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~fµ�1�O�

�â�1��ÔO�¢�¥æ8��êâ£�NL¤§Áé�1
)Ôþ�CzL§ï�"NL¥n��m�Ý¶pnL«n��m�
Ý���1)Ôþ"

n 0 1 2 3 4 5 6 7 8 9

pn 9.6 18.3 29.0 47.2 71.1 119.1 174.6 257.3 350.7 441.0

n 10 11 12 13 14 15 16 17 18

pn 513.3 559.7 594.8 629.4 640.8 651.1 655.9 659.6 661.8



~fµ�1�O�£�.�¤

b�+N�UCþ��c+Nêþ´¤'~�§=

∆pn = (pn+1 − pn) ∝ pn. (1)

��b����/Ün0)ºµ����1[�©�¤ü��
^k��m�Ý§@o�1+N3?��m�Ý«mS²þ
k 1

k¬u)©�£=�O�Ç¤§3ûÐ��¹e�1[�Ø¬
k�§¤± 1

k pnÒ´XO�"Ï
�1+NCzþ��¤

pn+1 − pn =
1

k
pn.



~fµ�1�O�£�.�¤

b�+N�UCþ��c+Nêþ´¤'~�§=

∆pn = (pn+1 − pn) ∝ pn. (1)

��b����/Ün0)ºµ����1[�©�¤ü��
^k��m�Ý§@o�1+N3?��m�Ý«mS²þ
k 1

k¬u)©�£=�O�Ç¤§3ûÐ��¹e�1[�Ø¬
k�§¤± 1

k pnÒ´XO�"Ï
�1+NCzþ��¤

pn+1 − pn =
1

k
pn.
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n 0 1 2 3 4 5 6 7 8 9
pn 9.6 18.3 29.0 47.2 71.1 119.1 174.6 257.3 350.7 441.0

∆pn 8.7 10.7 18.2 23.9 48.0 55.5 82.7 93.4 90.3 72.3

n 10 11 12 13 14 15 16 17 18
pn 513.3 559.7 594.8 629.4 640.8 651.1 655.9 659.6 661.8

∆pn 46.4 35.1 34.6 11.4 10.3 4.8 3.7 2.2
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~fµ�1�O�£�.�¤

XJ3�ã�mS+NÑ)ê�uk�ê�Ñ�+Nêþ¤'
~§K+Nò´[�O��"�´+N�O�É,
]
��
�§��C4�+Nê�§O�Ò¬~�"3d§�1��Ô3
É����«�S)�§l+Nê'u�m�ã/��+Nêª
u��4�Nþ"·�b�4�Nþ����O��665§u´
�Ä±e�.µ

∆pn = (pn+1 − pn) = r · pn(1− pn

665
). (2)

�*/w§�pnªu665�§Ï(1− pn
665 )→ 0, l
��∆pn ↓.



~fµ�1�O�£�.�¤

�
uÿù��.¿���A'~r , ·�x∆pn '
uqn = pn(1− pn

665 ) �ã/5w§�´Ä¥y'~'X"

n 0 1 2 3 4 5 6 7 8 9
∆pn 8.7 10.7 18.2 23.9 48.0 55.5 82.7 93.4 90.3 72.3
qn 9.46 17.80 27.74 43.85 63.50 97.77 128.76 157.75 165.75 148.55

n 10 11 12 13 14 15 16 17 18
∆pn 46.4 35.1 34.6 11.4 10.3 4.8 3.7 2.2
qn 117.09 88.63 62.79 33.69 23.32 13.61 8.98 5.36 3.18
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�.¦)µ

XJ·��Éù��.§�±^êâ����Ç��r��O§
��0.5389£���¦{¤§u´Ò���.��§ª

∆pn = (pn+1 − pn) = 0.5389 · pn(1− pn

665
). (3)

|^S�ªpn+1 = pn + 0.5389 · pn(1− pn
665 ), 3�½Ð

�p0 = 9.6^�e§·��±O�T�.�ê�)§�uL¥�
�ýÿ�"

n 0 1 2 3 4 5 6 7 8 9
pn 9.6 18.3 29.0 47.2 71.1 119.1 174.6 257.3 350.7 441.0
p̃n 9.6 14.7 24.3 39.2 62.9 97.1 149.8 219.2 304.2 393.5

n 10 11 12 13 14 15 16 17 18
pn 513.3 559.7 594.8 629.4 640.8 651.1 655.9 659.6 661.8
p̃n 473.5 536.6 584.4 618.2 636.4 648.9 656.3 661.1 664.0
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~fµ�1�O�£�.�¤

d���¦{
min

∑
n

(∆pn − r · qn)2, (4)

�¦�r =

∑
n ∆pnqn∑

n q2
n

.
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~�©�§

���©�§
dy

dt
= f (t, y) (5)

���©�§|
y ′1 = f1(t, y1, y2, · · · , ym)
y ′2 = f2(t, y1, y2, · · · , ym)

...
y ′m = fm(t, y1, y2, · · · , ym)

(6)

p��©�§

y (n) = f (t, y , y ′, y ′′, · · · , y (n−1)) (7)



p��©�§=�����©�§|

b��½p��©�§

y (n) = f (t, y , y ′, y ′′, · · · , y (n−1))

·�-
y1 = y , y2 = y ′, y3 = y ′′, · · · , yn = y (n−1)

KÚ?�#Cþy1, y2, · · · , yn÷vXe���©�§|
y ′1 = y2

y ′2 = y3
...

y ′n = f (t, y1, y2, · · · , yn)



Ð�¯K

�Ä±eÐ�¯K {
dy

dt
= f (t, y)

y(t0) = y0

(8)

ùpy´t���¼ê§·�F"l(8)¥�Ñ�&E��E§"

1���ª�Ñy(t)3?¿t?��Çf (y , t)§Ù¥f´�½�¶
1���ª�Ñy(t)3t0?���A½�"

~X {
y ′ = (t + sin y)2

y(0) = 3



�35/��5

½½½nnn£££���333555¤¤¤µµµ ef 3D = {(t, y) | |t − t0| ≤ α, |y − y0| ≤ β}
SëY§Kéu|t − t0| ≤ min(α, β/M)�Ð�¯K(8)k)y(t),
Ù¥M´|f (t, y)|3Ý/DS����"

½½½nnn£££������555¤¤¤µµµ efÚ ∂f
∂y3Ý/DSëY§KÐ�¯K(8)3

«m|t − t0| ≤ min(α, β/M)þ�)��"

½½½nnn£££111������333555¤¤¤µµµ ef3a ≤ t ≤ b, −∞ < y <∞þëY¿
÷v|f (t, y1)− f (t, y2)| ≤ L|y1 − y2|, KÐ�¯K(8)3[a, b]þk
��)"
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Cþ©l{µ

�·^uUògCþ�ÏCþ©l��/§ù�a�©�§�±
�¤Xe/ª

q(y)dy = p(t)dt. (9)

du�§��>´=¹y�¼ê§
m>´=¹t�¼ê§ÏdÏ
Léü>��È©Ò��)"ù«�{¡�Cþ©l{§´)Û
¦)�©�§��«�Ä���{"



ê�)

3¢S¥é�U�����©�§�úª)§�Ñy(t)'ut�
¼ê"��§Ï~�Ee�/ª�¼ê�Lµ

t0 t1 t2 t3 · · · tn
y0 y1 y2 y3 · · · yn

=¤¢�ê�)"



Taylor?ê{

Þ�~f {
y ′ = t2 + cos t − sin y
y(−1) = 3

(10)

�Äy�TaylorÐm?ê§·�P��

y(t + h) = y(t) + hy ′(t) +
h2

2!
y ′′(t) +

h3

3!
y ′′′(t) + · · ·

þª¥��ê�l�©�§¥�âóª{K��§§�´

y ′′ = 2t − sin t − y ′ cos y
y ′′′ = 2− cos t − y ′′ cos y + (y ′)2 sin y

...



