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Chapter 1

Homological Algebra

1 Additive and abelian categories, complexes

Definition 1.1. An additive category is a category A having the following
properties :

(i) For any objects L, M of A, the set of morphisms Hom(L, M) is en-
dowed with the structure of an abelian group, and for any objects L, M, N,
the composition

Hom(L, M) x Hom(M, N) — Hom(L, N)

is Z-bilinear.

(ii) There exists an object which is both initial and final, which is called
the zero object and denoted by 0 : for any object L, Hom(L,0) = Hom(0, L) =
{0}.

(iii) For any objects L, M of A, the sum L & M and the product L x M
exist.

It is easily checked that, in presence of (i) and (ii), (iii) implies that the
map L& M — L x M with components (Id, 0) and (0, Id) is an isomorphism.
indeed, we have the following diagram:

L
l (1d,0)

LoM——LxM

T (0,1d)
M
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If A is an additive category, so is the dual category A°.

Definition 1.2. A functor F' : A — B between additive categories is called
additive if F(0) = 0 and for any objects L, M of A, the natural morphism
F(L)® F(M) — F(L & M) is an isomorphism. Equivalently, F' is additive
if for any objects L, M of A, the map F': Hom(L, M) — Hom(F(L), F(M))
is Z-linear.

The category Ab of abelian groups is in an obvious way an additive cat-
egory, and if A is an additive category, for any object L of A, the functor
Hom(L, —) (resp. Hom(—, L)) from A (resp. A°) to Ab is additive.

Definition 1.3. An abelian category is an additive category A satisfying the
following axioms :

(AB 1) Any morphism u : L. — M in A has a kernel Ker(u) (i.e. the
equalizer of u and the 0 morphism) and a cokernel Coker(u) (i.e. the co-
equalizer of u and the 0 morphism). That is, one always has commutative
diagrams

Keru — L ——> M L —"> M — Cokeru
. VA
K K

(AB 2) For any morphism « : L — M, the canonical morphism Colm(u) —
Im(u) is an isomorphism, where Colm(u), the coimage of u is the cokernel
of the morphism Ker(u) — L, and Im(u), the image of w, is the kernel of the
morphism M — Coker(u).

In presence of (AB 1), (AB 2) is equivalent to saying that a morphism
which is both a monomorphism and an epimorphism is an isomorphism.

The dual category of an abelian category is abelian.

A typical example of an abelian category is the category of modules over
a ring, or, more generally, of sheaves of modules over a sheaf of rings on a
topological space. By a theorem of Mitchell [M, 7.1], generalizing a theo-
rem of Freyd, any “small” abelian category A can be embedded as a full
subcategory of a small category of modules over a ring, by a (fully faithful)
functor preserving kernels and cokernels (“small” is a set-theoretic condition,
meaning that the set of objects of A and for any two objects L, M, the set
of morphisms Hom(L, M) belong to some “universe” (see [SGA4, I] for the
definition of universes).
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In an abelian category, push-outs and pull-backs exist and are defined as
in the category of modules over a ring.

1.4. Exact sequence. In an abelian category A, a sequence L — M = N
such that vou = 0 is called ezact if the canonical morphism Ker(v) — Im(u)
is an isomorphism (or equivalently, Ker(v) = Im(u) as a subobject of M).
More generally, a sequence (--- — L™! — Lt — L[ — ...} (4 € Z) is
called exact if any two consecutive morphisms Li~! — L? — Li*! form an
exact sequence. A short exact sequence is an exact sequence of the form 0 —
L% M 5 N — 0 where the exactness means that u is a monomorphism,
v is an epimorphism, and Ker(v) = Im(u). The following standard result is
extremely useful:

Proposition 1.5 (snake lemma). Consider a commutative diagram in A

L L L’ 0,
0 M’ M M

wn which the rows are exact. Then there exists a unique morphism
d : Keru” — Coker v/
making the following square commutative :
L x» Kerv” — Keru”
| |
M’ Coker v’

in which the horizontal maps are the natural projections and the left vertical
maps s induced by w. Moreover, the sequence

5
Keru/ Keru Keru” — Coker u/ — Coker u — Coker v/ ,
in which the maps other than 0 are the natural ones, is exact.

Proof. The uniqueness of § is clear and its existence is easy. By duality (i.e.
passing to the dual category), it is enough to check exactness at Ker u, which
is immediate, and at Ker «”, which is nontrivial. In the case of a category of
modules over a ring, one can pick up elements and make a diagram chasing
(cf. [B, I]). In the general case, the verification is more delicate. One can
bypass it by using Mitchell’s embedding theorem quoted above. O
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A trivial (but useful) corollary of the snake lemma is the so-called five
lemma.

Corollary 1.6 (five lemma). Consider a commutative diagram

L L? L3 L! Ls

RN

M? M? M3 M* M

in which the rows are exact. Then, if u', u?, u*, u® are isomorphisms, so is

u.

1.7. Complex:definition and naive truncation. Let A be an additive
category. A complex of A, denoted L°®, or just L, is a family of objects L!
of A, i € Z, and morphisms d' : L' — L' (sometimes just denoted d) such
that d"*'d* = 0. One writes

L:(---—>Li—>Li+1—>---),

One says that d' is the differential of L, and that L' is the component of
degree i of L. A morphism u : L — M of complexes of A is a family of
morphisms u’ : L' — M?* such that the squares

Li _d. Ii+1

lui \Lui+1

M —% M

commute. Complexes of A form an additive category C'(A).

A complex L is said to be bounded above (resp. bounded below, resp.
bounded) if L' = 0 for i sufficiently large (resp. sufficiently small, resp.
outside a bounded interval of Z). If [a, b] is a bounded interval of Z, L is said
to be concentrated in degrees in [a, b] if L' = 0 for i ¢ [a,b]. When a = b = n,
we simply say concentrated in degree n. By associating to an object E of
A the complex concentrated in degree zero and having E as component of
degree zero, one identifies A with the full subcategory of C'(A) consisting of
complexes concentrated in degree zero.

For L in C(A) and n € Z, one defines the complex L[n] by L[n]" = L™,
the differential of L[n| being given by (—1)"d, where d is the differential of
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L. If uw: L — M is a morphism of complexes, u[n| : L[n] — M|[n] is given by
u[n]" = u™** (no signs involved). The functor L — L[n] is called a translation
(or shift) functor. The complex concentrated in degree n and having E as n-
th component is E[—n] (where E is identified with the corresponding complex
concentrated in degree zero).

One denotes by L=" (or >, L) the subcomplex of L such that o>, L' = L’
for i > n and zero otherwise :

osnl = (0— L™ — L' — ...,

Similarly, one denotes by L=" (or o<, L) the quotient of L such that o, L' =
L? for i < n and zero otherwise :

o<nl = (--- — L' = L" —0).

The functors o>, and o<, are called naive truncations.

1.8. Cohomology of a complex. Let A be an abelian category and let L
be a complex of A. For i € Z, one defines

Z'L =Kerd' : L' — LY, B'L =Imd"~': L' — L7,
H'L=Z7'L/BL.

One says that Z°L (resp. B'L, resp. H'L) is the cycle object (resp. boundary
object, resp. cohomology object) of L in degree i. One says that L is acyclic
in degree ¢ if H'L = 0, and more generally, if [a, )] is an interval of Z, that
L is acyclic in the interval [a, b] (resp. acyclic) if L is acyclic in degree i for
all i in [a,b] (resp. for all 7). For a fixed i, Z%, B, H' are additive functors
from C(A) to A.

Here comes the most important notion in homological algebra.

Definition 1.9. A morphism of complexes u : L — M is called a quasi-
isomorphism if H'(u) : H'L — H'M is an isomorphism for every i € Z.

First notice that if 0 — L is a quasi-isomorphism, then L is acyclic. If
E is an object of A, a left resolution of E is a quasi-isomorphism L — F,
where L is a complex concentrated in degree < 0. It is the same as giving
such a complex L, a morphism ¢ : L° — E such that the sequence

Li d LO

€

E 0
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is exact. Similarly, a right resolution of E is a quasi-isomorphism £ — M,
where M is a complex concentrated in degree > 0. It is the same as giving
such a complex M, a morphism ¢ : E — M such that the sequence

MO d Mz

is exact.

1.10. Canonical truncation. Let A be an abelian category and L € C'(A).
For n € Z, let

Tenl = (- b [t =L 20— 0)

be the subcomplex of L such that (7<,L)" = L' for i < n, Z" for i = n and
0 otherwise. Let

TZnL:(OHL"/B”LLL"“L---)

be the quotient of L such that (7>,L) = L’ for i > n, L"/B"L for i = n and
0 otherwise. Finally, if [a,b] is an interval of Z, we set 7, )L = T>aT<pL =
TSbTZaL7 i.e.

d

T[a,b}L:<OHLa/BaL d ot d Lbfl ZbL O)

For a = b=n, 74 L =H"(L)[—n]|. One has a natural morphism € : 7<,, — L
(resp. 7 : 7>, — L); H'(€) (resp. H'(7) ) is an isomorphism for i < n(resp.
i >n)and H'r<,L = 0 (resp. H't>,L = 0) for i > n (resp. i < n).

If u: L — M is a quasi-isomorphism, then 7>,u : 7>,L — 7>, M and
T<pW : T<p L — 7<, M are quasi-isomorphisms. But in general, naive trunca-
tions o<, and o>, do not preserve quasi-isomorphisms.

Proposition 1.11. Let A be an abelian category and

u v

0 L

L L 0

be a short exact sequence of complexes in A. Then there exists a “long exact
sequence of cohomology”
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Proof. By the snake lemma applied to the diagram

O S L/z‘—l N Lz‘—l N L//z‘—l S 0

L

0 L/i Li L//i ()’

we have the sequence 711 L' — Ty L — 7,4 L” which has the
form

| i |

0—— Zi+lL/ - 5 Zi-HL N Zi+1L//

where the rows are exact. By the snake lemma again, we get the exact
sequence (1.11.1). O

Corollary 1.12. Let

0 L L L 0

0 M’ M M 0

be a morphism of short exact sequences in C(A) . Then if two of the mor-
phisms u, v’ , u” are quasi-isomorphisms, so is the third one.

Proof. We only prove the case where v’ and u are quasi-isomorphisms. The
other two cases are analogous. Applying Proposition 1.11, we get the com-
mutative diagram

4>H1L/ HzL HlL”HHPrlL/;)HPrlL;)
\LHZ' (u') in (u) J/Hi(u//) iHH—l(u/) lHi-kl(u)
..HHiM/HHz‘MHHiM//H.HH-lM/HHi—&-lM*)...

with exact rows. It follows from the five lemma(Lemma 1.6) that H*(u") is
an isomorphism for all 7, i.e., u” is a quasi-isomorphism. ]
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2 Bicomplexes and cones

2.1. Bicomplexes. Let A be an additive category. A naive bicomplexr K of
A, is a family of objects K%/ in A indexed by Z x Z, together with families
of morphisms dy = {d%/ : K’ — K™%} and dy = {d5’ : K% — K™} in
A such that

d?=0,ds=0, dody=dyod,.

For convenience, the morphism d}’ : K% — K™ (resp. dy : K% —
K%*1) is usually denoted by d; : K% — K™ (resp. dy : K% — K%L,

A bicomplez L of A is a family of objects L*/ in A indexed by Z x Z,
together with a family of morphisms d' = {d’' : L7 — Lt} and d” = {d" :
L% — L%} in A such that

deZO, d/lZZO7 dlod//+d/,0d,:0.

Starting with a naive bicomplex K = (K%, dy, dy), we obtain a bicom-
plex L =(L% d', d") by putting

LW =KW, d =dy,d" = (-1)'dy’.

Remark. Similarly, if we define a bicomplex L' by setting L'/ = K%,
d"7 = dy and d'7 = (—1)7d%’, then there exists an isomorphism L' — L of
bicomplexes defined by (—1)¥ Id in degree (i, 7).

Let M = (M%,d,d") and N = (N“ d', d’) be bicomplexes in A, a
morphism f : M — N is a family of morphisms (f*/ : M* — N%) such
that fd' = d'f and fd’ = d"f. Then we get an additive category C%(A).

Let L = (L%, d', d") be a bicomplex, and let m, n be integers. We define a
new bicomplex L[m,n] = (L[m,n]*?, &, 8") by putting L[m,n]*/ = L™+t
Q' = (=1)mtngmtinti and §" = (—1)mtngmtients,

Let M be a bicomplex. For i € Z, the complex M* = (--+ — M% L
M5+t — ...} is called the i-th column of M. Similarly for j € Z, the

complex M®7 = (-++ — M% M s -) is called the j-th row of M.

Definition 2.2. A bicomplex K is called bireqular if for all n € Z, the set
{K%|i+j=n, K" #0} is a finite set.

Example 2.2.1. A complex K concentrated in a quadrant of the first (resp.
the third) type (i.e there exist some a,b € Z such that K* = 0if i < a
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(resp. ¢ > a) or j < b (resp. j > b)) is biregular. but in general, a bicomplex
concentrated in a quadrant of the second (resp. the fourth) type (i.e. there
exist some a,b € Z such that K/ = 0 if i > a (resp. i < a) or j < b (resp.
j >b) ), is not biregular.

Example 2.2.2. A bicomplex K concentrated in a horizontal strip of finite
width (i.e. there exists some interval [a, b] of Z such that K™ = 0 if j ¢ [a, b]
) is biregular. A bicomplex concentrated in a vertical strip of finite width is
also biregular.

Let K be a biregular bicomplex, we define sK € C(A) as follows

(sK)'= @ K, d=d +d":(sK)" — (sK)"*".

i+j=n

The complex sK is called the simple complexr associated to K. Let f =
(f*9) : K — L be a morphism of bicomplexes, we define sf : sK — sL by
(sf)" = @iy jn [ The functor s : C*(A),ey — C(A) is called the asso-
ciated simple complex functor where C?(A),., denotes the full subcategory

of C?(A) consisting of biregular bicomplexes. For any a,b € Z, we have
s(K[a,b]) = (sK)[a + b].

Proposition 2.3. If A is an abelian category, then the functors : C*(Aey) —
C(A) is exact.

Proof. Indeed, a finite direct sum of exact sequences is exact. ]

2.4. Cone of a morphism. Let v : L — M be a morphism of complexes
of an additive category A. Then we obtain a naive bicomplex concentrated
in columns of degree —1 and 0 with L and M filling in them respectively. It
can be converted to a bicomplex K concentrated in the columns of the same
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degree, i.e.
0 L — M 0
—dr, dn
K=1]o L0 —%> po 0
—dr, dnm
0 L1 —" -t 0
where d” = —d;. The complex C(u) = sK is called the cone of u. By

definition, we have

Cu)" = L" P M™

and the differential is given by

d=dcogwy : Clu)” — C(w)™, d(z,y) = —drz + (uz + duy),

[ —=d, 0

Suppose from now on that A is abelian. By naive truncation, we have an
exact sequence

1.e.

0 M K L[1,0] —0

of bicomplexes where L and M are considered as the cones of the morphism
0 — L and 0 — M respectively. By Proposition 2.3, we get an exact sequence

0 sM sK sL[1,0] —0,

that is, 0 M C(u) L[1] 0.

Proposition 2.5. The boundary morphism of the above complex § = H™ ™ (u) :
H™(L[1]) — H"1(M).
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Proof. We can check this fact directly from definitions. ]

Corollary 2.6. A morphism u : L — M of complezes in A is a quasi-
1somorphism if and only if the cone of u is acyclic.

Proof. By the above proposition, we have the exact sequence of cohomology

e (M) HY(C ) — T () S () — -

Then C(u) is acyclic if and only if H(C(u)) = 0, that is, the morphism

H "(L)i@H ‘(M) is an isomorphism for each i € Z. Thus the result follows.
[
Proposition 2.7. Let
0—~L—">M—" >N 0 (2.7.1)
\ T“ﬁ
C(u)

be a commutative diagram of complexes in A where the row is exact, the
n

morphism i : M — C(u) is the natural embedding, and ¢ = (0,v) : C'(u)" —
N"™. Then the following square

Hi(C(u) 2 vy (2.7.2)
Hi(s@)i
Hi(N) _d Hi+1(L)

is commutative, where pr: C(u) — L[1] is the natural projection, and 0 is the
boundary morphism of the long exact sequence of the upper row in (2.7.1).

Proof. Using Mitchell’s embedding theorem, we may assume A is a full sub-
category of a small category of modules over a ring. The advantage is that
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we could pick up elements. Consider the diagram

H(C(u))
H(p)

H'N

H'L HM

Li/B'L —" Mi/B'M —*~ N'/BIN —0

d & an

Z2+1M Zi+1N

u v

)—— ZZ'+1L

Hi—HEH Hi—i—lM - o Hi-i—lN

where the dotted arrow is the boundary map §. Let () € Z'(C(u)) where
a € L b e M. Then H'(p)([(¢)]) = [v(b)] where the brackets denote
cohomology class. Thus we can choose b e M?/B'M such that o(b) = v(b).
Then dy(b) = dpr(b) € M. There exists [ € Z7 such that u(l) = d(b).
Then (§H'(¢))[(#)] = [I]. On the other hand, de(,) = _Cff[” do

M
dew) (5) = 0, we obtain u(a) = —dy(b). Thus a = —[. It follows that
H'(—=pr)[($)] = [—a] =[] = (6H'(¢))[(3)]. Finally the diagram (2.7.2)

commutes. O

. Since

Corollary 2.8. ¢ is a quasi-isomorphism.

Proof. By Propositions 2.5 and 2.7, we get the following commutative dia-
gram

. [’IZ u . . i r ) H’L u )

H'L ( )HZMHHZ(C(U,)T(*Z?Q HH_ILH()'HH'IMH“ .
lH"(w)
L HY(uw) H'(v) / 5 Ly Hw oL

H'L HM HiIN it [, — it —

with exact rows. Then the result follows from the five lemma(Lemma 1.6).
O
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Remark. By duality, there exists a natural morphism ¢ : L — C(v)[—1]
such that the diagram
HI(C(0) <2 ()
o
H*+(L)<>— Hi(N)
is commutative, where is : N — C(v) is the inclusion. The morphism 1 :
L — C(v)[—1] is also a quasi-isomorphism.

Proposition 2.9. Let u : L — M be a morphism of bireqular bicomplexes.
If u induces a quasi-isomorphism u®® : L»* — M%* on each column (resp.
u induces a quasi-isomorphism u®J : L* — M®7 for each row), then su :
sL — sM is a quasi-isomorphism.

Proof. We have to show H"(su) : H"(sL) — H"™(sM) is an isomorphism for
all n. For a fixed n, as L and M are biregular, only finite many components
of L and M contribute to H"(sL) and H"(sM). Thus we may assume that
L% and M"I are 0 except for finitely many (i,j) € Z x Z. In particular,
there is some interval [a, b] of Z such that L>* = M** = 0 for any ¢ ¢ [a, D],
so u has the following shape

0 L La+1,o . Lb,o 0
0 Me® Ma+1,o . Mb,o 0

We prove the result by induction on b — a. If b — a = 0, since
sL = L%*[—a], sM = M®**[—a]

the conclusion follows. Now assume that the result holds for b — a < n. For
b — a = n, using the naive truncations, we get the following commutative
diagram of bicomplexes with exact rows

0——L20tle [~ [%*[—q, 0] —0

|

0—>MZatle o M > M@*[—q, 0]—0
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(a sign is involved in the identification of L/L=*"%* (resp. M/M=T1*)
with L%*[—a,0] (resp. M**[—a,0]) ). Applying the functor s, we get a
commutative diagram of complexes with exact rows.

0——=sL=othe sL L**[—a]—=0

|

]
0—>sMZ+1e — s M—> M*[—a]—>0

By the induction hypothesis, the left and right vertical arrows are quasi-
isomorphisms, so is s(u) by Corollary 1.12. O

. o o /i,
Let L be a bicomplex. For any i,j € Z, we denote 'H#» = Berd™ 414
) ) Im &'~ 1.J
1mrriy . Ker d'%d
HZ] — Im d'"i-1-

The complex
’Hi(L) — ( e Tl s L s AL s )
is called the i-th column of cohomology and the complex
”Hj(L) — ( ol - L Iyl & LV IRl & (e W IR )
is called the j-th row of cohomology.

Proposition 2.10. Let u: L — M be a morphism of biregular bicomplexes.
If u induces a quasi-isomorphism on each row (resp. each column) of coho-
mology, then su : sL — sM 1is a quasi-isomorphism.

Proof. We only prove the assertion in the case of row. The proof is similar
to that of Proposition 2.9. The difference is that we should use canonical
truncations instead of naive ones. Using notations as above, we assume the
result holds for b —a < n. For b—a = n, by truncations we get the following
commutative diagram of bicomplexes with exact rows

0 La L TZa-i—l,oL —0

.

0 Ma M 72a+1,oM —0

where L, (resp. M, ) is the bicomplex <() — > o —2% Batler 0)
(resp. (() — s Mo —2Y patieny *>O> ) with L, (resp. M,, ) in the



3. HOMOTOPY CATEGORY OF COMPLEXES, TRIANGULATED CATEGORIES15

column of degree a and B*™'*L (resp. B*™*M ) in the column of degree
a+ 1 and «ay, (resp. ayy) is induced by d) (resp. dy,;). Applying the functor
s, we get the following diagram

0—=s(Ly,) s(L) S(T>at1,6L) —0.

L |

0——=s(M,) s(M) $(T>a41,0M) —>0

The right vertical morphism is quasi-isomorphism by the induction hypoth-
esis. Since C'(ay) = sLy[a + 1] (resp. C(apr) = sM,yla+ 1] ), it is enough to
verify the natural morphism C,(u) : C(ar) — C(ap) is quasi-isomorphism.
Consider the commutative diagram

"H(L) —= C(a)[~1]

i lca W

HO(M) —Claa)[-1]

by Propositions 2.5 and 2.7, the two horizontal morphisms are quasi-isomorphisms.
It follows that C,(u) is also a quasi-isomorphism since 'H(u) is a quasi-
isomorphism. Then su is a quasi-isomorphism. O]

3 Homotopy category of complexes, triangu-
lated categories

Definition 3.1. Let A be an additive category and u,v : L — M be mor-
phisms of complexes in A, we say that u,v are homotopic if there exists
h={h':L — M i€ Z} such that v—u = dh+ hd. We then write u ~ v
and say that h is a homotopy from u to v.

Proposition 3.2. The relation ~ is an equivalence relation compatible with
the group structure (i.e {v € Hom(L, M) : v ~ 0} is a subgroup of Hom(L, M)
). Moreover, ~ is compatible with the morphism of complexes, i.e. ifu: K —
L,vi,vo: L — M, w:M— N and v; ~ vy, then viu ~ vou and wv; ~ wus.

Proof. This is immediate. ]
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Definition 3.3. Let A be an additive category. The homotopy category of
complexes, denoted by K (A), is defined as follows:

Ob(K(A)) = Ob(C(A)),
Hom gy (L, M) = Home(ay (L, M)/{w € Homea) (L, M) : w ~ 0}

and the composition in K(A) is naturally induced from the composition in

C(A).

The category K (A) is an additive category, and the natural functor from
C(A) to K(A) is additive.
Remark. (a). A morphism u : L — M in C(A) becomes invertible in K (.A)
if there exists v : M — L in C'(A) such that uv ~ idy;, vu ~ idy. Such a u
is called a homotopy equivalence.
(b). If A is abelian, then u ~ v implies that H'(u) = H'(v) for any i € Z.
In particular, if u is a homotopy equivalence, then u is a quasi-isomorphism,
but in general the converse is not true. Indeed, consider the diagram of
K(Mod(Z))
L 0 27 0 0
X [

M 0——7Z—1L/2Z—(

where L is concentrated in degree 0 and f° is the natural inclusion. Then f
is a quasi-isomorphism, but not a homotopy equivalence since there does not
exist Z-linear map ¢° : Z — 27 such that ¢° o f* = Idyy.

(c). We say that L € C(.A) is homotopic to zero or homotopically trivial
if L ~ 0 in K(A). In other words, there exists h : L' — L' such that
Id, = doh+ hod. Itis equivalent to saying that L breaks into splitting
short exact sequences:

0 A L Zt 0.

That is, L' = Z' @ Z*+1.
(d). Even if A is abelian, K(.A) is not abelian in general. For example,
consider the morphism of K(Mod(Z)) defined by the natural projection

L 0 A 0

) L

M "'4>04>Z/2Z4>04>"'
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where L, M are concentrated in degree 0. Then f has no kernel in K (A).

Indeed, if such a kernel exist, it should be K = (0 ——2Z ——0) concen-
trated in degree 0 with the natural inclusion ¢ : K — L. Then in the diagram

N 0 7 7.)27. .
N N
L 0 Z 0

we get fh ~ 0 in C(A), i.e. fh = 0 in K(A). But there does not exist
any morphism s : N — K such that s ~ h. Thus K is not the kernel of
f. Then K(A) is not abelian. More general, if A is an additive category,
a morphism v : L — M in A C K(A) has a kernel in K(A) if and only
if it has a kernel Z in A and Z is a direct summand of L. Indeed, if u
has a kernel in K(A), it should have a kernel in A and the kernel in A
is also a kernel in K(A). Assume Z together with v : Z — L is such a

kernel. Consider the distinguished triangle C'(v) ——= Z[1] i L[1], we
have v[1Jae = 0. Since v[1] is a monomorphism, we have a = 0, i.e. there

exists a morphism f : L — Z in A such that fv =1Idz in A. It follows that
Z is a direct summand of L and the converse is immediate.

3.4. Translation functor and triangle. Let D be an additive category.
A translation functor on D is an additive automorphism T : D — D. For
example, if A is an additive category, then in D = K(A), the functor L —
TL = L[1] gives a translation functor. For n € Z and L in D, we set

™L n>0
T"L =< (T"H™L n<0
L n = 0.

Usually we denote T"L by L[n|. For L, N in D we define the group of
morphisms of degree n from L to M by

Hom’}, (L, M) = Homp(L, M[n]) = Homp(L[—n|, M).
A triangle in D is a sequence of morphisms

L—">M—">N—">L]1]
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where w € Hom'(N, L). Sometimes we can write it as a diagram as follows
N

A

L,

/ /

or denote it by L—*>M—=N

Let A=L % M=% N%LAand A = L' % M5 N ™ L[1] be
triangles. A morphism from A to A’ is a triple (f, g, h) making the following
diagram

commute. The triangles in D form a category.

Definition 3.5. A triangulated category is an additive category D endowed
with a translation functor L — L[1] and a set 7 of triangles of D called
distinguished (or exact) triangles, satisfying the following properties (TR1)-
(TR5)

(TR1) T € T,and T" ~ T, then T" € 7. Moreover for any X € D,
then (X —X~ x —2>0—% X[1]) € 7.

(TR2) For any morphism X ——Y in D. There exists a triangle

u

X Y A X[1]

in 7.
(TR3) (Rotation) (X —=Y —=Z7—"X][1]) € 7 if and only if

(v 2=z xp] —Mynyer

(TR4) Given two distinguished triangles

X
X/
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and a commutative diagram
X——Y
[,k
X' -y
there exists a morphism h : Z — Z’ such that the triple (f, g, h) is a mor-
phism of triangles, i.e. the following diagram
X—=Y ——=7—"X[l]
if g if[l}

/

/ v /
Xy g X

comimutes.
(TR5)(Octahedron) Given

X—=Y A
Y —=7 X'
X7 Y’

in 7', there exist morphisms 7’ A vy’ and Y’ —> X’ such that

7Ly 0 U

is distinguished, and in the diagram

(Idx, v, f) is a morphism XYZ' — XZY’ and (u,Idz,g) is a morphism
XZ2Y' -YZX'.
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Theorem 3.6. Let A be an additive category, and L — L[1] be the trans-
lation functor on K(A). Let T be the family of distinguished triangles of
K(A), defined by T € T if and only if T is isomorphic to a triangle of the
form
L—>M——C(u)—2~L[1],

where C(u) is the cone of u, i (resp. pr) the canonical monomorphism (resp.
epimorphism). Then (K(A), E — EI[1],7T) is a triangulated category.
Sketch of the proof. (See [K-S] or [V] for details):

(TR1):First we have a commutative diagram

Id;,

L

L 0 L[]

N

C(1d,)

For (TR1), it suffices to check that C'= C(Id) is homotopically trivial. i.e.
there exists h: C* — C"! such that Id = hd + dh. Write C*~' = L' @ L’
and C* = L' @ L', one can set

i_ (0 L\ i gin i i1 _ i i—1
h_(oo).C_L Pr-c'=rfr
(TR4): Since the diagram
L—"=M

"

I\

commutes in K (A), we have a homotopy s : gu ~ u'f. Define

i w0 . T+l i ri+1 1
h:(s”l vi).L Py - P

one shows easily that the triple (f, g, h) gives a morphism of distinguished
triangles

(TR5): See [K-S]. O
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Proposition 3.7. Let D be a triangulated category and

u v

X 7 — X|[1]

Y

be a distinguished triangle. Then for any L in D, the following sequences are
exact:

(1) Hom(L,X) — Hom(L,Y) — Hom(L, Z),

(2) Hom(Z,L) — Hom(Y, L) — Hom(X, L).

Proof. First note that in a distinguished triangle X = Y % Z 2% X][1],
the composition of any two consecutive morphisms is zero. Indeed by (TR3)
(rotation) it is enough to check that vu = 0. By (TR1),

X Id X v 0 X[l]

is a distinguished triangle. By (TR4), we can complete the left square of the
diagram into a morphism of triangles

XX 0——X[1]
o
Xy s —>X[1]

Then we get vu = 0. Next we check (1). By the above observation, we have
Imu C Kerv. Let v € Hom(L,Y) such that vf = 0. By (TR3) and (TR4)
we can find f: L — X making the triple (f, f,0) a morphism of triangles.

L Id L 0 0 L[l}
lf lf lo vfﬂ]
X—Y—7Z X1

Thus we get uf = 0. This completes the proof of (1). The proof of (2) is
similar, or one can use the fact that D° is also a triangulated category. [

Remark. By (TR4), the sequences in (1), (2) give long exact sequences:
(1) ---Hom™(L, X) — Hom"(L,Y) — Hom"(L, Z) — Hom" (L, X)-- -,
(2') ---Hom"™(Z, L) — Hom"(Y, L) — Hom™(X, L) — Hom"™*(Z L) ---.
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Corollary 3.8. Let

X——>Y——>Z
pook
X' —>Y' —> 7'

be a morphism of distinguished triangles. Then if two of the morphisms
f, g, h are isomorphisms, so is the third one. In particular, the third vertex
of a distinguished triangle built on f : X — Y is unique up to isomorphism.
Such a vertezr is sometimes called a cone of f.

Proof. Applying the functor Hom(L, —) to the diagram, we get a morphism
between two long exact sequences. The result follows from five lemma (1.6).
O

Remark. The isomorphism above may be not unique. Note that for any
X,Y, the triangle

0
)£—>X D y O v 0

is distinguished. Then in the diagram,

X—»X@Y—%Y—»Xl

Y
XHX@YHYHXI

any
I (Ic(i)x I;y) . XPY - xPy

gives a morphism of distinguished triangles.

Definition 3.9. Let D be a triangulated category. A functor F' : D — D is
called triangulated (or exact) if:

(1) F is additive;

(2) There is a functorial isomorphism F(X[1]) ~ (FX)[1];

(3) F sends distinguished triangles into distinguished triangles.

Let F : A — B be an additive functor between additive categories. Then
F induces F : C(A) — C(B) and a triangulated functor F': K(A) — K(B).
This follows from the fact that Cone(F'(u)) = F(Cone(u)).
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Proposition 3.10. Let w: L — M be a morphism in a triangulated category
D and

u

L M N

be a distinguished triangle. Then w is an isomorphism if and only if N ~ 0
in D. In particular, any morphism v : L — M in C(A) is a homotopy
equivalence if and only if the cone of u is homotopically trivial.

Proof. By TR(1), we have a morphism of distinguished triangles,

L—">M—>N——>L[l]

1]

L——L—>0——>L[l]

Idy,

Then the conclusion follows from Corollary 3.8. O

Proposition 3.11. Let L % M % N % L[1] be a distinguished triangle in
K(A), then we have a long exact sequence

H'M HN—H™[——....

H'L

Proof. Without loss of generality, we may assume the distinguished triangle
is given by the cone N = C(u) of a morphism u : L — M in C(.A), so that
the corresponding w is just —pr. From the short exact sequence below

0—>M—">N-—"2L[1]—0
ing W) i HW) iy o :
we get that the sequence H'M H'N H""'L is exact. By the axiom
TR(3) of triangulated categories, we can rotate the distinguished triangle to
obtain a new one, and hence, extend the exact sequence above to get the
desired long exact sequence. [

4 Derived categories

Proposition 4.1. Let C be a category and S C Ar(C) be a subset of arrows.
There exists a category C(S™) and a functor Q : C — C(S™') such that

(1) For any s € S, Q(s) is invertible;

(2) For any functor F : C — D such that F(s) is invertible for any s € S,
there exists a unique functor F: C(S™Y) — D such that FQ = F. Moreover,
(C(S7), Q) is unique up to a unique isomorphism.
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Proof. The uniqueness is clear. Let us prove the existence. Let
Ob(C(S™1)) = 0b(C).

