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Numerical analysis of the effect of capillary geanetry on oxygen
trangoort n them icrocirculation by M ATLAB

ZHU Kai, HE Ying(Deparment ofM odemM echanics U niversity of Science and Technology of ChinaM ail Box 4, Hefei
230027)

Abstract: Objective Delivery of oxygen in tissues is limited in the gace where oxygen must diffuse betveen the vascular
and the surrunding tissues Nomal capillaries are relatively straight and well gaced, in contrast, the tumor vascular net-
works usually digplay more irregularity and the vessel wall show's higher pemeability and less elasticity The pumpose of this
study was o investigate the effect of capillary elasticity and ortuosity on the oxygen distribution and make further investigation
on the mechanisn of the fomation of hypoxic regions in tumor M ethod One-dimensional cgpillary model was coupled with
the oxygen diffusion model Oxygen trangortwas investigated in a Krogh and tortuous tissue model The cgpillary geametry
was obtained by the one-dimensional model and trandferred to the tissuiemodel Finite elenentmethod was employed in the a
nalysis Reault The capillary radii along the flow direction under pressureswere obtained for different initial radii and the
oxygen distribution in the Krogh cylinder tissuemodel and the model with a tortuous capillary were computed Conclusions
when the capillary radius is snall, the effect of vesl elasticity may have not significant effect on the oxygen distribution
However, with the cgpillary radius increasing, the effect on the oxygen trangort becomesobvious Moreover, with the tortu-
osity of the capillary increasing, the oxygen distribution beconesmore heterogeneous, which is in agreementwith the reault in
available reference Thiswork will be helpful o the investigation of oxygen trangortwithin tumot
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The microcirculation is the blood circulation betveen
arterioles and venules, which nurtures various tissues by
providing oxygen and nutrients, and ramoving waste p rod-
ucts Hence, the physiology of the microcirculation has
profound impact on trangort phenamena and nutrient ex-
change, and consequently on human health and disase

Blood flov in microcirculation has been studied in
detail by Cham and Kurland " and an original model was
proposed They regarded the blood flov as one-dimension
flov in an elastic cgpillary. It is considered that in a cap-
illary (itsradiusisclose to red blood cell radius) , the in-
fluence of red blood cell cannot be neglected They ob-
tained the relationship betveen presaure, deformation of
red blood cell and flov rate basing on the equations of flu-
id and lid mechanics, and anployed these relationships
to calculate the variation of the blood vessel and flowv rate

The tissue oxygen trangort is of physiological impor-
tance and is closely related o the growth and treament of
tumor.  The growth of tumor may conaume a large quantity
of oxygen On the other hand, when the tumor cells are in
the hypoxic state, they may have more resistance to radio-
thergpy and chemotherapy. Therefore, a lot of relative re-
sarches have been carried out t investigate physical
mechanisn of oxygen trangort and formation of hypoxic
regions in tumort %7,

The Krogh tissue cylinder model”® of oxygen trans
port betwveen blood capillaries and tissue has served as the
foundation and starting point for many theoretical stud-
ied®.

ies for estimating oxygen distribution in tissue The es

It has al® been broadly used in physiological stud-

snce of Krogh models lie in the assumption that the tissue
can be subdivided into circular cylindrical units and the u-
nits do not exchange oxygen with each other De9ite the
simplifications of the Krogh model, it can provide useful
insight into the dependence of tissue hypoxic fraction on
blood flow rate and oxygen content, and vascular density.
A Green’s function method was later introduced for a-

nalysis of oxygen delivery by Secomb'”!. Campared with

Krogh Model, this model requires no prior assumptions
concerning the extent of the tissue region supplied with ox-
ygen by each vesel ssgnment A camputational efficient
Green’s function goproach was used, in which the tissue
oxygen field was expressed in tems of the distribution of
urce strengths along each ssgnent  Thismethod was in-
troduced to analyze an actual vascular netvorks based on
in vivo observations of vascular geometry and blood flow in
the tumor microcirculation It is found that the estimates
of the maximum oxygen consumption rate were substantial-
ly lower than those obtained fram the Krogh’s model, and
the heterogeneous structure of tumor microcirculation have
a bstantial effect on the occurrence of hypoxic micro-re-
gions

