ��|¢

ÄuWolfe-PowellOK��°(��|¢�{µ

(0) �½Ð©��|¢«m[0, ᾱ], ±9ρ ∈ (0, 1/2), σ ∈ (ρ, 1).
O�ϕ0 = ϕ(0) = f (x(k)), ϕ

′
0 = ϕ

′
(0) = ∇f (x(k))Td(k).

¿-a1 = 0, a2 = ᾱ, ϕ1 = ϕ0, ϕ
′
1 = ϕ

′
0.

À�·��α ∈ (a1, a2).
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(½Ú�Ïfµ��|¢

ÄuWolfe-PowellOK��°(��|¢�{µ

(1) O�ϕ = ϕ(α) = f (x(k) + αd(k)). eϕ(α) ≤ ϕ(0) + ραϕ
′
(0), K=�

1(2)Ú"ÄK§dϕ1, ϕ
′
1, ϕ�Eü:�g��õ�ªp(1)(t), ¿�

Ù4�:

α̂ = a1 +
1

2

(a1 − α)2ϕ
′
1

(ϕ1 − ϕ)− (a1 − α)ϕ
′
1

.

u´�a2 = α, α = α̂, ­E1(1)Ú"
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(½Ú�Ïfµ��|¢

ÄuWolfe-PowellOK��°(��|¢�{µ

(2) O�ϕ
′

= ϕ
′
(α) = ∇f (x(k) + αd(k))Td(k). eϕ

′
(α) ≥ σϕ′(0), KÑ

Ñαk = α, ¿Ê�|¢"ÄK§dϕ,ϕ
′
, ϕ
′
1�Eü:�g��õ�

ªp(2)(t), ¿�Ù4�:

α̂ = α− (a1 − α)ϕ
′

ϕ
′
1 − ϕ

′ .

u´�a1 = α, α = α̂, ϕ1 = ϕ,ϕ
′
1 = ϕ

′
, �£1(1)Ú"
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(½Ú�Ïfµ��|¢

[g�Kµ��ÑþãÄuWolfe-PowellOK��°(��|¢�{¥�
�õ�ªp(1)(t), p(2)(t)�äNL�ª"]
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�ÛÂñ

l?¿Ð©:Ñu§XJ,S��{�)�:��4�£à:¤§3·
�b½e��yð�¯K��`)£½ö­½:¤§K¡TS�{äk
�ÛÂñ5(Global Convergence).

�d�é§XJ=3)�NCÀ�Ð©:�§â�±�y¤)¤�:�
ÂñuT)§K¡ù��S�{kÛÜÂñ5(Local Convergence).
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�ÛÂñ

�
y²S�{�eü5§·�A¦þ;�|¢���KFÝ��A�
����/§=�¦d(k) lg(k) = ∇f (x(k))�������
"Ä

K§g(k)Td(k)�Cu"§d(k)A�Ø´eü��"

�d§·�b�d(k)�−g(k)�Y�θk÷v

θk ≤
π

2
− µ, ∀k (97)

Ù¥µ > 0£�kÃ'¤"
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�ÛÂñ

w,θk ∈ [0, π/2), Ù½Â�

cos θk =
−g(k)Td(k)

‖g(k)‖‖d(k)‖
=
−g(k)T s(k)

‖g(k)‖‖s(k)‖
(98)

ùps(k) = αkd(k) = x(k+1) − x(k).
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�ÛÂñ

e¡�Ñ�«Ú�OKe�eü�{��ÛÂñ5(Ø"

���ÛÛÛÂÂÂñññ555½½½nnnµµµ

�∇f (x)3Y²8L(x(0)) = {x | f (x) ≤ f (x(0))} þ�3���ëY"e
ü�{�|¢��d(k)�−∇f (x(k)) �m�Y�θk÷vª(97), Ù¥Ú
�αkdn«�{��(½µ

(1) °(��|¢

(2) GoldsteinOK(92),(93)

(3) Wolfe-PowellOK(94),(95)

@o§½öé,�kk∇f (x(k)) = 0, ½öf (x(k))→ −∞,
½ö∇f (x(k))→ 0.
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�ÛÂñ

���ÛÛÛÂÂÂñññ555yyy²²²µµµ£�y²Wolfe-PowellOK��/¤

b�é¤k�k, g(k) = ∇f (x(k)) 6= 0 Úf (x(k))ke.§

�f (x(k))− f (x(k+1))→ 0. dª(94)�§−g(k)T s(k) → 0.

£�y¤eg(k) → 0Ø¤á§@o�3ε > 0Úf�{x(k)}k∈K¦
�‖g(k)‖ ≥ ε. l
d

−g(k)T s(k) = ‖g(k)‖‖s(k)‖ cos θk ≥ ε‖s(k)‖ sinµ

±9ª(97)k‖s(k)‖ → 0.
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�ÛÂñ

���ÛÛÛÂÂÂñññ555yyy²²²£££YYY¤¤¤µµµ

qÏ�g(x) = ∇f (x)3L(x(0))þ��ëY§¤±

g(k+1)T s(k) = g(k)T s(k) + o(‖s(k)‖)
⇓

g(k+1)T s(k)

g(k)T s(k)
→ 1.

(99)
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�ÛÂñ

���ÛÛÛÂÂÂñññ555yyy²²²£££YYY¤¤¤µµµ


ù�Wolfe-PowellOK�ª(95)

g(k+1)T s(k)

g(k)T s(k)
≤ σ < 1 (100)

�gñ"Ïdkg(k) → 0

[g�Kµ�Ö¿y²ÄuGoldsteinOK��°(��|¢�{��ÛÂ
ñ5"]
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��eü{

��eü{�KFÝ��S��{�|¢��§ÙS��ª�

x(k+1) = x(k) − αk∇f (k(k)).
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��eü{

���{{{µµµ

(0) À�Ð©:x(0), ��ª�Ø�ε > 0, -k := 0.

(1) O�g(k) = ∇f (x(k)). e‖g(k)‖ < ε, KÊ�S�¿ÑÑx(k).
ÄK?11(2)Ú"

(2) -d(k) = −g(k), ¿d��|¢(½Ú�Ïfαk¦�

f (x(k) + αkd(k)) = min
α>0

f (x(k) + αd(k)).

(3) S��#x(k+1) = x(k) + αkd(k), �k := k + 1, £�1(1)Ú"
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��eü{

������eeeüüü{{{���ÛÛÛÂÂÂñññ555½½½nnnµµµ

�f (x) ∈ C 1, 3��eü{¥æ^£°(½�°(¤��|¢§K�)
�S�:�{x(k)}�z��à:Ñ´7:"

Project: ?§¢yÄuWolfe-PowellOK��°(��|¢�{"�¦
J�§S
�èÚ§S�w"
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��eü{
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��eü{

��/§��eü{�k�5Âñ�Ý"

Xe~f´���~Í¶�ÿÁ¼ê(Rosenbrock function)

f (x1, x2) = 100(x2 − x2
1 )2 + (1− x1)2.
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Úî{

�f (x)´�g��¢¼ê§3x(k)NC���TaylorÐmCq

f (x(k) + s) ≈ q(k)(s) = f (x(k)) + g(k)T s +
1

2
sTGks (101)

Ù¥g(k) = ∇f (x(k)),Gk = ∇2f (x(k)).

òq(k)(s)4�zB�
s = −G−1

k g(k). (102)

þª�Ñ�|¢��−G−1
k g(k)¡�Úî��(Newton Direction).
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Úî{

38I¼ê´�½�g¼ê

f (x) =
1

2
xTGx− cTx

��¹e(G��½
)§é?¿�xk∇2f (x) = G .

31�gS�p-H0 = G−1, Kk

d(0) = −H0∇f (x(0)) = −G−1(Gx(0) − c) = −(x(0) − x∗).

ùp§x∗ = G−1c´¯K��`)"ex(0) 6= x∗, �Ú�α0 = 1, u´
�x(1) = x(0) + α0d(0) = x∗. dd��§Ø+Ð©:x(0)XÛ�§3�g
S��=����`)x∗.
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Úî{

�â±þ¯¢§�±@�=¦éu�����5¼êf (x), 3S�¥-
|¢��

d(k) = −∇2f (x(k))−1∇f (x(k))

�´�Ü·�"

AO/§Ú�αk ≡ 1�S�úª�

x(k+1) = x(k) + d(k) = x(k) − G−1
k g(k). (103)

ùÒ´²;�ÚîS�{
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Úî{

éu�½�g¼ê
ó§Úî{�Ú=����`)"éu��g¼
ê§Úî{¿ØU�y²k�gS�¦��`)"�du8I¼ê34
�:NC�^�g¼ê�Ð/Cq§��Ð©:�C4�:�§Úî{
�Âñ�Ý��¬é¯"

�±y²Úî{�ÛÜÂñ5Ú��Âñ�Ç"
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Úî{

ÚÚÚîîî{{{ÂÂÂñññ½½½nnnµµµ

�f ∈ C 2, x(k)¿©�Cx∗, Ù¥∇f (x∗) = 0. XJ∇2f (x∗)�½§8I¼
ê�HesseÝ
G (x)÷vLipschitz^�§=�3β > 0¦�é¤k(i , j)k

|Gij(x)− Gij(y)| ≤ β‖x− y‖. (104)

Ké���k , ÚîS�(103)k½Â§¤�S�{x(k)}Âñ�x∗, �äk
��Âñ�Ç"
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Úî{

yyy²²²���µµµ

Pg(x) = ∇f (x), Ï�f ∈ C 2, ·�k

g(x− h) = g(x)− G (x)h + O(‖h‖2).

