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Background and motivation

(]

Deformation and cohomology of LieRep pairs

Deformation and cohomology of relative Rota-Baxter
operators

Deformation of relative Rota-Baxter Lie algebras

Cohomology of relative Rota-Baxter Lie algebras
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e History
The deformation of algebraic structures began with the
seminal work of Gerstenhaber for associative algebras:

[4 M. Gerstenhaber, On the deformation of rings and algebras.
Ann. Math. (2) 79 (1964), 59-103.
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e History
The deformation of algebraic structures began with the
seminal work of Gerstenhaber for associative algebras:

[4 M. Gerstenhaber, On the deformation of rings and algebras.

Ann. Math. (2) 79 (1964), 59-103.

Then it is extended to Lie algebras by Nijenhuis and
Richardson. Deformations of other algebraic structures such as
pre-Lie algebras, Leibniz algebras, n-Lie algebras have also been
well developed. More generally, deformation theory for algebras
over quadratic operads was developed by Balavoine.

[(] D. Balavoine, Deformations of algebras over a quadratic
operad. Operads: Proc. of Renaissance Conferences (Hartford,
CT/Luminy, 1995), Contemp. Math. 202 Amer. Math. Soc.,
Providence, RI, 1997, 207-34.
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e Slogan

There is a well known slogan, often attributed to Deligne,
Drinfeld and Kontsevich: every reasonable deformation theory is
controlled by a differential graded Lie algebra (an L.-algebra),
determined up to quasi-isomorphism. This slogan has been made
into a rigorous theorem by Lurie and Pridham.

[@ J. Lurie, DAG X: Formal moduli problems, available at
http://www.math.harvard.edu/ lurie/papers/DAG-X.pdf.

[§ J. P. Pridham, Unifying derived deformation theories. Adv.
Math. 224 (2010), 772-826.
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e What do we want to do
@ Idea: we try to extend the above deformation theories to the
study of deformations of relative Rota-Baxter Lie algebras.

@ Goal: we develop a deformation theory of relative Rota-Baxter
Lie algebras which is remarkably consistent with the general
principles of deformation theories.
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e What do we want to do

@ Idea: we try to extend the above deformation theories to the
study of deformations of relative Rota-Baxter Lie algebras.

@ Goal: we develop a deformation theory of relative Rota-Baxter
Lie algebras which is remarkably consistent with the general
principles of deformation theories.

© There is a suitable L..-algebra whose Maurer-Cartan elements
characterize relative Rota-Baxter Lie algebras and their
deformations.

© There is a cohomology theory which controls the infinitesimal
and formal deformations of relative Rota-Baxter Lie algebras.
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Rota-Baxter type operators

The concept of Rota-Baxter operators on associative algebras
was introduced by G. Baxter in his study of probability theory. It
has found many applications, including Connes-Kreimer's algebraic
approach to the renormalization in perturbative quantum field
theory. Moreover, Rota-Baxter operators on associative algebras

are closely related to symmetric functions and double Poisson
algebras.
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Rota-Baxter type operators

The concept of Rota-Baxter operators on associative algebras
was introduced by G. Baxter in his study of probability theory. It
has found many applications, including Connes-Kreimer's algebraic
approach to the renormalization in perturbative quantum field
theory. Moreover, Rota-Baxter operators on associative algebras
are closely related to symmetric functions and double Poisson
algebras.

In the Lie algebra context, a Rota-Baxter operator was
introduced independently as the operator form of the classical
Yang-Baxter equation that plays important roles in integrable
systems and quantum groups.
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Rota-Baxter type operators

The concept of Rota-Baxter operators on associative algebras
was introduced by G. Baxter in his study of probability theory. It
has found many applications, including Connes-Kreimer's algebraic
approach to the renormalization in perturbative quantum field
theory. Moreover, Rota-Baxter operators on associative algebras
are closely related to symmetric functions and double Poisson
algebras.

In the Lie algebra context, a Rota-Baxter operator was
introduced independently as the operator form of the classical
Yang-Baxter equation that plays important roles in integrable
systems and quantum groups.

Rota-Baxter operators lead to the splitting of operads. For
further details on Rota-Baxter operators, see Li Guo's book.