For X, Y inC, let H(X,Y) ={X —«— .-+ —«—— Y} be the set of finite

diagrams, where “ «— 7 is an element in S. Let “ ~ 7 be the equivalence

relation on H(X,Y') generated by the diagrams of the following type:

(1)X_>...i>i>...<_...YNX_>...g_f>...<_...y;

s t st

(2)X—) ..<—<—..'_)..'YNXH".(_'.'H...Y;
(3)X_>..<ii>_>..YNX_)E>._).Yf0ranyses’
(4) X — LA YA X Sy
if

.,

o b

_9.

is commutative. Set Home(g-1) = H(X,Y)/~. Define the composition of
morphisms in C(S™!) in the natural way and denote by @ the the natural
functor C — C(S™'). Now it’s easy to check that (C(S™!),Q) solves the
universal problem. O

4.2. As in the case of rings of fractions, we would like to write an element
f € Homc(sfl) (X, Y)

as a fraction f = gs~! or t7'h, but it’s not always possible. We will consider
conditions on S which make it possible.

Definition 4.3. Let C be a category and S C Ar(C). We say that S is a
multiplicative system if:
(M1) For any s : X — Y, t:Y — Zin S, then ts is in S. Moreover
Id;, € S for any L in C.
(M2) Any diagram
X—Y
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with s € S can be completed into a commutative diagram

’ v
XI'”y”>Y,

with ¢ € S. Ditto with all the arrows reversed.

u
(M3) For any morphism X v Y —— Y’ with ¢ € S such that tu = tv,
there exists some s : X’ — X in S such that us = vs. Ditto with all arrows
reversed.

Example 4.3.1. Let A be an abelian category and S be the set of quasi-
isomorphisms in K (A). Then S is a multiplicative system. (1) is trivial. Let
X'<>— X —=Y be a diagram with s € S. Using (TR2) and (TR4)we
can construct the following commutative diagram:

7 Tox ooy,

Idy lu iv
wf

t

Z—=Y —=Y'

By hypothesis, s is a quasi-isomorphism, hence Z is acyclic (3.11), conversely
the fact that Z is acyclic implies that ¢ is a quasi-isomorphism (3.11), thus
(2) follows. Given morphisms

x-loy .7

such that sf = 0 and s € S, then by TR(2), Y — Z can be extended to a
distinguished triangle

Y —==7 M
Since sf = 0, by (3.7"), there exists f’ : X — M][—1] such that the diagram
below commutes

Choose a distinguished triangle

X —tex L

Y
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then ft = 0, in fact ft = ¢'f't = 0. Moreover s is a quasi-isomorphism
implies that M is acyclic, it follows that t is also a quasi-isomorphism.

Definition 4.4. A category [ is called filtering if

(1) For any i, j € I, there exists k € I and morphisms i — k, j — k.

(2) For any i, j € I and morphisms u,v : i — j, there exists k € I and
morphism w : j — k such that wu = ww.

Remark. Let F': I — Sets be a functor, then

lim () = || F(i)/ ~

el icl

where for any = € F (i) and y € F(j), we say z ~ y if and only if there exists
some k € I and morphisms i — k and j — k such that F(u)(x) = F(v)(y).
In particular if F': I — Ab C Sets, then

lim (i) = @ F(i)/ 1,

el iel
where H is the subgroup of €, ., F(i) generated by F(u)x — F(v)y, for all
i = j,j = ke Ar(I),z € F(i),y € F(j).
Proposition 4.5. If S € Ar(C) is a multiplicative system, denote by Iy the
category {s: Y —Y' € S}, and I* = {s: X' - X € S}. Then
(a) For any X,Y € C, (I*)° and Iy are both filtering.
(b) For any X € C, we have

Homc(s—l)(X, Y) = h_II>1 Hom(X’, Y)
X' 5 Xe(IX)e
= lim Hom(X,Y’)
H
yLy'ely
= hi)n HOHIK(A)<X,,Y/)
X'SXe(IX)°, Yy Lyely

Proof. (a) For any Y z Y'Y Doy e Iy, by the axiom(M2) of multi-
plicative systems, we can complete these two morphisms to a commutative
diagram

y_ "y

n kK’ 1
Y'—=Y".
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Let j = K'i' :' Y — Y then the diagram commutes means that we have
morphisms L j,4" L j in Iy. On the other hand, let 7 : Y — Y’ j :
Y - Y”bein IV, and u,v : Y’ — Y” give morphisms between i — j, then
wi = vi = j, then by (M3) there exists w : Y — Y"” € S such that wu = wv.
Let k=wj:Y — Y"” by (M1) k € S, and w give a morphism j — k such
that wu = wv : i — k hence I" is filtering by definition. The proof (Ix)° is
filtering is similar, thus (a) follows.

For (b), consider a category D as follows: the class of objects in D is the
same as that in A, and for any X,Y in D, define

Homp(X,Y) = lim  Home(X",Y).
X' 5 Xe(Ix)°

By definition, a morphism in Homp(X,Y) can be represented by a triple
(X',t, f), where

X'"eC, seHome(X' X), fe€Home(X'Y)

and two triples (X', s, f'), (X", s", f") are equivalent if and only if there
exists a commutative diagram

XI/I XI/

\/

withu € (Ix)°. The composition of (X', s, f') € Homp(X,Y) and (Y',t,g) €
Homp(Y, Z) is defined as follows. Use the axioms of multiplicative system,
we can find a commutative diagram:

X’%XHXY’
NN
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with ¢ € S, and we set
(Y/7t7 g) o (X/7 S? f) = (X//7 St,?.gh)

One checks that the definition of composition doesn’t depend on the choice
of the representative. Moreover we have that D is an additive category
and the natural functor @' : C — D is additive. We claim that (D, Q")
solves the same universal problem as (C'(S™!, Q). Indeed, for any morphism
s: X =Y €S, Q(s) = (X,Idx,s) is invertible in D. Moreover, for any
functor F' : C — A with property that F(s) is invertible for any s € 5,
then we can define F' : D — A by F'(u) = F(f)F(s)™ for a morphism
u=(X',s, f) € Homp(X',Y). One can check easily that F’ is well-defined,
and F' = F'Q)’. By the construction of D, it’s also clear that such a F’ is
unique, hence (D, Q') solves the same universal problem as (C'(S™!),Q), in
particular, we have a natural isomorphism

Home(s-1y(X,Y) —  lim  Hom(X",Y).
X'5Xe(IX)e

The proof of the other statements in (b) is similar. This completes the proof
of (b) O

Remark. In the situation of 4.5, we say that S permits a calculation of
fractions on both sides: we can write a morphism f: X — Y in C(S71) as
a “fraction” f=t"tgor f = hs !l

Definition 4.6. D(A) = K(A)(qis™!). Where qis denotes the set of quasi-
isomorphism of K(A).

Remark. We have D(A) = C(A)(qis™"), where qis denotes the set of quasi-
isomorphism of C(A). Indeed, let @ be the composition of the two functors

C(A) —2= K (A) 2> D(A)

claim that (D(A), Q) solves the same universal problem as C(A)(qis™*). In
fact we can show that K(A) = C(A)(S™!) (exercise), then the conclusion
follows easily.

Remark. Though we have D(A) = C(A)(qis™"), it is not convenient to use
this as a definition. The reason is that qis, the set of quasi-isomorphisms in

C(A) is not a multiplicative system, so we cannot “calculate” a morphism
in D(A) by “fraction” in C'(A).
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4.7. Let A be an abelian category, then we have the following natural

functors:

C(A)——=FK(A)—2=D(A).

Let S = {f € Homg4)(X,Y)| f is a quasi-isomorphism }, we know in 4.3.1
that S is a multiplicative system. Therefore morphisms in D(A) can be
defined as follows (4.5):

HOHID(A)(X, Y) = hl)n HOIHK(A) (X, Y’)
vyLiyres
= lim Hompg(4) (X", Y)
X'5XeSs
= hén HOHIK(A)(X,, Y’)

X'5XesyLy'es
The composition is the same as that given in the proof of 4.5. And the

definition of morphisms in D(.A) also shows that D(.A) is an additive category
and () is an additive functor. Moreover, the translation functor

X — X[1]
on K(A) gives a translation functor
X — X[1]

on D(A). Define a distinguished triangle in D(.A) to the image by @ of a
distinguished triangle X — Y —Y — Z — X[1] in K(A).

Proposition 4.8. With the set of distinguished triangles defined above, D(.A)
is a triangulated category. Moreover @ is triangulated (3.9). This trian-
gulated category structure is called the canonical triangulated structure on

D(A).

4.9. For X,Y € D(A), n € Z, we usually write Ext"(X,Y") for Hom7, 4 (X,Y")
(3.4).
For i € Z, the functor '
H: KA — A
X — HY(X)

maps quasi-isomorphisms into isomorphisms, hence by the universal property
of the derived categories, factors through D(A), so we get a functor from
D(A) to A,which is still denoted by H* : D(A) — A. Note that H(X) =
HO(Xd)).
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Proposition 4.10. Let L—">M—">N-"—= be a distinguished triangle in
D(A). Then
(a) For any object K in D(A), the sequences

.o — Ext"(K, L) — Ext"(K, M) — Ext"(K,N) — Ext"™(K,L) — ---
and
o — Ext"(N,K) — Ext"(M, K) — BExt"(L, K) — Ext"™(N, K) — - - -

are ezxact.
(b) The sequence

HiT, HZ(U)HZ'MHZ(U) HiNi(@HHILH ...

18 exact.

Proof. Part(a) is a particular case of 3.7". For part(b), we may assume that
the distinguished triangle is given by the cone N = C(u) of a morphism
u: L — M in C(A), then the result follows from 3.11. O

Corollary 4.11. A morphism u : L — M in D(A) is an isomorphism if and
only if H(u) is an isomorphism for any i € Z.

Proof. Only the sufficient part of this corollary is not trivial. Let N be a
cone of u. From(3.11), we see that H'N = 0 for any i € Z, which implies
that NV = 0, we have a morphism of distinguished triangles in D(.A)

L—>M N

-l

L—L——0——

Id

Both Id and 0 are isomorphism in D(.A), so u is also an isomorphism (3.8).
[

We say that the sequence of functors { H'};cz is a conservative system.

Proposition 4.12. The functor R : A — D(A) defined by the composition
of A — C(A) — K(A) — D(A) is fully faithful, and its essential image
is the full subcategory DI®O(A) of D(A) consisting of complex L such that
H'L =0 for any i # 0.
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Proof. It’s easy to see R factors through DI®%(A), through a functor (we use
the same notation here) R : A — DI%%(A). To show that R is an equivalence
of categories, we consider the functor

S DAY — A

L— H°L

We show that S is a quasi-inverse of R. Obviously, SR = Id 4, so it remains
to show RS ~ eq IdD(A).

Let L be any object in DI®%(A), we have a natural quasi-isomorphism
s 1 L — 7oL (1.8), which implies 75oL € DI*%(A). Moreover, we have
another quasi-isomorphism ¢ : R(H°L) = 7<) (7>0L) — 7oL (1.8). So we
obtain a natural isomorphism between RS(L) and L represented by the triple
(Ts0L, s,t). O

From now on, we use the same notation L to indicate an object of A or

D(A).

Remark. 4.13. (a) The truncation functor 7>, (7<n, 7[a,5) transforms quasi-
isomorphisms into quasi-isomorphisms, hence induce functor from D(.A) to
D(A).

(b) If w : L — M is a morphism in D(A) such that H'(u) = 0 for all

1 € Z, in general, u is not zero. For example, consider the exact sequence

0—>Z—2>7—>7/27—>0,

it defines(see below) an element 0 # e € Exty(Z/2Z,7Z), but e : Z/27 — Z[1]
induce 0 on H* for all 7.
(c) Let u € Homp) (K, K) and assume

K € D*Y(A)

ie H(K) =0, Vi ¢ [a,b], where [a,b] is an interval of Z. If H'(u) = 0 for
any i € Z, then u’>~%*! = 0. Indeed we can prove it by induction on b — a.
If b—a =0, by (4.13), we may assume K is a complex concentrated in
one degree, then u = 0 in this case (4.12).
Now let b —a = k > 0, we have a distinguished triangle in DI*!(A)

f g
T<GK4>K4>’T>G+1 K——
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We have 7<, K € D*9(A) and 75,1 K € DI+ A). Consider the following
morphisms of distinguished triangles

f g
TgaK*? K——Tsq11—

I -
Lo f g

T<a K —K—Tsp 11—

SN

TgaKHKHT)H_lH.

By the induction hypothesis, (Ts.41u)"* = 0, so we get gu®~? = 0, hence
u’~® can factor through 7, K, that is there exists ¢ : K — 7¢,K such that
ub~® = ft. Therefore u®~**! = uft = 0 by the b — a = 0 case.

4.14. For any L,M € A, let Ext(L, M) be the group of extensions of
L by M. As a set, Ext(L, M) is the set of short exact sequences of the
foom 0 — M — F — L — 0 modulo the following equivalence relation. A
short exact sequence 0 — M — E — L — 0 is said to be equivalent to
0 — M — E'— L — 0 if and only if we have a commutative diagram

(E — FE' is therefore an isomorphism). Recall that Ext(L, M) is an abelian
group, the addition of two extensions is defined as follows: given two exten-
sions E1, Eq of L by M

E,:0-M—-FE, —L—0

Ey:0—-M—FEy;,—L—0

take the direct sum of these two short exact sequences

0—>M@M—>E1€BE2—>L@L—>0.
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Pulling it back by the diagonal morphism L — L € L, we get a commutative
diagram with exact rows

0—=ME@P M—-FE; x; Ey L 0

0—>M@PM—>F @ Ey—L @ L—0.

Then, pushing-out the top row by the sum map M@ M — M, we get a
commutative diagram with exact rows

04>M®M El X, E2 L 0
0 M (Br X1 E2) @y gy M——L P L—0.

Then we define the sum of Eq, E5, which is denoted by E; + E5, as the bot-
tom row of the above diagram. One checks that with the addition described
above, Ext(L, M) is an abelian group, with 0 being the class of the trivial
extension 0 = M - M@ L— L — 0.

Proposition 4.15. We have a natural isomorphism
Ext(L, M)— Ext'(L, M)

Proof. Let

E: 0—=M—+E—>L—->0

be an extension of L by M, consider the complex C(u) and define the mor-
phisms of complexes

M1 0—>M—0—>0
e R
C(u) 0 M E 0
~ EN
L 0 0 L 0

The fact that E is exact implies that s is a quasi-isomorphism, hence an
isomorphism in D(A). Hence we get a morphism

o(E)=pos':L — M[l] € Ext'(L, M)
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by definition. It can be shown easily that p(E) = ¢(E’) if E and E’ present
the same extension class of M by L. So we get a well-defined map

¢ : Ext(L, M) — Ext'(L, M)

E— o(E)
Now we claim that ¢ is a morphism of abelian groups. In fact, first ¢ is
functorial with respect to L and M. That is for any f : L — L', we have a
commutative diagram
Ext(L, M)—"> Ext'(L, M)
Ext(f,M) Ext!(f,M)
Ext(L', M)—"> Ext'(L', M),

similarly, for g : M — M’, a commutative diagram as follows

Ext(L, M)—"> Ext'(L, M)
Ext(L,g) Ext!(L,g)
Ext(L, M")—"> Ext! (L, M").

Moreover, the following diagram commutes

Ext(L, M) x Ext(L, M)—Y> Ext' (L, M) x Ext'(L, M)
@i lea
Ext(LD L, M@PM)—"—Ext'(LPL,MEPM).

Hence, combining the commutative diagrams above together, we get

Ext(L, M) x Ext(L, M)—Y> Ext' (L, M) x Ext'(L, M)

® @

Ext(LDL,M@PM)—"—Ext" (LA L, MG M)

Ext(L @ L,5) Ext! (L@ L,5)
Ext(L & L, M) d Ext (L@ L, M)
Ext(A,M) Ext!(A,M)

Ext(L, M) ‘ Ext' (L, M),
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where 0 : M@ M — M and A : L — L@ L are the sum map and the diag-
onal map respectively. From this, we see that ¢ is a group homomorphism.
Next, we construct an inverse

Y Ext'(L, M) — Ext(L, M)

of . Let u € Ext'(L, M) be represented by the diagram (L < L’ EN
M][1]) € Ext'(L, M), where L' is a object in D(A), s : L' — L is a quasi-
isomorphism in K(A) and f € Hompg(a) (L', M[1]). Using the truncation
Tl-1,00 = T<0 © T>—1, We may assume that L’ is a complex concentrated in
degree -1 and 0. Since

L ) 0
! I
L ) 0 L 0

is a quasi-isomorphism, the following sequence is exact

0—p1 g0 s .

Pushing-out by f~!, we obtain a commutative diagram with exact rows

e PR SR

-

0 M JoJANY S}

and define ¥(s, f) as the class of the bottom exact sequence. It’s easy to
check that v is well-defined and is inverse to ¢, so

¢ : Bxt(L, M) — Ext'(L, M)

is an isomorphism. O

4.16. Triangle associated to a short exact sequence Let 0 — L =
M % N — 0 be a short exact sequence of A. We know (2.4) that we have a
commutative diagram
L—>M—"=N
i_(O,l)\L
C(u)

s=(0,v)
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with s a quasi-isomorphism, then

L——>M—>N—"-L[1]

is a distinguished triangle, where w = —pr o s=!. Note that with this sign
convention, we have H'(w) = §, where § is the boundary of the long exact
sequence of cohomology of 0 - L — M — N — 0 (1.9).

Here are some special cases. Let a < b be two integers, we have a short
exact sequence

0— 7<oL — 7L — 7 L/T<o L — 0.

As in D(A) we have an isomorphism 7¢,L/T<,L ~ T pL,then we get a
distinguished triangle

T<alh — T L — Tjap L —
In particular, if b = a + 1, then we have a distinguished triangle
b1 L — 1L — HPL[—b] —
since Tjp_1,4 ~ HPL[—b] in D(A).
4.17. Some subcategories of D(A)

Let * denote any one of the following symbols: +,-.b. We define full
subcategories of D(A) as follows:

D(A)={L € D(A)|H'L =0,i << 0}
D~ (A)={L € D(A)|H'L =0,i >> 0}
DY(A) ={L € D(A)|H'L=0,i << 0 or i>>0}

We have a natural functor K*(.A) — D*(.A), which maps quasi-isomorphisms
to isomorphisms, hence we get a functor

S K*(A)(qis™!) — D*(A),
where qis is the set of quasi-isomorphisms in K*(.A).

Proposition 4.18. The functor S defined above is an equivalence of cate-
gories.
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For the proof of this proposition, we need some preparation.

Definition 4.19. Let [ be a filtering category, J C [ is called cofinal if J is
a full subcategory and for any ¢ € I, there exists a morphism ¢ — 7, where
jed.
Note that if J C I is cofinal, then J is again filtering.

Lemma 4.20. If I is a filtering category, F' : I — Sets be a functor, then
the natural morphism

lim F'(j) ~ lim (i

jet iel

1S an isomorphism.

Proof. Since J C I is a subcategory, we have a natural morphism

o : lim F(j) — lim F(i)
jeJ iel

what’s more, since J is cofinal, for any (i,z) € lim F'(;) we can find some
iel
morphism a : i — j with j € J, then we can define

g < lim F(i) — lim F(j)
iel jeJ
(i,2) = (j, F(a)z)
It can be checked easily that 1) is well-defined and

o =1d, Y =1d.
O

Proof of 4.18. We will prove this proposition in the case of * = 4. Let L, M
be objects in K*(A). For any morphism (M, ¢, f) € Homp(a(L, M), where
M -5 M’ is a quasi-isomorphism in K+ (A) and f € Hom+(a)(L, M), there
exits some integer n such that H'M’' ~ H'M = 0 for any ¢ < n. So the

natural morphism
t' M — s, M

is a quasi-isomorphism in K*(A), so

(M/,Zf, f) = (M”,t/t,t/f) < HOIDK+(A)(L,M),
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hence by 4.20 S is fully faithful. Moreover, we can define a quasi-inverse R
of S as follows:
R:D"(A) — KT(A)(qis™)
L 1>,L

where n is some integer such that H'L = 0, for ¢ < n. Now it can be shown
easily that Ro S =1d, S o R ~ eqid. O

4.21. Structure of D*(A)

Recall that in an abelian category A, an object L € A is called projective
(resp. injective) if Homy (L, —) (resp. Homy(—, L)) is an exact functor(i.e
takes short exact sequences to short exact sequences). For example, in the
category of R-modules, where R is a ring, an R-module is projective if and
only if it is a direct summand of a free R-module.

Definition 4.22. An abelian cateogry A is said to have enough injectives if
for any object L € A, there exists a monomorphism L — L’ with L injective.

Theorem 4.23. Let (X, Ox) be a ringed space. Then the category Mod(Ox)
of Ox-modules has enough injectives.

Lemma 4.24. Let R be a ring, M a left R-module. Then M 1is injective if
and only if for any left ideal I C R,Hom(R, M) — Hom(I, M) is surjective.
In particular, if R is a principal ideal domain, then M is injective if and only
of M is divisible.

Proof. The condition is of course necessary. Conversely, let M be a left R-
module having the property that any morphism I — M can be extended
to a morphism R — M, where [ is a left ideal, we need to show that M is
injective. Given any monomorphism L — N and a morphism ¢ : L — M, by
Zorn’s lemma, there exists a maximal submodule N’ of N such that one can
extend v to it, we claim that N = N’. If not, choose an element z € N — N’
and let I = {r € Rlrz € N'}, it’s easy to see that I is a left ideal of R, and
we have a morphism

W i1 — R[N — M.

By hypothesis, we can extend this morphism to R, which is still denoted by
y'. Now we see that we can extend the morphism N’ — M to

N+ Rx(CN)— M :n'+rz— )+ (r),

which contradicts the choice of N'. O
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Lemma 4.25. Let R be a ring. The the category Mod(R) of left R-modules
has enough injectives.

Proof. First, we claim that, in the category of Z-modules, we have enough
injectives. Using the lemma above, as Q/Z is divisible, Q/Z is injective. Let
L be any left Z-module, take any element z € L, there exists a morphism
Zx — Q/Z such that the image of x is nonzero in Q/Z. As Q/Z is injective,
this morphism can be extended to a morphism f, : L — Q/Z such that
fz(z) # 0. On the other hand, we have a natural morphism of abelian
groups
hL— ] @z
F:L—Q/Z

y = (f(y))s-

As f.(x) # 0, this morphism is injective, so any Z-module can be embedded
into an injective Z-module, in other words, Mod(Z) has enough injectives.

Now, let R be a ring, L be a left R-module, Homz (R, L) is an R-module,
and we have a canonical injection L — Homgy(R, L). Choose an embedding
of L into an injective Z-module L', we get an embedding L — Homgz(R, L').
On the other hand, by adjunction isomorphism

Homy (N, L')—— Hompg(N, Homy(R, L'))

where N is an R-module, therefore Homy(R, L) is an injective R-module,
which completes the proof. [

proof of theorem 4.23. Let F be a sheaf of left Ox-module. For each point
x € X, the stalk F, is an Ox ,-module, so there is an injection F, — I,
where [, is an injective Oy ,-module. For each point z € X, let i, : {z} — X
denote the inclusion, and let G = [], .y 72+(I;), where i, , is the direct image
functor. Let F — G be the composition of the following two morphisms

reX zeX

where the first morphism is given by s — (s;)zex. Moreover, let H be an
Ox-module, we have

Homo, (H,G) = [ [ Homo, (H,is.(I.)) = [ [ Homo, ,(Ha, L)
zeX rzeX

hence G is an injective Ox module. This completes the proof. ]
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Now, the main purpose of this section is to prove the following theorem.

Theorem 4.26. Let A be an abelian category with enough injectives. Then
the natural functor

K™(I) — D"(A)

is an equivalence of categories, where T is the full subcategory of A consists
of injectives in A.

In fact, we will deduce 4.26 from the following theorem:

Theorem 4.27. Let A" C A be a full additive category of A, such that for
any object L € A, there exists a monomorphism L — L' with L' € A". Then
(1) For any L € DY(A), there exists a quasi-isomorphism L — L' with
L'e Kt(A).
(2) The functor K*(A)(qis™!) — D*(A), where qis denotes the set of

quasi-isomorphisms of Kt (A), is an equivalence of triangulated categories.

Let us show that 4.27 implies 4.26. Take A’ = Z, then from 4.27, we
know that
K™ (T)(qis™") — DT (A)

is an equivalence of categories. It remains to show that the functor
K*(ZT) — K*(T)(dis™)

is an equivalence of triangulated categories, which follows from the following
lemma.

Lemma 4.28. Ift: M — M' is a quasi-isomorphism in K*(Z), then t is a
homotopy equivalence.

Proof. By (3.8), we just have to show that C(¢) is homotopical trivial. Note
that C(t) is acyclic, so are reduced to showing that if M € K*(Z) is acyclic,
then M is homotopically trivial. But it is easy to see that M breaks into short
exact sequences such that all the components are in Z, hence the short exact
sequences split. From this, we can construct the homotopy we need. O

Proof of 4.27. 1t’s easy to see that if the conclusion of (1) holds, for M €
K*(A) the category of quasi-isomorphisms {M — M’ where M’ € Kt(A)
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is cofinal in the category of all quasi-isomorphisms {M — M”, where M" €
K*(A), and therefore a similar argument as the one in (e.g. 4.13) shows that

K(A)(qis™) — DT (A)

is an equivalence of categories. So we only need to prove (1).

Let L be any object in DT (A), we need to construct a quasi-isomorphism
L — L' with L/ € K*(A"). Since there exists some integer a such that
L — 75,L is a quasi-isomorphism, we can assume that L € KT (A). By
shifting the degree, we may assume that L € K2°(A). Now we shall construct
inductively a complex L, € KI®"(A’) and a morphism w, : L — L/ such
that: (a) for each i, u’ is a monomorphism; (b) it induces isomorphisms on
HI(K) — HI(L.) for i < n and a monomorphism L"/B™ — L! /B™. For
n < 0, we can take L, = 0. Now assume we have constructed L! and a
morphism u!, : L — L! with the properties (a) and (b). Then consider the
cocartesian diagram

L/n/B/n L/n/B/n @LH/BH LnJrl(: Zn+1)

Ln / Bn Ln+1

By assumption, there exists a monomorphism L™ — L/m+! with L'+ € A,
then we have the following commutative diagram

. m Lln/Bln Zn_H I/nt1

N

with L™t — L'"*! a monomorphism. Now

H"L = Ker(L"/B" — L"), H"L! ,, = Ker(L'™/B™ — L")

n

and
L"“/B”“H Coker(L™ — L”“)*>L’”“/B’”+1

is a composition of two monomorphism, hence is also a monomorphism. Ap-
plying the lemma below, we see that

H"L-—"-H"L;

That is just what we need. O]
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Lemma 4.29. Let

A—">~ADB
1, P
S—" B

be a cocartesian diagram, assume Y s a monomorphism, then we have an
1somorphism

Kera——=Kerg

Proof. By the property of a cocartesian diagram, we know that ¢ is also a
monomorphism, moreover we have a commutative diagram with exact rows

0—>5—" .B Coker 1)——0
a B ~eq

0——>A—2A, B— Coker p—0

By the snake lemma (1.4), ¢ induces an isomorphism

~eq
Kera——Kerp.

5 Derived functors

5.1. Let A and B be abelian categories. An additive functor F' : A — B is
called left exact (resp. right exact) if for any exact sequence :

0—-L —-L—L"—0,

the sequence

0— F(L'")— F(L) — F(L")
(resp. F(L') — F(L) — F(L") — 0) is exact. F'is called ezact if it is both
left and right exact.

Example 5.1.1. If A is an abelian category and P is an object of A, the
functor Hom(P, —) from A to the category Ab of abelian groups is left exact,
and it is exact if and only if P is projective. Similarly if ) is an object of
A, the functor Hom(—, Q) from A’ to Ab is left exact and it is exact if and
only if @) is injective.
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Example 5.1.2. Let R be aring, and L a right R—module. Then the functor
L ®p — from left R—module to Ab is right exact, and it is exact if and only
if L is flat.

Consider the extension of F' to C'(A). This is an additive functor F from
C(A) to C(B), defined by

L=(- L0 oy L= (- FL D it

(u: L — M)~ (F(u)=(F(w)): FL - FM)

This functor F' induces F' : C*(A) — C*(B), where * = +, —, b.
Then we have the following diagram

A CH(A) — K*(A) == D*(A)

lF e |r e

B C*(B) — = K*(B) —%~ D*(B)

in which F' : K(A) — K(B) is triangulated, and there does not exist, in
general, a triangulated functor /' making the right square commutative. In
fact, such an F exists if and only if F(u) is a quasi-isomorphism, where u
is a quasi-isomorphism, or, equivalently, for all acyclic L € K+ (A), F(L) is
acyclic or F': A — B is exact.

5.2. A right derived functor RF of F is a triangulated functor
RF : DT (A) — D*(B)

together with a morphism of functors € : QF — RF o () having the following
universal property:

For any triangulated functor G : D*(A) — D™ (B) and morphism of
functors 1 : QF — G o @), there exists a unique morphism « : RF — G such
that n =aoe.

If (RF,¢) exists, it is unique up to a unique isomorphism.

Theorem 5.3 (existence of RF'). Let F': A — B be an additive functor.
Assume that there exists a full additive subcategory A" of A, such that
(i). For all E € A, there ezists E' € A, and a monomorphism E — E'.
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(ii). If0 - E' — E — E" — 0 is an exact sequence, and E', E € A,
then B" ¢ A', and 0 - FE' — FE — FE" — 0 is exact.
Then RE : DT (A) — DT (B) exists and for L € DY(A), we have an iso-
morphism RF(L) < F(L'), where L — L' is a quasi-isomorphism with
L'e KT(A).

Lemma 5.4. Let A’ be a subcategory of A satisfying the condition in 5.3.
Suppose L € KT (A'), and L is acyclic, then FL is acyclic.

Proof. Suppose L is acyclic, then we have an exact sequence

O S La N La+1 “e Lz Li+1

And for each L*, we have a short exact sequence

00— Zi —> [} —>= Zitl —>0

It follows from (ii), by induction on 7, that for all i, Z* € A’ and the sequence

0 FZ FL F7ZH1—0
is exact. Splicing short exact sequences, we get that F'L is acyclic. O]

Lemma 5.5. Suppose L, L' € K*(A'), s: L — L' is a quasi-isomorphism,
then F's is also a quasi-isomorphism.

Proof. Consider the distinguished triangle
M
where M is the cone of s. Then M € K*1(A’). Because s is a quasi-

isomorphism, M is acyclic. By 5.4, F(M) is acyclic. So F's is a quasi-
isomorphism. ]

L

L/

Let us prove the theorem. Consider the diagram:
KH(A) — K+ () (Quis™!) — D*(A)

i ; , - RF

K7(B)
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where Quis is the set of quasi-isomorphisms in K*(A’). As F maps quasi-
isomorphisms of K (A’) into quasi-isomorphisms, there exists a functor F :
K*(A)(Quis™') — D*(B) making the square commutative.

Recall that ¢ is an equivalence (4.18). Let ¢ : D*(A) — KT (A")(Quis™)
be a quasi-inverse to 1. Define

RF =Foy:DY(A) — DY(B)

i.e. RF(L)= F(¢L). Now let us define a functorial morphism: ¢ : Q(FL) —
RF(QL), for L € D(A).

For L € K*(A), we have a functorial isomorphism a(L) : L — ¢L with
oL € KT(A"). By (4.18), we can write

a(L)=t"'s: [ — M/ <L

where s,t are both quasi-isomorphisms and M’ € K*(A"). Then we have a
diagram
FL—">FpM <" FpL = RFL
\H——'_j

(L)

where F't is a quasi-isomorphism because both M’ and ¢L are in KT (A').
We define

e(L) = (Ft)™" o Fs € Homp+ s (FL, RFL).

One easily checks that £(L) doesn’t depend on the choices and gives a map
of functors € : QF — RFQ.

Let us verify the universal property. Let G : DY(A) — DT(B) be a
triangulated functor and n : FFQQ — QG be a morphism. The following
diagram shows that 7 uniquely factors asn =aoe.