Baish et al ' constructed a percolation-based model
of tumor vascular growth that can predict the effectsof net-
work architecture on trangort They found that the num-
ber of avascular gaces in tumors scaled with the size of
gaces and the rtuosity of the vessls produced locally
flov-limited trangort and reduced flow through the tumor
as awhole The advantage of thismethod is that it can re-
produce the large variability observed experimentally in
tumor netvorks

He et al'” investigated the effect of blood perfusion
on oxygen trangoort in the tumor tissue by coupling one-di-
mensional blood flov model and finite elenent model of
breast They tried to reveal the relationship betwveen blood
flov, temperature, and oxygen trangoort Zhang et al '™
simulated oxygen trander in human carotid artery bifurca-
tion with a sinus They found that the oxygen supply to the
arterial wall would be decreased due to the formation of
dslow eddies in the carotid sinus They further concluded
that thismight lead to an atherogenic regonse of the arte-
rial wall

MATLAB iswell known as its powverful functions in
computation and image processing and it has been intro-
duced to analyze blood flow in cerebral artery’™ and the

[12]

cardiovascular system ™, however, fenv studies have been
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carried out in the microcirculation by usngMATLAB.
The objective of thework presented here is to investi-
gate blood flow through a cgpillary and to analyze oxygen
distribution in a vessl and its surrounding tissue by cou-
pling the capillary model and tissue model All the analy-
sis progranswere developed on the platform of MATLAB.
It is found that the capillary elasticity and tortuosity can
significantly affect the oxygen distribution in the tissue

AnalysisM odel

The model for flowv through capillarieswas enployed,
which was developed by Cham & Kurland"!. Thismodel
can describe the shgpe of capillaries under pressures The
deviations of the equations are briefly explained in the fol-
loving LaPlace’s equation is frequently employed o ex-
press the relationship betwveen presuure and radius of a
curved surface It iswritten as

t=PR, (1)
W here t is tension force per unit length, P, is transnural
pressure difference  The blood vesels are not simple
Hookian material, however, for gnall stress ranges, they
may expressed as Hookie's lav:

S=E,e (2)
The stress acting in thewall of a thin cylindrical vessel un-
der presaure is

t
S=7 (3)

Where T is the wall thickness Since the wall thickness
varieswith the change in circumference, the relationship

betveen thewall thickness and radius is given by

daTr _ IdR, drR, ()
T Var T VR,

W here v is Poisn ratio of vessel wall For materials of i-
otropic materials, v=0 25 Substituting Eq (1) and
(4) in Eg (3), and further substituting Eq (3) in
Eg (2), the relationship betveen transnural pressure in
the ves=l and the vessl radius is therefore written as

Ry _PRy| Ri| *
RO‘ENTO[RJ 1 (5)

W here R, is radiusof ves=l at given presaure, R, is radius
of ves=l at rest, E, is elastic modulusof vessl wall, v is
Poison ratio of vesxl wall, and T, is thicknessof wall at "
rest". It is noted that the equation is wuitable for snall
changes in radius

The red cell can be considered as a torus encircling a
disc membrane The circumferential stress in the rus is
considered to bemain stress o cause the radial contraction
of the torus The circunferential strain can be expressed
as

dr Lo Eife (6)
W here a is the radius of the torus, r, is the radius of the
cell, and F is the force per unit of a circumference exerted
on the torus Because it is know that the red cell defoms
in the shape of paraboloid, there is an expression about®
as the following

Pt.(r. -Ar
0 == (2LF : (7)
Where t, is the average thicknessof cell which isa function
of A F can be related to the gpplied presaure, which is
written as

[ E(-An* (L)Y
F"{ 24(1-v,)

W here Ec is elastic modulus of cell and v, is Poison ratio
of cell Substituting Eq (7) and Eq (8) in Eq (6),

(8)

we can obtain the change in cell radius

Vo rj[ PIL 1"
mal (r-An°24E, (1- v)7

mE%{E—CF’L(rC-Ar) [24(1 - vc)} j (9)