[d L. Guo, An introduction to Rota-Baxter algebra. Surveys of
Modern Mathematics, 4. International Press, Somerville, MA;
Higher Education Press, Beijing, 2012. xii-+226 pp.
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Relative Rota-Baxter Lie algebras

Definition

A relative Rota-Baxter Lie algebra is a triple ((g, [-,-]g), 0, T),
where (g, [-,-]q) is a Lie algebra, p : g — gl(V') is a representation
of g on a vector space V and T : V — g is a relative Rota-Baxter
operator, I.e.

[Tu, Tv]g = T (p(Tw)(v) — p(Tv)(w)), Vu,veV.
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Relative Rota-Baxter Lie algebras

Definition

A relative Rota-Baxter Lie algebra is a triple ((g, [-,-]g), 0, T),
where (g, [-,-]q) is a Lie algebra, p : g — gl(V') is a representation
of g on a vector space V and T : V — g is a relative Rota-Baxter
operator, I.e.

[Tu, Tv]g = T (p(Tw)(v) — p(Tv)(w)), Vu,veV.

When the representation is the adjoint representation, we
obtain Rota-Baxter Lie algebras.

[§ B. A. Kupershmidt, What a classical r-matrix really is. J.
Nonlinear Math. Phys. 6 (1999), 448-488.
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Triangular Lie bialgebra

Definition-Example

Let (g, [, -]g) be a Lie algebra. We also use the notation |-, |4 to
denote the graded Lie bracket on the exterior algebra A®g. An
element v € N\?g is called a skew-symmetric r-matrix if r satisfies
the classical Yang-Baxter equation (CYBE):

[r,r]g =0.
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Triangular Lie bialgebra

Definition-Example

Let (g, [, -]g) be a Lie algebra. We also use the notation |-, |4 to
denote the graded Lie bracket on the exterior algebra A®g. An
element v € N\?g is called a skew-symmetric r-matrix if r satisfies
the classical Yang-Baxter equation (CYBE):

[r,r]g =0.

A skew-symmetric r-matrix gives rise to a relative Rota-Baxter
operator 1t : g* — g with respect to the coadjoint representation
ad*, where r* is defined by

(rf(€),m) = (r,€ A1)

A skew-symmetric r-matrix will give rise to a triangular Lie
bialgebra, which we denote by (g, r).
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Nijenhuis-Richardson bracket

Let g be a vector space. We consider the graded vector space
C*(g,9) = ©,2C" (9, 9) = ®,ZgHom (\"*'g, g). Then C*(g,9)
equipped with the Nijenhuis-Richardson bracket

[P7 Q]NR = P6Q - (_1)qu6P7 VP € Cp(g’g)’ Q € Cq(gag)a
is a graded Lie algebra, where Po@Q € CP*4(g, g) is defined by

(PoQ) (1, -+ , Tp+q+1)
= Z(_l)UP(Q(md(l)v e 7xa(q+1))7 xa(q+2)7 e 7~To‘(p+q+l))-

o
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Nijenhuis-Richardson bracket

Let g be a vector space. We consider the graded vector space
C*(g,9) = ©,2C" (9, 9) = ®,ZgHom (\"*'g, g). Then C*(g,9)
equipped with the Nijenhuis-Richardson bracket

[P7 Q]NR = P6Q - (_1)qu6P7 VP € Cp(g’g)’ Q € Cq(gag)a
is a graded Lie algebra, where Po@Q € CP*4(g, g) is defined by

(PoQ) (1, -+ , Tp+q+1)
= Z(_l)UP(Q(md(l)v e 7xa(q+1))7 xo‘(q+2)7 e 7~To‘(p+q+1))-

o

For ju € Hom (A2g, g) and p € Hom (g® V, V). Then i is a Lie
algebra structure on g and p is a representation of Lie algebra g on
V' if and only if

[+ p, 1+ pIng = 0.
~ RongTang | Relative Rota-Baxter Lie algebras




Maurer-Cartan elements characterizing LieRep pairs

Definition

A LieRep pair consists of a Lie algebra (g, [-,"]4) and a
representation p : g — gl(V') of g on a vector space V.
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Maurer-Cartan elements characterizing LieRep pairs

Definition

A LieRep pair consists of a Lie algebra (g, [-,"]4) and a
representation p : g — gl(V') of g on a vector space V.