-x = x(k),h = h(k) = x(k) − x∗ �\þª�

0 = g(x∗) = g(x(k) − h(k)) = g(x(k))− G (x(k))h(k) + O(‖h(k)‖2). (105)
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Úî{

yyy²²²���£££YYY¤¤¤µµµ

duG (x)÷vLipschitz^�§´y
[
G (x(k))

]−1
k."�§(105)ü>Ó�

¦±
[
G (x(k))

]−1
�

0 =
[
G (x(k))

]−1
g(x(k))− h(k) + O(‖h(k)‖2)

= x∗ − (x(k) −
[
G (x(k))

]−1
g(x(k))) + O(‖h(k)‖2)

= x∗ − x(k+1) + O(‖h(k)‖2)

= −h(k+1) + O(‖h(k)‖2)

¤±‖h(k+1)‖ = O(‖h(k)‖2), =ÚîS�{äk��Âñ�Ç"
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Úî{

yyy²²²���µµµ

éuÚîS�{§·�P

x(k+1) = x(k) − G−1
k g(k) , A(x(k)). (106)

5¿�g(x∗) = 0, G (x∗)�½£�ÛÉ¤§kA(x∗) = x∗.

u´dx(k+1) − x∗ = A(x(k))−A(x∗) �

‖x(k+1) − x∗‖ = ‖A(x(k))−A(x∗)‖
≤ ‖A′(x∗)(x(k) − x∗)‖+

1

2
‖A′′(x̄)‖‖x(k) − x∗‖2,

Ù¥x̄ ux(k)Úx∗�m��ãþ"
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Úî{

yyy²²²���£££YYY¤¤¤µµµ

w,
A′(x) = [x− G (x)−1g(x)]

′
= −[G (x)−1]

′
g(x)

¤±A′(x∗) = 0. l
k

‖h(k+1)‖ = ‖x(k+1) − x∗‖ ≤ γ‖x(k) − x∗‖2 = γ‖h(k)‖2

Ù¥~êγ=�6uf (x)3x∗NC�n��ê"
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Úî{

3ª(103)�ÚîS�{p§XJÀ��Ð©:x(0)Ø3)x∗�NC§@
o)¤�:�{x(k)}�7Âñu�`)"

��y�{��ÛÂñ5§k7�éÚî{�,
U?"
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Úî{

'X§3Úî{¥��æ^��|¢5(½Ú�"

{{{ZZZÚÚÚîîî{{{µµµ

(0) À�Ð©:x(0), ��ª�Ø�ε > 0, -k := 0.

(1) O�g(k) = ∇f (x(k)). e‖g(k)‖ < ε, Ê�S�¿ÑÑx(k).
ÄK?11(2)Ú"

(2) )�5�§|Gkd = −g(k), ¦ÑÚî��d(k).

(3) æ^��|¢(½Ú�Ïfαk , -x(k+1) = x(k) + αkd(k),
�k := k + 1, £�1(1)Ú"
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Úî{

Úî{¡��Ì�(J´HesseÝ
Gk = ∇2f (x(k))Ø�½"ù���C
q�.Ø�½k4�:§=�g¼êq(k)(s)´Ã.�"

�
�Ñù
(J§<�JÑ
éõ?���"
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Úî{

Goldstein & Price (1967)

d(k) =


−G−1

k g(k), if cos θk > η

−g(k), otherwise

(107)
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Úî{

Levenberg(1944), Marquardt(1963), Goldfeld et. al(1966)

(Gk + µk I )d(k) = −g(k) (108)
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Úî{

�x´¼êf���Ø½:§e��d÷v

dT∇2f (x)d < 0,

K¡d�f3x?�K­Ç��"

�HesseÝ
∇2f (x(k))Ø�½�§K­Ç��{´?�Úî{�,�«
å»"
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[Úî{

Úî{�âÑ`:´ÛÜÂñé¯£äk��Âñ�Ç¤§
�$^Úî{I�O����§
�8I¼ê�HesseÝ
∇2f (x(k)) �
U��½§$�ÛÉ"�
�Ñù
":§
<�JÑ
[Úî{"ÙÄ�g�´µ^Ø¹���ê�Ý
HkCqÚ
î{¥�HesseÝ
�_G (x(k))−1.

d�ECqÝ
��{ØÓ§òÑyØÓ�[Úî{"
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[Úî{

£�Úî{�S� {
Gkd = −g(k)

x(k+1) = x(k) + αkd(k)

�
�EHesseÝ
_G−1
k �CqHk , ·�k©Û���∇2f (x(k)) ��

��∇f (x(k))�'X"
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[Úî{

�1kgS����x(k+1), ò8I¼êf (x)3x(k+1)?��TaylorÐmµ

f (x) ≈ f (x(k+1)) +∇f (x(k+1))T (x− x(k+1))

+
1

2
(x− x(k+1))T∇2f (x(k+1))(x− x(k+1)),

?�Úk

∇f (x) ≈ ∇f (x(k+1)) +∇2f (x(k+1))(x− x(k+1)),

u´-x = x(k)�

∇f (x(k)) ≈ ∇f (x(k+1)) +∇2f (x(k+1))(x(k) − x(k+1)).
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[Úî{

Ps(k) = x(k+1) − x(k), y(k) = ∇f (x(k+1))−∇f (x(k)), Kk

∇2f (x(k+1))s(k) ≈ y(k) or ∇2f (x(k+1))−1y(k) ≈ s(k).

ù�§O�Ñs(k)Úy(k)�§��þª�O3x(k+1)?�HesseÝ
�_"
·�knd�¦3S�¥�EÑHesseÝ
_�CqHk+1, ¦Ù÷v

Hk+1y(k) = s(k). (109)

Ï~rª(109)¡���^�§�¡�[Úî^�"
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[Úî{

[[[ÚÚÚîîîSSS������{{{������������ªªªµµµ

(0) À�Ð©:x(0), -H0 = I , k := 0.

(1) O�|¢��d(k) = −Hk∇f (x(k)).

(2) æ^��|¢(½Ú�Ïfαk , -x(k+1) = x(k) + αkd(k).

(3) Äux(k)�x(k+1)�FÝCz§�#HesseÝ
_�Cq§=(½÷
v��^��Hk+1. �k := k + 1, �£1(1)Ú"
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[Úî{

e¡·�Ò5?ØN��E9(½÷v[Úî^��HesseÝ
_�C
qHk+1.
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[Úî{

�Hk´1kgS��HesseÝ
_�Cq§·�F"±Hk5�)Hk+1, =

Hk+1 = Hk + Ek ,

Ù¥Ek´��$��Ý
"

�d§�æ^é¡��(SR1)��

Hk+1 = Hk + auuT , (a ∈ R,u ∈ Rn).
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[Úî{

d[Úî^�(109)�

Hk+1y(k) = Hky(k) + (auTy(k))u = s(k)

�u7���s(k) − Hky(k)��§�b½s(k) − Hky(k) 6= 0.

Ø��u = s(k) − Hky(k), d�a =
1

uTy(k)
, l
��

Hk+1 = Hk +
(s(k) − Hky(k))(s(k) − Hky(k))T

(s(k) − Hky(k))Ty(k)
. (110)

þª¡�é¡����"

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 293 / 422



[Úî{

���gggªªª���555

½½½ÂÂÂµµµ XJ�«S�{U3(��k�ÚSé��g¼ê�4�:§
K¡ù«�{äk�gª�5"
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[Úî{

é¡�����âÑ5�µ

1 �é�g¼êäk¢D5§=Hky(`) = s(`), ` = 0, 1, · · · , k − 1.

2 äk�gª�5§=éu�g¼êØI�?1��|¢
äknÚ
ª�5�§�Hn = [∇2f (x∗)]−1.

[g�Kµ�y²é¡����[Úî{�þã5�"]
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[Úî{

é¡�����":´§ØU�±S�Ý
Hk+1��½5"

=�(s(k) − Hky(k))Ty(k) > 0�§é¡����âU�±�½5"
ù
�^�  éJ�y§=¦(s(k) − Hky(k))Ty(k) > 0 ÷v§§��Ué
�l
��ê�þ�(J"

ù
Ñ¦�é¡�����[Úî{A^k��Û�5"
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[Úî{

æ^é¡��(SR2)��

Hk+1 = Hk + auuT + bvvT ,

¿¦�[Úî^�(109)¤á§Kk

Hk+1y(k) = Hky(k) + (auTy(k))u + (bvTy(k))v = s(k).