Taylor?ê{

e¡´¦)Ð�¯K����{§§lt0 = −1m©§Ú�
�h = 0.01. ·�¦y(t)3«m[−1, 1]þ�ê�)§��
1N = 200 Ú"

Input t0, y0, h

for k = 1 to N do
y ′ ← t2 + cos t − sin y
y ′′ ← 2t − sin t − y ′ cos y
y ′′′ ← 2− cos t − y ′′ cos y + (y ′)2 sin y
y ← y + h(y ′ + h

2 (y ′′ + h
3 (y ′′′)))

t ← t + h
Output t(k), y(k)

end do



Euler�{

þãTaylor?ê{¥§AÏ/�����Cq=¡�Euler�{§
§äkXe/ª

y(t + h) ≈ y(t) + hy ′(t) = y(t) + hf (t, y). (11)

 t

 y

 (t
0
,y

0
)

 y=y(t)

 y=L(t)=y0+f(t0,y0)(t−t0)



Runge-Kutta{

ly(t + h)�Taylor?ê\Ã

y(t + h) = y(t) + hy ′(t) +
h2

2!
y ′′(t) +

h3

3!
y ′′′(t) + · · ·

�â�©�§·�k

y ′ = f
y ′′ = ft + fyy ′ = ft + fy f
y ′′′ = ftt + fty f + (ft + fy f )fy + f (fyt + fyy f )

...

�Ðmª¥cn���¤Xe/ª

y(t + h) = y + hf + h2

2 (ft + fy f ) + O(h3)
= y + 1

2 hf + 1
2 h(f + hft + hffy ) + O(h3)

(12)



Runge-Kutta{

qdu
f (t + h, y + hf ) = f + hft + hffy + O(h2), (13)

y(t + h)���Ðmª(12)�U�¤

y(t + h) = y +
1

2
hf +

1

2
hf (t + h, y + hf ) + O(h3) (14)

Ïd§Ú?¦)�S�úª´

y(t + h) = y(t) +
1

2
hf (t, y) +

1

2
hf (t + h, y + hf (t, y)) (15)



Runge-Kutta{

�d/��¤ 
F1 = hf (t, y)
F2 = hf (t + h, y + F1)
y(t + h) = y(t) + 1

2 (F1 + F2)
(16)

�E/¦^ù�úª§zgÒc?�Ú¦)"§�¡��
�Runge-Kutta{"



Runge-Kutta{

e¡´²;�o�Runge-Kutta�{µ

y(t + h) = y(t) +
1

6
(F1 + 2F2 + 2F3 + F4), (17)

Ù¥ 
F1 = hf (t, y),
F2 = hf (t + 1

2 h, y + 1
2 F1),

F3 = hf (t + 1
2 h, y + 1

2 F2),
F4 = hf (t + h, y + F3).



Matlabê�¦)�©�§

The van der Pol equation

y ′′ = µ ∗ (1− y 2) ∗ y ′ + y , (18)

where µ > 0 is a scalar parameter.

Rewrite the problem as a system of first-order ODEs. Let

y1 = y , y2 = y ′,

The resulting system of first-order ODEs is{
y ′1 = y2

y ′2 = µ(1− y 2
1 )y2 − y1

(19)



Matlabê�¦)�©�§

Code the system of first-order ODEs.

The code below represents the van der Pol system in the function,
myvdp1. The myvdp1 function is saved as m-file ‘myvdp1.m’ and
assumes that µ = 1.

The variables y1 and y2 are the entries y(1) and y(2) of a
two-element vector.

‘myvdp1.m’:
function dydt = myvdp1(t,y)
dydt = [y(2); 1*(1-y(1)*y(1))*y(2)-y(1)];



Matlabê�¦)�©�§

Apply a solver to the problem.

For the van der Pol system, you can use ode45 (solver) on time
interval [0 20] with initial values y(0) = y1(0) = 2 and
y ′(0) = y2(0) = 0.

[tt,yy] = ode45(@myvdp1,[0 20],[2; 0]);



Matlabê�¦)�©�§

View the solver output.

You can simply use the plot command to view the solver output.

figure(11)
hold on;
plot(tt,yy(:,1),’-’,tt,yy(:,2),’- -’);
title(’Solution of van der Pol Equation, \mu = 1’);
xlabel(’time t’);
ylabel(’solution y’);
legend(’y 1’,’y 2’,2);



Matlabê�¦)�©�§

Evaluate the Solution at Specific Points.

The numerical methods implemented in the ODE solvers produce a
continuous solution over the interval of integration [a,b]. You can
evaluate the approximate solution, S(x), at any point in [a,b] using
the function ‘deval’ and the structure ‘sol’ returned by the solver.

sol = ode45(@myvdp1,[0 20],[2; 0]);
tv = 1:5;
sv = deval(sol,tv);



~fµD/¾�DÂ

D/¾DÂ�9�Ï�éõ§X®a/¾<�õ�§´ÉD/ö
�õ�§D/Ç���§dÏÏ��á§D/å»XÛ"XJ�
��Ä<+�6Ä�¹!;¾ý��¥)��^��K�§@o
D/¾�DÂÒC��~E,"

555µµµ �m©Òr¯õ�Ï��Ä3Sò¬¦ï�ö�\(¸

Ã¤·l§�ØX84Ì�Ï�§{z¯K§ïáÐÚ�êÆ�
."òÐÚ�.¤�(J�¢S�¹©Û'�§éÑØv�?§
?U�kb�§ÅÚïá�¢S�¬Ü��."



~fµD/¾�DÂ

D/¾DÂ�9�Ï�éõ§X®a/¾<�õ�§´ÉD/ö
�õ�§D/Ç���§dÏÏ��á§D/å»XÛ"XJ�
��Ä<+�6Ä�¹!;¾ý��¥)��^��K�§@o
D/¾�DÂÒC��~E,"

555µµµ �m©Òr¯õ�Ï��Ä3Sò¬¦ï�ö�\(¸

Ã¤·l§�ØX84Ì�Ï�§{z¯K§ïáÐÚ�êÆ�
."òÐÚ�.¤�(J�¢S�¹©Û'�§éÑØv�?§
?U�kb�§ÅÚïá�¢S�¬Ü��."



�.�

b�1 z�®a/¾<3ü �mSD/�<ê´~êα0;

b�2 ��<�¾�²ÈØ�§¿3D/ÏSØ¬k�"

Pi(t)�t��¾<ê§i(0) = i0´�Ð�/¾ö�ê"@o
3∆t�mSO\�¾<ê�

i(t + ∆t)− i(t) = α0i(t)∆t,

u´���©�§  di(t)

dt
= α0i(t)

i(0) = i0
(20)

Ù)�i(t) = i0eα0t .



�.�

�.(JL²§D/¾�DÂ´U�ê¼êuÐ�"

ù�(J�U�D/¾DÂ�ÐÏ'�¬Ü§�dÙ)�±íÑ
�t →∞�i(t)→∞, ùw,´ØÜ¢S�¹�"¯K3ub�
ØÜn§AO´b�1£z�¾<ü �mSD/�<ê´~
ê¤"3DÂÐÏ§D/¾<���D/ö¯õ§
3DÂ¥�
Ï§D/¾<Oõ��D/öÅì~�§Ï
3ØÓ�Ï�D/
Ç´ØÓ�"�
¬Ü¢S�¹§·��?U�kb�¿ïá#
��."



�.�

b�1 i(t), s(t)©OL«®a/¾<êÚ��D/<ê§o<ê
�N = i(t) + s(t);

b�2 z�®a/¾<3ü �mSD/�<ê�d���D/�
<ê¤�'§=α0 = αs(t);

b�3 ��<�¾�²ÈØ�§¿3D/ÏSØ¬k�"

Äu±þb��ïá�©�§
di(t)

dt
= αs(t)i(t)

s(t) + i(t) = N
i(0) = i0

(21)

d©lCþ{)�i(t) =
N

1 + (N/i0 − 1)e−αNt
.



�.�

 t

 i(
t)

 i0

 N

 t

 d
i(t

)/
dt

 t1

di(t)

dt
=

αN2(N/i0 − 1)e−αNt

[1 + (N/i0 − 1)e−αNt ]2
(22)

-
d2i(t)

dt2
= 0, �

di(t)

dt
�4��:t1 =

ln(N/i0 − 1)

αN
.