FL——=RFL==F(pl)

nl = ln(s@L)
A

G(L) = G(pL)

Finally, let L % L' be a quasi-isomorphism with L' € K*(A’). Then the
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following commutative diagram

FL——RFL

l N\LRF(u)

FL RFL

)
F(pL)
defines a canonical isomorphism RF(u) toF(e(L')) : FL' = RFL in D*(B).
Note that, for a € Z, RF(D>*(A)) C D>%(B). This is because for
L € D?*(A), there exists a quasi-isomorphism L — L' with L' € K=*(A’),
such that RFL~ FL' = (0 — FL'* — --)
For i € Z, and L € D™ (A), we define R'FL = H'RFL. The functor

R'F : D*(A) — B

is a “cohomological functor”, meaning that if L' — L — L” — is a distin-
guished triangle in D*(A), then we can get a long exact sequence

.+ — RFL - RFL— RFL"— RYFL — ...

coming from the distinguished triangle RF L' — RFL — RFL" —.
In particular, if L € D?°(A), then RIFL = 0, i < 0. Moreover, for
L € A, the natural map (given by ¢ : FFIL — RFL)

FL——= R'FL==H'RFL
is an isomorphism if and only if I is left exact.

Corollary 5.6. If A has enough injectives, then RF : D" (A) — D™ (B)
exists, and for any L € DT (A), if L — L' is a quasi-isomorphism with
L' € K*(A) and L' injective for all i, then FL' = RFL.

Indeed we can take for A’ the full subcategory of A consisting of injectives
(4.27).

Definition 5.7. Let F' : A — B be a left exact additive functor (in other
words, FIL = R°FL). An object L of A is called F-acyclic, if R*"FL = 0 for
any n > 0.
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For example, objects of A" are F'—acyclic.

Proposition 5.8. Under the assumption of 5.3, the subcategory Ap = {L €
A, L is F—acyclic} of A satisfies the properties (i), (ii) of 5.5.

Proof. (i). We have A" C Ap, so the condition (i) is immediate.

(i). Let ' — E — E” — 0 be an exact sequence in A, and E', E € Ap,
then RFE' — RFE — RFE" — is a distinguished triangle, hence we get a
long exact sequence

.- R'FE' - R'FE — R'FE" - R"'FE — ... .

Because F’, E are both F—acyclic, R"F'E = R"FE' = 0 for all n > 0. With
the long exact sequence, we get R"FE"” = 0 for all n > 0, so E” is also
F—acyclic, hence E” € Ap.

From the long exact sequence, we also have an exact sequence 0 —
R°FE — R°FE — RFE" — 0, then the sequence 0 — FE' — FE —
FE" — 0 is exact by definition. ]

Corollary 5.9. Suppose L — L' is a quasi-isomorphism with L' € K*(A)
and for any i, L'* is F—acyclic, then we have a canonical isomorphism F L' —

RFL.

Definition 5.10. Let F' : A — B be an additive functor between two abelian
categories. A left derived functor of F'is a functor

LF : D (A) — D™ (B)

together with € : LFQQ — @QF having the following universal property: For
any triangulated functor G : D~ (A) — D~ (B) together with a morphism
n : GQ — QF, there exists a unique morphism o : G — LF, such that

|r ) Jo

K-(B) —%~ D~ (B)

Theorem 5.3’ Let F': A — B be an additive functor, and A" a additive
subcategory of A, such that
(i). For all E € A, there exists an epimorphism E' — E with E' € A
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(i1). For any exact sequence 0 — E' — E — E" — 0 with E, E" € A, then
EeA,and 00— FE'— FE — FE" — 0 is ezact.

Then (LF : D=(A) — D~ (B), ¢) exists and for L € D*(A), we have
LFL = FL', where L' — L is a quasi-isomorphism with L' € K~ (A’).

The proof is similar to that of 5.3.

Example 5.10.1. : Let (X,Ox) be a ringed space, A = Mod(Ox). The
category A’ of flat Ox —modules satisfies the conditions (i) and (ii) of 5.3 for
any functor of the form P ®o, —: Mod(X) — Mod(Y') with P € Mod(X).

Definition 5.11. Let F' : A — B be an additive functor between abelian
categories, and A’ be a full additive subcategory of A. We say A’ is right
adapted to F if A’ satisfies the following condition (i)-(iii):

(i) For any E' € A, there exists an object E' and a monomorphism £ — E’
with £/ € A'.

(ii) For any exact sequence

0—EFE —-FE—FE —0

with £/, E € A’, then E” € A'.
(iii) For any exact sequence

0—-F —-—FE—-FE"—=0
with E', E, E" € A’, then the sequence
0— FE — FE — FE" -0

18 exact.

Recall that if such a category A’ exists, then RF' : DT (A) — D™ (B)
exists and for any L € DT(A), we have RF(L) ~ F(L') where L' € Kt(A)
and L — L' is a quasi-isomorphism. For example, if A has enough injectives,
then the category of injectives in A is right adapted to any F': A — B.

Definition 5.11° Let F' : A — B be an additive functor between abelian
categories, A’ a full additive subcategory of A. We say A’ is left adapted to
Fif

(i) For any F € A, there exists an object E’, such that £/ — FE is an
epimorphism.
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(ii) For any exact sequence
0—FE —-FE—FE'—0

with B, E" € A', then E' € A'.
(iii) For any exact sequence

0—-F —-EFE—E"—0
with F', E, E" € A’, then the sequence
0—FE - FE—FE"—0

is exact.

If A" C Ais left adapted to F', then LF : D~ (A) — D~ (B) exists and for
any L € D™ (A), we have LF (L) ~ F(L') where L' € K~ (A') and L' — L is
a quasi-isomorphism.

For example, if A has enough projectives, then the category of projectives
is left adapted to any F': A — B.

Let FF: A — B, G : B — C be two additive functors between abelian
categories. We will now discuss when we can “state” R(GF) = RG o RF
and L(GF) = LGo LF.

Theorem 5.12. Let ALBg(} be additive functors between abelian
categories. Assume there exist A" C A right adapted to F, B' C B right
adapted to G, and F(A") C B'. Then A’ is right adapted to GF, RF, RG,

R(GF) exist, and there is a canonical isomorphism
RG o RF ~ R(G o F).
Proof. For any exact sequence
0—-F —-FE—E"—>0
with E', E, E" € A’, because A’ is right adapted to F', then the sequence
0—FE - FE— FE"—0
is exact. Since F'(A’) C B', the sequence

00— GFE — GFE —- GFE" — 0
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is also exact. It follows that A’ is right adapted to GF. For any L €
DT (A), there exists L' € K*(A') with L — L’ a quasi-isomorphism. The
isomorphism stated in the theorem is given by the following composition

RG o RF(L) <~ RG(FL').

T:

G(FL)

R(GF)(L) <" GF(L)

]

Example 5.12.1. Suppose A has enough injectives, B has enough injectives,
G is left exact, and F' transforms injective objects to G—acyclic objects. Then
we can take B’ = Bg, where Bg is the subcategory consisting of G—acyclic
objects, so we get R(GF) ~ RG o RF.

Theorem 5.12° Let ALBL>C be additive functors where A, B,
C are abelian categories. Assume we have a full additive subcategory A" (resp.
B') of A (resp. B), which is left adapted to F (resp. G) and F(A') C B'.
Then A’ is left adapted to GF', LF, LG, L(GF) exist, and there is a canonical
1somorphism

L(GF) ~ LG o LF.

The proof is similar to that of 5.12.

6 The functors R, Rf., Lf* @

Let (X,Ox) be a ringed space and suppose Ox is commutative. Let A =
Mod(X) = Mod(Ox) be the category of sheaves of Ox—modules. Then
A is abelian and has enough injectives (4.23). Let Ab be the category of
abelian groups. Then the functor I'(X, —) : Mod — Ab ; E — T'(X,E) =
E(X) is additive and left exact, but it is not exact in general. The right
derived functor RT'(X,—) : DT (X) — D%*(Ab) exists (Where D*(X) =
D*(Mod(X)),* =+, —,b or empty).
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For each L € D™(X), n € Z, H"(X,L) = H"RT'(X, L) is called the n-
th cohomology group of X with values in L. For all E € Mod(X), (X, E) =
HY(X,E). Wehave R['(X, L) = T'(X, L), where L — L’ is a quasi-isomorphism
with L/ € K*(X) and L" is injective for all i. It is easy to see that
L € D?%(X) implies RT'(X, L) € D>*(Ab).

Definition 6.1. F' € Mod(X) is called flasque if for all U — X open,
F(X) — F(U) is surjective.

Remark. If F is flasque, then F|y is flasque, for all open subset U of X.

Proposition 6.2. (1). Suppose 0 — F' — F — F” — 0 is an exact sequence
of Mod(X) and F' is flasque, then 0 — I'( X, F') - I'( X, F) —» I'(X, F") —
0 is exact.

(2). Under the same assumption as in (1), then if F', F are flasque, F"
is flasque.

(8). If F is injective, then F is flasque.

Corollary 6.3. The subcategory of flasque sheaves is right adapted to T'(X, —).
In particular, for L € DT(X), RU'(X,L) ~ I'(X, L"), where L — L' is a
quasi-isomorphism with L' € K*(X) and L" is flasque for all i.

As Mod(X) has enough injectives, 6.3 immediately follows from 6.2.

Proof of 6.2(1) and (2). (1). Let s” € I'(X, F"), we want to find s € I'(X, F')
such that the image of s in T'(X, F”) is s”. Order the set

{(U,#) | U = X open, T(U, F) 5 t v s"|;; € T(U, ")}

by (U,t) < (Uy,ty) if U C Up and t; extends t. This is an inductive ordered
set. So, by Zorn’s lemma, there exists a maximal (U, s), U — X, s € I'(U, F)
and s — s"|p.

Assume there exists © ¢ U | then there exists an open neighborhood V'
of xand t € T'(V, F), t — §"|y. Hence z := s|yny — tluny € T(U NV, F').
Since F’ is flasque, we can find 2z, € I'(V, F’) such that z;|yny = z. Then s
and t + z; agree on U NV, hence s extends to a section 5 of /" on U UV such
that § — s”|U U V. This contradicts the maximality of (U, s), and finishes
the proof.
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(2). Since 0 — F/ — F — F” — 0 is exact and F, F’ are flasque, by (1)
we have the following commutative diagram whose rows are exact and the
two left vertical maps are surjective.

0—> F'(X) —> F(X) —= F"(X) —>0.

Lk

0—=F'({U)—=FU)—F"(U) —=0
So ¢ is surjective, hence F” is flasque. O

Preliminary to the proof of (3):

Suppose that U(—j>X isopenand Y := X — U C's X is the com-
plementary closed subset. Then, for each F' € Mod(U), we can consider the
sheaf jiF' € Mod(X), which is associated to the presheaf:

(V,F) itV cU

r
Vel g v

where V' is an open subset of X. This sheaf is called the extension of F by
zero. 1t is easy to see that if x € U, (jjF), = F,, and if 2z ¢ U, (jiF), = 0.
In fact, jiF|y = F. For each E € Mod(X), it follows from the definition that

Hom(F, j*E) = Hom(F, E|y) = Hom(ji F, E),

hence 7 is left adjoint to j*. For E € Mod(X), we have a basic exact
sequence:
0—jj'F - F —i,i"F — 0;
ie.
0= ji(Ely) = E — i(Ely) — 0.

Now, let’s come back to the proof of 6.2.(3).

Assume F' is injective on X, let j : U — X be an open subset of X.
A section s € F(U) = Hom(Oy, j*F) defines a map s : 5Oy — F. Then
by the injectivity of F', there exists s € F(X) extending s, i.e. making the
following diagram commutative:

JOy —=——=F.
7

<5

Oy
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6.4. Godement’s flasque resolution
For z € X, let i, : {x} — X denote the inclusion, let F' € Mod(X). Then

the canonical map F — [] imiiF = C°(F) (s — (S4)zex) is injective and
rxeX
C°(F) is flasque. Therefore we get a flasque resolution of F :

0— F—CYF)—CYF)—C*F)— -

where C"*1(F) = C%(Coker : C""Y(F) — C"(F)). This resolution is called
Godement’s canonical flasque resolution. Then,

RU(X,F) ~T(X,C(F)) = (T(X,C°(F)) = -+ = T(X,C"(F)) — )

More generally, for F' € K*(X), by the above flasque resolution we have
a morphism of bi-complexes F' — C(F), where C(F)% = C/(F"). This mor-
phism induces a quasi-isomorphism on each column, hence a quasi-isomorphism
F — sC(F) := F' and F' is flasque for all n. Hence we get an isomorphism

RT(X, F) =~ T(X,sC(F)).

(2) Rf.

Let (X,Ox) and (Y, Oy) be two ringed spaces and f : X — Y a mor-
phism of ringed spaces. Recall that the direct image functor, defined by
fe: Mod(X) — Mod(Y) (foF)(V) = F(f'V) with V C Y, is additive and
left exact. By definition, f, transforms flasque sheaves into flasque sheaves,
hence injective sheaves into flasque sheaves by 6.2. If Y consists of a single
point, and Oy = Z, then f, = T'(X, —).

The right derived functor Rf, : DT(X) — D*(Y) exists. For F €
DT(X),Rf.F = f.F' for F — F' a quasi-isomorphism with F’ € K*(X)
and F'" injective for all 7. Flasque sheaves are acyclic for f, (hence for F' €
DT(X),Rf.F ~ f,F' for F — F’ a quasi-isomorphism with F’ € K*(X)
and F"* flasque for all 7. )

By definition, I'(Y, f.F') = I'(X, F'), in other words, the functor I'( X, —)
is the composition:

D(X, =) =D(Y, =)o f. : Mod(X) = Mod(Y) "2 Ap
\\“'——/

F(Xv_)

Then from 5.12, we deduce RI'(Y, Rf.L) ~ RI'(X, L) for L € D*(X).
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Similarly, if X N Yy —L~ 7 are morphisms of ringed spaces, then we

have
R(g9f)« = Rg. o Rf. : D*(X) — D*(Z).

Indeed the subcategory consisting of flasque sheaves on X is adapted to f,
for any f: X — Y and f, transforms flasque sheaves into flasque sheaves.
(3) ®* (and Tory(—,—))
Let A be a commutative ring, then the functor
Mod(A) x Mod(A) — Mod(A)
(E,F)— E®4 F
is bi-additive and right exact in each argument.

If E,F € C(A), we get a naive bi-complex (E? ® F?,d® Id,[d ® d) and
the associated bi-complex (E ® F')** with the diffirentials defined as follows:
dz@y)=dr®y
d"(z®@y)=(-1)flz®@dy

where z ® y € EP @ F1
The simple associated complex s(F ® F')** is denoted £ ® F. We have
(E®F)'= @ Ere F"
pt+g=n
d=d +d"
The bi-additive functor
C(A) x C(A) — C(A)
(E,F)— EgF
where A = Mod(A), extends to a bi-triangulated functor
K(A) x K(A) — K(A)
(E,F)— E®F
For fixed FE, let us consider the functor

K(A) — K(A)
F—EQF

We will define a left derived functor of it. For this we need some generaliza-
tion of the definitions given in (5.2).
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Definition 6.5. Let F': K*(A) — K*(B) be a triangulated functor. A
right derived functor of F'is a pair

(RF : D" (A) — D*(B), ¢: F — RF),

where RF' is triangulated, satisfying the following universal property: For
any triangulated functor G : D¥(A) — DT (B) and morphism of functors
n: QF — G o (@, there exists a unique morphism a : RF — G such that
n=aoc.

K*(A) —2> D*(A)

F RF \G
KimQ»Dié

Definition 6.5’ Let F' : K~ (A) — K~ (B) be a triangulated functor. A
left derived functor of F' is a pair

(LF:D (A) — D (B), ¢: LF — F)

where LF' is triangulated satisfying the following universal property: For
any triangulated functor G : D™ (A) — D~ (B) and morphism of functors
n:GoQ — QF, there exists a unique morphism « : G — LF such that

n=coa.
|7 | Jo

K- (B) -2~ D~ (B)

Recall Mod(A) has enough projectives.

Lemma 6.6. Let A =Mod(A), E € C(A), and F € C~(A). Assume F* is
projective for all i. Then if E or F' is acyclic, then E ® F is acyclic.

Proof. (a). Assume F is acyclic, then F' is homotopically trivial. So F ® F
is acyclic.

(b). Assume E is acyclic, E € K~ (A). Then (F® F)** is biregular. For
each ¢, we have E* ® F'9 is acyclic, so F' ® F' is acyclic.

(c). General case. E = lim 7, £/, then Hq(h_H)l T<nEQF) = lim Hi(tr¢,E®

F)=0. u
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Proposition 6.7. Let E € K(A), then the functor K~ (A) — K(A) given
by F'— E® F has a left derived functor

D™ (A) — D(A)
F— E®LF

calculated by E @5 F = FE @4 F' where F' € K~ (A) with F" projective and
F' — F a quasi-isomorphism. Moreover, the functor K(A) — D(A) given
by E — E QL F factors (uniquely) through D(A) and gives a triangulated
functor
D(A) x D~ (A) — D(A)
(E,F)— FE ®i F

sending D~ (A) x D~ (A) to D~ (A).

Remark 6.8. Let P be the full subcategory of A consisting of projective
A-modules. For E, F' € D~ (.A), we have isomorphisms in D(.A)

EQYF~EQF ~E QF~FE QF,

where F', F' € K~ (P), £/ — E and ' — F quasi-isomorphisms. (Actually,
E@lF ~E @' F ~ E' ®F', and by an analog of Lemma 6.7, £/ @ F' ~
EF' ®F.)

Proposition 6.9. (1). There is a canonical isomorphism
E@F (Fel'G)~ (Ee"F)erG

for E€ D(A), F,G e D (A).

(2). There is a canonical isomorphism
E®R'F~F®"E
for E,F € D~ (A).

Proof. (1) Replace F, G by F',G' € K~ (P) such that there are quasi-isomorphisms
F' — F and G' — G. Apply then the isomorphism of complexes £ ® (F' ®
G)—= (FEQF)®G givenby a® (b&¢) — (a®b) ® c.

(2) Take quasi-isomorphisms ' — E and F' — F with E', F' € K~ (P).
Then F @' F ~ F @ F', Fl F ~ F' ® E'. Apply the isomorphism of
complexes F' ® F' — F' ® E' given by z ® y — (—1)Py ® x for x € EP,

y € F". m
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The isomorphism in (2) is called the Koszul isomorphism. The sign con-
vention is adopted to get a morphism of complexes, and is called the Koszul
rule.

Definition 6.10. For £ € D(A), FF € D~ (A), n € Z, define Tor,(E, F) =
Tor(E, F) = H"(E @4 F).

In particular, for E, F € A, Tory (E,F) = E®4 F (by right exactness of
FE XA .).

Definition 6.11. An A-module F is called flat if the functor

A —- A
F — EQuF

1s exact.

The exact sequences of cohomology shows that the following conditions
are equivalent:

(i) E is flat;
(ii) For all I € A, Tori(E, F) = 0;
(iii) For all F € A and ¢ > 0, Tor?(E, F)=0.

Proposition 6.12. Let A" C A be the full subcategory of flat A-modules.
Then A’ is left adapted to the functors

A — A
F - EQF

forall E € A, i.e.,
(i) For all F € A, there exists an epimorphism F' — F with F' € A'.
(i) If '€ A, F,F" € A" and
0—-F —-F—F' —0

exact, then F' € A'.
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(111) If the above sequence is exact with F', F, F" € A’, then
0—-FEQQF -FEQF -EQF" —0
1S exact.

Proof. (i) follows from the fact that projective modules are flat.
For (ii) and (iii), use long exact sequences and Koszul isomorphisms (6.9
(2))- O

Corollary 6.13. For E € D(A), F € D-(A), E®* F ~ E® F' where
F' — F is a quasi-isomorphism, F' € K—(A) and F" flat for all i.

Proof. Choose a quasi-isomorphism P — F’ with P € K~ (A) and P’ pro-
jective for all i. Complete it into a distinguished triangle in K(A). The
corollary then follows from Lemma 6.7 with “projective” replaced by “flat”,
which we will prove later as Lemma 6.17 in more generality. O]

Asin 6.8, for £, F' € D~ (A), ' — FE and F' — F quasi-isomorphisms,
E' F' € K~ (A), E", F" flat for all i, we have

ELF~EQF ~EQF~FE ®F.

Note that for a commutative ring A with a multiplicative system S, S~1A
is a flat A-module, but not a projective A-module in general (e.g., when A is
a principal ideal domain which is not a field and S™'A is its fractional field).

6.14. Let (X, Ox) be a (commutative) ringed space. Write

Mod(X) = Mod(Ox),
C(X) = (MOd(X)
K(X) = K(Mod(X)
D(X) = D(Mod(X)

’

)
),
)
)-

For B, F € Mod(X), define E® F = E ®o, F to be the sheaf associated
to the presheaf
U E(U) ®ow) FU).

For z € X, (E®oy F)a = E; ®0y, Fy. E is called a flat Ox-module if the
functor
Mod(X) — Mod(X)
F — Eo, F



6. THE FUNCTORS RT, RF,, LF*, " 59

1s exact.
For E,F € C(X), define the double complex (E ® F)** as in 6.5 and

E®F =s(E®F)*, that is, (E® F)" = L@ Fand d(a®b) =
ptg=n
da®b+ (—1)Pa® db for a € E?, b € F?. The functor
CX)xC(X) — CX)
(E,F) = ESF
defines a bi-triangulated functor K(X) x K(X) — K(X).
Proposition 6.15. For E € K(X), the functor
K (X) - K(X)
F — E®F
has a left derived functor
D= (X) — D(X)
F — E®'F,

calculated as E @Y F = E® F' for F' — F a quasi-isomorphism with F' €
K=(X) and F" flat for all i. Moreover, for F € D™(X) fized,

K(X) — D(X)
E — E®'F

induces a triangulated functor D(X) — D(X). So we get a bi-triangulated
functor

D(X)x D™ (X) — D(X)
(E,F) — E®-F
sending D~ (X) x D=(X) to D~ (X).

Proof. Imitate the proof in the case of modules over a ring, making use of
6.16(i) and 6.17 below. O

Lemma 6.16. Let A" C Mod(X) be the full subcategory of flat modules.
Then A’ is left adapted to the functors

Mod(X) — Mod(X)
F - EQF
for all E € Mod(X), i.e.,
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(i) For all F € Mod(X), there exists an epimorphism F' — F with F' €
A
(i) If F' € Mod(X), F,F" € A’ and
0O—F —-F—F"—0

exact, then F' € A'.
(111) If the above sequence is exact with F', F, F" € A’, then
0—-FEQF - E®F—>FEQF'—0
1S exact.
Proof. For (i), define

. Z S§
E = @]U!OU = E,
U,s

where the sums are taken for all open U C X and s € I'(U, E), jy : U — X
is the embedding, and § is defined by the canonical isomorphism

HOIH(OU,jU*E> = HOIﬂ(jU!OU,E>

s — S.

This is obviously an epimorphism, and E’ is flat because ji;,Oy flat. (These
facts are easily seen by taking stalks.)

For (ii) and (iii), we only need to use the corresponding results for modules
over rings (6.12) and the fact that an Ox-module M is flat if and only if M,
flat over Ox, for all z € X. O

Remark. In general, there are not enough projectives in Mod(X). In fact,
if X is a locally noetherian Jacobson scheme with no isolated points, then
every projective Ox-module is zero. In addition, if X is a projective scheme
over a field which does not have any isolated point, then every projective
object in the category of quasi-coherent Ox-modules is zero. See [Gal.

Lemma 6.17. Let E € K(X), F € K~ (X) with F" flat for alli. If E or F
15 acyclic, then E ® F is, too.
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Proof. 1f F is acyclic, proceed as in 6.7. If F'is acyclic, we show that £ ® F
is acyclic. First, assume F € K~ (X). Now F' is bounded above, acyclic
and flat in each component, we can show by induction that it breaks into
flat short exact sequences. Hence, by (ii) and (iii) of 6.16, E? ® F' breaks
into short exact sequences, and thus is acyclic, for all’ p. Therefore, £ ®
F' = s(E® F)* is acyclic. For the general case, use £ = lim7<,E and
E®F =lin((r<,E) ® F). O

Proposition 6.18. (1). There is a canonical isomorphism
E@ (FelG)~(Ee*F)eol G

for E € D(X), F,G € D~(X).
(2). There is a canonical (Koszul) isomorphism

ElF~Fe'E
for E,F € D~ (X).

The proof is similar to that of 6.9, projective modudes being replaced by
flat ones.

6.19. The functor Lf*. Let f: X — Y be a morphism of ringed spaces.
The morphism Oy — f,0Ox induces a morphism f~'0Oy — Ox, by which
we can regard Ox as an f~'Oy module. Define f*E = Oy ®-10, [ 'E.
f*: Mod(Y) — Mod(X) is a right exact additive functor left adjoint to
fe: Mod(X) — Mod(Y). f* extends to C(Y) — C(X) and, in turn, defines
a triangulated functor K(Y) — K(X).

Proposition 6.20. The functor f*: Mod(Y) — Mod(X) has a left derived
functor Lf* : D=(Y) — D~ (X) calculated as Lf*(E) = f*E' for E' — E a
quasi-isomorphism with E' € K—(Y') and E" flat for all .

Proof. 1t suffices to show that the full subcategory of Mod(Y") consisting
of flat Oy-modules is left adapted to f* (5.10), that is, to check (i), (ii)
and (iii) in the definition. (i) and (ii) have already been proved in 6.16,
while (iii) follows from the following two facts easily seen by taking stalks:
7Y Mod(Y) — Mod(f~'(Oy)) is exact; if M is a flat Oy-module, then
FHM) is a flat f~1(Oy)-module. O

Define L' f* = H'Lf*, L;f* = L~ f*.
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Proposition 6.21. Let f : X — Y, g : Y — Z be morphisms of ringed
spaces. Then

Lf*Lg" ~ L(gf)"; (6.21.1)
Lg*(E®" F) ~ Lg*E @ Lg*F (6.21.2)

for EJF € D=(Z);
Hompx)(Lf*E, F) ~ Hompy)(E, Rf.F) (6.21.3)

for E€ D-(Y), F e DT(X).
The last isomorphism is called the trivial duality.

Proof. The isomorphisms (6.21.1) and (6.21.2) follow from the fact that
g*(M) is a flat Oy-module for a flat Oz-module M. The proof of (6.21.3)
will be given in 7.6. O]

7 RHom, RHom, Ext', Ext’

7.1. The functor RHom. Let A and B be additive categories, F' : A° — B
an additive functor. For L € C(A):
qg-i—1

s Ji1 L -

we define F'(L) € C(B) to be the complex

di
<—F(L)”1<ﬂF(L)Z<—
where F(L) = F(L™") and dj;) = (=1)""'F(d;"™"). For a morphism u :
L — M, we define F(u) : F(M) — F(L) by F(u)’ = F(u™"). Thus we get
a functor C(A)° — C(B), which defines a triangulated functor K(A)° —
K(B). We still use F' to denote them.

Example 7.1.1. The additive functor

A°x A —  Ab
(L,M) +— Hom(L,M)
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is left exact in both arguments. For L, M € C(A), define a bicomplex of
abelian groups Hom(L, M)**® as follows: let the component of bidegree (p, q)
be Hom(L, M)P? = Hom(L~?, MP), the differentials d™? = Hom(L™4,d}),
d"P1 = (—1)P(—1)7 Hom(dzq_l, MP) :
Hom(L ™9, M*) — Hom (L™ 7", MP).
Take Hom*(L, M) = s(Hom(L, M)**) € C(Ab), where s is defined by

Hom"(L,M) = ] Hom(L,M)"* = ] Hom(L™% M?)
p+q=n p+q=n
= [ Hom(L?, M7).
p—q=n

For f € Hom"(L, M), we have f = (f9)gez, f¢: LY — M7, df =dpo f+
(=) fody.
Note that Hom(L, M)*® is biregular if L or M is bounded or

Le K (A), M e K*(A).
The functor
C(A)° x C(A) — C(Ab)
(L,M) + Hom®"(L, M)
defines a bi-triangulated functor K (A)° x K(A) — K(Ab).

Proposition 7.2. Let A be an abelian category with enough injectives. For
L € K(A), the functor

K*(A) — K(Ab)
M — Hom®*(L, M)
has a right derived functor
DY (A) — D(AD)
M — RHom(L,M),

calculated as RHom(L, M) = Hom®*(L, M") for M — M’ a quasi-isomorphism
with M' € K+ (A), M" injective for all i. Moreover, for M € D¥(A) fized,

K(A)° — D(Ab)
L — RHom(L, M)
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induces a triangulated functor D(A) — D(Ab). So we get a bi-triangulated
functor

RHom : D(A)° x DT (A) — D(Ab)
(L, M) — RHom(L, M)

sending D~ (A)° x D*(A) to DT (A).
Proof. Proceed as in 6.8, applying the following lemma. O]

Lemma 7.3. Let A be as in 7.2, E € C(A), F € CT(A). Assume F'
injective for all i. Then if E or F is acyclic, then so is Hom®*(E, F).

Proof. Use H'Hom*(E, F) = Hompa)(E, F[i]), which follows from Lem-
mas 7.4 and 7.5 below. (When F' is acyclic or E € K~ (A), there is an
alternate proof similar to the proof of 6.7.) O

Lemma 7.4. Let A be an additive category, E, F € C(A). Then

Z° Hom*(E, F) = Home(4)(E, F),
B°Hom*(E, F) = {f € Hom¢(4)(E, F); f ~ 0},
H°Hom*(E, F) = Homg 4 (E, F).

Proof. For f € Hom®(E, F), (df)’ = df’ — f'd. Thus f € Z°Hom®(E, F) if
and only if f € Home(a)(E, F). For h € Hom '(E, F), (dh)" = dh' + h'd.
Thus f € B°Hom®(E, F) if and only if f ~ 0. O

Lemma 7.5. Let A be an abelian category with enough injectives, E € K(A),
F € KT(A) such that F* injective for all i. Then we have an isomorphism

HOIHK(A)(E, F) = HOHID(A)(E, F)
Proof. By definition,
Hompa)(E, F) = lim Hompg4)(E, '),

s:F—F'

where s runs through quasi-isomorphisms in K(A). By cofinality, we can
restrict to quasi-isomorphisms such that F/ € K(A) and F" injective for
all 7. Note that in this case, s is actually an isomorphism in Kt (A) (4.28).
We then get

HOIHK(A)(E, F) = HOIHD(A)(E, F)



7. RHom, RHom, Ext’, Eat’ 65

7.6. We now give the proof of (6.21.3). We may assume E € K~ (Y),
F € KT(X), E* flat and F" injective, for all i. In this case, (6.21.3) becomes

Hompx)(f*E, F) ~ Hompy(E, f.F).
By definition,

Hompy)(E, f F) = hi>n Hompg vy (E, f.F),
s:E'—FE

where s runs through quasi-isomorphisms in K(Y). By cofinality, we can
restrict to quasi-isomorphisms such that £/ € K= (Y) and E” flat for all i.
By 7.4 and 7.5,
Hompg vy (E', f.F) = H Hom*(E', f.F) ~ H’ Hom*(f*E', F)
~ HOI’DD(X)(f*EI, F)

Thus we get isomorphisms Hompgy)(E', f.F) — Hompx)(f*E, F) which
commute with transition maps induced by morphisms between different s,
and hence an isomorphism

HOH’ID(y)(E7 f*F) — HOIHD(X)(f*E, F)
7.7. Calculation of Ext’. Let A be an abelian category with enough

injectives. Recall that in 4.9, for E, F' € D(A), we defined Ext"(E, F) as
Hompa)(E, F[n]).

Proposition 7.8. With A as in 7.7, E € D(A), F € D*(A), we have
Ext"(E,F) ~ H"RHom(E, F).
Proof. Up to shifting, we may assume that n = 0. We have
H°RHom(E, F) ~ H°Hom*(E, F'),

for F — F’ a quasi-isomorphism with F’* injective for all . The proposition
then follows from Lemmas 7.4 and 7.5. [

Remark 7.9. If A has enough projectives, then
RHom(FE, F) ~ Hom*(F', F') ~ Hom*(E', F")

for E € D-(A), F € D*(A), ' — E and F — F’ quasi-isomorphisms,
E' € K~ (A), F' € KT(A), E" projective and F" injective for all 7 (by an
analog of (the special cases of) Lemma 7.3).
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7.10. The functor R’ Hom. Let (X, Ox) be a (commutative) ringed space.
For E, F € Mod(X),

Homo, (E, F) : U Home, (E|U, F|U)

is a sheaf of Ox-modules. Similar to 7.1.1, the functor Homeo, : Mod(X)° x
Mod(X) — Mod(X) induces a functor

Hom® : C(X)° x C(X) — C(X)
(Hom*(E, F)" = [[,_ .o, Hom(E9, F?), df = dpo f+ (=1)""'f o dg for
f € Hom®*(E, F)"), which defines a bi-triangulated functor K (X)°x K (X) —
K(X). We have a bi-triangulated functor
RHom : D(X)° x DT(X) — D(X)

calculated as RHom(E, F) = Hom®(E, F') for F — F’ a quasi-isomorphism,
F' € K*(X), F" injective for all 7. (Applying

(U, Hom(E, F)) = Hom(E|U, F|U)

and 7.3, we get a variant of 7.3 with Hom® instead of Hom®.)
We have
RT(X, RHom(E, F)) ~ RHom(E, F) (7.10.1)

for E € D~ (X), F € D"(X); and
RHom(E @" F,G) ~ RHom(E, RHom(F,G)) (7.10.2)
for B, F € D™ (X), G € D" (X). Moreover, we have a canonical isomorphism
Rf.RHom(Lf*E,F) ~ RHom(E, Rf.F) (7.10.3)

for E€ D~(Y), F € D"(X), f: X — Y a morphism of ringed spaces. This
isomorphism implies (6.21.3) (but actually the proof of (7.10.3) uses (6.21.3),
see 7.12.)