ùpu, vw,Ø´��(½�§�k�«²w�ÀJ´µ{
u = s(k), auTy(k) = 1;

v = Hky(k), bvTy(k) = −1.
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[Úî{

Ïdk

Hk+1 = Hk +
s(k)s(k)T

s(k)Ty(k)
− Hky(k)y(k)THk

y(k)THky(k)
. (111)

þª¡�DFP(Davidon-Fletcher-Powell)��úª§dDavidon(1959)J
Ñ§�²Fletcher & Powell(1963)?U
5"
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[Úî{

DFP��(111)´;.�[Úî��úª§§kéõ­�5�"

£�¤éu�g¼ê£æ^°(��|¢¤

1 ¢D5§=Hky(`) = s(`), ` = 0, 1, · · · , k − 1.

2 �gª�5§=Hn = [∇2f (x∗)]−1.

3 �Ý5§=��H0 = I�§S��)�Ý��"

£�¤éu����5¼ê

1 ���±�½5§Ï
d(k)o´eü��"

2 zgS�I�3n2 + O(n)g¦{$�"

3 �{äk��5Âñ�Ý"
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[Úî{

[[[ÚÚÚîîî£££������¤¤¤^̂̂���

Hk+1y(k) = s(k)

Ù¥Hk+1´HesseÝ
_�Cq¶

Bk+1s(k) = y(k)

Ù¥Bk+1´HesseÝ
�Cq"
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[Úî{

dé¡����Ú[Úî^�Hk+1y(k) = s(k)���Hk�DFP��úª

H
(DFP)
k+1 = Hk +

s(k)s(k)T

s(k)Ty(k)
− Hky(k)y(k)THk

y(k)THky(k)
.
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[Úî{

BFGS (Broyden-Fletcher-Goldfarb-Shanno) ��

aq/§·��l[Úî^�Bk+1s(k) = y(k)��'uBk�é¡���
�úª

B
(BFGS)
k+1 = Bk +

y(k)y(k)T

y(k)T s(k)
− Bks(k)s(k)TBk

s(k)TBks(k)
. (112)

r(112)ª¡�'uBk�BFGS��"
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[Úî{

XJ·�éBk�BFGS��/¦_0§Ò�±��'uHk�BFGS��ú
ª

H
(BFGS)
k+1 = Hk + (1 +

y(k)THky(k)

s(k)Ty(k)
)

s(k)s(k)T

s(k)Ty(k)

−Hky(k)s(k)T + s(k)y(k)THk

s(k)Ty(k)
.

(113)

[ g�Kµ��ÑH
(BFGS)
k+1 �é¡�����A)§=a,u, b, v. ]
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[Úî{

?�Ú§eò(113)ª¥{H ↔ B, s↔ y}p�§B��'uBk�DFP�
�úª

B
(DFP)
k+1 = Bk + (1 +

s(k)TBks(k)

y(k)T s(k)
)
y(k)y(k)T

y(k)T s(k)

−Bks(k)y(k)T + y(k)s(k)TBk

y(k)T s(k)
.

(114)
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[Úî{

�����¦_úª

Sherman-Morrison½½½nnnµµµ �A ∈ Rn×n´�ÛÉ
§u, v ∈ Rn´?¿�
þ"e1 + vTA−1u 6= 0, KA�����A + uvT�ÛÉ§�Ù_�±L
«�

(A + uvT )−1 = A−1 − A−1uvTA−1

1 + vTA−1u
. (115)

[ g�Kµ|^�����¦_úª§dH
(DFP)
k+1 í�B

(DFP)
k+1 ]

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 305 / 422



[Úî{

?�Ú�ë�]�

R. Fletcher, Practical Methods of Optimization (2nd Edition). John
Wiley & Sons, 1987.

D. C. Liu and J. Nocedal, On the Limited Memory Method for Large
Scale Optimization. Mathematical Programming B, 45(3), pp.
503-528, 1999.

...
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�ÝFÝ{

���ÝÝÝ������

½½½ÂÂÂµµµ �G´n × n�½
§Rn¥�?�|�"�þ
{d(0),d(1), · · · ,d(k)}, XJd(i)TGd(j) = 0(i 6= j),
K¡d(0),d(1), · · · ,d(k)´G−�Ý�"

w,�Ý´��Vg�í2§��G = I�§�Ý=���"
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�ÝFÝ{

���ÝÝÝ������{{{£££aaa¤¤¤µµµ

(0) �½�½
G , À�Ð©:x(0), O�g(0) = ∇f (x(0)) ¿�Ed(0)¦

�g(0)Td(0) < 0. -k := 0.

(1) ¦°(���|¢Ú�αk , =αk = argmin
α>0

f (x(k) + αd(k)).

(2) �#S�:x(k+1) = x(k) + αkd(k), ¿�Ed(k+1)¦

�d(k+1)TGd(j) = 0, j = 0, 1, · · · , k .

(3) �k := k + 1, �£1(1)Ú"
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�ÝFÝ{

�Ý��{´lïÄ�g¼ê�4�z¯K¥�)�§�§�±í2�
?n��g¼ê�4�z¯K"

�Ý��{���­�5�´§���1°(��|¢§S��{Òä
k�gª�5"

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 309 / 422



�ÝFÝ{

���ÝÝÝ������{{{ÄÄÄ���½½½nnnµµµ î�à�g¼êf (x) =
1

2
xTGx + cTx,

�Ý��{�1°(��|¢§KzÚS�:x(k+1)´f (x)3�56/

V = {x | x = x(0) +
k∑

j=0

βjd
(j),∀βj ∈ R}

¥���4�:"
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�ÝFÝ{

yyy²²²µµµ ��Ý��{�)�G -�Ý���d(0),d(1), · · · ,d(k).
d�Ý���½Â�§{d(0),d(1), · · · ,d(k)}�5Ã'"

e¡��yµé¤kk < n¤á

g(k+1)Td(j) = 0, j = 0, 1, · · · , k .

=3:x(k+1)?�¼êFÝg(k+1) = ∇f (x(k+1)) �f�
mspan{d(0),d(1), · · · ,d(k)}��"

dd´�Ñ½n�(Ø"
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�ÝFÝ{

yyy²²²£££YYY¤¤¤µµµ ��d°(��|¢�§é∀j ¤á

g(j+1)Td(j) = 0.

AO/§�j = k �§g(k+1)Td(k) = 0.
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�ÝFÝ{

yyy²²²£££YYY¤¤¤µµµ ¯¢þ§du

y(k) = g(k+1) − g(k) = G (x(k+1) − x(k)) = Gs(k) = αkGd(k).

��j < k�k

g(k+1)Td(j) = g(j+1)Td(j) +
k∑

i=j+1
y(i)Td(j)

= g(j+1)Td(j) +
k∑

i=j+1
αid

(i)TGd(j)

= 0 + 0
= 0
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�ÝFÝ{

yyy²²²£££YYY¤¤¤µµµ nÜþã§l
y²


g(k+1)Td(j) = 0, j = 0, 1, · · · , k .
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�ÝFÝ{

íííØØØµµµ éuî�à��g¼ê§e÷X�|�Ý��|¢§²k�Ú
S�7��4�:"
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�ÝFÝ{

du�Ý��{äk�gª�5§<�F"U�Ñ��äN��{£á
u�Ý��{a¤"ÏL?U��eü{§¦Ù|¢��äk�Ý5
�§ùB´�ÝFÝ{"

e¡·�k�é�g¼ê§�Ñ�ÝFÝ{�äN£ã"
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�ÝFÝ{

��g¼êf (x) =
1

2
xTGx + cTx, Ù¥G´n × n�½
§c´n��þ"

¼êf�FÝ�þ�

g(x) = ∇f (x) = Gx + c.

�d(0) = −g(0), Ï�x(1) = x(0) + α0d(0)¥Ú�α0d°(��|¢û½§

¤±g(1)Td(0) = 0.

y�d(1) = −g(1) + β
(1)
0 d(0), ÀJβ

(1)
0 ¦d(1)TGd(0) = 0, =�

β
(1)
0 =

g(1)Tg(1)

g(0)Tg(0)
.
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�ÝFÝ{

Ón§-d(2) = −g(2) + β
(2)
0 d(0) + β

(2)
1 d(1), ÀJβ

(2)
0 , β

(2)
1 ¦

�d(2)TGd(j) = 0, j = 0, 1. l
k

β
(2)
0 = 0,

β
(2)
1 =

g(2)Tg(2)

g(1)Tg(1)
.
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�ÝFÝ{

��/§31kgS�¥§-

d(k) = −g(k) +
k−1∑
j=0

β
(k)
j d(j),

ÀJβ
(k)
j ¦�d(k)TGd(j) = 0, j = 0, 1, · · · , k − 1, Kk

β
(k)
j =

g(k)TGd(j)

d(j)TGd(j)
=

g(k)T (g(j+1) − g(j))

d(j)T (g(j+1) − g(j))
.

qdug(k)Tg(j) = 0, j = 0, 1, · · · , k − 1, ��

β
(k)
j = 0, j = 0, 1, · · · , k − 2

β
(k)
k−1 =

g(k)Tg(k)

g(k−1)Tg(k−1)
.
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�ÝFÝ{

���ééé���ggg¼¼¼êêê������ÝÝÝFFFÝÝÝ���{{{ (Fletcher & Reeves, 1964)

(0) �½Ð©:x(0), O�g(0) = g(x(0)), -d(0) = −g(0), k := 0.

(1) S��#x(k+1) = x(k) + αkd(k), Ù¥αk =
g(k)Tg(k)

d(k)TGd(k)
.