Acoording to Poiseuille equation,

Ar=

the plasna flow rate
through a capillary dlightly larger than the cell is

_TAP
8 AL

W here r, is the radiusof cell at rest, A r is the change in

Q [R - (r,-A1n"] (10)

radius of cell due to defomation under presaure, andf , is
plasna visoosity Using Egqs (5), (9), and (10), the
capillary geametry under pressure can be determined
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In order to analyse the oxygen trangoort, the Krogh
tissue cylinder model is eanployed In Krogh’s models, it
is assumed that the tissue can be subdivided into circular
cylindrical units each of which has a capillary oriented a
long the axis The concentration of disolved free oxygen is
proportional o the partial presaure of oxygen, and the par-
tial pressure of oxygen (PO,) distribution in the tissue
cylinder is assumed © be axismmetric Thus, the con-
vection and diffusion trangfer of oxygen can be expressed
as the fO||0Ning[2] ,

o, w(a;'.oz =
ot ox
efp([azmz +62P20ﬂ -M (112)
o oy
W hered denotes oxygen lubility, D; denotes effec-
tive diffusion coefficient We assmea =3 x 10°°

an’0,an *mmHg ! and Dy =1 5 x10°° an’ /<%, ™
denotes oxygen consumption and is assumed to be con-
stant u is the blood velocity which is calculated fram the
capillary model

Numer ical M ethods

Eg (5), (9), and (10) for the capillary can not
be lved alone and it should be calculated smultaneous-
ly. Supposing thatwe knew the physical properties through
the cgpillary including entrance presaure, exit presare,
and osnotic preswure difference across the wall, hence,
the capillary radius, flov rate and pressure could be
©lved simultaneoudly by iterative method Through adjus
ting the node pressure difference and computing R,, A r
and Q iteratively, the radii and pressure drop in different
place of capillary could be detemined Fig 1 gives the
flov chart for the camputation of capillary parameters The
pecific procedures are as the follovs

1 AsameA P, for the first ssgment of the capillary
and calculate the ves=l radiusR, and the radius change of
the cellA r, for the sane segment according o Eq (5)
and Egq (9).

2 Campute the hydrostatic and transnural pressures
in different segment and calculate R, andA r for the corre-
gonded cepillary segments

3 Campare the am of A P, with the presure differ-
ence P,,-P,,. If these o values agree, the calculated R
and r in different segment are correct If they do not, a
nevA P, will be assmed until the agreement is reached

| Calculate R,;,4r,.Q |
yi=2

P=Pi_|-AP;_,
P, P -P,

[ Calculate RU, Ar,AP;] [i=itl]

=

ICalculateEAP(AP1+AP2 - +APo)|

TAP=P|~P,,?

Fig 1 Flow chart for the canputation of the capillary parameters
1

After the blood flov rate and deformation of vascular
were obtained, the radii of the vascular and velocity of
blood flov might be tranderred to the Krogh tissue cylin-
der model Therefore, the distribution of oxygen in the
cepillary and tissue could be calculated numerically by
cambining Eq 11 and witable boundary conditions Eqg
11 was discretized by Galerkin finite elenent method All
the work was implemented by MATLAB. Fig 2 is the

<chematic diagran of the Krogh model for the analysis of
oxygen trangort

Fig 2 Theanalysismodel of oxygen transport
2

Reaultsand discussion

W hen blood flows into the capillary, the vessl radii
will not remain unifom and itwill be tgpered under trans-
mural pressures Figure 3(a) -(c) show the vessl radii
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along the flow direction under the constant presaure The
radii of veszl at rest are 3um, 54 m, and U m. It can
be sen that the radii decrease along the flow direction
non-linearly and the non-linearity becames greater when
the radius at rest state increases W hen the initial radius

is3um, the cepillary radii under presaure decrease grad-

ually and the non-linearity is not obvious (Fig 3a).
W hen the initial radius becomes 84 m, the shape of the
capillary under presaure becomes dif-ferent fram that with
snaller cepillary diameters and the variation rate of the ra-
dii becomes greater (fig 3c)
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Fig 3 Variation profiles of capillary radius under preswure for different initial capillary radius (a) Ry =3Um, (b) Ry =54 m, (c) Ry =8Um

3 )

After the parameters for the cgpillary were obtained,
the data of cgpillary radii was tranderred to the tiswue
model for computing the oxygen distribution Fig 4 (a) -4
(b) give the oxygen distribution contour in the cylinder
tissue model for different capillary radii with the surround-
ing tissues The area fram the x axis to the white line is
referred o the vessel area and other area is referred to the
tissue  The number in the olid lines and the color are the
partial presaure of the oxygen It can be sen that for the
vesel of 8 m, the partial pressuure of oxygen (oxygen
tension) along the flow direction decreases dowly, howev-
er it decreases quickly outvard from the vessl 0 tisue
This implies that with the cepillary radius increasing, the
partial presaure of oxygen far from the vessl will be far
less than that near the vessel The same tendency can al©
be sen in Fig 5

Fig 5(a)-(b) give the radial oxygen tension pro-
files for considering capillary elasticity, where the lid
lines denote the profiles without consideration of the de-
broken  lines

fomation of vessl, and the

denote the profiles considering the defomation of vessl .