�.�

`̀̀:::µµµ

�D/¾�D/rÝα½o<êNO\�§t1ÑòC�§=D/
¾�p¸5�¯§ù�¢S�¹�¬Ü"Ó�§XJ��
D/
¾rÝ£α�dÚOêâ�Ñ¤§=�ý�D/¾p¸�5��
mt1, ùéuD/¾��£ó�´kÃ?�"

""":::µµµ

�t →∞�§i(t)→ N, =��<<Ñ��¾"ùw,ØÜ¢S
�¹§E¤ØÜn��Ï´b�
/<�¾�²ÈØ�0"



�.�

`̀̀:::µµµ

�D/¾�D/rÝα½o<êNO\�§t1ÑòC�§=D/
¾�p¸5�¯§ù�¢S�¹�¬Ü"Ó�§XJ��
D/
¾rÝ£α�dÚOêâ�Ñ¤§=�ý�D/¾p¸�5��
mt1, ùéuD/¾��£ó�´kÃ?�"

""":::µµµ

�t →∞�§i(t)→ N, =��<<Ñ��¾"ùw,ØÜ¢S
�¹§E¤ØÜn��Ï´b�
/<�¾�²ÈØ�0"



�.n

b��LD/¾
���<äk��Ï�¼å§Ø�Ä�EÉD
/��/",	�D/¾�dÏÏéá§��ÑØO§�Ò´`
��<�
¾�á=¤�D/ö"u´·�rØ¬©�naµ

1�a dU
r;¾D/�O<�@
/¾ö|¤§^i(t)L«t�
��1�a<ê"

1�a d��D/��U�¾¤�D/ö�@
<|¤§^s(t)L
«t���1�a<ê"

1na �)�¾k��<§¾��äk�Ï�¼å�<§±9��
lå5�<§^r(t)L«t���1na<ê"



�.n

äNb�ÑlXe5Kµ

(1) 3¤�	��ÏS<�oê�±ØC§=Ø�ÄÑ)§Ù§
�ÏÚå�k�§±9[\[Ñ��¹¶

(2) ´ÉD/ö<ês(t)�CzÇ�'u1�a<êi(t)�1�
a<ês(t)�¦È¶

(3) d1�a�1na=C��Ç�1�a<ê¤�'"

Äuù
5K��©�§|
ds(t)

dt
= −αs(t)i(t)

di(t)

dt
= αs(t)i(t)− βi(t)

dr(t)

dt
= βi(t)

(23)

Ù¥α´D/Ç§β´üØÇ§üö��'Ç~ê"



�.n

�§|(23)�n��§�\�

d

dt

[
s(t) + i(t) + r(t)

]
= 0,

�k
s(t) + i(t) + r(t) =~ê = N(<�oê).



�.n

d�§|�cü��§
ds(t)

dt
= −αs(t)i(t)

di(t)

dt
= αs(t)i(t)− βi(t)

(24)

��
di

ds
=

di(t)

dt
/

ds(t)

dt
=
αsi − βi

−αsi
= −1 +

β

αs
,

)Ñi'us�¼ê'X

i(s) = −s +
β

α
ln s + C .



�.n

�t = t0�§i(t0) = i0, s(t0) = s0. Pρ =
β

α
, Kk

i(s) = i0 + s0 − s + ρ ln
s

s0
. (25)

Ï�

i ′(s) = −1 +
ρ

s


< 0, when s > ρ
= 0, when s = ρ
> 0, when s < ρ

¤±§�s > ρ�i(s)´s�~¼ê§s < ρ�i(s)´s�O¼ê"

qÏ�i(s = 0) = −∞, i(s0) = i0 > 0, d¥�½n9üN5�µ

�3���:0 < s∞ < s0, ¦�i(s∞) = 0.


éus∞ < s < s0�§ki(s) > 0.



�.n

l�§|¥�i = 0�§ds
dt = 0, didt = 0. ¤±§(s∞, 0)��§|�

²ï:"Xã¤«§�tlt0C�∞�§:(s(t), i(t))÷s~��
��3i(s)­�þ£Ä"XJs0 < ρ, Ki(t)üN~��0, s(t)ü
N~��s∞. XJs0 > ρ, K�Xs(t)~��ρ, i(t)O\§�
�s = ρ�i(t)�����§
�s(t) < ρ�i(t)m©~�"

 s

 i 
(s

)



�.n

d±þ©Û��Ñ(Øµ��Ø¬¥´ÉD/ö�<ê�Lz�
�§=s > ρ, D/¾â¬øò"

·��±^~£5u�þã(Ø´ÄÎÜ¢S"�<��Ýp§
¥)��^�ØÐ§�lØû��üØÇ$�§z�ρ��§D
/¾Ò¬é¯øò¶��§<��Ý$§�¬^�Ð§kûÐ�
ú�¥)��^�
üØÇp�§z�ρ��§D/¾3k��
�SÑyB¬é¯�À«"



�.n

3D/¾u)�L§¥§éJO(/N�z�U�¾�<ê"Ï
��k@
5��Ò��<âU�¼�¦��¾
§¿r¦��
lå5��D/"Ïd§ÚO�P¹´z�U#üØö�<ê§

Ø´#�¾�<ê"�
rêÆ�.¤ý«�(JÓD/¾D
Â�¢S�¹?1'�§7L)Ñ(23)¥�1n��§"

dr(t)

dt
= βi(t) = β(N − r − s)



�.n

Ï�
ds

dr
=

ds

dt
/

dr

dt
=
−αsi

βi
= − s

ρ
,

¤±s(r) = s0e−r/ρ.

u´k
dr(t)

dt
= β(N − r − s0e−r/ρ)



�.n

�r/ρ´�þ§�Taylor?êe−r/ρ = 1− r/ρ− 1
2 (r/ρ)2 + · · ·

Cq�

dr

dt
= β

(
N − r − s0[1− r/ρ− 1

2 (r/ρ)2]
)

= β
[
N − s0 + ( s0

ρ − 1)r − s0
2ρ2 r 2

]
Ù)�

r(t) =
ρ2

s0

[
(

s0

ρ
− 1) + φ tanh(

1

2
φβt − ψ)

]
, (26)

Ù¥φ =
[
( s0
ρ − 1)2 + 2s0(N−s0)

ρ

]1/2
, ψ = tanh−1

(
s0
ρ
−1

φ

)
.



�.n

;¾D/­�µ

dr

dt
=
βρ2φ2

2s0
cosh−2(

1

2
φβt − ψ). (27)

§3(t, drdt )�I²¡þ½Â
�^é¡¨/­�£¡�;¾D/
­�¤§éÐ/`²
D/¾¢Su)��¹"zU�w#¾Y
�êþÅÚþ,�¸�§,�q~�e5"

 t

 d
r/

dt

 2ψ /(φβ)
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¿S§Ý��

�¯§��ïÓÔ£<·(�¤�¿S§Ý��¢�u	Ü§Ý
��õ����º



¿S§Ý��

Newton’s law of cooling:

T ′(t) = k(A(t)− T ), (28)

Ù¥T (t)´ÔN§Ý§A(t)´�¸§Ý§k´���~ê"



¿S§Ý��

E (t) = sin(πt12 ),
B ′(t) = k1(E (t)− B(t)) + k2(I (t)− B(t)),
I ′(t) = k3(B(t)− I (t)).

(29)



¿S§Ý��

E (t) = sin(πt12 ),
B ′(t) = k1(E (t)− B(t)) + k2(I (t)− B(t)),
I ′(t) = k3(B(t)− I (t)).

(29)



¿S§Ý��

E (t) = sin(πt12 ),
B ′1(t) = k1(E (t)− B1(t)) + k2(B2(t)− B1(t)),
B ′2(t) = k2(B1(t)− B2(t)) + k3(I (t)− B2(t)),
I ′(t) = k4(B2(t)− I (t)).

(30)



¿S§Ý��

E (t) = sin(πt12 ),
B ′1(t) = k1(E (t)− B1(t)) + k2(B2(t)− B1(t)),
B ′2(t) = k2(B1(t)− B2(t)) + k3(I (t)− B2(t)),
I ′(t) = k4(B2(t)− I (t)).