(2) O�g(k+1) = g(x(k+1)), �E�ÝFÝ�

�d(k+1) = −g(k+1) + βkd(k), Ù¥βk =
g(k+1)Tg(k+1)

g(k)Tg(k)
.

(3) �k := k + 1, �£1(1)Ú"
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�ÝFÝ{
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�ÝFÝ{

���ÝÝÝFFFÝÝÝ{{{555���½½½nnnµµµ �8I¼êf (x) =
1

2
xTGx + cTx, Kæ^°(

��|¢��ÝFÝ{²m ≤ nÚS��ª�§�é¤k�1 ≤ k ≤ m¤
áe�'Xªµ

d(k)TGd(j) = 0, g(k)Tg(j) = 0, j = 0, 1, · · · , k − 1

d(k)Tg(k) = −g(k)Tg(k)

span{g(0), g(1), · · · , g(k)} = span{g(0),Gg(0), · · · ,G kg(0)}
span{d(0),d(1), · · · ,d(k)} = span{d(0),Gg(0), · · · ,G kg(0)}

[g�Kµy²þã½n...]
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�ÝFÝ{

ò�ÝFÝ{í2���g¼ê�4�z¯K§ÙS��

x(k+1) = x(k) + αkd(k).

Ú�αkd°(½ö�°(��|¢û½§
d(k+1)��EXeµ

d(k+1) = −g(k+1) + βkd(k).
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�ÝFÝ{

Ù¥

βk :=
g(k+1)Tg(k+1)

g(k)Tg(k)
(Fletcher− Reeves)

βk :=
g(k+1)T (g(k+1) − g(k))

d(k)T (g(k+1) − g(k))
(Hestenes− Stiefel)

βk :=
g(k+1)T (g(k+1) − g(k))

g(k)Tg(k)
(Polak− Ribiere− Polyak)

βk :=
g(k+1)Tg(k+1)

−d(k)Tg(k)
(Dixon)

βk :=
g(k+1)Tg(k+1)

d(k)T (g(k+1) − g(k))
(Dai−Yuan)
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�ÝFÝ{

éu��g¼ê§�ÝFÝ{S�nÚ±�¤�)�|¢�
�d(k+1) = −g(k+1) + βkd(k) �UØ2´eü��£d�°(��|¢
E¤�¤"

Ïd§nÚ±�·�AT±Ï5æ^��eü����|¢��§=
-d(`n) = −g(`n), ` = 1, 2, . . .

ù«üÑ¡�­éÄüÑ§ù���ÝFÝ{�¡�­éÄ�ÝFÝ
{"
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�ÝFÝ{

Xþ¤ã��ÝFÝ{S�éu�����5¼ê���z�´ì�·
^�§�S��#�Ú�ÏfÃ{wªL�§I��1ê�Cq��°
(��|¢"
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�ÝFÝ{

duznÚS��1­éÄüÑ§eP­#éÄ����:��{z(j)},
K�y²ù
��ng�S�:���5Âñ"É¢SO�Ø��K
�§3éõ�/e=U��aq�5�Âñ�Ç"
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�ÝFÝ{

l¢SO��Ç9­½55w§�ÝFÝ{�7'[Úî{Ð"�´§
�ÝFÝ{¥|¢���O�==^�8I¼ê�FÝ§
Ø7�[Ú
î{@�3zgS�¥�#HesseÝ
£½Ù_¤�Cq
¿PÁ�"
¤±§�¯K�5��
�kDÕ(��§�ÝFÝ{kp��1O�
�Ð?"
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�ÝFÝ{

The preconditioned conjugate gradient method

3�õê�¹e§�(��ÝFÝ{�¯�Âñ§ý^�?n´7�
�"
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�ÝFÝ{

?�Ú�ë�]�

M. Hestenes and E. Stiefel, Methods of conjugate gradients for
solving linear systems. Journal of Research of the National Bureau of
Standards, 49 (6), 1952.

K. Atkinson, An Introduction to Numerical Analysis (2nd Edition).
John Wiley & Sons, 1988.

M. Avriel, Nonlinear Programming: Analysis and Methods. Dover
Publishing§2003.

G. Golub and C. Van Loan, Matrix Computations (3rd Edition).
Johns Hopkins University Press.

...
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&6��{

�
�yS�{��ÛÂñ5§�c·�æ^
��|¢üÑ"

��|¢üÑk(½��|¢��d(k), ,�÷Xù���ÀJ·��Ú
�Ïfαk , #�S�:x(k+1) = x(k) + αkd(k).

y3§·�?Ø,�«�ÛÂñüÑ
— &6��{(Trust-Region Method).
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&6��{

�
�yS�{��ÛÂñ5§�c·�æ^
��|¢üÑ"

��|¢üÑk(½��|¢��d(k), ,�÷Xù���ÀJ·��Ú
�Ïfαk , #�S�:x(k+1) = x(k) + αkd(k).

y3§·�?Ø,�«�ÛÂñüÑ
— &6��{(Trust-Region Method).
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&6��{

�
�yS�{��ÛÂñ5§�c·�æ^
��|¢üÑ"

��|¢üÑk(½��|¢��d(k), ,�÷Xù���ÀJ·��Ú
�Ïfαk , #�S�:x(k+1) = x(k) + αkd(k).

y3§·�?Ø,�«�ÛÂñüÑ
— &6��{(Trust-Region Method).
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&6��{

&6��{Äk½Â�cS�:x(k)���

Ωk = {x ∈ Rn | ‖x− x(k)‖ ≤ ek},

ùpΩk¡�&6�§ek´&6��»"

b½3ù���p§�g�.q(k)(s)´8I¼êf (x)���Ü·�C
q§K3&6�¥4�z�g�.§��Cq4�:s(k), ¿
�x(k+1) = x(k) + s(k).
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&6��{

&6��{|^�g�.3&6�S¦���Ús(k), ¦�8I¼ê�e
ü'��|¢�k�"

&6��{Ø=äk�ÛÂñ5§
�Ø�¦8I¼ê�HesseÝ

£½ÙCq¤´�½�"
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&6��{

&6�f¯K

min q(k)(s) = f (x(k)) + g(k)T s +
1

2
sTBks

s.t. ‖s‖ ≤ ek .
(116)

Ù¥s = x− x(k), g(k) = ∇f (x(k)), é¡
Bk´HesseÝ

∇2f (x(k))½ÙCq§ek > 0�&6��»§‖ · ‖�,��ê"
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&6��{

XÛÀJ&6��»ek?

·�ò�â�g�.q(k)(s)é8I¼êf (x)�[Ü§Ýg·A/N�&
6��»"
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&6��{

�f¯K(116)�)s(k), -8I¼ê�eüþ

Actk = f (x(k))− f (x(k) + s(k))

�¢Seüþ§-�g�.¼ê�eüþ

Prek = q(k)(0)− q(k)(s(k))

�ýÿeüþ"½Â'�

rk =
Actk
Prek

=
f (x(k))− f (x(k) + s(k))

q(k)(0)− q(k)(s(k))
.

§ïþ
�g�.�8I¼ê�m���§Ý"
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&6��{

�rk��C1, L²�g�.¼êq(k)(s)�8I¼êf���5§Ý�
Ð§d��±O��»ek±*�&6�"

XJrk > 0�Ø�C1, ·��±&6��»ekØC"

XJrk�C"½�K�§L²q(k)(s)�8I¼êf���5§ÝØn�§
Ò~��»ek± �&6�"
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&6��{

&&&666������{{{

(0) �½Ð©:x(0), &6��»�þ.ē,
ε > 0, 0 < γ1 < γ2 < 1, 0 < η1 < 1 < η2. �e0 ∈ (0, ē), -k := 0.

(1) XJ‖g(k)‖ ≤ ε, Ê�S�"ÄK§¦)&6�f¯K(116)��s(k).

(2) O�'�rk , �#S�:

x(k+1) =

{
x(k) + s(k) if rk > 0,

x(k) otherwise.
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&6��{

&&&666������{{{

(3) N�&6��»§-

ek+1 =


η1ek if rk < γ1,
ek if γ1 ≤ rk < γ2,
min(η2ek , ē) if rk ≥ γ2.

(4) �k := k + 1, �£1(1)Ú"
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&6��{

&&&666������{{{������ÛÛÛÂÂÂñññ555½½½nnnµµµ

�Y²8L(x(0)) = {x | f (x) ≤ f (x(0))}k.§�f (x)3ÙþC 2ëY§K
d&6��{�)�S�S��3à:x∞, ÷v��Ú��7�^�§
=

g∞ = ∇f (x∞) = 0, G∞ = ∇2f (x∞) ≥ 0.
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&6��{

3&6��{¥'���Ú´§)&6�f¯K(116).