Denote by
ELieRep = @E_OB(HOIH (/\kJrlg? g) ©® Hom (/\kg ® ‘/7 V))

Proposition (Arnal)

Let g and V' be two vector spaces. Then (ELieRep, [, -]NR) is a
graded Lie algebra. Its MC elements are precisely LieRep pairs.

[4 D. Arnal, Simultaneous deformations of a Lie algebra and its
modules. Differential geometry and mathematical physics
(Liege, 1980/Leuven, 1981), 3-15, Math. Phys. Stud., 3,
Reidel, Dordrecht, 1983.
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Cohomologies of LieRep pairs

Let ((g,1); p) be a LieRep pair. Define the set of n-cochains

¢"(g, p) := Hom (A"g,g) © Hom (\" g @ V, V).
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Cohomologies of LieRep pairs

Let ( ); p) be a LieRep pair. Define the set of n-cochains

¢"(g, p) := Hom (A"g,g) © Hom (\" g @ V, V).
Define the coboundary operator 0 : (g, p) — €"*1(g, p) by

of == (=" '+ p, fINr

Then 909 = 0. Thus we obtain the complex (6;720¢"(g, p), ).
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Cohomologies of LieRep pairs

Let ((g,1); p) be a LieRep pair. Define the set of n-cochains

¢"(g, p) := Hom (A"g,g) @ Hom (A" 'g @ V, V).
Define the coboundary operator 0 : (g, p) — €"*1(g, p) by
Of = (=1)""[u+p, fnr:

Then 909 = 0. Thus we obtain the complex (6;720¢"(g, p), ).

Definition

The cohomology of the cochain complex (&,25¢™(g, p), ) is
called the cohomology of the LieRep pair ((g, 1); p). The resulting
n-th cohomology group is denoted by H" (g, p).
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Maurer-Cartan elements characterizing relative

Rota-Baxter operators

Let (V;p) be a representation of a Lie algebra g. Consider the
graded vector space

C*(V,g) = &} 3Hom (A*V, g).
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Maurer-Cartan elements characterizing relative

Rota-Baxter operators

Let (V;p) be a representation of a Lie algebra g. Consider the
graded vector space

C*(V,g) == &;5Hom (A*V, g).
Define a skew-symmetric bracket operation
[, -]] : Hom (A"V, g) x Hom (A™V, g) — Hom (A™*"V, g)

by
[P, Q] := (=1)"[[1u + p, PINr; @INR-
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Maurer-Cartan elements characterizing relative
Rota-Baxter operators

Proposition

(C*(V,9),[[,-]]) is a gLa. Its Maurer-Cartan elements are precisely
the relative Rota-Baxter operators on g with respect to (V; p).
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Maurer-Cartan elements characterizing relative
Rota-Baxter operators

Proposition

(C*(V,9),[[,-]]) is a gLa. Its Maurer-Cartan elements are precisely
the relative Rota-Baxter operators on g with respect to (V; p).

Proof. The Nijenhuis-Richardson bracket [-, |nr associated to g @ V' gives rise
to a graded Lie algebra (®x>oHom (A*(g® V), g ® V), [, -]nr). Obviously
@r>oHom (AFV, g) is an abelian subalgebra. A linear map p: A’g — g is a
Lie algebra structure and p: g® V' — V is a representation of g on V iff u+ p
is a Maurer-Cartan element of the gla (®r>oHom (A*(g® V), g® V), [-, Inr),
defining a differential d,+, via du+, = [t + p, Inr. Further, the differential
d,+p gives rise to a graded Lie algebra structure on the graded vector space
Br>oHom (/\"'V, g) via the derived bracket
[[Pv QH = (_1)n[[u+p’ P]NR7 Q]NR, VP € Hom (/\nV7 g)v Q € Hom (/\mvv g)a
which is exactly the above bracket.

For T : V — g, we have

([T, TN (w1, u2) = 2(T(p(Tur)uz) — T(p(Tuz)ur) — [Tur, Tus)).

Thus, Maurer-Cartan elements are relative Rota-Baxter operators.
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Cohomology of relative Rota-Baxter operators

Now we define the cohomology governing deformations of a
relative Rota-Baxter operator 1" : V' — g. Define the vector space
of n-cochains €"*(T') as ¢"(T) = Hom (A""1V, g).
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Cohomology of relative Rota-Baxter operators

Now we define the cohomology governing deformations of a
relative Rota-Baxter operator 1" : V' — g. Define the vector space
of n-cochains €"*(T') as ¢"(T) = Hom (A""1V, g).