(30)



¿S§Ý��
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1µ N§�ÿ
N§ÿþL§��´��9D�L§§�duÉ��«�¸
Ï��K�§¿Ø´n�G�e�9D��§"Äu¢ÿê
â§éN§ÿþL§?1êÆï�§l
��N§�ÿ8�
£30¦±S¤§¿¦Ø�÷v�Æ°Ý�¦£±0.1Ý¤"

2µ ¿S§Ý��
^�.�)5£��m©JÑ�¯K§=¿S§Ý��¢�
u	Ü§Ý��õ����º
,	§XÛ�OpNU¦<3¿S)¹�ÓÑº
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�`z

3éõ¢SA^¯K¥§lêÆþwÑ´�·½�(ill-posed), =
)Ø��"éuù��¢S¯K§<�  ÏL�½�A�8I
OK§,�l¯õ�)¥ÀÑ3�½^�e�Ð�)"

ù
�´�`znØ��{¤ïÄ�SN§�!é�`z�Ä�
Vg��
{��0�§¿�Ñ�`zï��{��'�£"



Vã

�`z´��A^5ér�Æ�§§?Ø�´�éÑ¢S¯K�
�`)ûüÑ
æ���.z9Ù�{"

ÙL§´§kr�)û�¯K^�`z/ª£ã�3�½��å
^�eéÑ¦,�8I¼ê����£�¤�)§,�2æ^ê
Æþî���{5¦)"

3ùp·�rN�`z�{��êÆóä3y¢¥�2�A^�
¯¢§�õêk�L5��`z�{Ñ®k§S¥Ú^��"�
´§k�|^ù
¤J´±k�)û�¯K®��.z¤�`z
¯K�/ª�cJ�§
ù�L§¿�{ü"



A^

�`z�{3ó�ó§!²L+n!�Ï��!7K!I��­
�+�¥k2��A^§¿®É��?Ü�!�ïÅ�Ú��.
�pÝ­À"



êÆ£ã

�`z(optimization)��´�3,«^�e�Ñ�Ð�ûü§½
ö´l¯õ��Y¥ÀÑ�Ð�"ù«¯K²~^e¡�êÆ�
.£ãµ

3�½��å^�(constraint)e§éÑ��û
üCþ(decision variable)��§¦��¡�8I
¼ê(objective function)�L��"ºÝ�¼ê
�����½��"



�`z¯K

��`5ûüCþkõ�§Ïd^n��þx = (x1, . . . , xn)T5L
«§u´r¯K�¤Xe/ª

min f (x)
s.t. x ∈ S ⊂ Rn.

(31)

3d§8I¼êf´½Â3�¹S�·�8Üþ�¢�¼ê"?
�Ú§S´T¯KCþx�����8Ü§¡�¯K��1
�(feasible region).



�`z¯K�)

÷v�å^�x ∈ S�x¡�¯K��1)(feasible solution), XJ
�1)x∗ ∈ S?�Ú÷v

f (x∗) 6 f (x),∀x ∈ S . (32)

K¡x∗�¯K(31)��Û�`)(global optimal solution). ,	§
3�¹�1)x∗ ∈ S�·���U(x∗)p§¤á

f (x∗) 6 f (x),∀x ∈ S ∩ U(x∗). (33)

d�¡x∗�¯K(31)�ÛÜ�`)(local optimal solution).

Ø�¯K�8I¼ê½�å^��UéE,§�éÑ�Û�`)
�~(J§ù�·��8IÒ¬´¦ÑÛÜ�`)"



�`z¯K�©a

— XJ�1�S = Rn, K¡�Ã�å�`z¯Kµ

min
x∈Rn

f (x) (34)

— ��å�`z¯KÏ~���µ

min f (x)
s.t. ci (x) = 0, i ∈ E ,

ci (x) > 0, i ∈ I .
(35)

ùpci (x)´�å¼ê§EÚI©O´�ª�å��I8ÚØ
�ª�å��I8"



�`z¯K�©a

— �8I¼êÚ�å¼êþ��5¼ê�§¯K¡��55
y(Linear Programming)¶

— �8I¼ê��å¼ê¥��k��´Cþx���5¼ê
�§¯K¡���55y(Nonlinear Programming)"

— d	§�âûüCþ!8I¼êÚ�¦�ØÓ§�`z�©
¤
�ê5y!Ä�5y!�ä5y!�1w5y!�Å5
y!AÛ5y!õ8I5y�©|"



�`5^�

�`5^�µ¯K��`)¤÷v�7�½ö¿©^�"§��
`z¯K¦)�{��O!©ÛJø7Ø���nØÄ:"

ÃÃÃ���ååå¯̄̄KKK���444���^̂̂���

��7�^�µ�8I¼êf (x)3:x̄?��§ex̄´ÛÜ4�
:§K∇f (x̄) = 0.

��7�^�µ�8I¼êf (x)3:x̄?�g��§ex̄´ÛÜ4
�:§K∇f (x̄) = 0, ¿�HessianÝ
∇2f (x̄) ≥ 0.

��¿©^�µ�8I¼êf (x)3:x̄?�g��§
e∇f (x̄) = 0�∇2f (x̄) > 0, Kx̄´ÛÜ4�:"

¿�^�µ�f (x)´½Â3Rnþ���à¼ê§Kx̄´�N4�
:£�Û�`)¤�¿�^�´∇f (x̄) = 0.



�`5^�

���ååå¯̄̄KKK������`̀̀555^̂̂���

Kuhn-Tucker7�^�µ�x̄��å¯K(35)��1:§
PIe = {i ∈ I | ci (x̄) = 0}, fÚci (i ∈ Ie)3:x̄��§
ci (i ∈ I \ Ie)3:x̄ëY§ci (i ∈ E )3:x̄ëY��§
�þ8{∇ci (x̄) | i ∈ E ∪ Ie}�5Ã'"XJx̄´ÛÜ�`)§
K�3êλi ≥ 0(i ∈ I )Úµi (i ∈ E )¦�

∇f (x̄)−
∑
i∈I

λi∇ci (x̄)−
∑
i∈E

µi∇ci (x̄) = 0. (36)



�`5^�

½ÂLagrange¼êL(x, λ, µ) = f (x)−
∑
i∈I
λici (x)−

∑
i∈E

µici (x).

ex̄�¯KÛÜ�`)§K�3¦f�þλ̄ ≥ 0, µ̄¦
�∇xL(x̄, λ̄, µ̄) = 0.

d�§��7�^��±L��

(K− T)


∇xL(x, λ, µ) = 0,
ci (x) = 0, i ∈ E ,
ci (x) ≥ 0, i ∈ I ,
λici (x) = 0, i ∈ I ,
λi ≥ 0, i ∈ I .

(37)



¦)�{

nØþ�±^�`5^�¦/��55y0��`)§�3¢�
¥¿Ø�¢�1"

���¹e§¦)�`z¯K¤^�O��{�~��´/S�
eü�{0"



�{N�

�{N�µ�{A´½Â3�mXþ�:::���888�N�§=éz�
:x(k) ∈ X , ²�{A�^��)��:8A(x(k)) ⊂ X , ?¿ÀJ
��:x(k+1) ∈ A(x(k))��x(k)��Y:"



)8Ü

�ïÄ�{�Âñ5§Äk�²()8Ü�Vg"

3Nõ�¹e§�¦�{�)�:�Âñu�Û�`)´�~(
J�"Ïd§��r÷v,
^��:8½Â�)8Ü"�S�
:áuù�8Ü�§ÒÊ�S�"~X§3Ã�å�`z¯K
¥§�±½Â)8Ü�Ω = {x̄ | ‖∇f (x̄)‖ = 0}; 3�å�`z¯
K¥§)8Ü��Ω = {x̄ | x̄´K-T:}.



eü¼ê

eü�{o´�,�¼ê3S�¥¼ê��~�éX3�å§Ï
dI��Ñeü¼ê�Vg"

�Ω ⊂ X�)8Ü§A�Xþ����{N�§ψ(x)´½Â3Xþ
�ëY¢¼ê§e÷v

�x /∈ Ω�y ∈ A(x)�§ψ(y) < ψ(x)

�x ∈ Ω�y ∈ A(x)�§ψ(y) ≤ ψ(x)

K¡ψ´'u)8ÜΩÚ�{A�eü¼ê"



�{Âñ5

1. �{Âñ

2. ¢^ÂñOK

3. Âñ�Ý

4. �mE,5



S��{

�`z�{Ï~æ^S��{¦¯K��`)§ÙÄ�g�´µ
�½��Ð©:x(0) ∈ Rn, Uì,�S�5K�)��:
�{x(k)}, ¦��{x(k)}´k¡:��§Ù����:´�`z�
.¯K��`)§�{x(k)}´Ã¡:��§§k4�:�Ù4�
:´�`z�.¯K��`)"

��Ð��{Aä��;.A�´µS�:x(k)U­½/�CÛ
Ü4�:x∗��+�§,�×�Âñux∗. ��/§·��y²
S�:�x(k)�à:£=f��4�:¤��ÛÜ4�:"3¢
SO�¥§��½�,«ÂñOK÷v�§S�=ª�"



|¢���Ú�Ïf

�x(k)�1kgS�:§d(k)�1kg|¢��§αk�1kgÚ�
Ïf§K1k + 1gS��µ

x(k+1) = x(k) + αkd(k). (38)

lþãS��ª�±wÑ§ØÓ�|¢��ÚØÓ�Ú�Ïf�
¤ØÓ��{"3�`z�{¥§|¢��d(k)��À��´¼
êf3x(k)?�eü��§=d(k)÷v

∇f (x(k))Td(k) < 0. (39)



S��{�Ä�(�

(a) �½Ð©:x(0)

(b) O�|¢��d(k), =�E¼êf3x(k):?�eü����
|¢��¶

(c) (½Ú�Ïfαk , ¦8I¼ê�k,«§Ý�eü¶

(d) S�§-x(k+1) = x(k) + αkd(k).