ùp·�0��«¦)&6�f¯K��{§=dPowell (1970) JÑ�
ò�{"

¤¢ò�{§´ë�Cauchy :£d��eü{�)�4�:¤ÚÚî
:£dÚî{�)�4�:¤§Ùë��&6�>.��:��x(k+1).
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&6��{

ò�{ã«

)(kx

Nx

Cx
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&6��{

éu�g�.

q(k)(−αg(k)) = f (x(k))− α‖g(k)‖2 +
1

2
α2g(k)TBkg(k),

°(��|¢�Ú�Ïf�L��

αk =
‖g(k)‖2

g(k)TBkg(k)
.

u´Cauchy Ú�

s
(k)
C = −αkg(k) = − ‖g(k)‖2

g(k)TBkg(k)
g(k).
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&6��{

XJ‖s(k)
C ‖ = ‖αkg(k)‖ ≥ ek , �

s(k) = − ek
‖g(k)‖

g(k),

B�
x(k+1) = x(k) − ek

‖g(k)‖
g(k).

XJ‖s(k)
C ‖ = ‖αkg(k)‖ < ek , 2O�ÚîÚ

s
(k)
N = −B−1

k g(k).
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&6��{

XJ‖s(k)
N ‖ ≤ ek , �

s(k) = s
(k)
N = −B−1

k g(k),

ÄK§�
s(k) = s

(k)
C + λ(s

(k)
N − s

(k)
C ),

Ù¥λ¦�
‖s(k)

C + λ(s
(k)
N − s

(k)
C )‖ = ek .
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&6��{

nþ¤ã§·���

x(k+1) =


x(k) − ek

‖g(k)‖
g(k) �‖s(k)

C ‖ ≥ ek ,

x(k) + s
(k)
C + λ(s

(k)
N − s

(k)
C ) �‖s(k)

C ‖ < ek�‖s
(k)
N ‖ > ek ,

x(k) − B−1
k g(k) �‖s(k)

C ‖ < ek�‖s
(k)
N ‖ ≤ ek .

(117)
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&6��{

ò�{÷ve�5�µ

1) ÷XCauchy :x
(k+1)
C ÚÚî:x

(k+1)
N �ë�§�x(k)�ålüNO

\¶

2) ÷XCauchy :x
(k+1)
C ÚÚî:x

(k+1)
N �ë�§f¯K�.¼ê�ü

N~�"

[g�Kµy²þã5�...]
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�Ù��£Ã�å�`z¤

Exercise 5.1: ��ÑþãÄuWolfe-PowellOK��°(��|¢
�{¥��õ�ªp(1)(t), p(2)(t)�äNL�ª"

Exercise 5.2: �y²ÄuGoldsteinOK��°(��|¢�{��
ÛÂñ5"

Exercise 5.3: Áò��5�§|¦�F (x) = 0�ÚîS�§^u¦
)Ã�å�`z¯Kminx∈Rn f (x). ��Ñ�A�S��ª§¿`²
nd"

Exercise 5.4: �y²é¡����[Úî{äk�gª�5Ú¢D
5"

Exercise 5.5: |^�����¦_úª£Sherman-Morrison½
n¤§dH

(DFP)
k+1 í�B

(DFP)
k+1 .
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�Ù��£Ã�å�`z¤

Exercise 5.6: �y²�ÝFÝ{�5�½n"

Exercise 5.7: 3&6��{¥§��Ñ�«�N�&6��»��
�g·A�ª�{"

Exercise 5.8: �y²ò�{£&6��{¤f¯K�.�¼êüN
5"

Project 5.9: ?§¢yÄu�°(��|¢(line search)�,�«
£|¢��¤S�eü�{§¿^u¦)Ã�å�`z¯K"�¦
J�§S�è§^r�H9ÿÁ�w"
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1 XØ

2 �55y

3 �ä�`z

4 Ä�5y

5 ��55yÄ:nØ

6 Ã�å�`z

7 �g5y

8 ��5�å�`z

9 o(
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�g5y

�g5y(Quadratic Programming)´�§3Cþ��5�ªÚ/½Ø�
ª��e¦�g¼ê�4�:¯K

min Q(x) =
1

2
xTGx + cTx

s.t. aT
i x = bi , i ∈ E = {1, · · · ,me}

aT
i x ≥ bi , i ∈ I = {me + 1, · · · ,m}

(118)

·�b½G�é¡
§ai (i ∈ E)´�5Ã'�"
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�g5y

�g5y��å�UØ�N§��Uvkk�����§ù�¡�g5
y¯KÃ)"

XJÝ
G��½§¯K(118)´à�g5y¯K§§�?¿ÛÜ)�´
�N)"

XJÝ
G�½§¯K(118)´�½�g5y¯K§���3)=´��
�"

XJÝ
GØ½§¯K(118)´����g5y¯K§k�UÑy��N
)�ÛÜ)"
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�g5y

�ª�å�g5y¯K

min Q(x) =
1

2
xTGx + cTx

s.t. Ax = b
(119)

ùpA´m × nÝ
§�Ø���5��rank(A) = m.
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�g5y

�k�«Ä©)x =

(
xB
xN

)
, Ù¥xB ∈ Rm, xN ∈ Rn−m, ¦�Ù�åÝ


�éA©¬A = (AB ,AN)¥AB�_"u´§�ª�å^���¤

xB = A−1
B (b− ANxN),

¿òþª�\8I¼ê¥��Ã�å¯K

min
xN∈Rn−m

1

2
xTN ĜNxN + ĉTNxN . (120)
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�g5y

3þª¥

ĜN = GNN − GNBA
−1
B AN − AT

NA
−T
B GBN + AT

NA
−T
B GBBA

−1
B AN ,

ĉN = cN − AT
NA
−T
B cB + GNBA

−1
B b− AT

NA
−T
B GBBA

−1
B b,

±9éA©¬/ª

G =

(
GBB GBN

GNB GNN

)
, c =

(
cB
cN

)
.
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�g5y

(1) XJĜN�½§KÃ�å¯K�)���/�Ñ

x∗N = −Ĝ−1
N ĉN ,

?�Ú��¯K(119)�)�

x∗ =

(
x∗B
x∗N

)
=

(
A−1
B b
0

)
+

(
A−1
B AN

−I

)
Ĝ−1
N ĉN .

�x∗éA�Lagrange¦f�þ�λ∗, Kk

Gx∗ + c = ATλ∗ =⇒ λ∗ = A−TB (GBBx∗B + GBNx∗N + cB).
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�g5y

(2) XJĜN´��½�§K3(I − ĜN Ĝ
+
N )ĉN = 0�§Ã�å¯Kk

.§�§�)�L«�

x∗N = −Ĝ+
N ĉN + (I − Ĝ+

N ĜN)ỹ,

Ù¥ỹ ∈ Rn−m�?¿�þ§Ĝ+
NL«ĜN�2Â_Ý
"d�§�¯

K�)x∗Ú�A�`¦fλ∗�aq(½"

�(I − ĜN Ĝ
+
N )ĉN = 0Ø¤á�§K�íÑÃ�å¯KÃe.§l


�¯K�Ãe."
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�g5y

(3) XJĜNØ½£=�3K�A��¤§w,Ã�å¯KÃe.§�
�¯KØ�3k��`)"

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 358 / 422



�g5y

þã��{�Øv�?´§�AB�CÛÉ�§N´��ê�O��Ø
­½"
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�g5y

222ÂÂÂ������{{{

�Z = {zm+1, · · · , zn})�mKer(A)��|Ä§
Y = {y1, · · · , ym}´û�mRn/Ker(A)��|Ä§
K∀x ∈ Rn��Xe©)L�

x = Y xY + ZxZ .

l
k

Ax = b =⇒ AY xY + AZxZ = b =⇒ xY = (AY )−1b,

¤±�
x = Y (AY )−1b + ZxZ ,

Ù¥xZ ∈ Rn−m´gdCþ"
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�g5y

222ÂÂÂ������{{{

òþª�\8I¼ê¥�Ã�å¯K

min
xZ∈Rn−m

1

2
xTZ (ZTGZ )xZ + [ZTGY (AY )−1b + ZTc]TxZ . (121)

b½ZTGZ�½§Kk

x∗Z = −(ZTGZ )−1ZT [GY (AY )−1b + c].

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 361 / 422



�g5y

222ÂÂÂ������{{{

l
���¯K��`)

x∗ = Y (AY )−1 − Z (ZTGZ )−1ZT [GY (AY )−1b + c],

�A�Lagrange¦f�

λ∗ = (AY )−TY T (Gx∗ + c).
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�g5y

Lagrange�{´Äu¦)�1�S�(K-T):§=Lagrange¼ê�­½
:"

éu�ª�å¯K(119), ÙLagrange¼ê�­½:Ò´Xe�5�§|
�) {

Gx + c = ATλ,
Ax = b.

�¤Ý
/ª� (
G −AT

−A 0

)(
x
λ

)
= −

(
c
b

)
.
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�g5y

�Ý


(
G −AT

−A 0

)
�_§K�3Ý


U ∈ Rn×n,V ∈ Rm×m,W ∈ Rm×n ¦�(
G −AT

−A 0

)−1

=

(
U W T

W V

)
l
�¦�¯K���){

x∗ = −Uc−W Tb,
λ∗ = −W c− Vb.
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�g5y

þãLagrange�{¥�Ý
�ÛÉ5¿Ø�½�¦G−1�3§�^ØÓ
��{�Ñ©¬Ý
U,V ,W�L�/ª§l
��ØÓ�O�úª"
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�g5y

�G�_§A1÷�§K(AG−1AT )−1�3§ØJ�y
U = G−1 − G−1AT (AG−1AT )−1AG−1,
V = −(AG−1AT )−1,
W = −(AG−1AT )−1AG−1.

u´·���¦)úª{
x∗ = −G−1c + G−1AT (AG−1AT )−1(AG−1c + b),
λ∗ = (AG−1AT )−1(AG−1c + b).