Define the coboundary operator ¢ : €"(T) — &€"t1(T) by

00 = (_1)71—2 HT, 9“ = (_1)71—2[[“ + p, T]NRa Q]NR- (1)

Then (&2¢"(T),d) is a cochain complex.
n=0
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Cohomology of relative Rota-Baxter operators

Now we define the cohomology governing deformations of a
relative Rota-Baxter operator 1" : V' — g. Define the vector space
of n-cochains €"*(T') as ¢"(T) = Hom (A""1V, g).

Define the coboundary operator ¢ : €"(T) — &€"t1(T) by

00 = (_1)71—2 HT, 9“ = (_1)n—2[[# + p, T]NRa G]NR- (1)

Then (©,23€™(T), ) is a cochain complex.

Definition

The cohomology of the cochain complex (®,:23€™(T), ) is called
the cohomology of the relative Rota-Baxter operatorT : V — g.
The corresponding n-th cohomology group is denoted by H™(T).
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The relation with pre-Lie algebras

A pre-Lie algebra is a pair (V,-y), where V is a vector space and

v : V®V — V is a bilinear multiplication satisfying that for all
x,y,z € V, the associator

(z,9,2) =(@vy vz—zv (Y vz

is symmetric in x,y, that is, (z,y,z) = (y,x, z), or equivalently,

vy vez—zvyva)=Wve)vz-yv(@vz).
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The relation with pre-Lie algebras

A pre-Lie algebra is a pair (V,-y), where V is a vector space and
v : V®V — V is a bilinear multiplication satisfying that for all
x,y,z € V, the associator

(z,9,2) =(@vy vz—zv (Y vz

is symmetric in x,y, that is, (z,y,z) = (y,x, z), or equivalently,
vy vz—azsvyve)=Eva)vz-yv(@va2).

Let T : V — g be a relative Rota-Baxter operator on a Lie algebra
g with respect to a representation (V; p). Then (V,-r) is a pre-Lie
algebra, where

u-pv=p(Tu)(v), Yu,veV.
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The relation with pre-Lie algebras

Let V' be a vector space. For o € Hom (A"V ® V, V) and
B € Hom (A"™V ® V, V), define a0 8 € Hom (A"*V @ V, V) by
(Oé © ﬂ)(ula o au’m+n+l)

= Z (_l)aa(ﬁ(ud(l)a o 7ua(m+l))a Ug(m+2)y " » Uo(m+n) Um+n+1)
Ueg(nz,l,nfl)

+(71)mn Z (71)005(’“0(1)3 oty Ug(n)y ﬁ(ua(nJrl)a ct sy Ug(mAn)s um+n+1))
UES(?L.NL)
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The relation with pre-Lie algebras

Let V' be a vector space. For o € Hom (A"V ® V, V) and
B € Hom (A"™V ® V, V), define a0 8 € Hom (A"*V @ V, V) by

(ao ﬂ)(ula e Umdtnt1)

= Z (_l)aa(ﬁ(ud(l)a o 7ua(m+l))a Ug(m+2)y " » Uo(m+n) Um+n+1)
Ueg(nz,l,nfl)

+(71)mn Z (71)005(’“0(1)3 oty Ug(n)y ﬁ(ua(nJrl)a ct sy Ug(mAn)s um+n+1))
Ues(nﬂn)

Then C*(V, V) := @g>oHom (A*V @ V, V) equipped with the
Matsushima-Nijenhuis bracket [-,-] given by

[a,ﬁ]o =aof—(-1)"poaq,

is a graded Lie algebra.
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The relation with pre-Lie algebras

Remark
For « € Hom (V @ V, V'), we have

[a,oz]c(u,v,w)

= 2(a(a(u,v),w) — a(a(v,u), w) — a(u, a(v,w)) + a(v, a(y, w)))

Thus, o defines a pre-Lie algebra structure on V' if and only if
[, )€ = 0, that is,  is a Maurer-Cartan element of the graded
Lie algebra (C*(V, V), [-,-]°).
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The relation with pre-Lie algebras