7.11. The functor Ext'. for E € D(X), F € D*(X), for all integers i,
define Ext*(E, F') = H'(RHom(E, F)). We shall see later that these sheaves
are related to the global Ext’

a(U — Ext'(E|U, F|U))
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by a spectral sequence
EY = HP(X, Ext!(E, F)) = ExtP™(E F).
7.12. Appendix: Proof of (7.10.3). Let f : X — Y, E € D (Y),

F € D*(X) as in (7.10.3). We may assume F € K~ (Y), F € K*(X) and
E' flat, F" injective for all . Then (7.10.3) becomes

feHom*(f*E,F) ~ RHom(E, f.F)
by 7.13 below. We claim that the composition of morphisms in D(Y")
fe Hom®*(f*E,F) — Hom®*(E, f.F) — RHom(E, f.F)

provides such an isomorphism, where the second map is the canonical map
while the first map is the isomorphism induced by the canonical isomorphisms
in C(Ab)
L(V, feHom®(f*E, F)) = Hom*((f*E)|f~(V), F|f~(V))
= Hom*(f*(E|V), F|f~(V)) = Hom*(E|V, f.(F|f~'(V)))
= Hom*(E|V, (£.F)|V) = D(V, Hom*(E, f.F))

for V'.C Y open. Take a quasi-isomorphism f,F — G with G € C*(Y) and
G injective for all i. The claim is then equivalent to that the composition of
morphisms in C(Y)

feHom*(f*E,F) = Hom®(E, f.F) — Hom*(E,G)

is a quasi-isomorphism. For this, it suffices to show for every open V C Y,
the induced map of complexes of sections on Y

Hom*(f*(E|V), F|f~(V)) — Hom*(E|V,G|V)
is a quasi-isomorphism, that is, for all n,
H"Hom*(f*(E|V), F|f"(V)) — H"Hom*(E|V, G|V)

is an isomorphism. Since F|f~'(V) and G|V are injective modules, the last
map corresponds to the canonical map

Hompx)(f*(E|V), F|f~1(V)[n]) — Hompey (E|V, f(F|f(V))[n])
by 7.4 and 7.5, which is an isomorphism by (6.21.3).
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Lemma 7.13. Let E € Mod(X) be flat, F' € Mod(X) be injective. Then
Home, (E, F) is injective.

Proof. For all M € Mod(X), we have, by the definition of M ® FE, isomor-
phisms
Hom(M ® E, F) = Hom(M,Hom(E, F)),

which are functorial. Hence Hom(e, Hom(E, F')) ~ Hom(e ® E, F') is an
exact functor, and the result follows. O

8 Cech Cohomology

8.1. Let U = (U;);er be an open covering of a topological space X, i.e.
Ui C X open for all i € I and X = U;e U;, and let F' be a presheaf of abelian
groups on X. Define the Cech complex C(U, F') as follows. Let

C'u,F)= ] FlUiis) Ui, = (n] U,
j=0

(i07“' 7in)eln+1

An element a € C‘”(U, F) is called an n-cochain of U with values in F, and
is written as
(Z'O, U 7ZTL) = CL(Z'(), T 7ZTL) € F(Uzozn)
(or (a4,...i,)). Define the differential d : C™(U, F) — C™*' (U, F) by
n+1
(da)(io, - ying1) = > _(=Dalio, -+ iz, s Uigein - (8.1.1)
j=0
Then d o d = 0 and we get a cochain complex of abelian groups

Define the ith Cech cohomology group of U with values in F to be H* U, F) =
HICU,F).

8.2. Sheafification For V' C X open, UNV = (U;NV);cs is an open covering
of V. Then V + C(U NV, F|V) defines a complex of presheaves, and the
associated complex of sheaves is denoted by C (U, F). (If F is a sheaf, then
V = C™(UNV, F) defines a sheaf itself, and thus C*(U, F)(V) = C*(UNV, F),
for all n.) The natural morphism ¢ : F(V) — C@U NV, F) of complexes
of abelian groups induces a morphism ¢ : F — C(U,F) of complexes of
presheaves.
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Theorem 8.3. Let F be a sheaf on X. Then e : F — C(U, F) is a quasi-
1somorphism.

Proof. Tt is enough to check that F, — C(U, F), is a quasi-isomorphism for
all x € X, and, in turn, enough to check that for all x € X, there exists
an open neighborhood V of z such that F(V) — C(U, F)(V) is a quasi-
isomorphism. To show the latter, we take V' C U; for some ¢ € I, and apply
the following lemma with X, U, F' replaced respectively by V.UNV, F|V. O

Lemma 8.4. Suppose there exists 1 € I such that U; = X. Then the map
e: F(X)— CU,F) is a homotopy equivalence.

Proof. The morphism of complexes a : C'(U, F) — F(X) defined by
a®COU,F) — F(X)

a +— a(i)

satisfies ae = Idp(x). To conclude the proof, we use the “canonical homotopy
operator” k defined by

k" CMU,F) — C"YWU,F)

a — k"a,

where
(kna/)<i07 e 7in—1) - a(iv i07 e 77:71—1)

(this is well defined since Uyjy...i,, , = Ujy.i,,,). It remains to check
Ide,p —co = kd + dk. (8.4.1)
In degree 0, (8.4.1) holds since
(K da)(io) = (d°a)(i,io) = alio) — a(i)|Us, = (gngy.r) a)(io) — (°a®a)io)
for all a € C°(U, F). In degree n > 0, (8.4.1) holds since
(K™ d"a)(ig, -+ in) = (d"a)(i,d0, - in)

~

n
= a(i07 e 7271) + Z(_l)j—i_la(iu i07 e 7ij7 e aln)|Uzozn
j=0

= (Idenqpy @)(io, i) = (d" K" a)(io, -+, in)

for all a € C™(U, F). O
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Definition 8.5. An n-cochain a € C™(U, F) is called alternate if
(i) alio,--- ,i,) = 0 if there exists j < k such that i; = i;
(i) aliz), " +iom)) = €(o)alio, - ,in), for all o € Aut({0,---,n}) =
Sn+1 (e(o) denotes the signature of o) if all 4; are distinct.
Let C*"(U, F) be the subgroup of alternate n-cochains in C™(U, F).
Lemma 8.6. We have
dC™ MU, F) € C*" U, F),

Proof. Take a € C*"(U, ). Then, trivially, da satisfies (i) of 8.5. To show
da satisfies (ii) of 8.5, it suffices to do so in the case when o € Aut({0,--- ,n+
1}) is of the form o = (4,7 + 1). Then,

(

da)(i(b e aij-i-lv ijy U ain—‘rl)
7j—1
= (—1)ka(io,-" gyt ,ij+1,ij,"' 7in+1)
k=0
+ (_1)ja(i07 U 7Z.j+17 Zj) U ain-i-l) + (_1)]‘*’1(1(@'07 e aij-l—lu Zj7 U 7in+1>
n+1
+ Z (_1)ka(i07 T aij+la ij) T 77;167 T >in+l)
k=j+2
7j—1
= (_1)k+1&<i0a"' 7ik7... 7ij7ij+l7"' 7in+1)
k=0
+ (_1)ja(i07 U ’ij’ij+1> e ain-i-l) + (_1)j+1a(i07 T ’ijv Z.j-i-la T 7in+1)
n+1
=+ Z (_1)k+1a(i07 e 7ij7 ij+1, e 77;167 e 7in+1)
k=j+2
= - (da)(i(b e 7ij7ij+17 e 7in+1)7
as desired. O

Thus we get a complex C¥ (U, F) c C(U, F), which is called the alter-
nate Cech complex. We have a commutative diagram of canonical homomor-
phisms:

CYalt,O(u’ F) 5 C«alt,l(u’ F) ..

l

C*U,F)—---

FX)
CoU, F)
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If F' is a sheaf, we sheafify it as in 8.2 and get a commutative diagram:

- CU, F) (8.6.1)
— \L
\ 5

= CU, F)

F

Theorem 8.7. The morphism ¢ : F — C*(U, F) is a quasi-isomorphism.
Proof. Use the same homotopy operator as in the proof of 8.3. ]

Remark 8.8. (1). The alternate complex is more economical. Suppose < is
a total order on I. Then the restriction maps

U, Py — I FUip,)
{i0<-~~<in}

a (a(i()? e 7Z7L))

defines an isomorphism of C**™ (U, F) to the complex C(U, <; F) defined by

cU,<; Fy" = H{i0<_“<in} F(Ui,...i,), with differential given by (8.1.1). Using
this identification, we have, for example:

(i) For U = {X},
CMU,F) = (CMOY, F)—=0).

F(X)
(i) For U = {U,V},
CMU,F) = ( CHOY, F)—=CL Y, F)—0).
FU)e F(V) FUNV)
(iii) For U = {Up,--- ,U,},
CMU,F) =

(éF(Ui) P FUnU) - - FUyn---NU,) - 0).

i<j
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(2). The morphisms ¢ in (8.6.1) are quasi-isomorphisms, so the vertical
map of the triangle is a quasi-isomorphism, too. In fact, one can show that
C¥(U,F) — C(U,F) is a quasi-isomorphism. (Exercise, see Godement’s
book [G] or Serre’s paper [S].)

8.9. Suppose X has a ringed space structure and F' is a sheaf of Ox-modules.
Then C(U, F) and C*(U, F) are Ox-modules in a natural way.

In what follows we shall work only with C**(¢/, F') (and often drop the
superscript “alt”).

Corollary 8.10. Let (X,Ox) be a ringed space and let U be an open cov-
ering of X. For a sheaf F' of Ox-modules, there is a natural morphism
v:CU,F) — RI(X, F) in D(Ab) defined by the commutative diagram:

CU,F)=T(X,C(U,F))— RI'(X,C(U,F))

-~
~
-~

- NTRF(X,‘S)

RIU(X, F)

This induces homomorphisms H"(U, F) — H™(X, F) for all n.

8.11. Let I € C*(X). We define a bicomplex C’(Z{l, F7)** of abelian groups
as follows: let C'(U, F)P? = C4(U, FP) and let d'?7 : CY (U, FP) — CUU, FPT)
be induced by FP — FP*L

4P — <_1)pd%‘(u,FP) . C'Q(u’ FP) — C’qul(L{,Fp).

Let CU,F)* =s(CU,F)**) € C(Ab). We can do the same for C and get

C(U,F)* € C(X). The canonical morphism ¢ : F — C(U,F)* is still a
quasi-isomorphism.

Theorem 8.12 (Leray). Let X, U, F be as in 8.10, U = (U,);es. Suppose
that for every nonempty finite subset J of I and every q >0, HY(U;, F) = 0,
where Uy is the intersection of the U;’s for j € J. Then the map v in 8.10
1 an 1somorphism.

The proof is easy using 8.11, see Ex. 26.
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Exercises

1. Show that in an additive category A, for any two objects A, B of A, there
is a natural isomorphism A ® B — A x B.

2. Let A be a commutative ring and A be the category of pairs (E, E’)
of an A-module £ and a submodule E’. Show that A is additive, but not
abelian (hint : give an example of a morphism which is both an epimorphism
and a monomorphism, but is not an isomorphism).

3. Show that in an abelian category A amalgamated sums (push-outs)
and fibered products (pull-backs) exist. Show that the push-out of a monomor-
phism is a monomorphism, and the pull-back of an epimorphism is an epi-
morphism. Show that if (u/,u,u”) is a map of short exact sequences, then
the first square is cocartesian (resp. the last square is cartesian) if and only
if u” (resp. ') is an isomorphism.

4. Let 0 - L' — L — L” — 0 be a short exact sequence of complexes of
an abelian category A and let M be the cone of u. Let ¢ : M — L” be the
natural map, and § : H'L” — H'*'L/ be the coboundary map. Check that :

0H'(p) = —H'(pr1),

where pr; : M — L[1] is the first projection.

5. Let (L,dy,ds) be a naive bicomplex (dijdy = dad;) of an abelian cat-
egory A. Let L; be the bicomplex with d’ = d; and d’ = (—1)'dy on L%
and let Ly be the bicomplex with d’ = dy and d’ = (—1)'d; on L. Define
a canonical isomorphism between L; and L,. (Hint : see Cartan-Eilenberg,
and SGA 4 XVII for generalizations).

6. Let u : K — L be a map of bicomplexes of an abelian category
A. Assume K and L are biregular. Let "H™ (resp. "H"™) denote the n-th
column (resp. row) of cohomology. Show that if "H™(u) (resp. "H™(u)) is
a quasi-isomorphism for all n, then su : sSK — sL is a quasi-isomorphism.
(Hint : first reduce to the case where K and L are concentrated in bounded
vertical (resp. horizontal) strips, then make a dévissage using the canonical
truncations.) Show by an example that the conclusion becomes false if one
drops the assumption of biregularity.

7. Let P be an additive full subcategory of an abelian category A such
that all short exact sequences of P split (e. g. A the category of modules
over a commutative ring A and P the category of projective modules over
A). Let u: K — L be a quasi-isomorphism of complexes of A such that the
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components of K and L belong to P. Show that if K and L are bounded
above (resp. bounded below), then u is a homotopy equivalence.

8. Let A be an additive category. Let f : K — L be a map of K(A).
Show that there exists a factorization f = gf’ in C'(A) with ¢g an isomorphism
in K(A) and f’ injective and split in each degree. Show that there exists
a factorization f = f”¢ in C(A) with g an isomorphism in K(A) and f”
surjective and split in each degree.

9. Let A be an additive category. Show that K(A) is deduced from
C(A) by inverting homotopy equivalences (hint : use the cyclinder object
K = Cyl(L) defined by K* = L'® L' & L with differential d given by the

d 0 Id
matrix dg = | 0 d Id | and the homotopy equivalence s : K — L given
0 0 —d

by s(z,y,2) = —y + x).
10. Check axiom (TR3) (rotation) in K(A) (A an additive category).
Let 0 = L — M — N — 0 be a semi-split exact sequence of C'(A),
which means that for each i, M* = L' ® N* and the sequence is given by the

di h be the differential.
0 dy

Show that the triangle L — M — N — L[1], where the last map is given by
h, is distinguished.
11. (a) Let

natural injection and projection. Let dy; = <

Xty

9

be a commutative square in C(A) (A an additive category) and w : Z =
C(f) — Z' = C(f') the map induced on the cones. Show that if f and f’
are homotopy equivalences, then so is w.

(b) Show that if f : L — M is a morphism of C(A), the cone of f is
homotopically trivial if and only if f is a homotopy equivalence.

(Hint : use the structure of triangulated category of K(A).)

12. Let A be an abelian category. Let D=C(A) (resp. D=°(A)) be the full
subcategory of D(A) consisting of complexes K such that H(K) = 0 for i >
0 (resp. i < 0). Let D="(A) = D=(A)[—n] (resp. D="(A) = D=(A)[—n].
Show the following properties :

(1) DAY N D=%(A) = A.
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(2) For any L € D(A) there exists a distinguished triangle L' — L —
L" — with L' € D="(A) and L” € D=°(A).

(3) Show that, for any K € D="!(A) and L € D=°(A), Hom(K, L) = 0.

13. Let A be an abelian category. For K, L in A define two natural iso-
morphisms from Homp4)(K, L[1]) to the usual group Ext'(K, L) and com-
pare them. More generally, discuss the Yoneda description of Hom(K, L[n])
in terms of classes of exact sequences £ = (0 - L — E® — ... — E"71 —
K —0).

14. Let D be a triangulated category. A crossin D is a diagram

(1) Al

of D), where the triangles are commutative and the row and the column
are distinguished triangles. Such a cross can be considered as an incomplete
octahedron

(cf. [BBD, 1.1.7.1]). Show that in general it is not possible to extend a cross
(1) to an octahedron (2) (hint : consider cones on a and c).

15. Let A be an abelian category. Let D*!U(A) be the full subcategory
of D(A) consisting of complexes K such that H(K) = 0 for ¢ ¢ [0,1].
Construct an equivalence of categories from DI®U(A) to the category C' of
triples (A, B, a) where A, B are objects of A and a € Ext*(A, B).
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16. Let A be an abelian category, [a,b] an interval of Z and L a complex
of A. Define quasi-isomorphisms

T<pL/T<a1L — T L — Ker(15,L — 75541 L).

17. Let A be an abelian category and v : £ — F' a morphism of A. Give
a necessary and sufficient condition for u to have a kernel (resp. cokernel) in
the category K (A).

18. Consider a 9-diagram in C(A) (A an abelian category), i. e. a
short exact sequence of short exact sequences of complexes. Show that the
horizontal and vertical boundary operators of the corresponding long exact
sequences of cohomology anti-commute.

19. (Verdier) In a triangulated category, show that any commutative
square can be completed into a 9-diagram (“distinguished triangle of dis-
tinguished triangles”), and that the corresponding degree 1 arrows anti-
commute. (hint : use the octahedron axiom, see [BBD]). Show that a 9-
diagram in C'(A) gives rise to a 9-diagram in D(A) and recover the result of
exercise 3.

20. Let A and B be abelian categories, A having enough injectives, and
let F': A — B be an additive functor. We say that F' is of (right) finite
cohomological dimension if there exists an integer d such that R?F(E) = 0
for all £ € A and all ¢ > d (the smallest such d is then called the (right)
cohomological dimension of F. Show that if F' is of finite cohomological
dimension, then RF : D*(A) — D*(B) can be extended to a (triangulated)
functor RF : D(A) — D(B), which is the right derived functor of F' :
K(A) — K(B), and sends D*(A) to D*(B) for x = — or b, cf. [RD, I 4.6, p.
42]. Examine generalizations and variants : (a) instead of assuming that .4
has enough injectives, assume the existence of an additive subcategory A’ of
A right adapted to F' ; (b) left derived functors.

The rings of the ringed spaces considered below are assumed to be com-
mutative.

21. Let X be a ringed space. Let E be a bounded above complex of Ox-
modules which are locally free of finite type, and let F' € C*(X). Show that
the canonical map Hom' (E, F) — RHom(E, F) is an isomorphism. Let £ :=
Hom'(E,Ox). Deduce a canonical isomorphism E @ F -~ RHom(E, F).

22. Let f : X — Y be a morphism of ringed spaces. Construct the
following canonical isomorphisms :

(1) LfY(E®'F)~ Lf*E®" Lf*F
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2) RHom(E @" F,G) ~ RHom(E, RHom(F,G))

(

(

(E,F € D~(Y),G € D*(Y),

(3) Rf.RHom(Lf*E, F) ~ RHom(E, Rf.F)
(

E e D (Y),F € D"(X)). Deduce from (3) isomorphisms
RHom(Lf*E,F) ~ RHom(E, Rf.F),

Hom(Lf*E,F) ~ Hom(E, Rf.F).

((2) is called the Cartan isomorphism, (3) the trivial duality isomorphism.)

23. Let X be aringed space. Let [a, b] be an interval of Z. A complex E €
D~ (X) is said to be of tor-amplitude in [a,b] if E is isomorphic, in D(X), to
a complex concentrated in degrees in [a, b] and having flat components. Show
that this condition is equivalent to the following : for every F' € Mod(X),
HY(E @F F) =0 for q ¢ [a,b].

We say that E € D~ (X) is of finite tor-amplitude (or finite tor-dimension)
if there is an interval [a,b] such that E is of tor-amplitude in [a,b]. Show
that if £ — E — E” — is a distinguished triangle of D~ (X) and if two of
its vertices are of finite tor-amplitude, so is the third one.

24. Let X be a ringed space, and L € D" (X). Denote by Ly the under-
lying complex of abelian sheaves. Show that the natural map RI'(X, Lg) —
RT'(X, L) is an isomorphism in DT (Ab).

25. (Verdier) Let F' be an Ox-module on a ringed space X. Show that
the following conditions are equivalent :

(i) F is flasque ;

(ii) for any space U étale over X (i. e. equipped with a continuous map to
X which is a local homeomorphism), any open cover U of U and any g > 0,
HIYU,F) =0.

(Hints : for (i) = (ii), show first that the restriction of F' to U is flasque
; for (ii) = (i), glue two copies of X along the given open subset.)

26. Let F' be an Ox-module on a ringed spaced X and let U = (U;)er
be an open cover of X. We assume that for every nonempty finite subset J
of I and every ¢ > 0, H(U,, F) = 0, where Uj is the intersection of the U;’s
for j € J. Show that the canonical map

HYU,F) — HIY(X, F)
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is an isomorphism (Leray’s theorem,).

27. Let X = Spec(A) be an affine scheme and let 0 - £ — FF — G — 0
be an exact sequence of Ox-modules. Show that if £ and G are quasi-
coherent, so is F' (hint : define a canonical homomorphism I'(X, L} — L for
L an Ox-module, which is an isomorphism if and only if L is quasi-coherent,
and use Serre’s theorem).

28. Let d be a nonnegative integer. A space X is said to be of cohomo-
logical dimension < d if HY(X, F') = 0 for all abelian sheaves F' on X and all
q > d (in other words, the functor I'(X, —) is of (right) cohomological dimen-
sion < d on the category of abelian sheaves). Prove the following theorem of
Grothendieck : Let X be a noetherian space of finite dimension d. Then X
is of cohomological dimension < d. Proceed in the following steps :

(1) Let X be a noetherian space, (F)\)aer a filtering inductive system of
abelian sheaves on X, and F' its inductive limit. Show that, for any open
subset U of X, the natural map

colim F\(U) — F(U)

is an isomorphism. Deduce that any filtering inductive limit of flasque sheaves
is flasque, and that for any filtering inductive system (F)) as above, and any
q € Z, the natural map

colim HY(X, Fy,) — HY(X, F)

is an isomorphism.

(2) Let X be a noetherian space and F' be a Z-submodule of the constant
sheaf Zx (whose sections over an open subset U are the locally constant
functions from U to Z). Let u : F' — Zx be the inclusion. For z € X, let
n(x) be the nonnegative integer such that ITm(u,) = n(z)Z. Let U = {z €
X,n(x) # 0}, and for n > 1, U, = {z € X,1 < n(zx) < n}. Show that the
U,’s form an increasing sequence of open subsets of X and that there exists
an n such that U = U,,. Deduce that there exists a finite filtration of F' of
the form

O=LyC---CL,=F,

where, for ¢ > 0, L;/L;_ is the extension by zero of the constant sheaf Z on
a locally closed subset of X.

(3) Let i : Y — X be a closed subset of a space X. Show that, for any
abelian sheaf Fon Y, HY(X,i.F) ~ HI(Y, F).
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(4) Prove the theorem by induction on d.

(a) By induction on the number of irreductible components, show that
to prove the theorem, one may assume that X is irreducible. In particular,
show that the theorem holds for d = 0.

(b) If a = (s;) is a finite set of sections of I (on open subsets U; of X), let
F, be the subsheaf of F' generated by these sections, i. e. by definition, the
image of the corresponding map @(j;)1Zy, — F (where j; : U; — X is the
inclusion). Show that F' is the inductive limit of the F,, a running through
the (filtering ordered) set A of such finite sets. Using (1), show that it is
enough to prove the theorem for the F’s, then for the F,’s where a consists
of a single element, and finally for the (abelian) subsheaves of the constant
sheaf Zx.

(c) Using (2), show that it is enough to prove the theorem for sheaves
which are constant on some locally closed subset of X and extended by zero.
Conclude, using the irreducibility of X and the induction hypothesis.

29. Prove the following converse theorem of Serre for affine schemes : Let
X be a quasi-compact and separated scheme. Assume that for every quasi-
coherent sheaf F' on X and every ¢ > 0, HY(X,F) = 0. Then X is affine.
Proceed in the following steps.

(1) Show that X is affine if and only if there exists a finite set (f;)i1<i<r,
fi € A=T(X,0Ox), such that Xy, is affine for all i and ) f;A = A. (Hint
. for the “if” part, show first that, for f € A, T'(X,0); — T'(X;,0), and
consider the canonical map X — Spec A given by the identity of A.)

(2) Let X be a quasi-compact, Kolmogoroff space (i. e. such that for any
two distinct points z, y, there exists an open subset containing one of the
two points and not the other one). Show that any nonempty closed subset
of X contains a closed point.

(3) Using the vanishing assumption, prove that for every closed point x
of X there exists s € A =TI'(X, O) such that s(z) = 1.

(4) Using (2), deduce that there exists a finite number of global sections
fi (1 <i<r)of Ox such that Xy, is affine and the union of the X,’s is X.
Using the vanishing assumption again, show that the f;’s generate A, and
conclude.

30. Let f : X — Y be a morphism of schemes, with X noetherian of
finite Krull dimension.

(1) Using Grothendieck’s theorem, show that f, : Mod(X) — Mod(Y) is
of (right) finite cohomological dimension.

(2) Extend the natural map £ ® f.F — f.(f*E® F) (E € Mod(Y),
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F € Mod(X)) to a natural map
¢: E®"Rf.FF — Rf.(Lf*E @" F)

for E€ D=(Y), F € D(X).
(3) Show that, if H*(E) is quasi-coherent for all i and F is in D~ (X),
then ¢ is an isomorphism (projection formula).



Chapter 2

Cohomology of Affine and
Projective Morphisms

1 Serre’s Theorem on Affine Schemes

Theorem 1.1 (Serre). Let X be an affine scheme and let F' be a quasi-
coherent sheaf on X. Then HY(X,F) =0, for all ¢ > 0.

Lemma 1.2. Let U = (Ui)ier, 1 = {0,---, N}, be a finite open covering of
X = Spec A by principal open sets U; = Xy,, f; € A. Then HYU,F) =0 for
allq >0, H'U,F) = F(X).

Proof. Let F = M where M € Mod(A). Then

CU,F) =
B ru) - @Prunv;)—-—FUn---NUy) —0).

Note that F(X) = M, F(U..,) = My, ..5,, We want to show that the
sequence

N
0—M—E@PM, - P My, = = Mgy =0
=0

1<j

is exact. This follows from the following sublemma and 1.8.4. [

81
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Sublemma 1.2.1. Let A, f; be the same as in the lemma, L € C(A). Then
L is acyclic if and only if for all i € I, Ly, is acyclic.

Proof. For g € A, A, is a flat A-module, thus HY(L), = H(L,). In partic-
ular, H(Ly,) = HY(L)s,. The “only if” part then becomes obvious, and for
the “if” part, we only need to note that for £ € Mod(A), Ey, = 0 for all ¢

implies £ = 0 (because Ey, = I'(Xy,, E)). O

The following lemma which can be seen as a variant of the classical Car-
tan’s lemma ([G], 11.5.9.2), was communicated to L. Illusie by A. Ogus.

Lemma 1.3. Let (X,Ox) be a ringed space, B be a basis of open sets of
X such that for all V € B, V is quasi-compact, ) € B, and if U,V € B,
UNV € B. Let C be the full subcategory of Mod(X) consisting of all the
modules F' such that for every U € B and every finite open covering U of U
by elements of B, HY(U, F) =0 for all ¢ > 0. Then C is right adapted to the
functors U(U,—) for allU € B (1.5.10). In particular, if F € C and U € B,
then the map I'(U, F) — RI'(U, F') is an isomorphism, i.e., HY(U, F') = 0 for
all g > 0.

Proof of Theorem 1.1 using the lemmas. Let X = Spec A,
B={X;, feA}

Since X, = X N X,, B satisfies the conditions of 1.3. Let U € B and
U ={Uy,---,Ux} be a finite open covering of U with U; € B,i=1,--- | N.
Then U = Xy for some f € A, and, for all 7, we can take g; € A such that
U = Xy, We then have H?(U, F|U) = 0 for all ¢ > 0. (Replace X by
Xy and apply Lemma 1.2) Thus we can apply the conclusion of 1.3. Take
U= Xy, we get HI(X, F) =0, for all ¢ > 0. ]

Proof of Lemma 1.3. Obviously, C is an additive subcategory, so we only
need to check the following conditions:

(i) Forall E € Mod(X), there exists a monomorphism £ — F with F' € C.
(ii) If F',F € C, F" € Mod(X) and
0—-F -F—F' —0

is exact, then F” € C.
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(iii) If the above sequence is exact with F’, F, F" € C, then
0—-TUF)—->TUF)—-TUF")—0
is exact for all U € B.

For (i), it suffices to show that F is flasque implies F' € C, that is,
for every U € B and every finite open covering U of U by elements of B,
HYU,F) = 0 for all ¢ > 0. We may assume X € B, U = X. It then
suffices to note that the quasi-isomorphism F — C(U, F) induces a quasi-
isomorphism I'(X, F) — I'(X,C(U, F)) = C(U, F), since both F and

C'U,F)=Vr [ FVNUqui,))=]Li-indi-ia"F

o<+ <in

are flasque.

For (ii) and (iii), we need the following sublemma.

Sublemma 1.3.1. Suppose
0—F —F—F'"—0

is exact with F' € C. Then for all U € B,

0—T(UF)—TUF)—TUF")—0
15 exact.

Proof. We may assume X € B, U = X. We only need to show that
['(X,F) — (X, F") is an epimorphism. Take s € T'(X,F”). There ex-
ists a finite open covering U = (U;);e; with U; € B, and s; € T'(U;, F)
such that s; — s|U;. Let t;; = s;|U;; — s;|Uyj, then t;; € I'(U;;, F'). Since
tik —ti +ti; =0, (ti;) € ZY(U, F'). By assumption, H'(U, F') = 0, and so
t;j € BYU, F'). Hence there exists (¢;) € CO(U, F') with ¢; € T'(U;, F") such
that tz’j = tj|UZ] - tz‘Uzg Now put g, = §; — tz Then the O'Z"S glue and give
o € I'(X, F) satistying o — s. O

We continue the proof of 1.3.
Proof of (ii). Take U as in the definition of C. Consider the following
commutative diagram of complexes

0— F'(U) F(U) F"(U) —0

l l l

0—=CU,F)—=CU,F)—=CU,F")—=0
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The first row is exact by the sublemma. For all n,
0— C"(U,F')— C"(U,F) — C"(U,F") =0
is nothing but

0= [[F i) = [[FUig-in) = [[ F' Uigei) = 0,

which is exact by the sublemma since U;,..;, € B and F' € C. Thus
the second row of the above diagram is also exact. Finally, note that for
M € Mod(U), M(U) — C(U, M) is a quasi-isomorphism if and only if for
all ¢ > 0, HY(U, M) = 0. Now F',F € C, the first two columns of the dia-
gram are quasi-isomorphisms, and hence so is the third column. Therefore,
HI(U,F") =0, for all ¢ > 0.

(iii) has already been proved by the sublemma. ]

Corollary 1.4. Let f : X — Y be an affine morphism of schemes, F' €
Qcoh(X). Then for all ¢ > 0,

(1)
R F = 0;

(2) We have a canonical isomorphism

HY(X,F) = HUY, f.F).

Proof. (1) The sheaf Rf,F is the sheaf associated to the presheaf
Vi HI(fTH(V), F)
on Y. For V C Y affine, f~}(V) affine, and thus by Theorem 1.1,
HI(f V. F) =0

for all ¢ > 0.
(2) By (1), the canonical morphism f.F — Rf.F is an isomorphism in
D(Y). Applying RI'(Y, —) and using 1.6.5, we get canonical isomorphisms

RL(Y, f,F) = RT(Y, Rf.F) ~ R[(X, F).

Passing to cohomology, we get the desired result. O]
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Corollary 1.5. Let X be a separated scheme, U = (U;) be a finite open cov-
ering by affine schemes, F' € Qcoh(X). Then the canonical homomorphism
HYU,F) — HI(X,F) is an isomorphism.

Recall that a morphism of schemes f : X — Y is called separated if the
diagonal map A : X — X Xy X is a closed immersion. A scheme X is
called separated if the canonical morphism X — SpecZ is separated. The
intersection of two affine open subschemes of a separated scheme is still affine.

Proof. The conclusion is immediate from Leray’s theorem (1.8.12) and 1.1.
[

Corollary 1.6. Let f : X — Y be a separated, quasi-compact morphism of
schemes, F' € Qcoh(X). Then RIf.F € Qcoh(Y), for all ¢ > 0.