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 366 / 422



�g5y

XJ�Y ,Z÷v(Y ,Z ) =

(
A
B

)−1

, =AY = Im×m,AZ = 0.

e,kZTGZ�_§K�

(
G −AT

−A 0

)
�_"d�


U = Z (ZTGZ )−1ZT ,
V = −Y TGPTY ,
W = −Y TP.

Ù¥P = I − GZ (ZTGZ )−1ZT .
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�g5y

ÄuAT�QR©)§��Ñ(Y ,Z )��«AÏ�{µ

�

AT = Q

(
R
0

)
= (Q1,Q2)

(
R
0

)
,

=

A = (RT , 0)

(
QT

1

QT
2

)
.

Ù¥Q�n × n��
§R�m ×mþn�
"u´
-Y = Q1R

−T ,Z = Q2, Kk

AY = RTQT
1 Q1R

−T = Im×m, AZ = RTQT
1 Q2 = 0m×(n−m).
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�g5y

����g5y

min Q(x) =
1

2
xTGx + cTx

s.t. aT
i x = bi , i ∈ E = {1, · · · ,me}

aT
i x ≥ bi , i ∈ I = {me + 1, · · · ,m}

(122)

�*þ§ØÈ4�Ø�ª�å3)�NCØå�^§��KØ��Ä¶

È4�Ø�ª�å§du§3)?�Ò¤á§�·��±^�ª�å
5�Où
È4�Ø�ª�å"
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�g5y

ÈÈÈ444888ÄÄÄ���½½½nnnµµµ �x∗´����g5y¯K(122)�ÛÜ4�:§
Kx∗�7´�ª�å¯K

(EQ)

{
min Q(x) =

1

2
xTGx + cTx

s.t. aT
i x = bi , i ∈ E ∪ I(x∗)

�ÛÜ4�:"��§XJx∗´��¯K(122)��1:§Ó�
´(EQ)�K-T:§��A�Lagrange¦fλ∗÷vλ∗i ≥ 0, i ∈ I(x∗),
Kx∗7´�¯K(122)�K-T:"

[SK6.1µy²þã½n...]
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�g5y

�x(k)��cS�:§�´¯K(122)��1:"

PEk = E ∪ I(x(k)), �Ä�ª�å¯K

(EQ1)

{
min

1

2
sTGs + (Gx(k) + c)T s

s.t. aT
i s = 0, i ∈ Ek

¦�(EQ1)�)s(k), 9Ù�A�Lagrange¦fλ
(k)
i , i ∈ Ek .
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�g5y

(a) s(k) 6= 0�§x(k)Ø�U´�¯K�K-T:"

(b) s(k) = 0�§x(k)´¯K

(EQ2)

{
min

1

2
xTGx + cTx

s.t. aT
i x = bi , i ∈ Ek

�K-T:¶XJλ
(k)
i ≥ 0, i ∈ I(x(k)), Kx(k)�´�¯K�K-T:"

(c) ÄK§dλ
(k)
iq

= min
i∈I(x(k))

λ
(k)
i < 0 (½iq, @oXe¯K

(EQ3)

{
min

1

2
sTGs + (Gx(k) + c)T s

s.t. aT
i s = 0, i ∈ Ê = Ek \ {iq}.

�)ŝ´�¯K3�c:x(k)?��1��§=aT
iq

ŝ ≥ 0.

[g�Kµy²þã(c)�(Ø...]
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�g5y

ÈÈÈ444888���{{{(Active Set Method)

(0) �Ñ�1:x(0), -E0 = E ∪ I(x(0)), k := 0.

(1) ¦)�ª�å¯K(EQ1)�s(k), es(k) 6= 0, =1(3)Ú"

(2) XJλ
(k)
i ≥ 0, i ∈ I(x(k)), KÊ�¶ÄKdλ

(k)
iq

= min
i∈I(x(k))

λ
(k)
i < 0 (

½iq¿-Ek := Ek \ {iq}, x(k+1) = x(k), =1(4)Ú"

(3) dαk = min{1, min
i /∈Ek ,aTi s(k)<0

bi−aTi x(k)

aTi s(k) }, O�x(k+1) = x(k) + αks(k). X

Jαk = 1, =1(4)Ú¶Ø,½�é�p /∈ Ek¦
�aT

p (x(k) + αks(k)) = bp, ¿-Ek := Ek ∪ {p}.
(4) Ek+1 := Ek , k := k + 1, �£1(1)Ú"
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�Ù��£�g5y¤

Exercise 6.1: �y²È48Ä�½n"

Exercise 6.2: �y²cã(c)�(Ø"

Exercise 6.3 £££ÀÀÀ���KKK¤¤¤: Áy²�3��½�Uþ
ET ,m÷vX
e�.)

1

n
yTET ,my = min

φ ∈ Wm
2 (Ω)

φ(Xi ) = yi , i = 1, · · · , n

|φ|2T ,m

Ù¥y = (y1, · · · , yn)T , T = {Xi}ni=1,

|f |2T ,m =
1

n

n∑
i=1

∑
|α|=m

m!
α! |D

αf (Xi )|2.
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1 XØ

2 �55y

3 �ä�`z

4 Ä�5y

5 ��55yÄ:nØ

6 Ã�å�`z

7 �g5y

8 ��5�å�`z

9 o(

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 375 / 422



��5�å�`z

k�Ä�ª�å¯K
min f (x)
s.t. c(x) = 0,

(123)

Ù¥c(x) = (c1(x), · · · , cm(x))T .
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��5�å�`z

PA(x) = [∇c(x)]T = (∇c1(x), · · · ,∇cm(x))T .

d�`5^��µx´�ª�å¯K(123)�K-T:��=��3¦
fλ ∈ Rm¦�

∇f (x)− A(x)Tλ = 0,

�x´��1:§=c(x) = 0.
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��5�å�`z

u´��éá�§| {
∇f (x)− A(x)Tλ = 0,
−c(x) = 0.

·��^Newton-RaphsonS�{¦)þãéá�§|"
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��5�å�`z

PxÚλ�O�Oþ©O�δx, δλ, Newton-RaphsonS�÷vµ(
W (x, λ) −A(x)T

−A(x) 0

)(
δx

δλ

)
= −

(
∇f (x)− A(x)Tλ

−c(x)

)
, (124)

Ù¥W (x, λ) = ∇2f (x)−
m∑
i=1

λi∇2ci (x).
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��5�å�`z

þã�{¡�Lagrange-Newton{§�@dWilson(1963)JÑ�"

Ù¢�þ´^Newton-RaphsonS�¦¯K(123)�Lagrange¼êL(x, λ)�
­½:"
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��5�å�`z

3d§·�½Âd�¼ê

ψ(x, λ) = ‖∇f (x)− A(x)Tλ‖2 + ‖c(x)‖2. (125)

w,§ψ(x, λ)´'uLagrange-Newton{�eü¼ê§=÷v

∇ψ(x, λ)T
(
δx

δλ

)
= −2ψ(x, λ) ≤ 0.
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��5�å�`z

Lagrange-Newton{{{µµµ

(0) �½x(0), λ ∈ Rm, β ∈ (0, 1), ε ≥ 0, -k := 0.

(1) O�d�¼êψ(x(k), λ(k)), XJψ(x(k), λ(k)) ≤ ε, KÊ�¶ÄK
3(x(k), λ(k))?¦)(124)��(δx(k) , δλ(k)), ¿-αk = 1.

(2) eψ(x(k) + αkδx(k) , λ(k) + αkδλ(k)) ≤ (1− βαk)ψ(x(k), λ(k)), =
1(3)Ú¶ÄK-αk = 1

4αk , �£1(2)Ú"

(3) �x(k+1) = x(k) + αkδx(k) , λ(k+1) = λ(k) + αkδλ(k) , k := k + 1, �£
1(1)Ú"
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��5�å�`z

Lagrange-Newton{�Âñ5(J

½½½nnnµµµ �Lagrange-Newton{�)�S�:�{(x(k), λ(k))}k.§X
Jf (x)Úci (x)Ñ´�gëY��§�_Ý
(

W (x, λ) −A(x)T

−A(x) 0

)−1

��k.§K{(x(k), λ(k))}�?Ûà:Ñ´�§ψ(x, λ) = 0��§l

{x(k)}�à:´¯K(123)�K-T:"

5µ3�½^�e§��?�Úy²Lagrange-Newton{äk��Âñ
�Ý"
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��5�å�`z

ÅÚ�g5y{

Lagrange-Newton{���­��z´§3ÙÄ:þuÐÑ
ÅÚ�g
5y�{(Sequential Quadratic Programming Methods)"
�ö®¤�
¦)����5�å�`z¯K��a�©­���{"
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��5�å�`z

ÅÚ�g5y{

·��òª(124)�¤Xe/ªµ{
W (x, λ)δx +∇f (x) = A(x)T (λ+ δλ),
c(x) + A(x)δx = 0.

d�`5^��§δx(k)=�e��g5y¯K

min
1

2
dTW (x(k), λ(k))d +∇f (x(k))Td

s.t. c(x(k)) + A(x(k))d = 0
(126)

�K-T:"
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��5�å�`z

ÅÚ�g5y{

Lagrange-Newton{�±n)�ÅÚ¦)þã�ª�å�g5y��
{"

�d(k)´�g5y¯K(126)��`)§@o�S��#

x(k+1) = x(k) + αkd(k),

Ù¥αk�1kgS��Ú�"

�λ̄(k)´(126)éA�Lagrange¦f�þ§@oék ≥ 1k

λ(k+1) = λ(k) + αk(λ̄(k) − λ(k)).
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��5�å�`z

ÅÚ�g5y{

y�Ä�����5�å�`z¯K

min f (x)
s.t. ci (x) = 0, i ∈ E = {1, · · · ,me},

ci (x) ≥ 0, i ∈ I = {me + 1, · · · ,m}.
(127)

aq/§31kgS�p¦)f¯K

min
1

2
dTWkd + g(k)Td

s.t. ci (x(k)) + ai (x(k))Td = 0, i ∈ E ,
ci (x(k)) + ai (x(k))Td ≥ 0, i ∈ I.