Define a linear map
® : Hom (A*V,g) — Hom (AW*V @ V, V), k > 0, by

(I)(f)(ulv T 7uk>uk+1) = P(f(Uh T vuk))(uk-i-l)'

Rong Tang Relative Rota-Baxter Lie algebras



The relation with pre-Lie algebras

Define a linear map
® : Hom (A*V,g) — Hom (AW*V @ V, V), k > 0, by

(I)(f)(ulv T aulwuk-f—l) = P(f(Uh T vuk))(uk-i-l)'

Proposition

Let (V; p) be a representation of a Lie algebra g. Then ® is a
homomorphism of graded Lie algebras from (C*(V,g),|[[-,"]]) to

[ R. Tang, C. Bai, L. Guo and Y. Sheng, Deformations and their
controlling cohomologies of O-operators, Comm. Math. Phys.
368 (2019), 665 - 700.
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L.-algebra

Definition

An L.-algebra is a Z-graded vector space g = ®cz0" equipped
with a collection (k > 1) of linear maps Iy, : ®*g — g of degree 1
with the property that, for any homogeneous elements

T1, -, Ty € @, we have
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L.-algebra

Definition

An L.-algebra is a Z-graded vector space g = ®cz0" equipped
with a collection (k > 1) of linear maps Iy, : ®*g — g of degree 1
with the property that, for any homogeneous elements

T1, -, Ty € @, we have

(i) (graded symmetry) for every o € S,,,
ln(xa(l)v  To(n—1)s xa(n)) = 5(U)ln($la Ty Tn—1, l‘n)a

(i1) (generalized Jacobi identity) for all n > 1,

Z Z g(g)ln7i+l(li(xa(1)v e 7m0(i))a To(it1)s " axa(n)) =0.

=1 UES(iynfi)
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Maurer-Cartan elements

The set of MC elements, denoted by MC(g), of a filtered
Loo-algebra g is the set of those o € g° satisfying the MC equation

+o00 1
Zﬂlk(a"” ya) = 0.
k=1
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Maurer-Cartan elements

The set of MC elements, denoted by MC(g), of a filtered
Loo-algebra g is the set of those o € g° satisfying the MC equation

+o0 1
Hlk(a,--' ,a) = 0.

k=1

The condition of being filtered ensures convergence of the series
figuring in the definition of MC elements and MC twistings.

[d V. A. Dolgushev and C. L. Rogers, A version of the
Goldman-Millson Theorem for filtered L..-algebras. J. Algebra
430 (2015), 260-302.
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V -structure

Definition (Voronov)

A V-structure consists of a quadruple (L,%, P, A) where

(L,[-,]) is a graded Lie algebra,

b is an abelian graded Lie subalgebra of (L, |-,-]),

e P: L — L is a projection, that is Po P = P, whose image
is b and kernel is a graded Lie subalgebra of (L, [-,"]),

A is an element in ker(P)! such that [A, A] = 0.

[@ Th. Voronov, Higher derived brackets and homotopy algebras.
J. Pure Appl. Algebra 202 (2005), 133-153.
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Higher derived brackets

Theorem (Voronov)

Let (L,h, P,A) be a V-structure. Then the graded vector space
L[1] ® b is an Loo-algebra, where I}, are given by
(fr a) (—[A,z], P(z + [A, a])),
( ) (=1)%[z, 9],
lk(l‘ Ay, Ak 1) = P["'HZE,GH,CLQ]"' aak—l]v k227
lk(aly' © L, Ak— laak) — P["'[[A,al],CLQ]"' 7ak]a k22
Here a,ay1,--- ,ar € h and z,y € L.
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Higher derived brackets

Theorem (Voronov)

Let (L,h, P,A) be a V-structure. Then the graded vector space
L[1] ® b is an Loo-algebra, where I}, are given by

(33 a) (—[A,z], P(z + [A, a)),
( ) (=1)*[z, y],
le(z a1, ,ax—1) = P[--[lx,a1],a9] - ,ax_1], k>2,
lg(ar, - ,ap—1,ar) = Pl--[[A a1],a9] - ,ax], k>2.
Here a,ay1,--- ,ar € h and z,y € L.

Voronov's higher derived brackets, which is a useful tool to
construct explicit L,-algebras.