(e) �äÊÅOK§ex(k+1)÷v,«ª�^�§KÊ�S�§
��Cq�`)x̄ = x(k+1). ÄK§�£(b)­E±þÚ½"



�Eeü��

~fµmin
x∈Rn

f (x)

f (x) = f (x(k)) +∇f (x(k))T (x− x(k)) + O(‖x− x(k)‖2) (40)

�KFÝ��
d(k) = −∇f (x(k)),

K�αkv
��§oU¦

f (x(k) + αkd(k)) < f (x(k)).



Ú�üÑ

��|¢(Line Search)µ

Ú�Ïf�(½��8(�)���`z¯K

min
α≥0

ψ(x(k) + αd(k)) (41)



FÝ{9Ù�{a

�E�|¢���

d(k) = −Hk∇f (x(k)),



Úî{�[Úî{

f (x) = f (x(k)) +∇f (x(k))T (x− x(k))

+
1

2
(x− x(k))T∇2f (x(k))(x− x(k)) + O(‖x− x(k)‖3)

(42)

�|¢��
d(k) = −H−1

k ∇f (x(k)),

Ù¥Hk = ∇2f (x(k))�¼êf3x(k):?�HesseÝ
.



&6��{

min Qk(d) = ∇f (x(k))Td +
1

2
dT∇2f (x(k))d

s.t. dTd ≤ e2
k .

(43)



r���

,r�úi�)�ü«a.�ÄÔr�µ®Gr�Ú�âr�"
)�ù
r�¤I���dÿð!��Ú0U|¤"ÄkI�ò
ù
��£Ø0U	¤��§,�ò¤k��·Ü/¤r��¤
¬"3����)�óS¥§ò�¤¬�¤�âG½®"G§l

���ª�r��¬"

磨碎 混合

筛粉

结粒

糖渣

玉米

燕麦

颗粒
饲料

粉状
饲料



r���

r��¬Ñ�÷v�
E�¤©I¦"L1�Ñ
�«����
x�§��Ún�¹þz©'§±9�ª�¬��A¹þ�¦"

Table: E�¤©¹þz©'

�� �x� �� n��

ÿð 13.6 7.1 7.0
�� 4.1 2.4 3.7
0U 5.0 0.3 25.0

¹þ�¦ >= 9.5 >= 2.0 <= 6.0



r���

�«����^þ�k��"L2�Ñ
�«����^þ±9
éA�d�"

Table: ���^þ�d�

�� �^þ£Z�¤ d�£�/Z�¤

ÿð 11900 1.3
�� 23500 1.7
0U 750 1.2



r���

L3�Ñ
��óS�¤�"

Table: \ó¤�

�� ·Ü (â ç®

2.5 0.5 4.2 1.7

XJzUI¦þ�9ë�âr�§12ë®Gr�§K�«��A
©O¦^õ�?1·ÜâU¦�o¤��$º



�.L�

3ùp§ÿð!��!0U�¦^þ�ûüCþ§¿©O�
�x1Z�§x2Z�§x3Z�"

r����`z�.µ

min (1.3x1 + 1.7x2 + 1.2x3) + 2.5(x1 + x2) + 0.5(x1 + x2 + x3)
s.t. 13.6x1 + 4.1x2 + 5.0x3 ≥ 9.5(x1 + x2 + x3),

7.1x1 + 2.4x2 + 0.3x3 ≥ 2.0(x1 + x2 + x3),
7.0x1 + 3.7x2 + 25.0x3 ≤ 6.0(x1 + x2 + x3),
x1 + x2 + x3 ≥ 9000 + 12000,
0 ≤ x1 ≤ 11900,
0 ≤ x2 ≤ 23500,
0 ≤ x3 ≤ 750.

(44)



�55y[linprog]

Solve a linear programming problem

min
x

f T x

s.t. A x ≤ b
Aeq x = beq

lb ≤ x ≤ ub

(45)

where f , x , b, beq, lb, and ub are vectors and A and Aeq are
matrices.

[x,fval,exitflag,output,lambda] =
linprog(f,A,b,Aeq,beq,lb,ub,x0,options)



�.¦)

f = [4.3; 4.7; 1.7];
A = [−4.1, 5.4, 4.5;−5.1,−0.4, 1.7; 1,−2.3, 19;−1,−1,−1];
b = [0; 0; 0;−21000];
lb = zeros(3, 1);
ub = [11900; 23500; 750];

[x,fval,exitflag,output,lambda] = linprog(f,A,b,[],[],lb,ub);



�.(J

)�ÑI¦�9ë�âr�Ú12ë®Gr�§�$¤�
�150868�"�[�(JXe¤«µ

Table: r�)���Z�Y

�� ÿð£Z�¤ ��£Z�¤ 0U£Z�¤

¦^þ 11897 8678.9 424.47



Ã�å�`z�.¦)

Find a minimum of an unconstrained multi-variable function

min
x

f (x) (46)

where x is a vector and f (x) is a function that returns a scalar.



fminunc

[x,fval,exitflag,output,grad,hessian] =
fminunc(fun,x0,options)



�å�`z�.¦)

Find a minimum of a constrained nonlinear multi-variable function

min
x

f (x)

s.t. c(x) ≤ 0
ceq(x) = 0
A x ≤ b
Aeq x = beq

lb ≤ x ≤ ub

(47)

where x , b, beq, lb, and ub are vectors, A and Aeq are matrices,
c(x) and ceq(x) are functions that return vectors, and f (x) is a
function that returns a scalar. f (x), c(x), and ceq(x) can be
nonlinear functions.



fmincon

[x,fval,exitflag,output,lambda,grad,hessian] =
fmincon(fun,x0,A,b,Aeq,beq,lb,ub,nonlcon,options)



Matlab§S¢~

¢~§S£N�¤µ

1. ‘opt linprog.m’

2. ‘opt fminunc.m’, ‘myobjfun.m’

3. ‘opt fmincon.m’, ‘myfun.m’, ‘myconf.m’



�ù��

������µµµ >F©|$1�`z

3ï�p¢�§AT�Ä>F�SC$1¯K"éõ�>F¢1
©|$1£r¢�©�eZ|§z�>F�ÑÖu,|¢�¤§
���Jp>F�ÑÖ�Ç"

3>F©|��¥AT�Ä=
Ì�Ï�ºÁ�é,�¢æ8�
'êâ¿ïá>F©|$1�`z�."
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Logistic£8



àa©Û

Ô±aà"y¢¥§·�Ï~Uì¯Ô¤äk�A5?1©a"
©aÆ´<a@£­.�Ä:�Æ"

@Ï�©aÆ¥§<�Ì��²�Ú;��£?1½5�©a"
�X�ÆEâ�uÐ§©a��¦�5�p§±��³²�Ú;
��£Ã{(�/?1©a"u´êÆóäÅì�Ú^�©aÆ
¥§/¤
½þ©aÆ"



àa©Û

àa©Û´^õ�ÚOnØ?1©a��«�{"

àa©Û�uÐåÚ��§3�{ÚnØþÿkÃõØ�õ�
?"�du§U)ûéõ¢S¯K§Ï
É�<���	­À"
y3®2�A^�)Ô§/�§ã�£O§&E?n§1�©Û
�+�"



àa©Û

àa©Û´ÏL©aé���«á5�I?1©a�"é��á
5�I��´Xen«£ãºÝ��µ

I 1. ¶ÂºÝ(Nominal)
^ù«�IL«�Qvkêþ�vkgS'X§X5O¥�
IÚå§Uí��!Ò!��"

I 2. kSºÝ(Ordinal)
^ù«�IL«�vk²(�êþ§�kgS'X§X�¬
�þ��?y©§��¬!��¬!n�¬...

I 3. m�ºÝ(Interval)
T�I^ëY¢�L«§X�Ý!­þ�"



àa©Û

�·�éïÄé�?1©a�§o�À½�«Ýþ§^±ïþü
�é�m��C§Ý½�q§Ý"r�p�C�!aq�é��
3�å§8(��a§
r�pÕ��!�É���é�©3Ø
Ó�a¥"

��/§ù«ÝþI��âäN¯K5û½"



àa©Û

3¢S¯K¥§XJkn��¬§z��¬ÿþ
p�á5�
I"±xijL«1i��¬�1j��I�"

Table: �¬�IêâL

�I
�¬ 1 2 · · · p

1 x11 x12 · · · x1p

2 x21 x22 · · · x2p
...