(128)
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��5�å�`z

ÅÚ�g5y{

3ùp§Wk´�¯KLagrange¼ê�Hesse
½ÙCq§
g(k) = ∇f (x(k)), A(x(k)) = (a1(x(k)), · · · , am(x(k)))T = [∇c(x(k))]T .

Pf¯K(128)�)�d(k), �ALagrange¦f�þ�λ̄(k), �k
Wkd(k) + g(k) = A(x(k))T λ̄(k),

λ̄
(k)
i ≥ 0, i ∈ I,

c(x(k)) + A(x(k))d(k) = 0.
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��5�å�`z

ÅÚ�g5y{

ÅÚ�g5y{�S�±d(k)��|¢��"T|¢��kéÐ�5
�"§´Nõv¼ê�eü��§~XL1v¼ê

P(x , σ) = f (x) + σ

(
me∑
i=1

|ci (x)|+
m∑

i=me+1

|ci (x)−|

)
.

Ù¥c(x)−½ÂXeµ{
ci (x)− = ci (x), i ∈ E ,
ci (x)− = min{0, ci (x)}, i ∈ I.
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��5�å�`z

ÅÚ�g5y{

e¡��{´Han(1977)JÑ�ÅÚ�g5y�{µ

(0) �½x(0),W0 ∈ Rn×n, σ > 0, ρ ∈ (0, 1), ε ≥ 0, -k := 0.

(1) ¦)f¯K(128)�Ñd(k), XJ‖d(k)‖ ≤ ε, KÊ�¶ÄK
¦αk ∈ [0, ρ]¦�

P(x(k) + αkd(k), σ) ≤ min
0≤α≤ρ

P(x(k) + αd(k), σ) + εk .

(2) �x(k+1) = x(k) + αkδx(k) , O�Wk+1, -k := k + 1, �£1(1)Ú"
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��5�å�`z

ÅÚ�g5y{

�y²cãÅÚ�g5y{�Âñ5(JXeµ

½½½nnnµµµb½f (x)Úci (x)ëY��§��3~êM1,M2 > 0¦�

M1‖d‖2 ≤ dTWkd ≤ M2‖d‖2, ∀k ∈ N, ∀d ∈ Rn,

XJ‖λ(k)‖∞ ≤ σþ¤á§KHan(1977)�{�)�:�{x(k)} �?Ûà
:Ñ´¯K(127)�K-T:"
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��5�å�`z

v¼ê{

éu��5�å�`z¯K

min f (x)
s.t. ci (x) = 0, i ∈ E = {1, · · · ,me}

ci (x) ≥ 0, i ∈ I = {me + 1, · · · ,m}
(129)

�v¼ê§´�|^8I¼êf (x)Ú�å�§c(x)¤�E�äk/v5
�0�¼ê

P(x) = P(f (x), c(x)).
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��5�å�`z

v¼ê{

¤¢/v5�0§=�¦é¯K��1:x ∈ SþkP(x) = f (x), 
��
å^�»��kP(x) > f (x).
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��5�å�`z

v¼ê{

�
£ã�å^��»��§Ý§·�½Âc(x)−Xeµ{
ci (x)− = ci (x), i ∈ E ,
ci (x)− = min{0, ci (x)}, i ∈ I.
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��5�å�`z

v¼ê{

v¼ê�����8I¼ê�/v�0�Ú§=

P(x) = f (x) + φ(c(x)−).

v�φ(c(x)−)´½Â3Rmþ�¼ê§§÷v

φ(0) = 0, lim
‖c‖→∞

φ(c) = +∞.
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��5�å�`z

v¼ê{

XCourantv¼êµ

Pσ(x) = f (x) + σ‖c(x)−‖2
2,

Ù¥σ > 0´vÏf"
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��5�å�`z

v¼ê{

�Ä{üv¼ê
Pσ(x) = f (x) + σ‖c(x)−‖2.

Px(σ)´Ã�å¯Kmin
x∈Rn

Pσ(x)��`)§·�kXeÚn"

ÚÚÚnnnµµµ ex(σ)Ó�´��5�å�`z¯K(129)��1:§Kx(σ)�
´�¯K��`)"
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��5�å�`z

v¼ê{

þãÚnL²§��À�¿©��vÏfσ > 0, KÏL¦)Ã�å�`
z¯KA�é��A�å�`z¯K��`)"

,
3¢SO�¥§(½��Ü·�σ  '�(J§�Ï~´À��
�üNO�vÏfS�{σk}.

ÏL¦)�X�Ã�å¯K5¼��å�`z¯K�)§ù¡�S0Ã
�å4�zEâ(SUMT)"
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��5�å�`z

v¼ê{

�d§·��±�Ñv¼ê{�S�Ú½µ

(0) ?ÀÐ©:x(0), �½Ð©vÏfσ0 > 09β > 1, ε > 0. -k := 0.

(1) ±x(k)��Ð©S�:¦)Ã�å¯K�4�:§=

x(σk) = arg min
x∈Rn

Pσk (x).

(2) e‖c(x(σk))−‖ < ε, KÊ�S�¿�x(σk)���å¯K�Cq�`
)¶ÄK§�x(k+1) = x(σk), σk+1 = βσk , -k := k + 1�£
1(1)Ú"
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��5�å�`z

v¼ê{

´�Xen�Ún

ÚÚÚnnn1µµµ �σk+1 > σk > 0, KkPσk (x(σk)) ≤ Pσk+1
(x(σk+1)),

‖c(x(σk))−‖ ≥ ‖c(x(σk+1))−‖, f (x(σk)) ≤ f (x(σk+1)).

ÚÚÚnnn2µµµ �-x̄´�¯K(129)��`)§Ké?¿�σk > 0 ¤á

f (x̄) ≥ Pσk (x(σk)) ≥ f (x(σk)).

ÚÚÚnnn3µµµ -δ = ‖c(x(σ))−‖, Kx(σ)�´�å¯K

min f (x)
s.t. ‖c(x)−‖ ≤ δ

��`)"
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��5�å�`z

v¼ê{

[g�Kµy²þãÚn1...]

[g�Kµy²þãÚn3...]
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��5�å�`z

v¼ê{

ùp��ÑÚn2�y²µ

dK�´�
Pσk (x(σk)) ≥ f (x(σk)).

Ï�x̄´�¯K��`)§g,��1:§u´σk‖c(x̄)−‖2 = 0.

qÏ�x(σk) = arg min
x∈Rn

Pσk (x), Kk

f (x̄) = Pσk (x̄) ≥ Pσk (x(σk)).
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��5�å�`z

v¼ê{

'uv¼ê{�Âñ5§·�kXe(J

½½½nnn1µµµ �v¼ê{¥�ε÷v

ε > min
x∈Rn
‖c(x)−‖,

K�{7k�ª�"

[g�Kµy²þã½n...]
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��5�å�`z

v¼ê{

T½nL²§XJ��å¯K�3�1:§Ké?¿�½�ε > 0, �{
Ñòk�ª�u¯K

min f (x)
s.t. ‖c(x)−‖ ≤ δ

�)§�δ ≤ ε.
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��5�å�`z

v¼ê{

½½½nnn2µµµ XJ�{Øk�ª�§K7kmin
x∈Rn
‖c(x)−‖ ≥ ε,

� lim
k→∞

‖c(x(σk))−‖ = min
x∈Rn
‖c(x)−‖. d�§{x(σk)}�?Ûà:x∗Ñ´¯

K
min f (x)
s.t. ‖c(x)−‖ = min

y∈Rn
‖c(y)−‖

�)"
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��5�å�`z

¦fv¼ê

�
Qã{ü§=�Ä�ª�å¯K

min f (x)
s.t. c(x) = 0

(130)

Ù¥c(x) = (c1(x), · · · , cme (x))T .