Let L' be a graded Lie subalgebra of L that satisfies [A,L'] C L'.
Then L'[1] ® b is an Loo-subalgebra of the above L.,-algebra.
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V-structure

Let g and V' be two vector spaces.

We have a V-structure (L, b, P, A) as follows:

e the graded Lie algebra (L, |-, "]) is given by
(ef% C™g@ Vg0 V), [ Inwr);
e the abelian graded Lie subalgebra by is given by

b := @2 Hom (A"T'V, g);

e P : L — L is the projection onto the subspace b;
e A=0.
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V-structure

Let g and V' be two vector spaces.

We have a V-structure (L, b, P, A) as follows:

e the graded Lie algebra (L, |-, "]) is given by
(ef% C™g@ Vg0 V), [ Inwr);
e the abelian graded Lie subalgebra by is given by

b := @2 Hom (A"T'V, g);

e P : L — L is the projection onto the subspace b;

e A=0.
Consequently, we obtain an Leo-algebra (L[1] @ b, {lx}]23), where I are given
by

L(s'Q,0) = PQ),
L(s7'Q,s7'Q) = (D% 'Q, Q'
lk(871Q7915 o 79k—1) P[ o [Q701]NR7 o aek—l]NR7

for0,91, cee ,ek_l €bh, Q,Ql € L.
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The L.-algebra governing relative RB Lie algebra

Recall that
ﬁLieRep = ®:§)(Hom (/\k+197 g) ©® Hom (/\kg ® ‘/7 V)) is a
subalgebra of L.
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The L.-algebra governing relative RB Lie algebra

Recall that
ﬁLieRep = ®:§)(Hom (/\k+197 9) ©® Hom (/\kg ® ‘/7 V)) is a
subalgebra of L.

Corollary

With the above notation, (L Licrep[1] ® b, {l;};2°F) is an
Loo-algebra, where l;, are given by

ZQ(QaQI) = (_1)Q[Q7Q,]NR3
(@01, ,0k1) = P[-[Q,01]nR, -+, Ok—1]NRs

for ala o 79k—1 € hr Qan € [’LieRep-
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Let g and V be two vector spaces, ;1 € Hom (A2g, g),
peHom(g®V,V) and T € Hom (V,g). Then ((g,u),p,T) is a
relative Rota-Baxter Lie algebra if and only if (u+ p,T) is an MC
element of the Loo-algebra (Lpicrep[1] ® b, {l:}).
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Deformations of relative RB Lie algebra

Define 17" : @* (L piepepll] © ) — Lricrep[l] @ b by

+oo
1
ll<c‘u+p7T)(x17" . ,.’Ek;) = E Elk-Hl((/u_"paT)v ,(,LL+p,T),131,'-' ,:Ek).
n=0 "

n
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Deformations of relative RB Lie algebra

Define 17" : @* (L piepepll] © ) — Lricrep[l] @ b by

+oo
ll<c‘u+p7T)(x17" . ,.’Ek;) - Z jlk-Hl((:u_"paT) ,(,LL+p,T),131,'-' ,:Ek).

n=0

Theorem

|
3|~
3

With the above notation, we have the twisted L..-algebra

(L Licrepl1] @ b, {I#+PDFo0)

Moreover, for linear maps T' € Hom (V, g), ¢/ € Hom (A%g, g) and
p' € Hom (g, gl(V)), the triple (g, + i), p+ p/, T +T") is again
a relative Rota-Baxter Lie algebra if and only if (¢ + p'),T") is an
MC element of the above twisted L.-algebra.

o
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Extensions of L..-algberas

Theorem

Let ((g, 1), p,T) be a relative Rota-Baxter Lie algebra. Then the
Lo-algebra (Lricrep[l] ® b, {l,g“ +o.T) ¥29) is a strict extension of
the Loo-algebra (dgla) Lricrep|l] by the Loo-algebra (dgla)
EBZZ"{Hom (/\”“V7 g), that is, we have the following short exact
sequence of L.,-algebras:

0—> @Z:?HOHI (/\k‘/, g) LN ELieRep[l] ®h L ELieRep[l] — 0,

where 1(6) = (0,60) and p(f,0) = f.