...
...

...
n xn1 xn2 · · · xnp



àa©Û

·�I��âp��I�én��¬?1©a"

�òz��¬w¤p��m¥���:§,�3p��m¥½Â
·��ål"



àa©Û

�
�Ø���I¤^þj�K�§±�y��Iþ3©Û¥?
uÓ�/ §~éêâ?1IOzC�"

x̄·j = 1
n

n∑
i=1

xij , j = 1, 2, · · · , p

sj =

√
1

n−1

n∑
i=1

(xij − x̄·j)2, j = 1, 2, · · · , p

©OL«1j�I�þ�ÚIO�"@o§ÄuIO��IOz
C�´�

x̃ij =
xij − x̄·j

sj
, i = 1, 2, · · · , n, j = 1, 2, · · · , p.



àa©Û

ååålll½½½ÂÂÂ

·�±dikL«1i��¬xi = (xi1, xi2, · · · , xip) Ú1k��
¬xk = (xk1, xk2, · · · , xkp)�m�ål"

éIOz���Iþ£EP�xij¤§�~^�ålk±eA«µ

Minkowskiålµ

dik(q) =

 p∑
j=1

|xij − xkj |q
1/q

, q > 0.



àa©Û

ååålll½½½ÂÂÂ

·�±dikL«1i��¬xi = (xi1, xi2, · · · , xip) Ú1k��
¬xk = (xk1, xk2, · · · , xkp)�m�ål"

éIOz���Iþ£EP�xij¤§�~^�ålk±eA«µ

Mahalanobisålµ

d2
ik(M) = (xi − xk)Σ−1(xi − xk)T ,

Ù¥Σ = (σ`j)p×p, σ`j = 1
n−1

n∑
i=1

(xi` − x̄·`)(xij − x̄·j).



àa©Û

�c�~^�´XÚàa{§ÙÄ�g�´ÅÚòålC�aÜ
¿3�å"

Äkòn��¬w¤na£a�Ð©z§���¬´�a¤§,
�ò5���C�üaÜ¿���#a§·�=��n − 1a§
2l¥éÑ��C�üa\±Ü¿C¤
n − 2a§Xde�§
�ª¤k��¬�3�a"

rþãÜ¿a�L§x¤�Üàaã§B�û½©õ�a§za
��¹�o�¬"



àa©Û

XÚàa{�Ú½µ

(1) O�n��¬üü�m�ål{dik}, P�D = (dik)n×n. �
En�Ð©a§za��¹���¬"

(2) Ü¿ål�C�üa���#a§a�ê8~�"

(3) ea�ê8�u1§=�Ú½(4); ÄK§O��c�a�m
�ål§�£�Ú½(2).

(4) xÑàaã"

(5) û½a��êÚa"



àa©Û

��{ü~fµ�k5��¬§Ù�I�k��Cþ§©O
´{1, 2, 4.5, 6, 8}, Áò§�©a"



�ù��

������µµµ àa©Û3ã�©�¥�A^

�$^àa©Û�{é�½ã��8IÔN?1©�"3ùp§
í�¦^�¿�µ��?Æ)þ�ì¡½ö�ã�Ï�ýi�À
ª5ÿÁ¤J�{�k�5"

5µï�L§A�)¯K£ã!�{Ú?§¢y�"



XØ

�©�§ï�

~�©�§�.

 �©�§�.

�`zï�

ÚOï�

ûü©Û

ÅìÆS

<ó ²�ä

�ÝÆS

o(



ûü©Û

<��~�3Ø(½�^�e§lõ��À�Y¥û½gC�ö
J§±Ï¼�,«�Z�J"XÝ]5y§3õ��8¥ÀJ�
«½öA«?1Ý]§±Ï¼����²L�Ã¶



ûü©Û

�X�¬�uÐ§<����ûü¯K�5�E,§³ûüö�
<�Æ£Ú²��û½§®ØU·A�c��¹
"éu�
K
�­��¯K§ü��k�²�?1ûü  ´�)Øû�J"
�
;�ù«�¹u)§<�Åì8BÚo(
�
�é�*

�Æ�ûüg�Ú�{"



ûü©Û

ûü©Û´Jø�«g��ªÚnØ��§ÏLL�Ú�6�g
�L§§�Ïûüö)ºÚ©Û¤¡��¯K§AO´rE,¯
K©)¤eZüÕÏ�©O?1½5Ú½þïÄ"



ûü©Û�Ä�Vg

G��m

G�´�ûüö¤¡��ûü¯K¥Ø�ý�½Ã{���Ø(
½Ï�"'X§3��|/Oy�½¥§/�ÚØu)/�´û
üöØU��ý��ü�G�¶3û½´Ämu�«#�¬Ý�
½|�§½|éT#�¬�I¦þ´Ã{���Ø(½Cþ§�
r§{ü/8(�/I¦þ�0!/I¦þ��0!/I¦þ
�0n�G�"

G���N¡�G��m"b½k�=k��G�¬u)£�
ý¤§=ü�ØÓG�Ø�UÓ�u)"G��m�f8¡�¯
�§¯�u)£�ý¤´�T¯�¥���G�u)"G��u
)Õáuûüö�¿�§Ø�6ûüö�ÀJ"



ûü©Û�Ä�Vg

üÑ�m

3ûü¯K¥§ûüö  ¡�X¯õ�Ø(½Ï�§�øÀJ
��Y£üÑ!öJ!1Ä¤�Ø��"¤k�øÀJ��Y�
N¡�üÑ�m§ûü�8�Ò´lüÑ�m¥ÀÑ,
�/�
Z0��Y"



ûü©Û�Ä�Vg

�J�m

ûüö3æ�
��üÑ�§ÃØ=�G�u)§Ñ¬��,�
�J"¤k�U�)��J�N���J�m"

duûüöØUý�=�G�¬u)§Ï
�Ã{��Ä¾=�
�J¬Ñy"ûüö���´3,�G�u)�^�eÀJ,�
üÑò¬éA�o���J"



ûü©Û�Ä�Vg

ûünØ�L��ª´rG�Ú�J��ü�Ä���§
rü
Ñ���«�^§½Â�lG��m��J�m���N�"

PS�G��m§X��J�m§KN�f : S → Xw�´��ü
Ñ§F = {f | f : S → X}Ò´üÑ�m"



ûü©Û�Ä�Vg

Ì*VÇ

ûüö�3Ø(½��¸e�Ñûü§�N�£ãØ(½5Qº
<�  ^VÇ5ïÄg,Ú�¬¥�Ø(½5§�7L*ÐV
Ç�Sº"

3ûü©Û¥ÝþØ(½5�VÇ�ÊÏVÇÚO¥�Å¯��
VÇºÂk¤ØÓ£ùp�¯���ØU3�Ó^�e­EÁ
�¤§
´ò§w�ûüö3¤Ýº�&E^�eék'¯�u
)�Ì*&?§Ý§Ïd¡�Ì*VÇ"



ûü©Û�Ä�Vg

 Ð'X

 Ð´�ûüöïþüÑÚ�J`��d�*§^êÆ¥���
��'X5£ã§¡� Ð'X"



ûü©Û�Ä�Vg

�^¼ê

�D´����8§�´Dþ���S'X§ek¢¼êu÷v

A � B ⇔ u(A) > u(B),∀A,B ∈ D

K¡u�Dþ��^¼ê"XJD´üÑ�m§uÒ´'uüÑ�
�^¼ê"XJD´�J�m§uÒ´'u�J��^¼ê"

�^¼êØ=U½5/�NûüöéuüÑ½ö�J� Ð'
X§
��½þ/�x
 Ð��érÝ"



ûü©Û�Ä�Vg

Ï"�^

�S ,X ,F©O�LG��m§�J�mÚüÑ�m§u´Xþ�
�^¼ê§P´Sþ�VÇÿÝ§KéuüÑf ,

U(f ) =

∫
S

u(f (s))dP

¡�üÑf�Ï"�^§Uqw�´Fþ��^¼ê"



ûü©Û�Ú½

ûü©Û´��E,�XÚ©ÛL§"�
rNÙÄ��n§�
òûü©ÛL§{ü/©)�o�Ú½µ/¤ûü¯K¶ÝþÌ
*VÇ¶µdûü�J��^¶O�Ï"�^'�üÑ�`�"

估计
主观概率

评价
后果效用

综合
比较方案

提出
备选方案



ûü©Û�A^

~fµéu,�#Eâ�3)�¥Ý\¦^§ykü��Y�ø
ÀJµ

�YA lI	Ú?¤@��§eÑ\�p�þ��á�§�¼
|3000��¶e´$�þ��á�§ò¬º�1000��"

�YB æ^I���§eÑ\�p�þ��á�§�¼|1200�
�¶e´$�þ��á�§�U¼|300��"

®��á��ü«G�VÇ�µPr (S1) = 0.35,Pr (S2) = 0.65, Ù
¥S1,S2©OL«p�þ��Ú$�þ��"



ûü©Û�A^

�
�(�/
)ò^�����þ§±Bé��AÚB�ÀJ
?1ûü§k'�¡[Ä�u��á�"

u�(Jke�ü«�¹µO1�þp¶O2�þ$"
u�(J
��&6Ýd±e^�VÇ�Ñµ

Pr (O1|S1) = 0.95,Pr (O1|S2) = 0.05;

Pr (O2|S1) = 0.05,Pr (O2|S2) = 0.95.