Proof. We may assume Y affine, then we can find a finite affine open covering
U= (U)X, of X, since f is quasi-compact. We have

RUf.F =a(V — H(f~1(V), F)).

For any affine open V C Y, f~1(V) is separated, since f is seperated. By
Corollary 1.5, we have HI(f~*(V), F) = HY(f~*(V)NU, F) because f~H(V)N
Uiy..in is affine for N > 1. It is then clear that RIf,F = HY(f.C(U, F)). By
definition,

CU,F)(W) =
(@FWNU;,) - eFWNU; ) — - —= F(WNUq..,) — 0)

for W C X open. Hence f*é(u , F) is a complex of quasi-coherent sheaves
on Y. Therefore, R?f,F is quasi-coherent. O]

2 Koszul complex and regular sequences

Let A be a commutative ring and £ be an A-module. Then, for any A-
morphism u : E — A, we can define

K.(u) € C=°(A)
as follows( here C'(A) denotes the category of complexes of A-modules):

K,(u)=K.(u)™"=A"E, n>0;
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d: K,(u) = K,_1(u), d= the right interior product by u;

d(xy N Nxy) Z w(z)xy Ao NTp A N Ty
=1
It is easy tosee d> =0, d=u: AN'E=F — Aand d(aAb) = da ANb+
(=1)?aNdb , for a € NPE,b e NE .
Let E=F ®Es, u=uy+uy: FE— A; u;: E; — A, then K.(u, E) =
K.(u;) @ K.(ug), \"E = @ NELQNE;,, d=d®1®(-1)"1®d,. In

pt+gq=n

particular, when £ = A", Hom(A", A) = A", for any f = (f1, -+, f;) €
A" K.(f) =Q K.(f;). For example, for g € A, K.(9) = (0—- A — A—0).
i=1

n

Let (e;) be the canonical basis of A", then d(e;, A---Ae;,) = > (1) fi e, A

:1
A€, A---Nej,. Let u: E — Aand M be an A-module, define K.(u, M) =
K(u)®@a M, dlx®@m) = dr®@m. Let [ = u(F), then HOK( M) = M/IM

Definition 2.1. Let M be an A-module and f = (f1,---,f) € A", [ is
called M -regular if for all ¢ > 0

for MUY £;M) = M)(3 f;M)

is injective. When M = A, we just say f is reqular.

Example 2.1.1. Let k& be a commutative ring and A = k[ty,--- ,t,] be a
polynomial ring, then for any r» < m, (¢1,--- ,t,) isregular, since A/(t1, -+ ,t;_1)
=klt;, - tm].

Theorem 2.2 (Serre). Let M be an A-module and f = (f1,---, f.) € A".
Consider the conditions:

(1). K.(f,M)— M/(f1, -, fr)M is a quasi-isomorphism (i.e. HK.(f, M) =

0, ¢g<0);

(2). f is M-regular.

Then we have (2)=(1). And if A is noetherian, M is of finite type
and f; € rad(A) (means the Jacobson radical), for all i, then (1)=(2) and
(1)&(2)&(3), where (3) is H'K.(f, M) = 0.

Lemma2.3. Let L € C(A) andx € A, K.(z) = (0 » K.(z) (= A) —= K.(2)°(=

0). Then K.(z) ® L ~ C( L —= L) = Cone(z).

A) —
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Proof. C'=L" @ L'~ K (2) '@ L@ K.(2)°® L and @ maps to 1®a, b
maps to 1®b, for a € L't and b € L'. Then dk (1)o1(1®a) = 2®a—1®dLa
and dg (z)on(1 ®b) = 1 ®@dpb, hence dk (1)1 (1®a®1®b) = dei(a®b). So,
K(x)@ L~C(L—"=1L). O

Then we have a distinguished triangle L. — L — K.(x) ® L — L[1], so
we can get a long exact sequence:

- HY(L) —%= HY(L) — HY(K.(x) ® L) — HY(L) — - -

From it we get the following short exact sequence:

0 — Coker(z : HY(L) — HY(L)) - HY(K.(x) ® L)
— Ker(z : HUL) — HIY(L)) — 0; (%)

and this can be rewritten:
0— HOK.(:E, HY(L)) — HY(K.(z) ® L) — HilK.(m, Hq“(L)) — 0.(x)

Proof of 1.2.:
The implication of (1) = (3) is trivial. We prove (2)=-(1) by induction on
r.

For r =1, K.(f,M) = (0 — M-t - 0) and the statement is
trivial.

Assume now r > 2 and the statement proven for m < r — 1. Let

L= K(fb 7f7‘—17M) = K(fb 7f7‘—1) ®M7
then K.(f,) ® L ~ K.(f1,---, fr, M). Hence we have the exact sequence:
0— HOK.(f,, HI(L)) — H'K.(f1, -, fr, M) — H'K.(f,, HITY(L)) — 0.

We want to show HIK.(fy, -+, f-,M) = 0, for all ¢ < 0. When ¢ <
—2, it follows from the above exact sequence and the inductive assump-
tion. When ¢ = —1, it is also true, since Ker(f, : M/(f1, -, fro1)M —
M/(fi, -+, fre1)M) =0 for f is M-regular.

We also prove (3) = (2) by induction on r.

The case r = 1 is trivial. When r > 2, again let L = K.(f1,--- , fr—1, M).
First, we show (fi, -, fr—1) is M-regular. By (*), We have an inclusion:

HI(L)/ frHY(L)—— HK(fr, -+, frs M)
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When ¢ = -1, H'K.(f1,, f,, M) =0, hence H (L) = f,H'(L). Since
A is noetherian and M is of finite type, hence H!(L) is finitely generated
over A. So, because f, € rad(A), H (L) = 0. By induction, (fi, -+, f,_1)
is M-regular. And by condition (3)

Ker(fr: M/(fb afr)MHM/(fla afr)M) 207
so (f1, -+, fr) is M-regular.

Example 2.3.1. Let A = k[ty,---,t,], then t = (¢1,---,t,) is regular.
HYK.(t) = 0, for all ¢ < 0 and H°K.(t) = A/(t,--- ,t.)A = k. This
can also be seen by using K.(t) = K.(k[t1],t1) Q- - - @k K.(k[t,], ).
Remark. (1). If A is nonnoetherian, let M = A, f; € rad(A), (1 = 1,2).
Then, it may happen that (fi, f2) is regular but (f3, f1) not.(See EGA 1V 16
9.6.(ii) for an example.

(2). Let A be a noetherian ring, f; ¢ rad(A)(: = 1,2). Then it may also
happen that (fi, f2) is regular but (f;, f1) not. For example, assume B, C'
be fields and A = B x C. Let 0 # b € B be and f; = (1,b), fo = (1,0), then
(f1, f2) is A-regular but (fs, f1) not.

For any A-morphism F —“= A one can form the associated Koszul com-

plex K.(u) € C=°(A). Similarly, for any A-morphism A —— [, we can also
define a complex K- (v) € C=Z%(A) called the Koszul complex, too, as follows:

K"(v) = A"F; d: K"(v) — K" d(z) =v Az

Here we identity the morphism v with v(1) € F. Tt is easy to check d* = 0
and d is the exterior product by v. For F' = F} @ F3, v = (v1,v2), K'(v) =
K(v1)®K (v9). Let f = (f1,---, fr) € A", then we have two Koszul complex
K.(f) and K-(f).

K(f):0 = A—= A (=N"1A") - .. = (NTA =) Ar I A
—>07 f(a17'“ aa'T):Za'i;

K(f):0— AL ar (=AAT) - 5 (NTTA=)A" - A
— 0, f(a) = (fa,--, fra) .
K-(f) can be viewed as the naive dual of K.(f). In fact, we have a
canonical isomorphism

K()lr] = K.(f)
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defined as follows:

For any I = {i; < --- < ip} C{l,---,r}, let e = e, A--- Ae,, then
er — e(J, ey, here J = (j1 < -+ < jr—p)and JUI =1,--- n, e(J,I) =
Sign(jla"' 7j7"—p7ila"' 7ip)'

Corollary 2.4. Assume (f1, -, fr) € A" is reqular and B = A/(f1,--- , fr)A.

Then Ext? (B, A) = { g Zf:: and the class of the exact sequence 0 —

A—-A - - A" - A— B — 0 given by K.(f) — B forms a basis of
Ext’y (B, A).

Proof. Since K.(f) — B is a quasi-isomorphism,
RHom (B, A) = Homa(K.(f), A) = K (f) = K.(f)[-r],

hence

HT7"K.(f)=0 q#r

HK.(f)=B q=r

Ext"(B, A) has a natural B—module structure and we only need to prove
that the class of K.(f) — B forms a basis of it. Since H°(K.(f)) = B, we
have

Ext?,(B, A) = {

Ext"(B, A) = Hompa) (B, Alr]) = Hompa)(K.(f), Alr]).
Because the components of K.(f) are projective, hence
HomD(A)<K(f)7 A[T]) = HomK(A)(K<f)7 A[T])
and
Home(a)(K.(f), Alr]) = Coker(Hom(K.(f)""*', A) — Hom(K.(f)™", N))
= H"Hom'(K.(f), A). ()

The self-duality of the Koszul complex identifies the cokernel in (%) to the
cokernel of d : K.(f)™' — K.(f)°, the class of the identity map of K.(f)™"

corresponding to the class of 1 € K.(f)? in the cokernel B. So, the class
K.(f) — B forms a basis of it. O

Now, we generalize the above discussion to ringed spaces. Let (X, Ox)
be a ringed space and E € Mod(X), then for any morphism v : E — Ox
define the Koszul complex K.(u) by

( A"E d /\n—lE E u OX 0)’
where d is the right interior product by w.
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Definition 2.5. Assume Y= X is the closed immersion defined by the
ideal sheaf I C Ox. Let r € N, we say that i is reqular of codimension r
if for all x € Y, there exists an open neighborhood U of x, U C X and an
Op-module F locally free of rank r» and an Op-linear map v : EF — Oy,
such that K.(u) is acyclic in negative degrees and I|y = w(E) C Op. In
other words, there exists locally a sequence (fi,---,f.) € Oy" such that
Iy = (fi, -, fr) and K.(f) — Op/IOy is a resolution. If X is locally
noetherian, then it is also equivalent to saying that for every x € Y, there
exists an open neighborhood U of z such that [ is defined by a sequence
fi,-- -, fr of sections of Ox such that (fi)z,---,(fr). € Mx, is a regular
sequence.

For example, Let A — B = A/I and Y = Spec B—> X = Spec A4 ,
then if I = (fy,---, f.) and (f1, -+, f) is regular, then Y is regular of codi-
mension 7.

When 7 =1 and Y= X is locally defined by f = 0 where f € Oy is
non-zero divisor, then we say Y is an effective Cartier divisor on X.

Corollary 2.6. Assume Y= X is a reqular immersion of codimension
r, then Exty, (Oy,Ox) is 0 for q # r, and Exty (Oy, Ox) is a line bundle
onY.

Proof. This follows directly from the calculation of
EXt(II‘(U, (QX)(F(Ua Oy),I'(U, Ox)),

for U = Spec(A), UNY = SpecB, B = A/(f1, -+, f.)A with (f1, -+, f;)
regular and I'(U, Oy) = T(U NY, Oy). O

Remark. One can show that Ny,x = I/I* (called the canormal sheaf of
i ) is an Oy-module locally free of rank r (locally, fi,---, f. € I/I? form
a basis) and there exists a canonical isomorphism (called fundamental local
isomorphism):

RHOm(’)X(Oy, OX> ~ CUY/X[—T’], u)y/X = (/\TNy/X)v,

where (—)¥ means Hom/(—, Oy).
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3 Cohomology of P" with values in Opr(n)

Let A be a commutative ring and » > 0 an integer. Set S = Spec A,
T

open

P = Py = Proj B where B = Alty,--- ,t;]. Then P = JU;,, U~——P,
=0

U; = Spec A[{2, -+, 7=, tfﬁ, -+, 7] =~ Al Op(1) denoted briefly by O(1)

is an invertible sheaf (line bundle). We have canonical sections e, -+ , e, €

['(P,O(1)) defining an epimorphism (’)P”lg(’)(l), and U; = {z €
P| e; gives a basis of O(1) at x}, we have &|y,~y, = f—l e I(U; nU;, 0%).
For any n € (Z), define

o)™ n>0
O(n) = 0 n=20
OMN™ n<0

This line bundle O(n) is the quasi-coherent module associated to the graded
B-module B(n) (where the grading of B(n) is defined by B(n)m = Bmin.)
For any f € Bq, set B(y) = (By)o , then I'(Spec B(y), O(n)) = (By), = {fim :
dega —md = n}.

As T'(P, F) is a module over I'(S,Og) = A for any F' € Mod(P), we have
a functor I'(P,—) : Mod(P) — Mod(A) . Then we get the derived functor
RI(P,—): DT (P) — D*(A) and H1(P, F) € Mod(A).

Theorem 3.1. (1). The canonical homomorphism (of graded A-algebras):
B — @ T'(P,0O(n)) such that t; — e; € T'(P,O(1)) is an isomorphism, here

nez
the structure of graded A-algebra of @ I'(P,O(n)) is defined by associating
nez

tos € I'(P,O(p)), t € I'(P,O(q)) the s ®t.

(2).HY(P,0O(n)) =0 for all n when 0 < q <1 orq>r.

(3). Whenn < —r —1, H(P,O(n)) = @A%, where t* = 4@ - -1,
with a; <0 and Y a; —r — 1 = n; otherwise H"(P,O(n)) = 0.

Corollary 3.2. H(P,O(n)) and H"(P,O(—n —r — 1)) are free over A of
rank ("I"). In particular, H"(P,O(—r — 1)) = A, H(P,0(1)) = A" =

131. (ei — ti)

Proof. Define H1(P,O(x)) = €@ H?(P,O(n)). By Serre’s theorem, H(P, O(n)) ~

nel
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DL

H(U,O(n)), where U = (U;)o<i<,. Then Uig-i, = Ui; = Spec(By,, ., )o,

=1

H'(P,0(x)) = @ H(P,O(n)) = H'CU,O(x))

nel

here C'(U, O(x)) = g}z CU,O(n)) and

U Om) = @ TWisy (O)) = B Byt

1< <ip i< <ip

Hence C(U, O(x)) = @ D (Bt )n-

i< <ip nEL

CU,0(x): 0— B, — @ Bis, = -+ Bigt, — 0.

1<j

We also have C'(U, O(x)) = |J C_,, where

n>0

C'_n =(0— @ti_”B — @(titj)_"B — - (tg--t,) "B — 0)
i i<j
and C_,, C é—(n+1) C ---. Let

d

Lfn:(B4d>®ti_nB4d>'"H(tO"'tr)_nB)a

then we have L_, ~ K_,, = K-(t,", -+ ,t,") by the isomorphism
Pn - intzl = @(tio T tip)_nB - /\p—HBT-H

sending the summand (Z;,---t;,) "B to Bejy A--- Ae;, by b (L, - -t;)"b.

Moreover, CP(U, O(x)) —4s v (U, O(x)) makes the following diagram com-
mutative:
(tig -+ t;,) "B — Gt

l%, l%

K P+l K p+2
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p . i 4.47, g . .
where d sends LO LP Z( 1)’ OA—p_ which is send by ¢, to
(tzo . Zp : 'LO "tij"'tip) n
p .
> (=1t a; ;. We know that:
Jj=0

0 q#r+1
q . _
H (K_n)_{ HT—H(K;n) q:T+1

To calculate H™+!, we note that
Ko, = K(to", Alto]) ®a -+ ®@a K (t,", Alt,]),

t;"

HY K (", Alt;])) = Alt] /t:" Al @t A,

As K- (t;,") — Alt;]/t;"Alt;][—1] is a quasi-isomorphism and the components
of the complex are free of finite type over A, hence the tensor product

T

K.(tﬂnv e 7t7"n7 B) - ®(A[tl]/tznA[tzH_1])

=0

is also a quasi-isomorphism. So,

H'K(t,",--- ,t,", B ®A 1/t Alt] EB to®0 1,0 A

0<a;<n

So we get H°C_,, = B, and as the augmented complex 0 — B — C_,
where B in degree 0 is isomorphic to L_,, we get H?C_,, = 0 for 0 <
g<rand H'C_, = @ t *A. These isomorphisms are compatible with

0<a;<n
gradings on both sides:
H™(P,0O(n)) Zaz r—1=
n, and
B, = Alto, - ,tp]n ~ H'(P,O(n)),n > 0,
B, =A"=H(P,0(1)),
t; € B, corresponding to e; € HO(P, O(1)). O

The class of the Cech cocycle U..., — ﬁ forms a basis of H"(P, O(—r—
1)).
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4 Finiteness and vanishing theorems for pro-
jective morphisms

Let X be a locally noetherian scheme, F' € Mod(X). Recall that F' is called
coherent if F' is quasi-coherent and of finite type, or equivalently, for any
affine open subset U = Spec A of X, F|y = M with M a finitely generated
A—module. We have Coh(X) C Qcoh(X) C Mod(X). Let A be a noetherian
ring, S = Spec A, P = P = Proj B, where B = Alty,--- ,t,].

Proposition 4.1. Let ' € Coh(P). Then there ezists ng > 0, such that for
all n = ng, there exists an epimorphism Op(—n)™ — F — 0.

Let (X,Ox) be a ringed space. £ € Mod(X), s; € (X, E), (i € I). we
say the family {s;}ic; generates E if Ogg) — FE,e; — s; is an epimorphism,
or we say that equivalently, for any = € X, (s;), € E, generate E, as an
Ox ,—module.

E is generated by its global sections if the family of all sections s € T'(X, F)
generates F.

Remark. 1f X is quasi-compact, and FE is of finite type, then F is generated
by its global sections if and only if E is generated by a finite number of global
sections.

So the proposition is equivalent to saying that there exists ng, such that
for all n > ng, F'(n) is generated by its global sections.

Example 4.1.1. Let R be a ring, £ € Qcoh(X), X = Spec R. Then E is
generated by its global sections. In fact, E' = M for some M € Mod(R), so
an epimorphism R) — M gives an epimorphism Ok — M.

Lemma 4.2. Suppose X is a noetherian scheme, L is a line bundle on X,
fel(X,L), Xy = {z € X, f(x) # 0}, where f(z) is the image of f
in kQ@Qe, . L, which is an open subset of X. Let E € Coh(X). For any
s € F(Xf,yE), there exists n > 0 such that s® f®" € I'( Xy, E® L") extends
to a section of E® L®" over X. Ift € (X, E ® L®") ,such that t|X; = 0,
then there exists m > 0 such thatt ® f™ =0 e I'(X, E ® L®™t").

Proof. Consider the inductive system

DX, Ee L) Y DX, Ee L") — ...
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we define
I(X, E)y =lim (X, E® L*")

n

[(Xp, E@L®") — I'(Xy, E)
t = tx, ® [ e I'(Xy, E)

Thus we get a morphism ¢ : I'(X, ) — I'(Xy, E). So the lemma is equiva-
lent to saying ¢ is an isomorphism.

(a). Suppose X = Spec A with A noetherian, L = Ox, E = M for
some finitely generated M € Mod(A). For f € A, we have X; = Spec Ay.
[(X,E) = M, so I'(X,E); = limM ~ My. I'(Xy,E) = My. So ¢ is an
isomorphism. ’

(b). Suppose X is separated, X = U U; with U; = Spec A;. L|U; = Oy,.

U;NU; = Spec A;;. Then we have the followmg commutative diagram:

i 4,7

-] |

0——T(Xy, B) — LTS B)  TIT Uy B)

with the two right vertical maps are isomorphisms. By five lemma, we have
 is an isomorphism.

For the general case, cover U; N U; by affine schemes Uy, and use the
similar argument. ]

Proof of 3.1.: For F' € Coh(P), we want to find ng such that for all
n = ng and all @ € [0,r], F(n)|U; is generated by its sections. (U; = P, =
Spec By,), where t; € I'(P,Op(1))). For F|y,, there exists h;; € I'(U;, Flu,)
generating F'|y, with j € J; finite. The lemma implies that there exists
m;; > 0, such that h;; @' extends to a section of F(ng) over P. By taking
a common multiple of all m;;’s,we may assume they are equal to ng, so, for
n = ng, hij @t} extends to P to g;; (as section of F'(n)). These g;; generate
F(n)|y, for all 7, hence F(n).
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Let S = Spec A, we say X is projective over S if there exists a closed
immersion ¢ making the following diagram commutative

X(_Z> ]P”"S

e

S

Suppose X/S is projective. A line bundle L on X is called very ample if
there exists a close immersion i : X < P§ = P such that L ~ *Op(1). L is
called ample if there exists n > 1 such that L®" is very ample.

Theorem 4.3. Suppose X/S is projective, L is an ample bundle on X, and
F € Coh(X). Then there exists ng = 0 such that for all n > ng, F(n) is
generated by its global sections, where F(n) = F ® L®".

Proof. (1). Suppose L is very ample. L = i*Op(1). i’ € Coh(P). Then
the proposition implies that there exists ny such that for all n > ng, there
exists an epimorphism Op(—n)™ — i,F — 0, then we have Ox(—n)™
1", — 0.

(2). General case. There exists m > 1 such that L' = L®™ is very ample.
By (1), we can find ny > 0 such that for all n > ng and all 0 < r < m,
(F®L®")L'®™ is generated by its global sections. We claim that for n > mny,
F @ L®" is generated by global sections. We can write n = md + r where
0<r<m,then F L® = F® L® ® L'® with d > no. O

—

Theorem 4.4 (finiteness theorem). Suppose X/S is projective Then
(1). There exists d > 0 such that for all ¢ > d,and all F € Qcoh(X).
HY(X,F) =0.

(2). For F € Coh(X), then H1(X, F)is finitely generated over A for all q.

Proof. (1). Let U = (U;)o<i<a be an open affine cover of X. Because X/S is
separated, U;, N --- N U;, is also affine, so HY(U,F) = HY(X,F) = 0 for all
q>d.
(2). First we reduce to the case X = P by using the isomorphism H?(X, F') =
HY(P,i.F). Then we use descending induction on g.

If ¢ >> 0, the result is obvious. Suppose the finiteness is known in degree
> q+ 1 for any F. Consider the following exact sequence

0—-G—Op(—n)" - F —0
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where G € Coh(P) and n > 0. Then we have
Hq(on(_n)m) - Hq(P7 F) - Hqul(Pv G)

with [H9(P,O(—n)™) finitely generated over A by 2.1. By induction, we
have that H?'(P,G) is finitely generated over A, hence H?(X, F)is finite
generated over A for all g. ]

Theorem 4.5. Suppose X/S is projective, L is an ample bundle on X, and
F € Coh(X). Then there exists ng such that for all n > ny and all ¢ > 0,
HY(X,F(n)) =0 where F(n) = F @ L®".

Theorem 4.6 ((Vanishing)). Let S = Spec A, with A noetherian, let X be
a projective scheme over S and let L be an ample line bundle on X. Then
for all F € Coh(X), there exists an integer ng, such that H4(X,F(n)) =0
for all ¢ > 0 and n > ng, where F(n) = F & L®".

Proof. The proof is very similar to that of the finiteness theorem.
(a) Suppose L is very ample. L = i*Op(1), where i : X — Py = P is a
closed immersion. Since

i.F @ Op(n) 2 i, (F ®i*Op(n)) = i.F (n),

so HY(X,F(n)) = HY(P,(i.F)(n)). Since i,F € Coh(P), we may assume
X =P.

We use descending induction on ¢ > 1. We know that there exists an
integer N > 0 such that for all £ € Qcoh(X) and ¢ > N, HI(X,€) = 0. So
the theorem holds for ¢ > 0. Suppose the theorem holds in degree > ¢ + 1
for all 7 € Coh(X). By Proposition 4.1, there exists an exact sequence

0—G— Op(-m)* —F —0
for some integers m > 0, d > 0. Then we get an exact sequence
HYP,O(—m +n)?) — HY(P,F(n)) — H™(P,G(n)) — .

We know that the first term is zero for n > m, and by induction the third
term is zero for n large enough, then the result follows.

(b) General case : By (a), we can choose m such that L®™ = L’ is
very ample, and choose ng such that HY(X,F ® L® @ L'®*") = 0 for all
0 <i<m,n >ngby (a). Then for all n > mny, we can rewrite F(n) in the
form F® L@ L®™ for suitable d > ng,i < m, hence HY (X, F(n)) =0. O
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Recall that X 5 Y is called proper if f is of finite type, separated (i.e.
X — X Xy X is a closed immersion), and universally closed. We have the
following basic facts :

(1) Py — S is proper ;

(2) Any closed immersion is proper ;

(3) For X Ly 2 Z,if f and g are proper, then gf is proper ;

(4) If f is projective, f is proper.

Theorem 4.7 (Characterization of ampleness). Let S = Spec A, with
A noetherian, Let X/S be proper and L be a line bundle on X, then the
following three conditions are equivalent :

(1) For all F € Coh(X), there exists ng > 0, such that for all n > no,
F(n) =F @ L®" is generated by global sections ;

(2) There exists m > 0, and a closed immersion i : X — P% = P, such
that L®™ = i*Op(1) ;

(3) For all F € Coh(X), there exists ng such that for all n > ny,
HY X, Fo L®") =0.

Remark. The implication (2) = (1) and (2) = (3) have been proved. So
we only prove (3) = (1) and (1) = (2).

Proof of (3) = (1). (We reproduce the proof in [H|, Chap III, Proposition
5.3) Let € X be a closed point, and let Jg,3 be the ideal sheaf of the closed
subscheme {z} = Spec k(z) of X. Then there is an exact sequence

0 — Juy — Ox — k(z) — 0,

where k(z) = 1,.Ox, with i, : {x} — X being the closed immersion. Ten-
soring with F, we get an exact sequence

0= J3F = F = F®k(x) =0,

where Jg,,F is the image of Jy,; ® F — F. Since L is a line bundle, it is
flat, and we deduce an exact sequence

0= JF L - F@L®" — F® L®" ® k(z) — 0.

By the hypothesis, there exists an ny such that for all n > ng, H'(X, Ji;3 F®
L®") =0, so
MNX,FRL®) - T(X,F® L Qk(z))
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is surjective for all n > ny. Use Nakayama’s lemma on the local ring Ox ,, we
deduce that the stalk of F ® L®™ at x is generated by global sections. Since
it is a coherent sheaf, we conclude that there exists s, - , s, € I'(X, F(n)),
depending on n, generating F ® L®" in an open neighborhood U of . In
particular, there exists ny; > 0 and a neighborhood V' of = such that O(n;) =
Ox ® L®™ is generated by global sections in V.

For each 0 < r < ny, the above result gives a neighborhood U, of x such
that F @ L®™*" is generated by global sections. Now let

U:=VnnUyN---NUpy 1.
Since any sheaf of the form F @ L®" can be written as a tensor product
(f ® L®(no+r)) ® (L®n1)m

for suitable 0 < r < ny and m > 0, so over U,, all of the sheaves F @ L®"
for n > ng are generated by global sections.

Using the fact that X is noetherian, hence any open subset is quasi-
compact (and therefore contains a closed point), we cover X by a finite
number of the open sets U,, we find N such that F ® L®" is generated by
global sections over X, for all n > N.

Proof of (1) = (2) : (See [H], Chap II, Theorem 7.6) Given any = € X,
let U be an open affine neighborhood of x such that L|y is free on U. Let Y
be the closed set X — U, and let Jy be its sheaf of ideals with the reduced
induced scheme structure. Then Jy is a coherent sheaf on X, so for some
n >0, Jy @ L®" is generated by global sections. Since Jy @ L®"®k(z) ~ k(x),
there is a section s € I'(X, Jy ® L®") such that s, ¢ m,(Jy ® L®"),. Let X,
be the open subset of X consisting of y € X such that s(y) # 0 (s viewed
as a section of L®"), then X, C U. Now U is affine, and L|y is trivial, so s
induces an element f € I'(U, Oy ), and then X = Uy is also affine.

Thus we have shown that for any point z € X, there is an n > 0 and a
section s € I'(X, L®") such that x € X, and X, is affine. Since X is quasi-
compact, we can cover X by a finite number of such open affine subschemes,
corresponding to sections s; € I'(X, L®"), and we may assume that all n; are
equal to one n. Finally, since L®" still satisfies condition (1), we may assume
n = 1, i.e., there exist global sections sq,---,s; € I'(X, L) such that each
X; = X, is affine, and the X; cover X. Moreover, if we let B; = I'(X;, Ox;,),
then each B; is a finitely generated A-algebra. So let {b;;|j = 1,--- ,k;} be
a set of generators for B; as an A-algebra. For each i, j, there is an integer
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n;; such that s;”b;; extends to a global section ¢;; € I'(X, L®"). We can take
one n large enough to work for all 4, 5.
Now we define a morphism

¢ : X —=PY " = ProjA[{z: }1<icn; {735 }1<j<r,]

such that ¢*Op(1) = L®" and ¢*z; = s, p*x;; = ¢;;. We show that f is
a closed immersion. For each i = 1,--- .k, let U; C PY be the open subset
z; # 0. Then ¢ 1(U;) = X;, and the corresponding map of affine rings

Al{yi}; {vi Y — Bi

is surjective, because y;; — ¢;;/s! = b;;, and we choose the b;; so as to
generate B; as an A-algebra. Thus X; is mapped onto a closed subscheme of
U;. It follows that ¢ gives an isomorphism of X with a closed subscheme of
Uk U; CPY, so ¢ is an immersion, hence a closed immersion, because ¢ is
proper, X being proper over S. m

Remark. Now we can give a more general definition of ampleness : let X
be a noetherian scheme, L a line bundle on X. L is called ample if for all
F € Coh(X), there exists ng such that F(n) = F ® L®" is generated by
global sections for each n > ny.

It follows from theorem 4.7 that L is ample if and only if there exists a
basis of the topology of X of the form {X|s € T'(X, L®")} with X, affine.

At the end of this section, we prove a generalization of the finiteness
theorem.
Assume X is locally noetherian, x = 4+, —, b, let

D*(X)eon = {E € D*(X)|H'E € Coh(X), for all i}.

Theorem 4.8. Suppose S is locally noetherian, f : X — S is proper, then
Rf.: DT(X) — D*(S) sends D" (X)con to DT(S) con-

Remark. Theorem 4.8 is equivalent to the following proposition :

Proposition 4.9. Let S = Spec A be affine, noetherian, and f be proper, F €
Coh(X), then for all q, HY(X,F) is a finitely generated A-module.
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Proof of the remark : Since

RIf.F = HI(X,F) € Coh(S) (%)

for any ¢, then H9(X, F) is finitely generated. Conversely, for E € D (X) .,
we want to prove R'f,E € Coh(S). This is a local question on S, so we may
assume S = Spec A, A is noetherian. By (%) and the finiteness theorem, we
get that Rf.E € D7(S)en for any E € Coh(X). We want to prove that
Rf.E € DT(S)en for any E € DV(X).. First we prove this is true for
E € D*(X)eon. Let E € DI%Y(X),,,, we use induction on b — a. We have a
distinguished triangle

T<p1E — E — (H"E)[-b] —,
then we obtain
Rf.(t<p-1FE) — Rf.E — (Rf*(HbE))[_b] e

so by induction, Rf.E € D°(S)con.
Now we let £ € DT (X) .. We have the distinguished triangle

T<nl) = B — Tsp D —,

since R"f,E = R" f.(T7<,F), the conclusion follows. O

From this remark and the finiteness theorem, we know that theorem 4.8
holds when f is projective. And from the proof we know that to prove
theorem 4.8, we only need prove it for all F € DI%%(X);, ~ Coh(X).

Lemma 4.10 (Chow). Let S be a noetherian scheme and let f : X — S
be a proper morphism, then there exists a projective morphism g : X' — X
such that fg is projective, and there exists an open dense subset U of X such
that g induces an isomorphism from g~ (U) to U, i.e.,

g (U)X

N

U————X |9
|/
/

S.
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We don’t prove this lemma, for the proof, one can see [EGA], II, 5.6.1.
We only prove that Chow’s lemma implies theorem 4.8.

Proof. First we may assume S is noetherian and by the remark we let F €
Coh(X'). We use noetherian induction on all closed subsets T C X satisfying
Supp(F) C T. We have to show that : if Rf.F € DT (S). for all F €
Coh(X) satistying Supp(F) G T, then Rf.F € D*(S)con for all F with
SuppF C T.

We may assume T = X. Consider the composition of morphisms F —
9+9*F — Rg.(g*F), let G be the cone of this morphism, we get a distin-
guished triangle

F — Rg.(¢°F) — G — .