Rg =3Um, (b) Ry =5Um, (c) Ry =8Um

30

1 000

0 200 400 600 800
x pum

(a)

0 200 400 600 800
x pum

(b)
Fig 4 Oxygen digtr ibution for different radii of capillary
3um, (b) r=8um
4 )
(@) r=3um, (b) r=8um
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It is sen that there are aimost no difference in the oxygen The experimental results™ showed that the tumor
tension profiles for the o conditions when the capillary vascular ismore tortuous than the nomal capillary, there-
radius at rest is54 m, whereas the oxygen profiles at the fore, the effect of the tortuosity of the vessels on oxygen
entrance and exit gppear differ-ence when the initial capil- trangport was al® investigated Fig 6 (a) shows the gen-
lary radius is8HM m, which reveals that when the capillary erated mesh in the computational domain, where the red
radius is snall, the effect of vessel elasticity on the oxygen curved lines are referred to the area of the vesel The dis

trander is negligible, however, with the radius increasing, tribution of partial pressure of oxygen with the same size of
the effect becomes important vesxl but with different curvature was computed Fig 6
o 101 e 10 (b) gives the oxygen tension distribution with a less tortu-
5%9,9; ;E’ N ousvesel and Fig 6(c) is the oxygen tension distribu-
7 E 2 E95} . . .

£ 9.7-\\W £ - tion with amore tortuous vessel whose curvature is greater.
o Q - 2 %) .

= 29‘5 \ = 9.0t The colors are the scale of oxygen partial pressure and the
5% 93F | x=1000 ym 55 x=1000 xm . .

SR £ blue curved lines are referred to the vessel boundaries It

. 85 1 1 Il
0 10 20 30 40 50 0 20 40 60 80

Radial distance/ ym Radial distance/ ;im can be sen that, due o the tortuosity of the vesxl, the

oxygen distribution becomes agymmetrical In one side,
(a) (b)
Fig 5 Radial oxygen profile for consider ng ves=l elasticity
(a) r=5um, (b) r=8um

the oxygen tension is higher, and in another side, the oxy-
gen tension is lover  Furthemore, with the tortuosity in-
creasing, the oxygen distribution becomes more heteroge-

5 ,
(a) r=5pum, (b) r=8um neous
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Fig 6 Oxygen distribution in tissue with tortuous vesels (a) Finite elenent mesh for computational damain, (b) oxygen distribution for snall
veszl tortuosity, (c) oxygen distribution for large vessel ortuosity
6 (a) , (b) .
. (o) .

. In L esss experiment ™! about microvascular architec-
Concluding ramarks . .

ture in a manmary carcinana, they found that the mean

In this study, amodel for blood flow through a capil- diameter of the tumor cepillary was 10p m which was grea-

lary is coupled with the tissue model to investigate the ter than that in most nomal tissues Our results show that
effect of cepillary on the oxygen trangort The computed when the vessl dianeter is8U m, the partial presaure of
results show thatwith the vessel radius increasing, the ox- oxygen is different fran that when the wall elasticity is not
ygen profiles gopear different from thosewhen the defomar considered These reaults suggest that the wall elasticity of
tion of the ves=xel is considered Moreover, when the vessl the tumor capillaries can affect oxygen trander in tissues

is paced tortuously, the oxygen distribution becomes non- Furthemore, tumors are knowvn to contain many tortuous

unifom. vesxls, which isone reaon to fom avasular area The
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present study implies that the tortorsity can lead to the for-
mation of hypoxic region, and thus lead to the heterogene-
ous distribution of oxygen distribution People wonder why
tumor vasculature has a higher resistance than nomal vas-
culature although tumor diameter is greater Our reults
may provide an insight into explaining the paradox: Grear
ter dianeter can increase the gradient of oxygen partial
presaure, however it is not helpful o increase the oxygen
partial presaure in tissue It may be more useful to let the
tortuous vessls become regular  The sane opinion was
given by Baish et al'® who used an invasion percolation-
based netwvork model of tumor.

The work may be extended further by including the
pemeability of capillary vessel and considering the real

geometry of tumor vasculature
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