Rong Tang Relative Rota-Baxter Lie algebras



Cohomology of relative Rota-Baxter Lie algebras

Define the space of n-cochains €"(g, p,T) by

(g, p,T) = C(g,p) ®C(T)
(Hom (A"g,g) ® Hom (A" 'g @V, V)) @® Hom (A""'V, g).
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Cohomology of relative Rota-Baxter Lie algebras

Define the space of n-cochains €"(g, p,T) by

(g, p,T) = C(g,p) ®C(T)
(Hom (A"g,g) ® Hom (A" 'g @V, V)) @® Hom (A""'V, g).

Define the coboundary operator
D: Q:n(ga va) — €n+1(g’ va) by

D(f,0) = (—1)"*(—[r, fInr, [[w,ﬂwrzﬂwﬁ%@f, TIng, TN, - -+, TINR),

n

where f € Hom (A"g,g) ® Hom (A" 'g® V, V) and § € Hom (A""'V, g).
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Cohomology of relative Rota-Baxter Lie algebras

Define the space of n-cochains €"(g, p,T) by

(g, p,T) = C(g,p) ®C(T)
(Hom (A"g,g) ® Hom (A" 'g @V, V)) @® Hom (A""'V, g).

Define the coboundary operator
D: Q:n(ga va) — €n+1(g’ va) by

D(f,0) = (—1)"*(—[r, fInr, [[w,ﬂwrzﬂwﬁ%@f, TIng, TN, - -+, TINR),

n

where f € Hom (A"g,g) ® Hom (A" 'g® V, V) and § € Hom (A"~'V, g).
Define a linear operator hy : €"(g, p) — €"1(T') by

o1
hTf = (_1)71 27| [ o Hf7 T]NRvT]NR7 to 7T]NR‘
N~~~
Then the coboundary operator can be written as

D(f,0) = (0f,80 + hr [).

Rong Tang Relative Rota-Baxter Lie algebras



Cohomology of relative Rota-Baxter Lie algebras

With the above notation, (&,25¢" (g, p,T), D) is a cochain
complex, i.e. DoD = 0.

It follow from

D(f,60) = (~1)" 27 (1,0).
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Cohomology of relative Rota-Baxter Lie algebras

With the above notation, (&,25¢" (g, p,T), D) is a cochain
complex, i.e. DoD = 0.

It follow from

D(f,6) = (=) (£,6).
DJ
The cohomology of the cochain complex ($,20¢™(g, p, T), D) is

called the cohomology of the relative Rota-Baxter Lie algebra
((g, ), p, T). Denote its n-th cohomology group by H"(g,p,T).
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Cohomology of relative Rota-Baxter Lie algebras

Now we give the formulas for hp in terms of multilinear maps.

Lemma

The operator
hr : Hom (A"g, g) @ Hom (A" "lg® V,V) — Hom (A"V, g) is

given by
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Cohomology of relative Rota-Baxter Lie algebras

Now we give the formulas for hp in terms of multilinear maps.

Lemma

The operator
hr : Hom (A"g, g) @ Hom (A" "lg® V,V) — Hom (A"V, g) is
given by

(hTf)(’Ul,"' 7Un):( )nfﬂ(TUh'" 7TU71)

+Z Zleva T’U17 Tvifl,Tvi+1,--~ ,T’Un,’Ui),

where f = (fy, fv), and fy € Hom (A"g, g),
fv € Hom (A" lg® V,V) and v1,--- ,v, € V.
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Relations among cohomologies

D can be well-explained by the following diagram:

—)Qtn g p o Q:nJrl Q:n+2 g p

\\

Qn €n+1 €n+2
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Relations among cohomologies

D can be well-explained by the following diagram:

T Qtn(g’p) Hd €n+1(g7p) OH Q:n+2(g7p> —

There is a short exact sequence of the cochain complexes:

0 — (B125€™(T),8) = (B12%5€" (8,0, T), D) == (B125€"(9,0),8) — 0,
and there is a long exact sequence of the cohomology groups:

e WD) 3,0, T) T g, 0) S M) — -

I

where the connecting map ¢" is defined by c¢"([a]) = [hral, for all
[a] € H"(g, p)-
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Cohomology of RB Lie algebras

Let (g, [, ]g,T") be a Rota-Baxter Lie algebra. Define the
space of n-cochains €}z (g, T') by