Since g is projective and ¢*(F) € Coh(X'), by the remark, we get Rg.(¢*F) €
DY (X)eon, and hence G € DT(X)on. Over U, we have Fly — Rg.g*Flu,
so Gly = 0, that is H'G|y = 0, Supp(H'G) C X — U & X, by noetherian
induction assumption, we get Rf.G € DT (S).n. We have the distinguished
triangle

Rf.F — Rf.Rg.(¢"F) =H — Rf.G —,

since Rf.Rg. = R(fg)«, and fg is projective, we have H € DT(S) ., s0o
RIF € D*(S)eop. 0
Corollary 4.11. If f : X — S is proper and affine, f is finite.

Recall that f : X — S is affine if Y can be covered by affine open
subschemes S; = Spec A;(i € I) such that each f~1(S;) = Spec B; is affine.
f is called finite if f is affine and each B; is finitely generated as A;-module.

Proof. We may assume S = Spec A, X = Spec B, and have to show B is
finitely generated as A-module. Let F = Ox = Ogpecp in theorem 4.8, by
the remark, B = H°(X, Ox) is a finitely generated A-module. H

5 Hilbert Polynomial

Let A be an artinian ring, B a graded A-algebra, i.e. B = € B;, with By =

i=0
A. Suppose B is finitely generated by By over A (that is, B = A[ty,--- ,t,]/]

for some homogenous ideal 1), let M = @ M,, be a finitely generated graded
nez
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B-module(thus we have M,, = 0 for n < 0, and M, is finitely generated over
A for all n and then has finite length), then the function n — lg, M, is a
polynomial in n for n > 0 (See [A-M], Prop 11.4), i.e. there exists P € Q[t]
and ng, such that for all n > ng, lg,(M,) = P(n)(this function is called
Hilbert polynomial of M). We will give a cohomological interpretation of P
in 5.10. It will rely on the following theorem.

Let S = Spec A, X/S projective, and F € Coh(X). By the finiteness
theorem, HY(X, F) is finitely generated A-module for each ¢, hence has finite
length, and there exists a d > 0 such that H4(X,F) = 0 for ¢ > d. So we
can define x(X,F) = > (-1)1g,H (X, F).

i=1
Theorem 5.1 (Hilbert-Serre). Let X, S and F are as above, and L be a
very ample line bundle on X, then

(1) there exists Pr € Q[t], such that x(X,F ® L®") = Px(n) for alln ;

(2) deg Pr = dim Supp(F), where Supp(F) = {z € X|F, # 0} C X.

To prove this, we need the following result.

Theorem 5.2 (Hilbert syzygies theorem). Suppose k is a field, R =
klti, -+ ,t,], M is a finitely generated graded R-module. Then there exists a
resolution of M of the form

0—-L"—=L" ... 51" S M —0

with each L' being free finitely generated as a graded R-module.

Recall that a graded R-module L is free finitely generated if and only if
L admits a basis over R consisting of homogenous elements z1, - - - , x,,. This

is also equivalent to saying that L ~ @ R(—d;), where d; = deg(z;).
i=1

Lemma 5.3 (graded Nakayama’s lemma). Suppose R, k are as in 5.2,
and M is a graded R-module such that M, =0 for n < 0, then M Qrk =0
implies M = 0.

Proof. Replacing M by M (d) we may assume M, = 0 for all n < 0. Let
R, =8,.,Rn = Ker(R — k), then M = R, M. Suppose M # 0, choose
x € My, © # 0 such that d is minimal. Write x = Y a;x;, where a;, x; are
homogenous and a; € Ry, degx; > d. But this implies degx > d + 1, hence
a contradiction. O



104CHAPTER 2. COHOMOLOGY OF AFFINE AND PROJECTIVE MORPHISMS

Lemma 5.4. Let M be a finitely generated R-module, the two conditions are
equivalent :

(1) M is free finitely generated ;

(2) Torf(k, M) = 0.

Proof. The implication (1) = (2) is obvious. To prove (2) = (1), we choose
a homogeneous basis of M ®g k as graded k-mod, lift it to M, we get

0—->Z—L—->M-—0
such that L ®g k ~ M ®g k. From the long exact sequence
o — Torf(k,M) — Z ®@rk — L®rk = Mgk — 0,

Tory'(k, M) = 0 implies Z ®p k — L ®p k is injective, then Z @ k = 0,

hence Z = 0 by graded Nakayama’s lemma. O]
Lemma 5.5 (Koszul). The Koszul complex of (t1,--- ,t,) is a resolution
of k, i.e., K.(ty,--- ,t,) is quasi-isomorphic to k, where

K.(ty, - ,t,) = (O—>7\R”—> —>/1\R”—>R—>O).
Proof. In deed, (t1,--- ,t,) is a regular sequence, then use Theorem 2.2. [
Proof of Theorem 5.2. Since R is noetherian, we have a resolution of M
0—-L"—-L" ... 51 5 M —0

with each term being a finitely generated graded R-module, and L* free for
all i > —n + 1. Since

Torf(R, L) = Tor™, (k, M)
= H " YK.(x1, " ,2,) @ M)
= 0,
L™ is also free. O

Now we begin to prove theorem 5.1.
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Proof of Theorem 5.1. (1) Write A = [],.,,, Ai, where each A; is artinian
local, then S =[] S;, with S; = Spec A;, X =[] X;, each X;/S; is projective.
Let L; = L|x,, Fi = F|x,, then each L; ia very ample, and x(X,F(n)) =

x(Xi, F; @ LP™). So we may assume A is local artinian. Let k = A/m,
i=1

7

m?» = 0. Consider the m-adic filtration of F, 0 C m*'F Cc ... Cc mF C F.
From the exact sequence

0 — m™F(n) - m'F(n) — grfn}"(n) — 0,

N-1 '
we get x (X, F(n)) = > x(X, gri,F(n)), so it is enough to show the theorem
i=0
for gri F, so we may assume mF = 0. We have a cartesian diagram :

7

X' X

f’i f

Spec k——— Spec A = S.

Then X’ — X is a closed immersion, therefore 7' = i*F is coherent as
an Ox-module. Since X/S is projective, X'/Speck is projective. If we let
L' = i*L, then L' is very ample over Speck and F(n) = i.F'(n), where
F'(n) = F' ®o,, L'*". Since x(X,F(n)) = x(X', F'), we may assume A is
a field. Finally for a suitable r;, X «— P =P’ = ProjA[to,--- ,t,] is a closed
subscheme, so by a similar argument, we may assume X = P.

Now A =k, B = kl[to, -+ ,t,], and X = P. We need the following lemma.

Lemma 5.6. Let B = kl[to, -+ ,t,|, P = ProjB, F € Coh(P). Then there
exists a finitely generated graded B-module M such that M = F.

Proof. Choose a presentation of F (by Prop 4.1)

Op(nl)ml i Op(?’LQ)mO - F — 0,

let

Lo = @ T (P, 0p(no)™ (n))

nez

Ly = @PT(P,0p(n1)™ (n))

nez
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be the graded B-modules associated to L; and Ly respectively. Each L; is a
free finitely generated graded module for ¢ = 1,2, and L; = Op(n;)™. We
have a canonical morphism u : L; — Ly. Define M = Coker u, we have the
following commutative diagram

L Lo M 0

-

Op(n1)™ — Op(ng)"™* — F —0,

so we have an isomorphism M — F. O]

By this lemma, F = M for some finitely generated graded B-module M.
Let
0L "' ... 5 M-—0

be a resolution by free finitely generated B-module, apply the exact functor
"~ we get

0O—-L7"m ! —5... 5[0 F—0,

where each Li is a finite sum of Op(—d)'s, as y is a finite sum of B(—d)’s.
We know that x(X, F(n)) = 3275 ' (—1)x(X, Li(n)), so we may assume F =
Op(n), and part (1) of theorem 5.1 follows from the following lemma. [
Lemma 5.7. Let (*1") = Letn)et) ¢ Qla], then x(P,Op(n)) = ("),

T T T

Proof. We have proved that H%(P,Op(n)) = 0 for all n when ¢ # 0, r, then
X(Op(n)) = dimy H°(P,Op(n)) + (—1)" dimy, H" (P, Op(n)), also we have

R, n>0
Hponm) = { 120

and o
< _p_
HT(P,OP(n)):{EBAtoW n<-r-1

0 n>-—-r—1"7

where t* =ty -+ - ¢,% with o; < 0and > «; —r —1 =n. Since r > 1, there
are three cases :

(1) case n > 0, we have H"(P,Op(n)) = 0, and dimy H°(P,Op(n)) =
dimy, B, = ("7") ;

r
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(2) case n S —-r — 1, then HO(P’ (’)P(n)) — 07 and dlmk HT’(P’ OP(?’L)) _
dimg (P, Op(-n— 7 1)) = () = C1Y(7)

(3) case —r — 1 < n < 0, then the two terms are all zero, note that in this
case 0 <n+r<r, ("jr) = 0 by definition.

therefore the lemma holds. O

We will now prove (2) of theorem 5.1, we first need recall some facts.

(1) Suppose A is noetherian, M is a finitely generated A-module, one
defines Ass(M) as the set of p € Spec A such that p is the annihilator Ann(x)
of some z € M. We know p € Ass(M) < pA, € Ass(M,). Now let X
be a noetherian scheme, F € Coh(X), for x € X, we define Ass(F) as
the set of points x € X such that m, € Ass(F,) C SpecOx,. As in the
affine case, Ass(F) is finite, and contains the maximal points of Supp(F).
If s € I'(X,Ox), such that s(z) # 0 for all x € Ass(F), then F > F is
injective.

(2) If A is a noetherian ring and M is a finitely generated A-module, let
S = Spec(A/Ann(M)). Then

dimM = dimSuppM = dim S
= Sup,cqdim M,.

For F € Coh(X), we define the dimension of F, dim F, as the dimension of
the suppose of F, Supp F. This is a closed subset of Xy. We have dim F =

sup dim F,.
x€Supp(F)

Lemma 5.8. Let Z C X be finite with X as in 5.1. Then there existsn >0
and f € I'(X,0(n)) such that f(x) # 0 for allx € Z.

Proof. As X is a closed subscheme of P";, we may assume X = P’ = ProjB,
B = Altg, - ,t.]. Each z € Z corresponds to some homogenous prime ideal
p, € ProjB. Since for each x € Z, B, = @, ., B, is not contained in p,, we
can find a homogenous element f € B,, such that f ¢ p, for all z € Z ([B]
I11.§1.4, Prop 8), then f € I'(P,Op(n)) and f(x) # 0 for all x. O

Proof of theorem 5.2 (2). Use induction on d = dim SuppF. Putting some
scheme structure on Supp F, e.g., the reduced scheme structure, we may
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assume X = Supp F. When d = 0, that is X is zero dimensional, X is affine
and I'(X, Ox) is an artinian ring. Then for n > 1, F(n) = F, so

X(X, F(n)) =1gH"(X, F(n)) = 1gH"(X, F),

then x(X,F(n)) is a constant, i.e., deg Pr = 0. Now assume (2) holds
for all F satisfying deg P < d — 1. By the lemma above, there exists
f € I'(X,0(m)) such that f(z) # 0 for all z € Ass(F), so we get an exact
sequence

O—>.7-"i>.7-"(m)—>g—>0 ().
Then we get the following exact sequence by taking stalks
Oﬁfx&fz(m)ﬁgxﬁo.
Because of the choice of f, we have Supp(G) = {z € X|f(z) = 0}. Assume
d > 1, then SuppG # @, moreover, we have the following lemma

Lemma 5.9. Let A, X, L be as above, then for any f € T'(X, L®"), the set
V(f) of x € X such that f(z) = 0 meets every irreducible closed subset of X
of positive dimension.

Proof. Let Y be an irreducible closed subset of X not meeting V(f), then
Y C Xy where X/ is open and affine over S. Thus Y/S is proper and affine,
hence finite, which implies dimY = 0. ]

By dimension theory of noetherian local rings (See [A-M], Prop 11.3), we
know dim G, = dim F, — 1 for all x € V(f). Then

dimG = sup dimG, = sup dimF, —1

f(@)=0 f(2)=0
x closed x closed

() sup dimF, — 1 =dimF — 1.
x closed

Here for the equality (%), we can choose such a irreducible closed subset
T of X that dimT = 1 and codim(7T, X) = dim X — 1, then for any closed
point z € T, dim F,, = dim F, by lemma 5.9, V(f) N T # &, hence contains
a closed point.

From the exact sequence (%), we have

x(G(n)) = x(F(m +n)) = x(F(n)) = Pr(m +n) — Pg(n).
By induction, deg P; = dim SuppG = d — 1, so deg Pr = d. ]
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Corollary 5.10. Let B be a graded A-algebra finitely generated by By over
By = A, M be a finitely generated graded B-module, thenlg, M, = x(P, F(n))
forn >0, where P = ProjB, F = M ; moreover deg Pr(n) = dim M — 1.

Proof. We may assume B is the polynomial algebra kltg, - ,t,]. Let
L' —L°—=M-—0

be a presentation of M. Applying the functor ' ~', we get
LS00 F—0

and

L(n) — L9(n) — F(n) — 0.

For n > 0, we get the following exact sequence
L(P, L (n)) — D(P, L%n)) — T(P, F(n)) = 0

For any graded B-module E, we define a canonical morphism E, — I'(P, E(n))

given by f +— f/1 € I'(Py), E(n)), where t € B;. We have the following com-
mutative diagram :

Lt Lo M, 0

| | u

I'(P, L' (n)) —=T(P, L%(n)) —= (P, F(n)) —=0,

in which the two left vertical maps are isomorphisms. So u is an isomorphism
for n > 0. On the other hand, we know that H?(P, F(n)) =0 for ¢ > 0 and
n >0, so x(P,F(n)) =1g, H(P, F(n)) = lg, M, for n>> 0. O

Remarks on the Riemann-Roch problem:
Let X be a proper schemes over a field k, and F € Coh(X). We want to
calculate

X(X, F) = (~1)'dim, H'(X, F) € Z

i>0
In fact, this calculation, combined with vanishing theorem yields information
on H°(X,F), which have geometric consequences.
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(a) The case of curves

Suppose k is an algebraic closed field. X/k is a projective and smooth
curve (i.e. For any x € X closed, the local rings Oy, are discrete valuation
rings.).

Let F = Oy, then x(X, Ox) = dim, H°(X, Ox) — dim;, H (X, Ox). We
have dimy, H°(X, Ox) = 1 (because H°(X, Ox) is a finite k-algebra contained
in K = k(n), where n is the generic point of X), on the other hand, g =
dimy, H'(X, Ox) is the genus of X.

For k = C, the set of rational points X (C) is a Riemann surface. We con-
clude that H'(X,Ox) is dual to H°(X, Q) (duality theorem()), g = b1/2,
by = rank H'(X(C),Z) = rank 7 (X (C)). Suppose F = Ox/J, where J is a
non zero ideal of Ox. Then J is a line bundle, and the subscheme (a divisor)
D defined by 7 is finite over k. We have O(D) = J®~!.Then Riemann’s half
of the Riemann Roch theorem says that x (X, O(D)) = deg D+ 1 — g (this is
an exercise, use induction on deg D = dimy, H°(X,Op) = Y dimy) Op 4;

zeD
for € D, use the exact sequence ( Opr Op k(z) 0).
Roch’s half of the Riemann Roch theorem is that H'(X,Ox) is dual to

H(X, Q).
(b) The case of surfaces
For k algebraic closed, X/k regular, proper, and irreducible of dimension

2, M.Noether gave the formula that y(X,Ox) = C%;;CQ, where ¢? and ¢, are
certain integers (Chern numbers) defined by intersection theory. On the other
hand, for a divisor D on X, x(X,O(D)) — x(X, O) is a certain intersection
invariant (see e.g. [H]).

(¢c) The further development

In 1956, Hirzebruch gave a general formula for any proper smooth scheme
X/k, and any vector bundle F on X, (?) x(X,F) = deg(ch(F) - Todd Tx),
where T'x is the tangent bundle of X and ch and T'odd are certain intersection
invariants involving Chern classes.

In 1957, Grothendieck gave a far reaching generalization of this formula
for certain morphisms X ——Y . Let us also mention that in 1963, Atiyah
and Singer gave a formula for the index of an elliptic operator for smooth
manifolds over C, generalizing the Hirzebruch formula.




Chapter 3

Differential calculus, smooth
and étale morphisms

1 Kahler differentials and derivations

Definition 1.1. Let A be a commutative ring, B be an A-algebra, M €
Mod(B). A map D :B — M is called an A-derivation of B with values in
M (or from B to M), if it satisfies the following two conditions:

1) D is A-linear;

2) for any z,y € B, D(zy) = xD(y) + yD(x).

We denote by Dery (B, M) the set of A-derivations from B to M. For any
D € Dery(B,M), b € B, the map bD : x € B+ bD(x) is an A-derivation,
thus Ders(B, M) is a B-module.

Definition 1.2. Let B ®4 B — B be a morphism defined as x ® y — xy.
Denote by I the kernel of this map, and put QE/A = I/I*. We call Q}g/A
the Kdhler differential module of B/A. Note that Q}B/A is a B ®4 B-module
killed by I, so it is a B-module.

Define B — B®4 B: b — b® 1 (resp.b — 1 ® b), so we have a left
(resp.right) B-algebra structure on B ®4 B. It is easy to see that these
two B-algebra structures induce the same B-algebra structure on 2}, /A Put

Py, = B ®a B/I? (principal parts or 1-jets of B/A). We have an exact
sequence: 0 — Qp,, — Py, — B — 0, which splits by the morphism
J1, j2, where j1(b) = b® 1 mod I? and j3(b) = 1 ® b mod I?, so we have
Pg/A :B@Q}B/A.

111
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Definition 1.3. Let A be a commutative ring, B be an A-algebra. Define a
map dp/a: B — Qp,y by b= 1@b—b®1 mod I? = ja(b) — 51 ().

Proposition 1.4. Let A be a commutative ring, B be an A-algebra. Then
Q4 =B dpja(B)

This follows from the following lemma:

Lemma 1.5. For any b; € B, x; € B (1 < i < n), we have Y b; ® x; =
Y0i)(1®z;—2,@1)+ > bir;®1 =) (1®2;)(bi @1 —-1®b;) + ) 1@ bz
In particular, I is generated over B (for the left (resp. right) structure) by
the elements of the form 1 ® x — z ® 1.

Theorem 1.6. (1) We have dpja: B — Qg € Dera(B,Qp,)
(2) For any M € Mod(B),

Hom(Qp, 4, M) —= Dera(B, M), w— udga (%)
1s an 1somorphism.
Proof. (1) follows directly from the following formula
Iery—ay®l=(102)(1y—ye)+(1ey(les—rx1).

(2) The injectivity of (x) follows from 1.4. For the surjectivity, we need
a lemma.

Lemma 1.7. If M is a B-module, the B-algebra Dg(M) = B & M, where
(b1 ® my)(by @ mo) = (b1by) ® (bamy + byms), we have an exact sequence of
B-modules:

where p, given by p(b@&m) = b, is a ring homomorphism. Then Der (B, M)
is identified to the set H of homomorphisms of A-algebras f: B — Dg(M)

such that p o f = Id, by associating to D the homomorphism fp : x —
z+ D(x).

Proof. The inverse map is given by f +— Dy, Ds(x) = f(z) — . ]



1. KAHLER DIFFERENTIALS AND DERIVATIONS 113

Let us prove the surjectivity in (2). Let D € Dera(B, M). By the above
lemma, D corresponds to a homomorphism of A-algebras from B to Dg(M).
We have a commutative diagram with exact rows:

0O——=I—>B®1B—B—0

]

0—M—Dp(M)——B—0

where the middle vertical arrow is defined by: z ® y — xfp(y). And the left
vertical arrow induces a map u : I/I? — M (because it maps I? to zero). So
we have amap u : Qp , — M, udp;a(b) = u(10b—b®1) = fp(b)—b= D(b).
This completes the proof. ]

Definition 1.8. Let R be a commutative ring, £ be an R-module. Recall
that the symmetric algebra is the graded R-algebra Sg(E) = €D,,5, Si(E) =
(D,,50(®"E))/T, where T'is the two sided ideal generated by elements of the
form r ® y —y ®  for some z,y € E. In particular, S%(F) = R, S(F) = E.
Sr(F) is sometimes denoted by Symy(E). This algebra satisfies the universal
property Homp_q4(Sr(E), C) = Hompg(E, C), where C' is an R-algebra, and
the correspondence is defined by: f — f|E = SL(E).

Proposition 1.9. Let A be a commutative ring, E be an A-module and
B =Sa(E). Then Qp,,~ B®4E.

Proof. We have a sequence of canonical isomorphisms:

HomB(Q}S/A,M) = {D € Ders(B,M)}
= {f € Homy_.4(B,Dp(M)); f(x) =z + D(x)}
= {u € Homy noq(E,B® M);u(x) =z + D(x)}
= Homu(E, M)
= Homp(B® E, M)

So we have B® E ~ Q};/A, and the correspondence is: b ® x +— bdpa.
]

Corollary 1.10. Let B = A[{x;}ic1] = Sa(AY), where {x;}ic; is a basis of
AD | Then leg/A is a free B-module with basis {dp/ax;}icr-
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A ¢

For f € B = A[{x;}], we have df =) 8—f_d$i, where 2 f— o

i€l da; oy -
Dery(B, B) = Hom(Q}g/A, B). We have a natural pairing

Q}g/A X Hom(Q}B/A,B) — B, (w,D)—<w,D >= D(w).

. . ) o _ -1 _
It is obvious that < dx;, By = d;5. Also we have d(z}) = nx]™ dx;, ot =
82

Ox;0x; "

Definition 1.11. A thickening of order 1 is a closed immersion Tj SN
with the ideal sheaf I such that I? = 0. More generally, a thickening of order
n is a closed immersion defined by an ideal I such that "1 = 0.

Let U = Spec(A) be an affine open subscheme of T, then U N T, =
Spec(Ay) is also affine, and we have an exact sequence:

0—J —A— Ay — 0.

Here J is an ideal of A such that J2 = 0 and J = I|y. Note that Ty — T
is a homeomorphism on the underlying topological spaces and we have an
exact sequence:

0—>I—>OT—>OTO—>0.

Since I* = 0, I is an Og,-module, and [ is quasi-coherent on 7.
Let ¢ : X <— Z be an immersion of schemes. Then i can be factorized as a
closed immersion followed by an open immersion as in the following diagram.

X(—i>Z
\ OV
U

Let I € Qcoh(U) be the ideal sheaf of the closed immersion and Z; be the
scheme defined by (|X|, Oy /I2). Then we have a factorization X <& Z; <

U %S 7. In the affine case, this corresponds to the following diagram:

0 I A B 0,

e

Ay
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where B = A/I, Ay = A/I?. Z, is called the first infinitesimal neighborhood
of X in Z. It is a thickening of order 1. We have an exact sequence:

0—1/I?—= 0y — Ox —0

The quasi-coherent Ox-module N; = Ny;; = I/I* € Qcoh(X) is called the
conormal sheaf of 7.

Definition 1.12. Let f: X — Y be a morphism of schemes. Let A: X —
X Xy X be the diagonal map, this is an immersion. We put

Q%{/Y = Na = Nx/xxyx
This is a quasi-coherent sheaf on X. If we have the following diagram:

U =Spec B—— X

L

V = Spec A——Y
where U(resp.V') is open in X (resp.V'), then we get a commutative square.

Spec (B ®4 B)——X xy X

| |

Spec B&—«———= X

where the left vertical arrow is defined by B ®4 B — B, b® ¢ — bc. Denote
by I the kernel of this map:

0—-1I—-B®4B—B—0

Then we have

—_~—

Qﬁc/y| U=1/I?= QlB/A

Let M € Mod(X), a Y-derivation of Ox with values in M (or from Oy
to M) isamap D: Ox — M, satisfying the following conditions:

(1) D is f~Y(Oy)-linear;

(2) for any a,b € Ox(U), where U is an open set contained in X, we have
D(ab) = aD(b) + bD(a).
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Let dy)y : Ox — Qﬁ(/y defined by dx,y = j3 — ji, where jib = b ®
1 mod I?, j3b=1®b mod I*.

Theorem 1.13. (1) dx/y € Dery(Ox, Qx/y);
(2) For any M € Mod(X), Hom(Qﬁf/Y, M) — Dery (Ox, M) u +— uodx/y
1S an isomorphism.

Proof. For M € Qcoh(X), the bijectivity of (2) follows from 1.6 and the
above discussion in 1.12. For the general case, see EGA IV 16.5.3. ]

Let

b

y' oy

be a commutative diagram. We deduce commutative diagrams.

X' xy X' Xy X 72—~ 7,

A

X' X X —X

From the last one, we get a canonical homomorphism: ¢*Q% = Q% Iy
and by adjunction, this corresponds to a homomorphism: % Iy 92, Iy
where dx/y (b) — dy/y/(g:b), for b a local section of Ox, with image g.b as a
section of g,Ox/. In the affine case, these maps is induced by the following
one:

B/®BQIB/A — QIB//A/
V®@dga — b'dg(b)

This homomorphism satisfies an obvious transitivity property for a compo-
sition of commutative squares.

Proposition 1.14. If (%) is cartesian, the canonical map g*Qﬁqy — Q}(—,/Y,
1S an isomorphism.
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Proof. This is a local question, hence we may assume that all the schemes
involved are affine. Then we get a commutative diagram of rings

B'<—B
A<—A
with A’ ® 4 B ~ B’. The sequence
0—-1I—-B®4B—B—0

splits as a sequence of A-module. Hence by applying ® 4 A", we get an exact
sequence
0—>A,®AI—>B/®A/B,—>B,—>O

Therefore we have A’ ®4 I ~ I' and a surjection A’ @4 I? — I"*. Consider
the diagram with the exact rows

A/®124>A/®14>A,®[2/[24>0

]

O I/2 _[/ ]//]/2 o O

The left vertical arrow is surjective and the middle one is bijective, so using
the snake lemma we have B’ ®p Q}B/A =A@ PP ~T1]1?= Q}B,/A, O

Proposition 1.15. Let f : X — Y, g: Y — S be two morphisms of schemes,

then we have an exact sequence f*Q§//S Q%{/S Q}(/Y —0.

Proof. This is again a local question, hence we may assume S = Spec A, Y =
Spec B, Z = SpecC are all affine. Then in this case, we need to show the
following sequence is exact:

C @ Qg —> Ly — Qg —0.
So we only need to show the sequence below is exact for any C-module M:
0—>Hom(Qlo/B, M) —>Hom(Qlo/A, M) —=Hom(C ®p Q}B/A, M) .
This is equivalent to show that this sequence
0 — Derp(C, M) — Ders(C, M) — Der4(B, M)

is exact, which is followed from a direct calculation. ]
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Corollary 1.16. Let
X/ L X
I
Y/ $ Y
be a commutative square. If it is cartesian, then we have a canonical isomor-
phism
f/*Q%/’/Y S2 Q*Qﬁf/y = Q%{//v

Proof. First we have an exact sequence as follows:
PTG S|

Using the canonical isomorphism ¢*Q} y = % Jyr» We get a commutative
diagram

PR o SN Yy —
Ly,

This implies that Qﬁ('/y = g*Qk/Y@Qﬁ(,/X, hence Qﬁ(,/y ~ g*Qﬁ(/Y@f’*Q%ﬂ/Y
as we have Q%,/X ~ f’*Q%,,/Y. O

Corollary 1.17. Let A — B be a ring extension, S C B be a multiplicative
system, then S’lQ}B/A ~ Q}S'*lB/A'

Proof. This is because any A-derivation D : B — M can be extends to an
A-derivation D' : S™'B — S™'M by defining D’(b/s) = s~%(sDb— bDs), for
be B, seS. O

Corollary 1.18. Let f : X — Y be a morphism of schemes, x € X, y = f(x)
be two points, then we have a canonical isomorphism (Qﬁ(/y)x o~ Q%,)X /Oy

Proof. This is a local question, hence we may assume Y = Spec A, X =
Spec B are affine. So we get the following isomorphisms

(RB/4), = (p4) ©5 Be ~ Qp, /4

On the other hand, we have an exact sequence

By 4, b g — b, 0 Oy 0.
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Since th 4 = 0, so we have Q}Bz 4, Q}Bz /4 which follows that Q}Bz 4,

(Q}B /A)x' 0

Proposition 1.19. Let

be a commutative diagram with i a closed immersion defined by an ideal I.
Let Nx;z = I/I? be conormal sheaf of i. Then dzy : Oy — QIZ/Y induces
an Ox-linear map: Nx;z — i*le/Y = le/Y/IQIZ/Y and the sequence

Nxjz — Z'*le/y — Qﬁ(/y —0

is exact. Moreover if i1 : X — Zp, the first infinitesimal neighborhood of 1,
admits a restriction, then the sequence

0 Nx/z Z'*le/y — Q%(/Y —0

15 exact and split.

Proof. For the first statement, we only need to show that the induce map
d: 1 — z'*QIZ/Y maps 12 to 0. This is a local question, so we may assume that
Y = Spec A, X = Spec B, Z = Spec(' are all affine, and B = C/J for an
ideal J of C'. Then we have to show the map J — Qlc/A/Jﬂlc/A induced by
dcya maps J? to 0. Indeed, for any a,b € J, dc/a(ab) = adcjab + bdcjaa €
JQlo/A, sode/a(J?) C JQé/A, s0 dcy/a induces amap d : J/J* — Qlc/A/JQIC/A
and d is C-bilinear (hence B-bilinear), because for any a € C, b € J, we have
d(ab) = ad(b) + bd(a) = ad(b).

Now in order to show the exactness of the sequence in the proposition, we
may also focus on the affine case. So again, we assume that Y = Spec A, X =
Spec B, Z = Spec C are all affine, and B = C/J for an ideal J of C. Then
the sequence corresponds to a sequence of B-modules

We only need to show that for any M € Mod(B),

OHHomB(Qg/A, M) *>HOHIB<B RQc QlC/A? M) HHOI’I]B(I KR B7 M)
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is exact. Using the universal property, this follows from the exactness of
0 — Dery(B, M) —— Homx(C, M) —— Derc(I, M) ,

which can be checked directly.
For the last statement, assume we have a commutative diagram

X%z g,

po

Y

where i; : X < Z; is the first infinitesimal neighborhood of the closed
immersion 7 : X — Z with [ its ideal sheaf and r : Z; — X is a retraction of
11. By the conclusion we proved just now we have a commutative diagram
with exact rows

IPTCR SR N —

-

1P ——=5Qy, y —= Uy )y —0

Now we claim that the retraction r gives a split morphism of the bottom
exact sequence. In fact, the retraction r : Z; — X gives a map Oy — I/I?
induced by Id —r*ij. One can check that this is a Y-derivation, hence give
a Oz -morphism QlZl/Y — I/I*. By adjunction, we get i’{lel/Y — I/I?
which splits the bottom exact sequence. It is easy to see that the bottom
exact sequence splits implies that the top row also splits, this finishes the
proof. O

Corollary 1.20. Let X be a Y-scheme locally of finite type (resp. locally
of finite presentation), then Qﬁ(/y is of finite type (resp.finte presentation).
Moreover, if Y is locally noetherian, then Qﬁqy € Coh(X).

Proof. We may assume that Y = Spec A, X = Spec B are affine, and B is an
A algebra of finite type, hence we have a commutative diagram with exact
row as follows:

0—=1—=Aft;, - ,t)) —=B—>0.

7

A



1. KAHLER DIFFERENTIALS AND DERIVATIONS 121

So we have a exact sequence

I/1? —— B @At t] Qh{tl,--- tnl/A Q}B/A 0

We have seen before that Q,l4[t1,--- tnlja Alty, -+ ,t,]™, so we have an epimor-
phism B" — Q}, A0 this implies that Q}, /4 ls 2 finite B-module. Moreover,
if we assume that B is of finite presentation as an A-algebra, then we may
assume [ is an ideal of A[ty, -+ , t,] of finite type. Soasa B = Alty,--- ,t,]/1-
module, I/1? is of finite type, using the exact sequence above again, we see
that Q7 /a i of finite presentation as an A-module. The last conclusion is a
direct consequence of the previous one and the definition of coherent mod-
ules. O

Corollary 1.21. Let k be a field, X be a k-scheme. Given any rational point
z € X(k), denote by i, the closed immersion {x} — X, then we have an
isomorphism zzﬁﬁqk = (Qﬁ(/k)z@)ox,zk:(x) ~ m,/m2, where Qﬁ(/k = Qﬁf/ Speck-

Proof. Since z € X (k) is a rational point, we have a commutative diagram

Spec k(a:)CL> X
y: ~ l
Spec k

Also, the rational point = gives a retraction of i,. From here we get an exact
sequence

?