,	§?1Ä�u��¤^´30��§�¯ATXÛûüT#E
âÝ\)���ª"



Ï"�^nØ

ûü©Û�Ä��n´ûüö�âgC�d�*gé�JÚüÑ
�`�?1'�ÀJ"ûüö�d�*gäkü�ºÂµ��¡
´½5�'�§~Xéu�Yf , g , h, U�f$ug , U�g$uh;
,��¡´�é½þ�'�§~X�éuh5`§U�f�§Ý'
U�g�§Ýr�"S.þ§cö�/ Ð0§�^¡�/S0
���'X5£ã¶�ö�/�^0§�^¡�/�^¼ê0�
¢�¼ê5�x"



Ï"�^nØ

�D´����8Ü§D × D = {(x , y) | x , y ∈ D}�f8R¡
�Dþ�����'X"éux , y ∈ D, e(x , y) ∈ R, K¡x�yk
'X§P�xRy ; e(x , y) /∈ R, K¡x�yvk'X§P�xR̄y .



Ï"�^nØ

��'X�~�5�µ

1. g�5µxRx

2. �g�5µxR̄x

3. é¡5µexRy , KyRx

4. �é¡5µexRy , KyR̄x

5. D45µexRy�yRz , KxRz

6. KD45µexR̄y�yR̄z , KxR̄z

7. ëÏ5µxRy½öyRx

8. fëÏ5µex 6= y , KkxRy½öyRx



Ï"�^nØ

����'X�Ukþã5��Ù¥�Ü©5�"räkD45
���'X¡�S§3dÄ:þ�±½Â�«S'X"éäk�
é¡5���'X§~^PÒ“�”½“≺”L«"



Ï"�^nØ

½½½ÂÂÂ �R´8ÜDþ���'X§

1) XJR´�é¡ÚKD4�§K¡R´��fS¶

2) XJR´fëÏ�fS§K¡R´��î�fS¶

3) XJR´g�!é¡ÚD4�§K¡R´���d'X"

~X§D´¢ê8§/�u0'X´�fS§�´î�fS§

/�u0'X´��d'X"



Ï"�^nØ

ûü©Û¥Ï~^fS5£�ûüö�Ä� Ð"

��´��fS§XJx � y¡x`uy½öy�ux ; XJQ
�x � y��y � x¡x�yÃ�O§P�x ∼ y .

d	§XJx � y½öx ∼ y , K¡xØ�`uy½öyØ`ux , P
�x < y .



Ï"�^nØ

···KKK ��´Dþ�fS§k

(1) é?¿�x , y ∈ D, n«'Xx � y , y � x , x ∼ yk�=k�
«¤á¶

(2) �´D4�¶
(3) ∼´�d'X¶
(4) dx � y , y ∼ z ⇒ x � z ; ±9x ∼ y , y � z ⇒ x � z ;

(5) <´D4ÚëÏ�¶

(6) 3�daD/ ∼, {a ⊂ D | ∀x , y ∈ a, x ∼ y} þ�'Xm½Â
Xeµ�é,�x ∈ aÚy ∈ b, ka m b ⇔ x � y , Km´î�
fS"



Ï"�^nØ

ûü©Û¥§�ªF"3üÑ�mFþ½Âûüö� Ð'X§
Ï
k7�©ÛüÑ�m�(�"

£ãüÑ��«~^�{´§rz�üÑfw�´lG��
mS��J�mX���N�"�ûüö� Ð'X÷v,
ú
nb��§Ù%ºX�3ûüö'uG��mþ�Ì*VÇÿ
ÝP∗ ±9�3�J�mXþ��^¼êu, ¦�ûüö'uüÑ
�m� Ð�dÏ"�^�5L�"



Ï"�^nØ

éüÑf ∈ F , ½ÂPf (A) = P∗({s ∈ S | f (s) ∈ A}), Ù¥A ∈ Y ,
Y´Xþ�,�σ-�ê§KPf´�J�mXþ���VÇÿÝ"

Ï
§z�üÑ�±w�´�J�mXþ���VÇÿÝ"



Ï"�^nØ

½½½ÂÂÂ �Y�X��Nf8a§eN�P : Y → R ÷v

1) P(A) ≥ 0,∀A ∈ Y ,

2) P(X ) = 1,

3) P(A ∪ B) = P(A) + P(B), ∀A,B ∈ Y and A ∩ B = ∅,
4) �3X�k�f8A¦P(A) = 1,

K¡P�Xþ�{üVÇÿÝ"



Ï"�^nØ

éuXþ�VÇÿÝP,Q±9¢êα ∈ [0, 1], ½Â

[αP + (1− α)Q](A) = αP(A) + (1− α)Q(A), ∀A ∈ Y

KαP + (1− α)Q�´Xþ���VÇÿÝ"

éu{üVÇÿÝP, d½Â�§�3k�f
8{x1, · · · , xn} ⊂ X¦�P({xi}) = P(xi ) = pi > 0, i = 1, · · · , n,

�
n∑

i=1
pi = 1, ÏdP�±©)�P =

n∑
i=1

piδxi , ¡Ù���Ä

ø(lottery). §�±n)�±VÇpi���Jxi (i = 1, · · · , n).



Ï"�^nØ

½½½ÂÂÂ ��8ÜF¡�·Ü8´�§é?¿
�P,Q ∈ F9α ∈ [0, 1], éA��αP + (1− α)Q ∈ F , �é?¿
�P,Q ∈ F±9α, β ∈ [0, 1]k

1) 1P + 0Q = P,

2) αP + (1− α)Q = (1− α)Q + αP,

3) α[βP + (1− β)Q] + (1− α)Q = αβP + (1− αβ)Q.



Ï"�^nØ

�^nØ���Ñu:´kïá�|äk¢S�µ� Ðún§
¿±dí�Ñûüö�üÑ ÐU
^'u�J�Ï"�^�½
þ/L�"

²;�^nØ�Ä�g��°õ�e¡n^únb�µ

A1 £fSún¤�´½Â3üÑ�mFþ�fS¶

A2 £Archimedeún¤eP � Q,Q � T , K�3α, β ∈ [0, 1],
¦αP + (1− α)T � Q,Q � βP + (1− β)T ;

A3 £Õá5ún¤P � Q, Ké?¿�α ∈ (0, 1)9T ,
kαP + (1− α)T � αQ + (1− α)T .



Ï"�^nØ

½½½nnnµµµ �F´��·Ü8§ Ð'X�3Fþ÷vúnb
�A1,A2, A3 �¿�^�´

(1) �3Fþ�¢�¼êU, é?¿
�P,Q ∈ FkP � Q ⇔ U(P) > U(Q);

(2) é?¿�P,Q ∈ F9α ∈ [0, 1], k
U(αP + (1− α)Q) = αU(P) + (1− α)U(Q).

d	§U3��5C�¿Âe´���µeFþ�¢¼êV�÷
v^�(1),(2),K�3~êc > 0Úd ,
¦V (P) = cU(P) + d , ∀P ∈ F .



Ï"�^nØ

¼êU¡�Fþ��^¼ê"e·Ü8Fw�´�J�mXþ�{
üVÇÿÝ�N§AO/§é?Ûx ∈ Xkδx ∈ F§K|^�^
¼êU��55�§éN´/r'uüÑ��^=z�'u�J
�Ï"�^"

½½½nnnµµµ �F�Xþ�{üVÇÿÝ�N§eFþ� Ð'X�÷
vúnb�A1,A2, A3, K�3Xþ�¢�¼êu¦�

(1) ∀P,Q ∈ F , kP � Q ⇔ EU(P) > EU(Q);

(2) u(x)3��5C�¿Âe´���"



ûüä�{

ûüä´ò�Y!G�!�J!�^!VÇ�^�¿ä5L«"
Xã¤«§ã¥��¬�ûü:¶dûü:xÑeZ^�§z^
��L���Y§���Y{¶�Y{�"àk��§�G�
:¶l§ÚÑ���LØÓ�G�§�VÇ{¶3VÇ{"àx
��n���J:§3�J:�Ñ�J��^"

决策点
方案枝

状态点 概率枝 后果点



�ù��

������µµµ

ÑI3Æ��

�â\�nÜ�¹9¤Ýº��'&E§Á�½ÑI3Æ��ü
Ñ¿�Ñûü©ÛL§"



XØ

�©�§ï�

~�©�§�.