�x∗´þã¯K��`)�λ∗´�A�Lagrange¦f§dKuhn-Tucher½
n�§x∗7´Lagrange¼ê

L(x, λ∗) = f (x)− (λ∗)Tc(x)

�­½:"���
ó§x∗¿Ø´Lagrange¼ê�4�:"
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��5�å�`z

¦fv¼ê

·��Ä¦fv¼ê£�¡O2Lagrange¼ê¤

P(x, λ, σ) = L(x, λ) +
σ

2
‖c(x)‖2

2.

duO2Lagrange¼ê�5�§���v
��vÏfσ
Ø7ª�Ã
¡�§Ò�ÏL4�zP(x, λ, σ)¦��¯K��`)"
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��5�å�`z

¦fv¼ê

PA(x) = [∇c(x)]T , duc(x∗) = 0, ·�´�

∇xP(x∗, λ∗, σ) = ∇xL(x∗, λ∗) = 0,

∇2
xxP(x∗, λ∗, σ) = ∇2

xxL(x∗, λ∗) + σA(x∗)A(x∗)T .

�3x∗?÷v��¿©^�§=é∀d¦�A(x∗)Td = 0��"�þ§þ
k

dT∇2
xxL(x∗, λ∗)d > 0.

@o3��¿©^��b½e§éu¿©��σ, �y

∇2
xxP(x∗, λ∗, σ)

´�½
"
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��5�å�`z

¦fv¼ê

½½½nnnµµµ �x∗Úλ∗÷v�ª�å¯K(130)ÛÜ�`)���¿©^�§
K�3σ̄¦��σ > σ̄�§x∗´¼êP(x, λ∗, σ)�î�ÛÜ4�:"

[g�Kµy²þã½n...]
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��5�å�`z

¦fv¼ê

·�¯k¿Ø���`¦f�þλ∗, Ïd^¦fλ�O§��O
2Lagrangev¼êµ

P(x, λ, σ) = f (x)− λTc(x) +
σ

2
‖c(x)‖2

2.

���üÑ´§k�½¿©��σÚ¦f�þ�Ð©�Oλ, ,�3S�
L§¥?�¦fλåã¦�ª��`¦fλ∗.

XÛ?�º
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��5�å�`z

¦fv¼ê

ÄuO2Lagrange¼ê�S��{µ

(0) �½Ð©:x(0)Ú¦f�þÐ©�Oλ(0), �½vÏfσ0 > 0, ~
êα > 1, 0 < β < 19NNØ�ε > 0. -k := 0.

(1) ±x(k)�Ð:¦)Ã�å¯K�4�:§=

x(k+1) = arg min
x∈Rn

P(x, λ(k), σ).

(2) e‖c(x(k+1))‖ < ε, KÊ�S�¿�x(k+1)���¯K�Cq�`
)¶ÄK§�#¦f�þ

λ(k+1) = λ(k) − σc(x(k+1)).

(3) XJ‖c(x(k+1))‖
‖c(x(k))‖ ≥ β, K�σ := ασ. -k := k + 1�£1(1)Ú"
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��5�å�`z

æN¼ê

ÄÄÄ���ggg��� 3S�¥o´lS:Ñu§¿ÏLÚ\æN¼ê¦��±3
�1�SÜ?1|¢"Ïd§ù«�{·^uØ�ª�å���5�`
z¯K"

min f (x)
s.t. gi (x) ≥ 0, i = 1, · · · ,m. (131)

yò�1�SÜP�intS , Ù¥S = {x | gi (x) ≥ 0, i = 1, · · · ,m}. �±S
�:¹u�1�SÜ��{´½ÂXeæN¼êµ

B(x, θ) = f (x) + θψ(x)

Ù¥æNÏfθ´é���ê§ψ(x)´ëY¼ê§�xªu�1�>.
�§ψ(x)→ +∞.
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��5�å�`z

æN¼ê

ü«­��æN/ª´µ

ψ(x) =
m∑
i=1

1

gi (x)
and ψ(x) = −

m∑
i=1

log gi (x)

ù�§�xª��1�>.�§¼êB(x, θ)→ +∞. ÄK§duθé�§
¼êB(x, θ)���Cquf (x).
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��5�å�`z

æN¼ê

Ïd§·��ÏL¦)e�¯K���¯K(131)�Cq)µ

min B(x, θ)
s.t. x ∈ intS

(132)

duψ(x)��3§3�1�>./¤��/�p0§ÏdþãæN¯
K(132)�)x̄(θ)7¹u�1��SÜ"

I�)º�´§æN¯K(132)L¡þwå5E´��å��`z¯
K§�§��å^�'�5��å��E,"�´§du¼êψ(x)�æ
N{	�^´gÄ¢y�§ÏdlO�*:w§¦)(132) �����
Ã�å¯K5?n"
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��5�å�`z

æN¼ê

Ïd§·��ÏL¦)e�¯K���¯K(131)�Cq)µ

min B(x, θ)
s.t. x ∈ intS

(132)

duψ(x)��3§3�1�>./¤��/�p0§ÏdþãæN¯
K(132)�)x̄(θ)7¹u�1��SÜ"

I�)º�´§æN¯K(132)L¡þwå5E´��å��`z¯
K§�§��å^�'�5��å��E,"�´§du¼êψ(x)�æ
N{	�^´gÄ¢y�§ÏdlO�*:w§¦)(132) �����
Ã�å¯K5?n"
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��5�å�`z

æN¼ê

u´§·��±�ÑæN¼ê{�O�Ú½Xeµ

(0) �½Ð©:x(0) ∈ intS , Ð©æNÏfθ0 > 0, β ∈ (0, 1), ε > 0.
-k := 0.

(1) ±x(k)��Ð©S�:¦)e�¯Kµ

min f (x) + θkψ(x)
s.t. x ∈ intS

P¦��4�:�x(θk).

(2) eθkψ(x(θk)) < ε, KÊ�O�¿�x(θk)��¯K�Cq�`)¶
ÄK§�x(k+1) = x(θk), θk+1 = βθk , -k := k + 1�£1(1)Ú"
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��5�å�`z

æN¼ê

½½½nnnµµµ �θk > θk+1 > 0, Px(θ) = arg min
x

B(x, θ), Kk

B(x(θk), θk) ≥ B(x(θk+1), θk+1),

ψ(x(θk)) ≤ ψ(x(θk+1)),

f (x(θk)) ≥ f (x(θk+1)).

[g�Kµy²þã½n...]
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S:{

min f (x)
s.t. cE (x) = 0

cI (x) ≥ 0
(133)

min f (x)
s.t. cE (x) = 0

cI (x)− s = 0
s ≥ 0

(134)

YZW (USTC) OPERATIONS RESEARCH 2019-09-02 417 / 422



S:{

The Karush-Kuhn-Tucker (KKT) conditions for the nonlinear
program (134) can be written as

∇f (x)− AE (x)Ty − AI (x)Tz = 0
Sz− µ1 = 0

cE (x) = 0
cI (x)− s = 0

(135)

with µ = 0, together with s ≥ 0, z ≥ 0.

Here AE (x) and AI (x) are the Jacobian matrices of the functions cE (x)
and cI (x), respectively, and y and z are their Lagrange multipliers. We
define S and Z to be the diagonal matrices whose diagonal entries are
given by the vectors s and z, respectively, and let 1 = (1, · · · , 1)T .
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S:{

Applying Newton’s method to the KKT system (135), in the variables
x, s, y, z, we obtain

∇2
xxL −AE (x)T −AI (x)T 0
0 Z 0 S

AE (x) 0 0 0
AI (x) −I 0 0




px

ps

py

pz


= −


∇f (x)− AE (x)Ty − AI (x)Tz

Sz− µ1
cE (x)

cI (x)− s


(136)

where L(x, s, y, z) denotes the Lagrange function

L(x, s, y, z) = f (x)− yTcE (x)− zT (cI (x)− s).
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S:{

The system (136) is called the primal-dual system. After the step
p = (px ,ps ,py ,pz) has been determined, we compute the new iterate
(x+, s+, y+, z+) as

x+ = x + αmax
s px , s+ = s + αmax

s ps ,
y+ = y + αmax

z py , z+ = z + αmax
z pz ,

where
αmax
s = max{α ∈ (0, 1] : s + αps ≥ (1− τ)s},

αmax
z = max{α ∈ (0, 1] : z + αpz ≥ (1− τ)z}, (137)

with τ ∈ (0, 1) (A typical value of τ is 0.995). The condition (137), called
the fraction to the boundary rule, prevents the variables s and z from
approaching their lower bounds of 0 too quickly.
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�Ù��£��5�å�`z¤

Exercise 7.1: y²(125)¥½Â�ψ(x, λ)´'uLagrange-Newton{
�eü¼ê"

Exercise 7.2: y²v¼ê{¦)�Ø�.Cq¯K��{k�ª�
5"

Exercise 7.3: �Ñ�å�`z¯K���¿©�`5^�§¿^u
`²O2Lagrange¼ê�4�:��¯K�`)��d5"
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o(

Ã�å�`z¯K

- ��eü{
- Úî{
- [Úî{
- �ÝFÝ{
- &6��{

��å�`z¯K

- Lagrange-Newton{
- ÅÚ�g5y{
- v¼ê{
- ¦fv¼ê{
- æN¼ê{
- S:{
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o(

�.é¯K�Cq�x��¦)5�m�²ï

¦)�{��é5ÀJ

Äu¯K�µ�Ð©)�E
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