0 ——mg/m2 — Qﬁc/k ®k — Qilc(ac)/k;(2 0) —=0

which implies that i;Q% , = (1) @0y, k(z) = my/m?.
[

Corollary 1.22. Let k be a field, k[e] be a k-algebra defined by the relation
g2 = 0. Denote by i the natural closed immersion Speck — k[e] and choose

a rational point x € X (k) of X, then we have an isomorphism T, = {t €
X(kle]) | wi =z } = (ma/my)"

Proof. By definition we have
7. = { he€Hom(Ox,, kle] | Th=p }
= Dery(Ox, ke)
= Hom(Q%//k@k(x), k)

= (ma/mz)"
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Here 7 : k[e] — k is the canonical map and p : Ox, — k is the morphism
corresponding to the rational point z. O]

Proposition 1.23. Let S = Spec A, P =P, then there is a canonical exact
sequence.

0 Qp/s O3 (=1) —= O0p —0

Proof. Let B = Alto,--- ,t,|, L = B(=1)""" = @, Bei, where dege; = 1,

—_——

then Op(—1) = B(-1), O (~1) = L. Hence we have an exact sequence

u

0 M L B A 0,

where u is defined as (fo, -, fr) — Y. fiti and M = Ker u. From here, we
get a short exact sequence

0 M L—R 0.

Using the Koszul complex K,(u), on can see immediately that M =< e;t; —
e;t; >. This is a graded B-module such that M, is free over By,) = Al(2)]

t
with basis etjt;fjt, 1 # j. On the other hand, we have

~ t;

0<j<rj#i

so we have a well-defined map

hence the short exact sequence

0 Qp/s O3 (=1) —= Op —0
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In fact, we have something more. From the previous proposition, we get
some exact sequence, which is denoted by ¢;, for each ¢ (1 <i <7r):

0= Qs = N O (i) om0 =m0 (1) = Op -0,

where QZ'P/S = A’ Q},/S. So we get a quasi-isomorphism Q%/S[i] — o> K*(v),
in particular 2}, ¢ ~ O (—r — 1) = Op(—r — 1) (by the exactness of
Koszul complex). By the exactness of ¢,, we have ¢, € Exty, (Op,Qp/5) =
Hom(Op, Qp g[r]) = H"(P,Qpq) = H'(P,Op(—r — 1)) = A. In fact, ¢,
gives a basis of = H"(P,{2} ) over A, hence is called the “fundamental
class”. Similarly, ¢; gives a nontrivial Clgss of H'(P, Y, /) and H’ (P, /5) =

0, i # j. Further more, we have ¢; = ¢ given by the cup product defined as
follows: let a € H'(P,Q}pq), b € H'(P, Q;/S) given by a: Op — Qp 4[] and
b: Op — QP/S[ ], then we have a map: (a,b) — ab € H™ (P, Qg/s) defined

as the composition of Op ®p, 0p22t prslil ® QP/S[ =0 Wi+]].

Theorem 1.24. Let f : X — Y be a morphism of schemes, Q’;(/Y =

/\ QX/Y, then there exists a unique family of maps of abelian sheaves d :
le/y — Q;/ly such that
(1) d = f~Y(Oy)-basis;
(2) dod = 0;

aAb) =daANb+ (—1)'aNdb, for any a € Y, be V), where
3 )d b) =daNbd 1)'aAdb, f LU, Q), be (U, YY), wh
U C X is an open set;
(4) d= dx/y : OX — Qﬁf/y

Sketch of Proof. Since we have I'(U, Qﬁ(/y) = Ox(U)d(Ox(U)) for any affine
open subscheme U C X, hence an element of T'(U, Q' /Y) can be written as
w=>_adby A\---Adb; for some a and b; € Ox(U), so we have d(adb; A--- A
db;) = da N dby A - - - A db;. Hence the uniqueness is clear.

For the existence: first since the uniqueness we proved just now, we may
focus on the case that X = Spec B, Y = Spec A are affine. In this case,
Qﬁ(/y (QB/A> and 1%y = (/\ QB/A> . So, we only need to construct an
antiderivation D : /\QB/A — /\QB/A of degree 1 such that (1) D(b) = d(b)
for any b € B and (2) D(a - dby Adby--- N dbs) = da A dby - - - dbs for any
a,by,---bs € B. We first treat a special case, that is when B = A[{t;}ic/]
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where [ is an index set imposed with a total order. In this situation, we have
known that {dt;}; € I forms a B-basis of the free B-module Qj,,. Hence
{dti, Ndti, -~ Ndti, | iy <iy <--- <i, }is a B-basis of AQp/,. Then any
element w € A\ Q} /4 can be written uniquely as follows

w = Z adtil AN dtzr

1 <+ <ip,r <00

and so we define

Oa;
i1 <<y, <00 i1< <, <00 j J
One can check that indeed such a definition gives an antiderivation of A Q1 /A
of order 1 satisfying (1) and (2). For the general case, see EGA 1V, 16.6.2.
O

Remark. The morphism d defined in the previous theorem is called exterior

derivation. Using this construction, we get a complex of abelian sheaves

called de Rham complex of X/Y. The cohomology group of this complex

H*(X,Q%)y) = Hip(X/Y) is called de Rham cohomology.

2 Smooth unramified étale morphisms

Definition 2.1. Let f: X — Y be a morphism of schemes, then f is called
formally smooth (resp. unramified, resp. étale), if and only if for any diagram
of the form (x) with ¢ a thickening of order 1, locally on T}, there exists at
least(resp. at most, resp. exactly) one g making the diagram commutes.
It is equivalent to say that Hom(Ty, X) — Hom(Ty, X) is surjective(resp.
injective, resp. isomorphism).

X (%)

90

T TV%> Y

f is called smooth(resp. unramified, resp. étale), if and only if f is formally
smooth (resp. unramified resp. étale) and locally of finite presentation.
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Remark. (1) If f : X — Y, g:Y — Z are formally smooth, then gf is
formally smooth. The same holds in the case that f, g are ormally unramified
(resp. formally étale).

(2) Formal smoothness (resp. smoothness) is stable under base change,
that is if f: X — Y is formal smooth (resp. smooth), and

X —X

/o
Y —Y

is a cartesian diagram, then f’ is also formally smooth (resp. smooth).

(3) Let X = U,; Ui, U; is open, U;/Y is smooth for any ¢, then X/Y is
smooth.

(4) If locally there exists g on Ty, then in the étale case, we can extend g
globally, and such extension is uniquely.

(5) In the previous definition, the condition on the thickening can be
replaced by any thickening of order n for any positive n € Z. Indeed, given
a thickening Ty — T of order n, we can construct a chain of thickening such
that the consecutive two are a thickening of order 1 as follows

To—T— - =T, 1—T

where T; = (|T|, Or/I"1). Then using the commutative diagram below

we can reduce to the previous case.

We give some examples of smooth morphism.

Example 2.1.1. Consider the commutative diagram:
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Then f is smooth since by the following diagram

T07 OTO ) T OT

Homg (T, A%) <— Homg (T, A%)

there exists a morphism A making the diagram commute.
Corollary 2.2. The morphism f :P§ — S is a smooth morphism.

Theorem 2.3. 1) A morphism f : X — Y is unramified if and only if
2)If f: X =Y is smooth, Q%{/y 18 locally free of finite type.

3) Let X L>Yi> S be morphisms of schemes.
a) Assume that f is smooth, then the sequence

00— f*Qys — Uyys Oy 0 (%)

15 exact and locally split.

a’)Assume f étale, then f* Qy/s = Qﬁ(/s

b) Assume that g o f is smooth, and (%) is exact and locally split, then f
15 smooth.

b’)Assume g o f smooth, and f* Qy/s = Qﬁf/s, then f is étale.

4) Consider a commutative diagram

XC_i>Z

a

Y

where 1 is a closed immersion with ideal Z, and let NX/Z = I/IQ. Then
a) Assume that f is smooth, then the sequence

d
0 Nx/z 2 *le/y Q}(/Y 0 (%)

1s exact and locally split.

a’) Assume that f is étale, then Nx,7z — i*le/Y.

b) Assume that g is smooth. If (xx) is exact and locally split, then f is
smooth.

b’) Assume that g is smooth. If Nx,z = i*le/Y, then f s étale.
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Lemma 2.4. Consider a commutative diagram:

TOC%T*)Y

where 1 1s a thickening of order 1 with ideal Z, and g1i = g2t = go. Then
95 — g7 : Ox — g0.Or factors through go.L, and

9> — 91 € Dery(Ox, go.T) = Homo, (v, go.T) = Homy, (52 v, T);

the homomorphism Qﬁ(/y — go«L corresponding to the deriwation g5 — gi
sends dx/y(a) to gs(a) — gi(a) € go.Z.

Proof. We may assume all schemes are affine. Then we have the following

commutative diagram:
B
%
92

Define ¢ : B — C, b — p(b) = g2(b) — g1(b). We need to verify that
¢ € Dery(B, Iip). In fact, p(ab) = ap(b), for all a € A. And for z,y € B,

p(zy) =ga(zy) — g1 (7y)
=g2(7)(92(y) — 91(¥)) + 91(y)(g2() — g1())
=r9(y) + yp(z).

Proof of Theorem 2.3 (1). Consider the commutative diagram:

X

g0
g1
g2

IhY——T——Y

Assume Qﬁ(/y = 0, we want to show g; = g». However g;—g; € Homy, (gng/Y,I) =

0, hence g; = gs.
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Conversely, consider the commutative diagram:

<

§

X X)lﬂ

~

%

.
I-.<

(

where (X Xy X); is the first infinitesimal neighborhood of the diagonal A.
As f is unramified, we have 0=p; — pj € Homo, (Qy/y,2%/y). On the

Xy X)

other hand, p; — p} = dx,y : Ox — Q% /v Which corresponds to the identity
Id: Qﬁ(/y — Qﬁ(/y. So [dﬂk/y = O%ﬂy, which implies that Qﬁqy = 0. O

For the proof of Theorem 2.3 (2), we need some preliminaries.

Definition 2.5. Let f : X — Y be a morphism, Z € Qcoh(X). A Y-
extension of X by Z is a commutative diagram:

XC—7‘> XI

e

Y

where 7 is a thickening of order 1 defined by the ideal Z.
An isomorphism of Y-extensions

(XCLX')L(X%X”)

is a Y-morphism a : X’ — X7, such that ai’ = ¢" and a induces the identity
map on Z, i.e., the following diagrams

" /X\
O —_— I \ a* OX I 0 X 1" / Y
OX// ”

commute. Note that a* is an isomorphism.
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Remark. Given a commutative diagram:

0—>7T A—L -0y —>0

|

f71(Ox)

with exact row, where A is an f~!(Ox)-algebra, p is a homomorphism of
f~H(Ox)-algebras, and Z? = 0. One can show (] X]|, A) is a scheme X', such
that A = Oy and X’ is a Y-extension of X by Z.

Definition 2.6. Exty (X, Z)={isomorphism classes of Y-extensions}.

One can endow Exty (X, Z) with the structure of an abelian group with 0
element being the class of the trivial Y-extension, i.e. X’ defined by Oy’ =
Ox ®Z = D(Z)(the dual number algebra on ), and f~}(Oy) — Ox defined
by [7YOy) — Ox — Ox/ with canonical morphisms. The addition in
Exty (X,Z) is defined as follows: given two elements eq, e5 € Exty (X, Z):

ey :class of (0 -7 — Ox, — Ox — 0)

ey :class of (0—7Z — Ox, — Ox — 0),

we construct the following commutative diagram:

OXl XOx OXQ Ox 0
/ l\ J«
04>1®14>0X1@@X2 Ox ®O0x —=0
| J

0 A Ox,

where Ox — Ox ® Oy is the diagonal map, Z & Z — 7 is the sum map,
Ox; = T@147(0x, Xox Ox,). Then e; + ey is the class of the extension
(0 =7 — Ox, — Ox — 0). One shows that e; + e; does not depend on the
choices and that we thus obtain a structure of abelian group on Exty (X, 7)
as desired. The proof is similar to the construction of structure of abelian
group on the set of isomorphism classes Ext(L, M) of L by M in an abelian
category.
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Proof of Theorem 2.3 (4)(a). Consider the commutative diagram:
/ﬂi\\_\
X—2“~—=7Z

e

Y

where Z; is the first infinitesimal neighborhood of X in Z. As f is smooth,
locally there exists r € Homy (Z;, X), such that r oi; = Id, i.e., such that
the following diagram commutes:

Id /4
/ f
e

Xtz oy

Therefore r gives a map:
@ i*le/Y — Nx/z

(da)” — (=r*ija+a)” = p(@), a€ Oy

where ()~ represents a class mod Z. The map ¢ is inverse to Nx/z — i*QYy--
S0

0= Nxjz = "y — Q) — 0

is exact and locally split. O

Lemma 2.7. Let f : X — Y be smooth, T € Qcoh(X). Following 2.3 (4)(a),
define ¢ : Exty(X,7Z) — Ext}QX(QX/y,I) by

class of (X—> X"\ class of [0 —1— Z'*QIZ/Y - Q%(/Y - 0]-

e

Y
Then ¢ is an isomorphism.
Proof. We easily checks that ¢ is a well defined group homomorphism. Define

¥ : Bxty (v, T) — Exty (X,T)
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in the following way. Given an exact sequence

u

0 A

FE - QAI)(/Y4>07

we form the commutative diagram:

0
0—T—Y0ye B 2080k, —0
pT Tld—i-dx/y:p;
Oy 1 Ox 0

where Oy, = (Ox ® E) Xoxenl Ox. We define

V(E) =[(x—= x")

e

Y

It sufficient to check that @i = Id, ¥ = Id.

The fact that ¥ = Id is clear. We verify ¢y(E) = E. Note that p — ¢
induces a Y-derivation: Ox — E, and hence a morphism « : i*Q}, iy~ E.
Considering the following commutative diagram:

0 7 E Oy 0,
A A
PY(E) : 0 yA "'*Qﬁa/y Qﬁ(/y 0
we conclude that « is an isomorphism. O

Lemma 2.8. Let X be a scheme, E € Qcoh(X) be of finite type. Assume
that for any F € Qcoh(X), Sxté)x(E,F) =0, then E is locally free.

Proof. Locally we can write
0O0—-F—L—F—0 (*)

with L free of finite type. So F' € Qcoh(X). Then by the assumption, (*)
locally splits, which implies that E is locally free. O
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Proof of Theorem 2.3 (2). For any Z € Qcoh(X), by 2.7, we get
Exty (X, ) = Exty (Qx/v, T),

SO
gl‘ty(X, I) = (C/’LL't%QX (Qx/y,I),

where Exty (X, Z) denotes the sheaf associated to U — Exty (U, Z|y). As fis
smooth, locally any Y-extension of X by Z admits a Y-retraction, i.e. any Y-
extension of X by Z is (locally) trivial. So Exty(X,Z) =0 = Eaty (Qx)v, L),
then Qﬁ(/y is locally free of finite type by 2.8. O

Lemma 2.9. Let X LY % S be morphisms of schemes with f affine. Let
T € Qcoh(X). Then the following sequence is exact.

0 —— Dery(Ox,Z) — Derg(Ox,Z) —> Derg(Oy, f.Z) (x)

0
Exty (X,7) — > Extg(X,T) — 2~ Exts(Y, £.7)

where o, 3, O are defined as follows:
(1) For any D € Dery(Ox,T), define a(D) : Oy — f.Ox f2 fol.
(2) For any D € Derg(Oy, f.T), define

D): 0—>T—>O0x BT —>O0x —>0,

7

f(Oy)

where f~1(Oy) — Ox @I corresponds to (f*,D) : Oy — f.Ox @ f.Z.
(8) For a class E € Extg(X,Z) as follows:

E:0 A OX

&
[

f71(Os)

g

OX 0 )
define
Oy
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by the following commutative diagram:

0 L [:O0xr —— f.Ox —=0
N 0]
Oy Oy 0
|
9 '(Os)

where the upper row is exact, since f is affine.

Proof. We only prove the exactness at Derg(Oy, f.Z), Exty (X, I), Exts(X,Z).

(a) Exactness at Derg(Oy, f.Z). Assume that D € Derg(Ox,Z), then
a(D) : Oy — f.Ox LD f«Z. Define (1,D) : Ox — Ox @ Z, it is easy to
verify that the diagram:

(1,D)
LT

0—I—0x®T Ox 0

(fﬂa(D))T /

f71(Oy)

is commutative. So 0 o a(D) is trivial in Exty (Ox,Z). And hence Im(«a) C
Ker(9).

Assume D € Derg(Oy, f.Z), and (D) = 0. Then there exists a mor-
phism ¢ = (1, Dq) : Ox — Ox @ T making the diagram:

(1,D1)

LT
0—=7I——0x®T Ox 0

(f*:D)T /

f71(Oy)

commutes, which implies that D; is a S-derivation and a(D;) = D. Hence
Dy € Derg(Ox,Z) and then Ker(9) C Im(a). So the sequence is exact at
Ders(Oy, f.1).
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(b) Exactness at Exty (X, ). Assume D € Derg(Oy, f.Z). Then clearly,
the following diagram:

(1,0)
LT
OxdT Ox 0
(f*yD)T
f1(Oy)

|

[ty 1(Os)

commutes. Hence v o 9(D) is trivial in Extg(X,Z). So Im 9 C Ker(v).
Let E defined by

0—Z71

0 T Oy —2—= 0y 0

be a Y-extension whose image in Extg(Ox,Z) is trivial. Then there exists an
Og-homomorphism r : Ox — Ox- such that por = Id. Then we can write
Ox =0Ox ®Z and r = (Id, D), and D : Ox — 7 is an S-derivation. Then
u = (f*, D), which shows that the class of E is 9(D). So Ker(y) C Im 0.

(c) Exactness at Extg(Y, f.Z). Assume that E defined by

0 7z Ox Ox 0
|
f~1(Oy)
is an element in Exty (X, Z). Consider the commutative diagram
0 L f+Ox 1:Ox 0
S hNe ]
Oy Oy 0

p

7

9 (Os)
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By the property of fiber product, there exists r : Oy — Oy, such that
por = Id, making the following diagram:

T

LT
0 -z Oy —5—= 0Oy 0
97 (0Os)
commutes. Hence fo~v(E) =0
Assume
E:0 A Ox /OX 0
g7 (Os)
and E € Ker((3). Then there exists r : Oy — Oy, making the diagram
e
Oy/ Oy 0
=
-1
9 (Os)

commutes. Hence we can define
,17‘ _ 1 _
1/) . f_l((')y) f—> f 1(0y/> f_)p f 1f*OX/ — OX’7
making the diagram
0 A Ox Ox 0

| 7

f71(Oy)

|

[l H(Os)

commutes, which implies £ € Im(7). So the sequence is exact at Extg (Y, f.Z).
O]
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Proof of Theorem 2.3 (3)(a). 1t is a local problem, so we may assume that
X = Spec(C), Y = Spec(B), S = Spec(A) are affine, so that X — Y — S
corresponds to A — B — (. We will show that the sequence

0—-C®p QlB/A - QlC’/A - QlC’/B — 0 (%)

is exact and split. It is equivalent to showing that Hom((x), I) is exact, for
any I € Mod(C). By 2.9,

0— DerB(C, I) — DerA(C, I) — DerA(B,I[B]) — EXty(X, I)
is exact. By 2.3 (2), Q}(/Y is locally free of finite type, hence Qlo/B is pro-

jective of finite type. So Exth(Qlc/B,I) = 0, and Exty(X,Z) = 0. So
Hom((x),Z) is exact. O

Lemma 2.10. f: X — Y is a morphism. Then the following conditions are
equivalent:

(a) f is formally smooth.

(b) For any open subset U C X, and any Z € Qcoh(U), Exty (U, Z) =0

Proof. (a)=- (b) is clear. For (b)=-(a), we will show there exists g making
the following diagram commutes.

79

g0 /4 lf
7/
Ty —=T——Y

We may assume all schemes are affine. Then the above diagram corresponds

to the following diagram:
/// T

¥
Ry<=—R~<~—R
Consider the following commutative diagram:
200

Al

0 I R Ry 0

N

B
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where I/ = R x g, C. By the property of fiber product, we get a Y-extension
of X by I,
0 1 E C 0.

|

B

Since Exty (X, 1) =0, then 0 — I — E — C — 0 splits, so there exists s :
C — F, such that hoos = Id. Then g = hy o s is the required morphism. [J

Proof of Theorem 2.3 (3)(b). As g o f is smooth, then Extg(X,Z) = 0. We
may assume X, Y, S are affine. Using 2.9, we get an exact sequence:

Del"s(OX,I) —2 DerS(Oy, f*Z) —_— EXty(OX,I) — 0. (*)

By the exactness and local splitting of the sequence:

0— f*Qly/s - Qﬁ(/s - Q_lX/Y — 0,

we get that « is surjective. This implies Exty (X,Z) = 0. Together with 2.10,
we conclude that f is smooth.

When f*Qy g — QY /g, then Qﬁ(/y = 0, and hence f is étale, using
Theorem 2.3 (1). O

Proof of Theorem 2.3 (4)(b). By 2.10, it is sufficient to show that Exty (X, J) =
0, for any J € Qcoh(X).

Suppose Xc—j> X' is a Y-extension of X by J. Since ¢ is smooth, there
exists h : X’ — Z, extending i. We have the following commutative diagram:

X(—i>Z

N

f X'

Let i1 : X — Z; be the first infinitesimal neighborhood of X in Z. We have
a commutative diagram with exact rows

dzy .,
N =200y —= Dy —0, (%)

le \L lld
dz,/v.

N — Zﬁzlzl/y — Qﬁ(/y —0
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Let R (resp. R;) denote the set of retractions of dz/y (resp. dz,,y). By the
composition with the middle vertical arrow of (%) we get a map Ry — R, one
can show it is an isomorphism. So a splitting of

gives a derivation D : Oz — Z and a retraction r : Z; — X, such that
Id —r* 04] = D, and r o hy retracts j. Therefore Exty (X, J) = 0.
If Nx/z — i*le/Y is an isomorphism, Qﬁ(/y =0 and f is étale. O

This completes the proof of 2.3.

Corollary 2.11. The morphism f : X — Y s smooth if and only if locally
X is étale over AY.. More precisely, suppose f is smooth, and let s, -+ ,s, €
I'(X,Ox), such that (dsy,--- ,ds,) is a basis of Q%{/Y over Ox, where d =
dx/y (such a system exists locally by 2.8 (1)). Then the morphism s : X —
AL given by (s1,-- -, 8,) is étale.

Proof. We have a commutative diagram:

i

Y

It X is étale over A}, then X is smooth over Y by the stability of smooth-
ness.

For the second assertion, note that by definition of s, the map O% =
* 1 1 . . . .
‘?thA@/Y — (2yy is an isomorphism. Apply 2.3 (3)(b), we get that s ;
étale.

Lemma 2.12. Let A be a local ring, k = A/m be its residue field. Let
E,F € Mod(A), E be of finite type and F be projective. Let u: E — F be a
homomorphism. Then the following conditions are equivalent:

(1) w is injective and split. (i.e. there exists v : F — E, such that
vou=1d)

2)u@k: E®k— F®Fk is injective.

Proof. (1) = (2) is clear. We only prove (2) = (1).
(a) Assume F is free of finite type. By hypothesis, since F' is projective
and F — E®Fk is surjective, there exists v : F' — F such that vu®k = Idgg.
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Then det(vu) € 14 m, which implies that v o u is an isomorphism. Thus u
is injective and split.

(b) General case. There exists L free of finite type, such that w: L — E
is surjective, and L ® k — E ® k. Then uw ® k is injective. By case (a), we
get that u o w is injective and split. Then w is an isomorphism, and thus «
is injective and split. ]

Corollary 2.13 (Jacobian criterion). Suppose we have a commutative
diagram:
XC_’> A

i

Y

with g smooth. Let T be the ideal of the closed immersion i. Let x be a point
of X, then f is smooth at x if and only if there exist sections {s;}1<i<r of T
around x, such that ((s;);) generate I, and dzy(s;) ® k(x) € le/y ® k(x)
are linearly independent.

In particular, for Z = A}, f is smooth at x if and only if fcan be defined
by s1 = --- =5, =0 locally around x, where the s;’s are sections of Oy, such
that

rkk($)<asi/atj)11§§%(l‘) =,
where (9s;/0t;)(z) € k(x).
Proof. First we prove the necessity. If f is smooth at z, then the sequence

0—Z/I* - Qyy @ Ox — Qx)y — 0

is exact and split around x. This implies the sequence
0—=T/T*® k(z) — Qy @ k(2) — Qy )y @ k(7)) —0
$; @ k(x) ——dx/ys; ® k(x)

is exact. Pick up (s;) such that s; ® k(z) is a basis of Z,/Z? ® k(z). Using
Nakayama’s lemma, we get that (s;) is a minimal system of generators of Z,.
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Then we prove the sufficiency. We have a commutative diagram:

d k(x
7,/72 @ k(z) ~22 QL @ k()
(SZ)T ds; Rk (x)
k(z)’

Since k(x)" — Q) ® k() is injective, then k(x)" = I, /I7 ® k(z). Hence
by 2.12, dz,y is injective and split around x. Then we get the conclusion by
2.3 (4)(b). O

Corollary 2.14. Suppose we have a commutative diagram:

X(—i>Z

i

Y

with f, g smooth at x, and i a closed immersion. Then there exists an open
subset U C Z containing x, such that the diagram:

UnXe© UcZz
N
Y[tl tet tn] = A?/( A?/—Hn = Y[tl o tn-i—r]

is cartesian, with h étale.

Proof. Let N' = Z/Z? where Z is the ideal of i. Choose sections fi,--- , f,
of Z around z, and local sections ¢, - - - , g, of Oz around z, such that df; ®
k(x),--- ,df. @k(x),dg @ k(zx), - ,dg, ®k(x) is a basis of QIZ/Y®I£(3:), and
(f1)z, - (fr)e generate Z,. By Nakayama’s lemma, dfy, - -- , df,,dg1, -, dgy
give a basis of ), Iy around x. Hence we have a cartesian diagram:

UnNnX——U

L b

ARG AT

where h: U — AV is defined by g1, , gn, f1,- -+, fr, and AL — AL by
(t1, -+ ,tn) = (1, ,1n,0,--- ,0). So h is étale, by 2.11. ]
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3 Smoothness, flatness and regularity

We recall the definition of regular local rings.

Let A be a noetherian local ring. m be the maximal ideal, k be the residue
field. Then d = dim A < rank; m/m?. A is regular if and only if the following
equivalent conditions hold:

(1) d = rkym/m?.

(2) There exists xy, -+ , 4 € m generating m.

(3) grm(A) ~ Sp(m/m?) ~ k[ty,-- -, tq].

A sequence (z1,- -+ ,24) € A is called a reqular system of parameters if
Ty, ,Tq generate m, ie., (Tq,--- ,Tq) is a basis of m/m?, where 7; is the
image of x; in k.

Proposition 3.1. Let A be a regular local ring, m be the mazimal ideal,
dim A = d. Let I be an ideal contained in m, B = A/I. Then the following
two conditions are equivalent:

(1) B is regular.

(2) There exists a reqular system of parameters (xq,--- ,xq) of A such

that I =Y x;A

i=1
Proof. (2) = (1). We assume (z1,---,,) is part of a regular system of
parameters of A, then dimB = d — r as (z1,--- ,x,) is part of a system of
parameters ([EGAOQ] IV 16.3.7). Let n = m/I be the maximal ideal of B,
then we have an exact sequence:

0— (m?+1)/m?> - m/m?> - n/n> -0 (%

Since xy,---,x, generate I and their images are linearly independent in
m/m? dimg(m? + I)/m? = r. So dimn/n?* = d — r = dim B, which implies
that B is regular.

(1) = (2): We assume B is regular. Suppose dim B = dimn/n? =
d — r. Using the exact sequence (*), we get dim(m? + I)/m? = r. Take
x1,+ -+, 2, € I, such that the images of x1,--- ,z, in m/m? are linearly inde-
pendent. Choose x,41, -+, x4 € m, such that (xy,--- ,x4) is a regular system

of parameters of A. Let I’ = )" ;A C I. Then we have an exact sequence
i=1

0—1/I'" = A/I' - A/I — 0.
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By (2)=(1), A/l is regular and dim A/I" = d —r = dim A/I. As A/I is
regular, A/I is a domain, hence I /I’ is prime, but since dim A/I’ = dim A/I,
then [ = TI'. O

Theorem 3.2 (Serre). A is a regular local ring of dimension d if and only
if the global (homological) dimension gldim(A) is equal to d.

Corollary 3.3. If A is a regular local ring, and p € Spec A, then A, is
reqular.

Proof. Let J be an ideal in Ay. Then J = I, for some I C A. As A'is
regular, Ext%(A/I, M) =0 for i > d, and any M € Mod(A). Thanks to the
isomorphism

ExtiA(A/], M), = EXtiAp (Ap/ Iy, My),

we have Extfgp (Ap/Iy, My) = 0 for i > d, which (by 3.2) implies that A, is
regular. O]

Corollary 3.4. Let X be noetherian. If Ox . is reqular at all closed point
x, then Ox . is reqular for all x.

Proof. X is noetherian and hence quasi-compact. For any y € X, there
exists a closed point x € @ So we may assume X = Spec A. Since every
closed point corresponds to a maximal ideal, Ay, is regular for any maximal
ideal m. Therefore Ay, = (Aw), is regular by 3.3, where p C m. O

Definition 3.5. Let X be a scheme. X is called regular if X is locally
noetherian and Oy, is regular for any € X.

Remark. If X is regular, then the connected components of X are the
irreducible components of X and any component is open (cf. [EGAI] 6.1.10).

Recall that if X/k is of finite type, where £ is a field, then = € X is closed
if and only if [k(x) : k] < co by Hilbert Nullstellensatz.

Let X/k be integral and of finite type. Let n be the generic point of X.
Then dim X = trdeg; k(n) = dim Oy, if x is a closed point.

Proposition 3.6. Let X/k be of finite type. Then the following conditions
are equivalent:

(1) X/k is étale.

(2) Qﬁ(/k, =0, i.e., X is unramified.

(3) X = Spec A, where A =[] K;, K;/k is finite separable extension.
i=1
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Proof. (1)= (2) is trivial.
(2)= (3) We may assume X is affine. Let X = Spec A. We have to show

that if & is an algebraic closure of k, A® k = a8
Let Z = Spec(A®k), = be a closed point in Z. Then k(z) = k, Z = X ®k.
Q) = 0 implies QZ/k = 0. Since z € Z(k) (z is rational), m,/m2 =
le/k ® k(z) implies m,/m2 = 0, and hence m, = 0. So Oz, = k(z) = k.
(3)= (1) We may assume X = Spec K, K/k is finite separable. Then
K =Ek[T]/(f), where f'(x) # 0, {z} = Spec K. Apply Jacobian criterion to

Spec K> Spec k[T]

L

Spec k

we get X/k is smooth, and hence X/k is étale. O

Theorem 3.7. Let k be a field, and X/k be of finite type.
(1) If X is smooth over k, then X is reqular. Moreover, if X is integral,

then erk/k dim X.

(2) If k is perfect, and X is regular, then X/k is smooth.

Proof. (1) We have to check Oy, is regular for all closed point x € X. Let
x € X be a closed point, we have [k(z) : k] < oc.
We may assume that we have a commutative diagram

Xc—l> 7 — AZJrr

|

Spec k

Where i is a closed immersion of ideal Z. Pick up (f;)i<i<r, such that Z, =
E(fl) Oz, and dz/;, @ k(x) are linearly independent. Let m = my,. Since

the following diagram commutes

T)T2 ® k()2 QL © k(x)
> sz/k

m/m?
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where ¢ : f; ® k(x) — (f;): mod m? the (f;), mod m? are linearly
independent in m/m? so ((fi)z, -, (fr)z) is part of a regular system of
parameters of Oz,. Then Ox, = Oz, /I, is regular, by 3.1.

Since X is smooth over k, the sequence

0—Z/T* - Qy) ® Ox — Q) — 0

is exact. As rk(le/k ®Ox) =n+r and tk(Z/Z?) =r, erﬁ(/k =n=dimX.
(2) We will apply Jacobian criterion to

€ X7 = AT

|

Spec k

where x is any closed point, and Z is the ideal of the closed immersion 7. It
is sufficient to show

d®@k(z): Z/T* ® k(z) — le/k ® k(x)

is injective.
Since k is perfect, k(z)/k is separable and hence Qi(x)/k =0, by 3.6.
Consider the exact sequences:

T/T* ® k(z) — le/k ® k(x) — Qk/k ®k(z) —0 (*)

mg/my — Q@ k(x) = Qi — 0 (%)
The sequence (*) implies dim QJ, ) @k(z) > n, and the sequence (**) implies
dim le/k@)k(m) < n. So dim le/k®k(m) = n, and hence d® k() is injective.
So X/k is smooth at z, using the Jacobian criterion. ]

Corollary 3.8. Let k be a field, and X /k be of finite type. Then the following
conditions are equivalent:

(1) X/k is smooth.
(2) For any extension k'/k, X @ k" is reqular.
(3) There exists a perfect extension k'/k, such that X @ k' is reqular.