¢tp(9,T) := € i (0; 9) ® €(T) = Hom (A"g, g) & Hom (A" 'g, g).
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Cohomology of RB Lie algebras

Let (g, [, ]g,T") be a Rota-Baxter Lie algebra. Define the
space of n-cochains €}z (g, T') by

¢tp(9,T) := € i (0; 9) ® €(T) = Hom (A"g, g) & Hom (A" 'g, g).
Define Drp : €hp(g,T) — €5 (g, T) by

Dra(f,6) = (deef,80 + Qf), Vf € Hom (A\"g,9), 0 € Hom (\" g, ),
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Cohomology of RB Lie algebras

Let (g, [, ]g,T") be a Rota-Baxter Lie algebra. Define the
space of n-cochains €}z (g, T') by

¢tp(9,T) := € i (0; 9) ® €(T) = Hom (A"g, g) & Hom (A" 'g, g).
Define Drp : €hp(g,T) — €5 (g, T) by

Dra(f,6) = (deef,80 + Qf), Vf € Hom (A\"g,9), 0 € Hom (\" g, ),

where Q : Hom (A"g, g) — Hom (A"g, g) is defined by

@)@y 2) = () (f(Ter, -, Tan)

- ZTf(T.Tl, e ,Txi_1,$i7T$i+1, e ,Tﬂ,‘n))
i=1
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Cohomology of RB Lie algebras

The map Drp is a coboundary operator, i.e. Drp o Drp = 0.
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Cohomology of RB Lie algebras

The map Drp is a coboundary operator, i.e. Drp o Drp = 0.

Definition

Let (g,[,]g,T) be a Rota-Baxter Lie algebra. The cohomology of
the cochain complex (&€} (g9, T), Drg) is taken to be the
cohomology of the Rota-Baxter Lie algebra (g, [, |4, T). Denote
the n-th cohomology group by Hyp(g,T).
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Cohomology of triangular Lie bialgebras

Let (g, [, ]g,7) be a triangular Lie bialgebra. Define the space
of n-cochains €% (g, 7) by

Crrp(g,7) := Hom (A"g, g) © A"g.
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Cohomology of triangular Lie bialgebras

Let (g, [, ]g,7) be a triangular Lie bialgebra. Define the space
of n-cochains €% (g, 7) by

Crrp(g,7) := Hom (A"g, g) © A"g.

Define the coboundary operator prys : ety p(o,r) — eitl(g, ) by

Drug(f,x) = (dcef, 0f +d,x), Vf € Hom (A"g,5), x € A3,
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Cohomology of triangular Lie bialgebras

Let (g, [, ]g,7) be a triangular Lie bialgebra. Define the space
of n-cochains €% (g, 7) by

Crrp(g,7) := Hom (A"g, g) © A"g.

Define the coboundary operator prys : ety p(o,r) — eitl(g, ) by
Drug(f,x) = (dcef, 0f +d,x), Vf € Hom (A"g,5), x € A3,

where d, : A"g — A"*1g is given by d,x = [r, x], and
© : Hom (A"g,g) — A"Tlg is defined by

n+1 )
(©f, &1 A Abnga) = 30 (D HE FrF @), Gmn) PP i) P En)))

i=1
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Cohomology of triangular Lie bialgebras

The map Drrg is a coboundary operator, i.e. Dy o Drrg = 0.
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Cohomology of triangular Lie bialgebras
The map Drrg is a coboundary operator, i.e. Dy o Drrg = 0.

Definition

Let (g, [, ]g,r) be a triangular Lie bialgebra. The cohomology of
the cochain complex (&,:25¢%, 5(g,7), DrLB) is called the
cohomology of the triangular Lie bialgebra (g, [-,]g,7). Denote the

n-th cohomology group by Hit; 5(g,7).

[ A. Lazarev, Y. Sheng and R. Tang, Deformations and
homotopy theory of relative Rota-Baxter Lie algebras. The
MPIM preprint series, 2020.
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Working in progress

@ Explain the cohomology of Rota-Baxter Lie algebras by
Ext-functor over the enveloping algebras of Rota-Baxter Lie
algebras;

@ Construct cofibrant resolution of the operad of Rota-Baxter
associative algebras.
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The End

Thanks for your attention!
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