 �©�§�.

�`zï�

ÚOï�

ûü©Û

ÅìÆS

<ó ²�ä

�ÝÆS

o(



Outline
XØ

�©�§ï�

~�©�§�.

 �©�§�.

�`zï�

ÚOï�

ûü©Û

ÅìÆS

<ó ²�ä

�ÝÆS

o(



<ó ²�ä

<ó ²�ä´��<M(�?1pÝ²1©Ñ?n�êÆ�
."<M ²�ä�Ä��n´�E<ó ²�ä�.���Ä
��â"�ùÌ�0�<ó ²�ä¥�c� ²�ä§SN�
)�.!�nÚA^"



<ó ²�ä

 ²�ä´�M���­�¤©§§d�p'é� ²�|¤"
 ²�ä�^ë(X ²[��£´�Ä��.z��k�ã5
L«"

x_i,    w_ij j

y_j

y_j

 ²�ä��!:£ ²�¤´?n��§T?�ÉÙ§!:�
ÑÑ&Ò��Ñ\§?�Úéù
Ñ\�·�C��û½T!:
�ÑÑ§¿D4�Ù§!:"¤kù
ö�Ñ´�!:±²1©
Ñ��ª?1?n"



<ó ²�ä

�[þã�n���{ü<ó ²�ä´Xã¤«�Ä�a��
ä£a�ì¤"

x_i w_i
r y

…
…

3Ä�a��äp§�ä�Ñ\´m��þx, Ù�©þxid!
:ix�!:r , ®o�ÏL-¹¼ê�^�ÑÑy .



<ó ²�ä

<ó ²�ä�â�E�{�ØÓ§�±©�üaÌ��.µc
�. ²�äÚ�". ²�ä"

c�.<ó ²�ä´ò ²�©��§z����S ²��
mvk&E�6§¿�����/ÓÚO�"

�". ²�äKò���äw¤���N§ ²��p�^§
ÙO�´�N5�"



<ó ²�ä

<ó ²�ä�O�µ

I ÆS�ã

I A^�ã



<ó ²�ä

ü�c� ²�ä

x_i w_i1

1
y_1

…
…

y_j

y_n

x_1  w_11

j

nx_m w_mn

输入层 输出层

3ü�c� ²�ä¥§�kÑ\�ÚÑÑ�§�S���Ã�
ê�ë"T�äÏLéÑ\��Ñ\êâÆS¿Ón�ÑÑ(J
'�§(½Ù�ê§��ò(½
�ê� ²�äA^�¢S¯
K¥"ùa ²�äÌ�3�ª£O¥k�r�Uå"



<ó ²�ä

ePÑ\Cþx = (x1, · · · , xm)T , ÑÑ(Jy = (y1, · · · , yn)T , l
Ñ\i�ÑÑ!:£ ²�¤j��ê�wij , KT ²�ä�ÑÑ
�L«�

yj = G (
m∑
i=1

wijxi − θj), j = 1, · · · , n (48)

Ù¥G´-¹¼ê§θj� ²�j�z�"

�½�|êâ��§ÏLÆS5(½�äëêµ

W = (wij)m×n, Θ = (θ1, · · · , θn)T .



<ó ²�ä

²~^��-¹¼êµ

−10 −5 0 5 10
−1

−0.5

0

0.5

1

1.5

2

−10 −5 0 5 10
−1

−0.5

0

0.5

1

1.5

2

GT (z) =

{
1, if z > 0
0, otherwise

GS(z) =
1

1 + e−z



<ó ²�ä

«~µ�ª£O

y�½N��ª�þp1,p2, · · · ,pN ∈ Rm, Ø���5§�cM�
áu,�a
�e�N −M�ØáuTa"XJ�ª8Ü�5�
©§@o�3m��þw = (w1,w2, · · · ,wm)T9¢êθ¦�{

wTps − θ > 0, s = 1, · · · ,M
wTps − θ < 0, s = M + 1, · · · ,N

¤á"

ePqs =

(
ps

−1

)
, v =

(
w
θ

)
, Kþª��¤

{
vTqs > 0, s = 1, · · · ,M,
vTqs < 0, s = M + 1, · · · ,N. (49)
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����ª£O�8�§·�L�½�Xêv¦�Ñ\
´q1, · · · ,qM�ÑÑy = 1, Ñ\´qM+1, · · · ,qN�ÑÑy = 0, =
÷vª(49).

�¦��Xêv, �Ä^U�ÆS��{"Äk§·��½ ²
�ä�Ð©�Xê§,�ÅgÑ\�£O��ª§��Ñy
�
ØÑÑ�2?U�Xê"
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(0) £Ð©z¤�½·��Ð©�Xê�þv(0)9�~êη,
-t := 0.

(1) £O�ÑÑ¤-s := t(mod N) + 1, O��ª�þqs�Ñ
Ñy = GT (v(0)Tqs). eëYNgÑ���(ÑÑ§KÊ�"

(2) £?��Xê¤e1 ≤ s ≤ M, K

v(t + 1) :=

{
v(t), if y = 1�(ÑÑ�
v(t) + ηqs , if y = 0�ØÑÑ�

eM + 1 ≤ s ≤ N, K

v(t + 1) :=

{
v(t)− ηqs , if y = 1�ØÑÑ�
v(t), if y = 0�(ÑÑ�

-t := t + 1, �£1(1)Ú"
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x_i v_ij

1 y_1  w_1

…
…

y_j w_j

y_n
w_n

x_1  v_11

j

nx_m v_mn

输入层 隐层 输出层

r z
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1��£Ñ\�¤�!:i ∈ {1, · · · ,m}rÑ\xi&ÒD4�1�
�£Û�¤�!:j = 1, 2, · · · , n. eÑ\�!:i�Û�!:j�

�Xê�vij , KÛ�!:jkÑ\oÚ
m∑
i=1

vijxi , ¿ÏL-¹¼

êGòÙC�¤yj = G (
m∑
i=1

vijxi )�§2Dx�1n�£ÑÑ�¤

�!:r . eÛ�!:j�ÑÑ�!:r��Xê�wj , KÑÑ�!

:rkÑ\oÚ
n∑

j=1
wjyj , ¿d-¹¼êGC�¤z = G (

n∑
j=1

wjyj)�

¤��ä�ÑÑ"
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P�£O�N��ª�þ�xs = (x s
1 , · · · , x s

m)T , s = 1, 2, · · · ,N,
�g¤éA�n�ÑÑ�d s , s = 1, 2, · · · ,N. e��ä��Xê
�V = (vij)m×n,w = (w1, · · · ,wn)T , �äÑ\�ª�þxs�éA
�1��ÑÑP�ys(V ) = (y s

1 (V ), · · · , y s
n(V ))T , 1n�£!

:r¤�Ñ�ä��ªÑÑP�zs(V ,w).

d�·��8I´§(½�Xê��¦�é¤kÑ\�ª�þ§
�äÑU�Ñ�(�ÑÑ"=¦)e�±�Xê(V ,w)�Cþ�
��5�§|µ 

z1(V ,w) = d1

z2(V ,w) = d2

...
zN(V ,w) = dN
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��/§3õ� ²�ä¥·�æ^S-.¼êGS���!:�
-¹¼ê"u´k

y s
j (V ) = GS(V T

j xs), j = 1, · · · , n, s = 1, · · · ,N,

zs(V ,w) = GS(wTys), s = 1, · · · ,N.

�ÄÑ\�ªxséA�¢SÑÑ��(ÑÑ��¦Ø�

es(V ,w) = (zs(V ,w)− d s)2,

·��±ïáXe��z�.

min E (V ,w) =
1

2

N∑
s=1

es(V ,w) (50)
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(1) ï�©�£6�25F�cJ�¤

(2) �{¢y�
�è£6�27F�cJ�¤

(3) ÿÁ�w£6�22FuÙÿÁêâ§6�27FJ��w¤
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