Proof. We only proof (3)=-(1). Let X' = X ® k’. Since k' is perfect, X’ is
smooth over k" by 3.7. Since X/k is of finite type, there exists some n and a
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closed immersion ¢ : X — A}. Using base change, we have a similar closed
immersion: ¢’ : X’ — AJ},. For any x € X, let 2/ € X’ be an inverse image of
x of the canonical map X’ — X. Let Z (resp. Z’) be the ideal of i (resp. '),
let N =Z/7* N'=T7'/7". As X'/k is smooth,

dpn, i @ k(2") : N @ k(') — Qun, e @ k()

is injective by 2.3(4)(a) and 2.12. Since k — k£’ is flat, one can show that
N' @ k(z) 2N @ k(2'), and i/*QkZ//X’ ® k(2') = i*Q}&g/x ® k(z"). Then we

have a commutative diagram

dyn /0 @k(z")
N ® k‘(:v') Ay 1k Z‘/*Q}M Ix ® k(x’) ‘
1°%
dan/k®k(x) T
N @ k(z) : v Q}&g/x(@k@)

with the vertical arrows injective, which follows that dar/x ® k(z) is injective.
Therefore X is smooth over k by 2.12 and 2.10(4)(b). O

Theorem 3.9. Let f : X — Y be locally of finite presentation. Then the
following conditions are equivalent:

(1) f is smooth.

(2) f is flat, and for any y € Y, X, /y is smooth.

Lemma 3.10. Let A be an artinian local ring, with the maximal ideal m and
the residue field k = A/m. Let E be an A-module, then E ® k = 0 implies
E=0.

Proof. Since A is an artinian local ring, there exist n € N, such that m" = 0.
Then E ® k = 0 implies

E=mE=m’E=---m"E = 0.
O

Lemma 3.11. Let A be an artinian local ring, M be an A-module. Then the
following conditions are equivalent:

(1) M is free.

(2) M is flat.
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Proof. (1)= (2) is clear.

(2)= (1): Let m be the maximal ideal of A and k be the residue field. As
M is flat, Tor; (M, k) = 0. Let (z4)acr be the elements of M whose images
in M/mM form a k-basis. Let P be a free A-module with basis (€,)acr and
¢ be the homomorphism from P into M which maps e, to x,. By 3.10, ¢ is
surjective. Let N be its kernel. The exact sequence

0 N P M 0

gives rise to the exact sequence:

Tory(P, k) = 0 — Tory (M, k) = 0 — N/mN — P/mP % M/mM — 0
As ¢ is bijective, N/mN=0 and hence N is zero. O]

Lemma 3.12. Let A, B be noetherian local rings, A — B be a local mor-
phism. Let E, F be finitely generated B-modules, and F be flat over A.
Assumeu® k : E® k — F ® k is injective, then u is injective, and Coker u
is flat over A.

Proof. (Raynaud) Let A, = A/m"" B, = F® A,, F, = F ® A,. First we
show that u, : F, — F, is injective and split. Since F,, flat over A,, F,, is
free over A, by 3.11. Take a basis of F, ® k, lift its image in F,, ® k into a
part of basis of F},, which forms a free submodule L', making the following
diagram commutes:

Ll

“Jl \

E,——F,

where ¢ is defined in the obvious way. We have ¢ is surjective by Nakayama’s
lemma, and hence ¢ is an isomorphism. So the sequence

0— B, F, — Coker(u,) — 0

is injective and split. Then F,, is flat over A, implies Coker(u,,) is flat over
A, for any n. Consider the commutative diagram

E F
E F

u

limE, = F—— = F =1limF,
— —
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where E — F and F — F are injective ([B] IIT §5, Proposition 2). So £ — F
is injective. Therefore Coker(u) is flat over A ([B] III §5, Theorem 1). [

Lemma 3.13. Let A — B be a local morphism, with (A,m,), (B, mp)
noetherian local rings, f € mpg. Let M be a finitely generated B-module.
If M/ "M s flat over A for any n > 0, then M is flat over A.

Proof. Tt is sufficient to show for any N’ — N, where N’, N are finitely
generated A-modules, u: M ®4 N' — M ®4 N is injective.

As M ®4 N' is finitely generated B-module, it is separated for the f-adic
topology. Let x € Ker(u). For any n > 0, the map M/f""'M @4 N’ —
M/ f"" M @ N is injective, by the assumption that M/ "M is flat. Then
we deduce that z € f"*(M ®4 N’) from the commutative diagram:

M @4 N’ M@is N

| |

M/fn+1M®AN/4>M/fn+1M®AN

Thus z € ([ (M @4 N') = 0. So u is injective, and hence M is flat over
A ! 0

Proposition 3.14. Let A — B be a local morphism, with (A,m4), (B, mp)
noetherian local rings, k = A/my. Let M be a finitely generated B-module,
fi,-, fr € mp. Then the following conditions are equivalent:

(1) M is flat over A, and (i ®k,--- | f, @ k) is (M ® k)-reqular.

(2) (fi, -, [r) is M-regular, and M/ > f;M is flat over A
i=1

Proof. (1)=-(2) By induction on r, we may reduce the case to r = 1. By
assumption, f@k : M ® k — M ® k is injective, and M is flat over A. Thus
f is injective and M/ fM is flat, by 3.12.

(2)=-(1) By induction on r, we may reduce to the case r = 1. Consider
the exact sequence:

0— ML M- M/FM—0 (x)

M/fM is flat over A, M/ fM is free over A by 3.11, and hence (x) splits. So
fREk: M®k — M® k is injective. It remains to show M is flat over A.
Consider the exact sequence:

0— M/fM L M/ M — M/ M — 0,
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by induction on r, we get that M/f" ™M is flat for any n. Hence M is flat
over A by 3.13. m

Recall that a closed immersion ¢ : Y — X of locally noetherian schemes
is reqular at x € Y if the ideal Z of ¢ can be locally defined by fi,--- , f. at
x, such that (f;), is a regular sequence in Ox, (this is equivalent to saying
that the Koszul complex K (f;) is a resolution of Oy around x).

Corollary 3.15. Consider the following commutative diagram.:

reY,"———Y

[@.

C—>X

> |

Speck(s) = s« §

X

where i is a closed immersion, S is locally noetherian, X — S is locally of
finite type. Then the following conditions are equivalent:

(1) is is regular at x, and X is flat over S at x (i.e. Ox, is a flat
Og s-module).

(2)Y is flat over S at x, and i is regular at x.

Proof. Apply 3.14to A = Og,, B=Ox4, M = Ox,. O

Corollary 3.16. i is reqular and Y is flat if and only if X is flat over S and
is 18 reqular for any s € S.

Proof of Theorem 3.9. (1)= (2): Assume f is smooth, we need to prove (a):
X, is regular for any y € Y, (b): f is flat. (a) is trivial. So it sufficient to
prove (b). We have the commutative diagram

€ XAt Z = AL

|

yey

where z € X,,. Let Z be the ideal of 4, let fi,--- , f, be local sections of 7 at
x such that (f;), is a minimal system of generators of Z, (i.e. f; ® k(z) is a
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basis of N ® k(x). Define the diagram

0— N ® k(z) —= Qy )y ® k() —= Qy )y @ k(z) —0,

TdZ/Y

2
mevm/me,ZE

the images of f; ® k(z) are linearly independent in my, ,/m% . Hence (fi).
is part of a regular system of parameters of Oy, ., in particular, (f;), form a
regular sequence in Ox, .. So f; form a regular sequence and X is flat over

Y at z, by 3.14.
(2)=(1):exercise. O

End of the proof of Theorem3: To show that (2) implies (1), we must
show that for any point € X, f is smooth at z. Let y = f(x). Since the
problem is local on X, we may assume X is embedded in some Z = A}
with ideal Z. ‘

Xy—=X—=7 =AU

T

Then we have an exact sequence:
0—-2Z, =0z — Ox,— 0.
Since f is flat, applying ®k(y), one gets an exact sequence:
0—Z®oy, k(y) = Oz, — Ox,. — 0.

Suppose g1, - - - , g, generate ZRk(y) and dg, (z), - - - , dg,(z) are linearly inde-
pendent on k(y) in ley/y@)k:(:v) = QIZ/Y®k(a:). Lift g1,--- ,g-to f1,---, f,in
T, then dfi(z),- - ,df.(x) are linearly independent on k(z). By Nakayama’s
Lemma, Z, is generated by fi,---, f.. Applied the Jacobian criterion, it
follows that f is smooth at x. This completes the proof of Theorem

Remark. Let f : X — Y be a smooth morphism. Then Q4 e locally free
of finite type. For a point x in X, let y = f(x) and Q&y/y = Qﬁqy ® Ox,,
then the integer

thi) Ry @ k(@) = thy) U,
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is called the relative dimension of f at x. This is a locally constant function
of x. By classical dimension theory, it’s just the dimension of the irreducible
component of the X, containing x. Obviously, for f to be étale , it’s necessary
and sufficient that f is smooth with relative dimension 0.

Corollary 3.17. A morphism f : X — Y is étale if and only if f is of finite
presentation, flat and Qﬁf/y = 0.

Proof. The “only if” part, is clear. Conversely, by Theorem 3.9, we only
need to show that X, — y is smooth. But since Qﬁ(/y ® k(y) = Qﬁ(y/y =0,
by Proposition 3.6, X, — y is étale, in particular smooth. O]

Corollary 3.18. Consider the following diagram.:

Xz,
v
Y

where f,qg are smooth, and i is a closed immersion. Then i is a reqular
1MMersion.

Proof. For a point x in X, let U be an affine open neighborhood of x in Z,
such that we have the following cartesian diagram :

XNUC© U
| p
A}y —— A@” = Spec Oy [t1, -+, tpir]

where h is étale. Then h*(t;) = fi € T'(U,Op) (1 < i < n+r), and A}
is the linear subspace with equations t; = --- = ¢, = 0. Thus X N U
is the closed subscheme in U defined by the ideal I = (fy,---, f.). For
t to be regular at x, it suffices that fi,---, f. is a regular sequence, i.e.
e: K(f1, -+, f) — Oxnu is a quasi-isomorphism, where K,(f1,--- , f.) is
the Kozsul complex. But the quasi-isomorphism ey : K¢(t1, -« ,t.) — Ogpn,
remains a quasi-isomorphism by tensoring it with Oy, since h : U — A} is
flat by Theorem 3.9, and ¢y ® Oy = e. O

Before stating the next corollary, we first recall some basic definitions in
linear algebra. Let k be a field, and F be a finite dimensional k-vector space.
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Let V and W be two subspaces of E, then we say V and W are transversal
in E,if E =V + W. In this case we have

codim(V NW, E) = codim(V, E) 4+ codim(W, E),

(i.e. there exists a decomposition of £ = V' @& (VN W) & W’ such that
Vie(VnW)=Vand (VNW)e W =W).

Corollary 3.19 (Transversality). Let X be a scheme over S, and Y, Z be
two closed subschemes of X. Then we have the following cartesian diagram:

teYNZ:=Y xx 2 h Y

A X

Suppose that X,Y, Z are smooth over S, and t is a point in Y NZ. From the
natural maps: Ny;x — ©*Qy,g and j*Q ;g — Qg it follows that

h*Ny)x — Bi'Qyx s = k5" Qs — K Qy)s.
After tensoring k(t), one gets a canonical map:
Ny/x ® k(t) — Q5 ® k(2). (3.19.1)

Then the following conditions are equivalent:

(1) The canonical map (3.19.1) is injective.

(2) The analogous canonical map Nz/x @ k(t) — Q%//S ® k(t) is injective.
(3) Ty;s @ k(t) and Ty/s @ k(t) are transversal in Tx;s & k(t).

When (1)-(3) are satisfied at t, then they are satisfied in a neighborhood of t
and the natural map

NYmZ/X - NYmZ/Y @ NYmZ/Z
is an isomorphism. In particular, for any s € S,
codim;((Y N Z)s, Xs) = codim;((Y N Z)s, Ys) + codim,((Y N Z)s, Zs).

The proof of this corollary is quite elementary, we leave it as an exercise.
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4 Smoothness and Deformations

Let G be a sheaf of groups on a space X. A left G-sheaf on X is a sheaf
equipped with a map of sheaves: G x E — F, satisfying:

(i) For any open subset U of X, g(ha) = (gh)(a) for g,h € G(U), a € E(U);
(ii) ea = a for any a € E(U), where e € G(U) is the neutral element.

A G-morphism (a G-equivariant morphism) between G-sheaves is a map
u : F — F commuting with the action of G, such that u(ga) = gu(a) for
g€ GU) and a € E(U).

Definition 4.1. A G-torsor on X (or a torsor under G on X) is a G-sheaf
E having the following properties:

(1) For any open subset U of X and a,b € E(U), there exists a unique
g € G(U) such that ga = b ;

(2) For any = € X, E, is not empty, or equivalently, there exists an open

covering (U;) of X, such that E(U;) # 0.

Example 4.1.1. Let X = {pt}(the space with one point), then G is just a
group, and a G-sheaf F is just a G-set. E is a G-torsor if and only if £ is an
affine space under G, i.e. E is nonempty and for any a,b € E, there exists a
unique g € G such that ga = .

When F is a G-torsor, if one chooses ay € E, then the map G — E given by
g — gag is an isomorphism of G-sets.

Remark. Let E be a G-sheaf on X. Assume E satisfies 4.1 (1). Then if for
some U open in X, E(U) # (), then by taking some a € E(U), one obtains
an isomorphism of G-sheaves G|y — FE|y given by g — g(a|yv), where V' is
an open subset of U and g € G(V).

Hence for a G-sheaf E, E is a G-torsor if and only if E is locally G-isomorphic
to G acting on itself by left translations. And any G-equivariant morphism
of G-torsors u : £ — F' is actually an isomorphism.

Definition 4.2. Let FE be a G-torsor. E is called trivial if E is isomorphic
to G acting on itself by left translations.

Note that E is trivial if and only if E(X) is nonempty.
4.3. Cohomology Class of a Torsor (Commutative Case) Let G be a

sheaf of abelian groups on X, E be a G-torsor on X, and we will write the
action of G on E additively, i.e. “g + a” instead of “ga”.
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Let U = (U;)ier be an open covering of X, and s; € E(U;). Denote U;, N
---N U, by Ui,...;,- There exists a unique g;; € G(U;;) such that

Sjlu;; — Siluy; = Yij-

Then

(915 — 9ik + 9jk)

ie. (g;) € 2'U,G) = Z'C(U,G). Let ¢(E) € H'(X,G) be the image of
(9;j) in H'(X, G) by the canonical map:

Uijk = 07

7'U,G) — H'(U,G) — H' (X, Q).

Proposition 4.4. ¢(E) does not depend on the choice of (U, s;). Moreover
E — ¢(E) induces a bijection:

Tors(X,G)—H'(X,G),

where Tors(X, G) is the set of isomorphism classes of G-torsors on X. The
class of trivial torsors corresponds to the zero element in H'(X,G). In par-
ticular, a G-torsor E is trivial if and only if ¢(E) = 0.

4.5. Preliminary on Cech Cohomology: We have seen before that there
is a natural map H(U,G) — H"(X,G), and we want to look at it more
closely. A covering V = (V});es of X is said to refine U = (U;);es, if there
exists a map ¢ : J — I such that V; C U,(;) for any j € J. Then ¢ induces
a natural map: ¢*: C"(U,G) — C™(V,G) given by

(@) jor g = plio)p(n) [Vig.oin -

It’s easily checked that ¢* is actually a map of complexes between C(U, G)
and C'(V,G), and that for two maps ¢,1 from J to I, the resulting maps
@*,* are homotopic, i.e.

o* —* = hd + dh,

where h : C"(U, G) — C" 1V, G) is given by

S
—

(h(8))jodns = D (=1 S0G0)-0Gr)0Gr)eGn1) [Vigoy
0

e
Il
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Thus one gets a well defined (independent of ¢) map:
Puy : H”(Z/{,G) — [:["(V,G)

This py makes the following diagram commute:

H"(U,G) oy H"(V,G) .

o~

H"(X,G)
Hence one gets a natural map:
lim H"(U,G) — H"(X,G) (4.5.1)
where U/ runs through the open covering of X.

Lemma 4.6. The map (4.5.1) is bijective for n =0, 1.

Proof. For n = 0, it follows from H'(U,G) = H°(X,G) = I'(X,G). Suppose
that n = 1. Take an exact sequence

0-G—->LLM—-0 (4.6.1)
with L flasque. Then one gets
0—C*(U,G) L CU,L) — C*(U, M). (4.6.2)
Denote by D*(U) the cokernel of u. Then one gets a long exact sequence:
0—T(X,G) - I'(X,L) 25 HY(D*(U)) — H*(U,G) — 0
since L is flasque. Now in the diagram

(X, L) =% H(D*(U)),

S

T(X, M)

note that vy, is injective, H*(X,G) = Cokern and H'(U,G) = Coker py.
Then by Snake Lemma, one obtains

0— H'U,G) — H'(X,G) — Cokery — 0.
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By passing to the limit, we see that it only remains to show that
lim Coker 1)y, = Coker(lim H*(D*(U)) — T'(X, M)) = 0.

Since (4.6.1) is exact, for any s € I'(X, M) there exists an open covering
U = (U;)ier, such that s|y, = p(t;), where t; € I'(U;, L). Hence ¥y (p(t;)) = s,
this shows that the morphism lim H°(D*(U)) — I'(X, M) is surjective. Our
conclusion follows from it. [

Proof of Proposition (sketch): (a) First, we verify that the map E — c¢(F)
(denoted by ¢) does not depend on the choice of U. Suppose there are two
coverings, say Uy = (Uni)icr, and Uy = (Us;)ier,, and a torsor £ with Cech
cocycles (g1;;) and (ga2i;) respectively. Then one can find a third covering V
of X, which is a common refinement of U; and Us,. It’s easily checked that
in (g1i;) and (goi;) has the same image in H'(V,G).

(b) We give a map ¢ : H(X,G) — Tors(X, @) inverse to ¢. Suppose there
is an element ¢ in H'(X,G) represented by a Cech cocycle (g;;) for some
open covering U = (U;);er of X. We can associate to it a torsor under G in
the following way:

Ur— E(U) ={(si € GU:; N U)icr)|sjlvijrv — silvijnv = gijlu,nu} (4.6.3)

One verifies that F is a G-sheaf and FE|y, ~ G|y,. This F is actually a
G-torsor. Then we define 1(&) to be the isomorphism class of E. One can
verify that it does not depend on the representing Cech cocycle.
Immediately we note that the class of ¥(¢) in H*(X, G) is the class of (g;;).
This proves ¢1» = Id. Conversely, given a torsor F, let ¢(F) be its corre-
sponding cohomology class. Then it is represented by a Cech cocycle (9i5)
for some open covering U = (Uj)ier, i.e. ti|u,; —t;|lv,, = gij, where t; € F(Uy).
Then according to the above construction, ¢(c(F")) is represented by a torsor
E defined in (4.6.3). Hence for an element s = (s;) in E(U), one has

Si|uinu + t; UiinU = Sjlugjnu + tj U;gnU -

This shows that (s;|y,jnu +ti|v,jnu) paste together to give a section in F'(U).
This gives a well defined G-equivariant map v : £ — F. Hence it follows
that ¥ = Id.

O
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Remark. Since H'(X,G) = Ext’(Zx, G), where Zy is the constant Z-sheaf
on X, one gets another description of the correspondence between cohomol-
ogy classes and torsors. Let

p

0 G L ZLx 0

be an element in Ext'(Zyx,G), then we relate it to the torsor defined by
E =p'(1), where 1 € I'(X, Zx).

Example 4.6.1. For G = O%, an O%-torsor is just an invertible sheaf (or a
line bundle) on X. Let £ be a line bundle on X, and (e; € L(U;));er a local
basis of £.Then there exist g;; € I'(X, O%) such that e; = g;;e; on U;;. The
map L — (g,;) gives an isomorphism

Pic(X)—H"(X,0%),
where Pic(X) is the set of isomorphism classes of O% torsors on X.

Theorem 4.7. Consider the diagram

X, (4.7.1)
go //
=)
Ty —=T°< Y

where f is smooth, and © is a first-order thickening with ideal sheaf Z.
(a) There exists an obstruction

0<i7 gO) € Eth(gSQ.lx/Y?I)a

whose vanishing is necessary and sufficient for the existence of a global Y -
morphism g : T — X extending go.

(b) If o(i,g0) = 0, then the set of extensions of gy is an affine space under
Hom(ggﬁﬁ(/y,l').

Proof. First note that since Q7 Jy 18 locally free of finite type,
G := RHom(g5Q )y, T) = Hom(g5Qk )y, T) ~ g5Txyy ® T

hence A ' '
EX“(QSQk/wI) = Hz(ToygéTX/y ® 1) = H'(Ty, G).
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We also note that an extension g of gq is completely determined by its cor-
responding morphism ¢g* : Ox — ¢.Or. Let E be the sheaf on Ty given
by

Uo — {g"|g € Homy (U, X), go = g o i}

where U is the open subscheme of T' corresponding to U,. Then FE is a
G-sheaf: for any ¢* in E(Up) and D in G(Uy) = Dery (X, go.Z), g* + D is
also in E(Up). Actually, E is a G-torsor, since locally there exist extensions
of go(because f is smooth), and for any g¢f, g5 in E(Up), g7 — g5 € G(U).
Thus one gets a cohomology class ¢(E) € H'(Ty, G), which is the desired
obstruction o(i, gg). When o(i, go) = 0, E' ~ G as a G-sheaf, hence F(Tp), the
set of global extensions of gy, is an affine space under G(Tp) = H°(g5Q% v L)

[

Corollary 4.8. In the diagram (4.7.1), if T is affine, then the obstruction
o(i, go) vanishes, hence global extensions of go exists.

Proof. Indeed, g5Tx/y ® Z is a quasi-coherent sheaf on Tj, and
H1<T0, gSTx/y ® I) = 0
since Ty is affine. O

Definition 4.9. Let Yy — Y be a first-order thickening with ideal Z, and
fo : Xo — Yy be a smooth morphism. A deformation of Xy over Y is a
flat morphism f : X — Y such that Xq = Yy Xy X, such that one has the
following cartesian diagram

Xo—L=x (4.9.1)

b

Yo—>Y
with f flat.

Remark. (a) If f is a deformation of fy, then f is smooth according to
Theorem 3.9.

(b) In the cartesian diagram (4.9.1), if f, is flat , then for f to be flat it is
necessary and sufficient that f;Z = J by the flatness criterion.
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In the sequel, we sometimes use the phrase “smooth lifting” (or “lifting”
for short) instead of “deformation”. For a given smooth fy : Xg — Y, and
thickening Yy — Y, an isomorphism between two liftings, f; : X; — Y and
fo: X9 — Y, is a morphism a : X; — X5, such that the following diagram

Xo Xy . Xo
f1

lfO \ /

Yo Y

commutes and f; = fy o a. We note that it’s just a map of Y-extensions of
Xo by fiZ, hence automatically an isomorphism from X; to Xj.

Theorem 4.10. Let fy: Xog — Yy be a smooth morphism, and i :Yy — Y a
first-order thickening with ideal sheaf T.
(a) There exists an obstruction

0<f07 Z) S EXt2<Q§(O/Y07 f()kz—),

whose vanishing is necessary and sufficient for the existence of a lifting of
Xy overY.

(b) When o(fo,i) = 0, the set of isomorphism classes of liftings is an affine
spaces under the group Extl(Qﬁ(O/YO, o).

(¢) The group of automorphisms of a lifting X is naturally identified with
Hom(Q}(O/YO,f(’;I).

Proof. First of all, we note that since Q}(O /v, 18 locally free of finite type,
there is, for each ¢ € Z, a canonical isomorphism

Ext'(Q, /v, 0T) = H' (X0, G), (4.10.1)

where G == Hom(Q, 1y, [iT) = Txopvy, @ f3 T

Assertion (c) is a special case of 4.7 (b), the identification associates with an
automorphism u of X the “derivation”u — Idx.

For assertion (b), if X; and X, are two liftings of Xy, consider the sheaf

E:Uy— {a: Xi|y, = X, extending Idy,},

where Uy is a open subscheme of X, and U; the corresponding open sub-
scheme in X;. As in the proof of 4.7, E is a torsor under

Hom(Q})ﬁ/Y ® OX0> f(;kz.) = Hom(Q_lXo/YOa f[;kI)
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Let E(Xy,X,) € Extl(Qﬁ(O/YO, 1) be the obstruction to the existence of
a global isomorphism X; v X5 according to 4.7. Fix X;, then one checks
the map X —— FE(X;,X) gives a bijection between isomorphism classes
of liftings of X, and Extl(Qﬁ(o/YO,fa‘I). We note that if X is affine, then
Hom(QY, /vo» J0T) is a quasi-coherent sheaf on Xo. Thus Extl(S&0 1vor 10T)
vanishes by (4.10.1), hence all liftings of X over Y are isomorphic.

Sketch of proof of (a): First we claim that for a point € Xy, there exists
an open neighborhood Uy of x, such that there exists a lifting U of Uy over
Y. We may assume that Y = Spec A is affine. Then X is also affine with
ring Ay = A/I. By the Jacobian criterion, there is an open neighborhood V;
of z, such that one has a commutative diagram

T € VE)CLZ/ A?f(—)‘ﬂ = Spec Ao[th e 7tn+7"]
Yo
where i is a closed immersion with ideal J = (g1, - - , g,), such that dg, (x), - - -

dg.(z) are linearly independent. Hence there exists an open neighborhood
Up of x in Vj, such that dg;(y),--- ,dg,(y) are linearly independent for any
y € Uy. Now choose g1, - , g, to be the lifting of g1, -+ , g, in Alty, -+, tnis]-
Let V =V(gi, -, gr) be the closed subscheme of A}, and U be the open
subscheme of V' corresponding to Uy. Then dgy(y),--- ,dg,(y) are linearly
independent for any y € U. Again by the Jacobian criterion, U is smooth
over Y, hence a lifting of Uj over Y.
Secondly we prove (a) under the assumption that X is separated. Choose
an affine open covering U = ((U;)o)ier of Xo, such that for each i € I, we
have a lifting U; of (U;) over Y. Since X is assumed to be separated, each
(Uij)o = (Us)o N (Uj)o is affine. Consequently by (b), there exists an isomor-
phism g;; : Uj|(w,,)0—Uilw,;),» Which is completely determined by the induced
map

fii = g;i : OUi|(Uij)0 - OUj|(Uij)O
of Oy-algebras. On the triple intersection (U;jx)o = (U)o N (U;)o N (U)o, the
automorphism fi;x = fir fr;fj differs from the identity by a Cech 2-cochain
cijk = fijr — Idoy, + Ou; — f3Z of the sheaf Hom(Qﬁ(O/YO, foZ). One verifies
that ¢ = (¢;j) is actually a Cech 2-cocycle for the covering U, i.e.

Cjkl — Cikl + Ciji — Cijr = 0 (4.10.2)
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for any ¢, 7, k,l € I. Note that from cji; = fjifirfr; — Id@Uj, we get

fie = ij([don + ¢jw) fik = fij fik + Cjm-
Hence it follows that

citt = fufuwfri — Idy, = fufijfikfri + cju — Idy,
Ciki — Citt = — fafij finfri + 1dy,

Similarly we also have
ciji — Cijk = fuij ik Sfri — Idy,.

Combined the above two formulas, (4.10.2) follows. Hence (c;;;,) is a Cech
2-cocycle. It determines a cohomology class in H?(U,G)=H?*(X,, G), since
X is assumed to be affine. This class vanishes if and only if there exists a
1-cochain h = (h;;) such that ¢;jx = hjr — hiy, + hi;. Then one defines

fii = fis = hij : Oulw,pe — Ou,

. !l ol : /.
and one can verify that fj = f;;fj,. Hence the corresponding maps g;; :

Uilw.o—Ujlw,) glue on the triple intersections. Therefore one gets a global

lifting X of X over Y. [l

(Uij)o>

Corollary 4.11. Let fy : Xg — Yy be an étale morphism, and 1 : Yy — Y
a first-order thickening with ideal sheaf I. Then there exists a unique lifting
f: X =Y of Xog overY, and f is necessarily étale.

Proof. Since f, étale, Qﬁ(o/YO = 0 and ExtQ(Qﬁ(O/YO,fa‘Z) = 0, thus liftings
exist. Moreover Extl(Q§(0 /vor JoZ) = 0 there all liftings are isomorphic. For
the lifting, say f: X — Y, from

Q%{/Y ® OYO - Q%{O/YO = 0
it follows that Q% /sy = 0 since 7? = 0. Hence f is necessarily étale. O

Corollary 4.12. Let fy: Xg — Yy be a smooth morphism, andi: Yy —Y a
first-order thickening with ideal sheaf . If Xy is affine, there exists a unique
lifting of Xo overY.

Indeed, this follows from H?(X, Txy/v, ® f3Z) = 0 and HY(X,, Tx, /vy @
foZ) = 0 since Tx, v, ® f3Z is a quasi-coherent sheaf.
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Corollary 4.13. Let fy : Xo — Yy be a smooth proper morphism with relative
dimension 1, and i : Yo — Y a first-order thickening with ideal Z. If moreover
Y s affine, then there always exists a lifting of Xo over Y.

Proof. First we note that
HY(Xo, Ty vy, @ foZ) = T(Yo, B fou (Txo vy @ [0 T))-
By Zariski’s main theorem, for any ¢ > 1,
quO*(TXo/YO ® foZ) =0.

Hence the obstruction o fo, i) € H*(Xo, Tx,/v, ® fGZ) vanishes. O

5 Serre-Grothendieck Global Duality Theo-
rem

For simplicity, we just discuss the locally neotherian case. Thus all schemes
are presumed to be locally noetherian unless otherwise stated.
5.1. The f' Functor (a) Let i : Y — X be a closed immersion. Given a

complex F in D*(X), define
i'F := RHomo, (Oy, F)ly
ie. i, F = RHomo, (Oy, F). Tt gives a functor from D*(X) to DT(Y). If
Z—-y =X

is a composition of closed immersions, then j'i' = (i)', i.e. for any F €
D™(X)

RHomo, (Oz, RHome, (Oy, F)ly)|lz = RHomo, (Oz, F)|z.

To prove it, we may assume that each F(i € Z) is an injective O x-module.

Then R Homo, (Oy, F)|y = Home, (Oy, F)|y and each Homo, (Oy, F)|y

is an injective Oy-module. Hence we have

j'Z'F - HOmOY(Oz, HO?TL@X (Oy, F)|y)|z == Hom@X(Oz, HOTTL@X (Oy, F))|Z
= Homo, (07 o, Oy, F)|z = RHomo, (Oz, F)|z = (ij)'F.
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(b) Let f: X — Y be a smooth morphism with relative dimension d, then
wxyy = 0%,y is a line bundle. Define a functor f*: D*(Y) — D¥(X) by

fIF = F @ wyyld]

for an element F' € DT (X).
(c) Let

be a commutative diagram with ¢ a closed immersion and g smooth. One can
define a functor i'g' from D*(X) to D*(Y). The following theorem ensures
that it is independent on the choice of ¢ and g.

Theorem 5.2. Suppose we have a commutative diagram

<" x s g (5.2.1)

RN

Y

where i’ and i" are closed immersions and g’ and g” smooth. Then there is
a natural isomorphism
a(i',i”) . z"!g'! - i”!g”!

satisfying the transitive formula:
a(ig, 23) o a(il, Zg) = a(il, 23)

fO'I" any trzple (i17gl)7 (7:27g2>7 (2'3,93)-

We say that these a(i’,i") form a transitive system. In order to prove this
theorem we need some preparation.

Proposition 5.3. Leti: Y — X be a reqular immersion of codimension r
with X noetherian. Let T be the ideal sheaf of i, and Ny;x = T/1°.

(1) Ny,x is locally free of rank r.

(2) NNy x = Torf;x (Oy, Oy) for any q € Z. In particular, T or$X (Oy, Oy) =
ANy, x 1s a line bundle on Y.
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(3) (a) RHomo, (Oy,Ox) = wy,x|—r|, where wyx is a line bundle on'Y .
(b) wy/x = (/\rNy/X)v.
(4) For F € DT(X), there exists a functorial isomorphism

i'F = Li'F @, wy/x[—7]

i.e. i,i'F = RHomoy (Oy, F) < i, (Li*F ®f, wy/x[-r]).
In particular
Eath (Oy, F) = TOT?_X[](Oy, F) @ wy/x.

Proof. From the exact sequence
0—-7Z—0x — 0y —0,
one gets
Ny/X = I/IQ = TOT?X(Oy, Oy)

But since i is regular, locally one has a Koszul complex Ko(f1, -, fr) =
(0 - Ox — -+ — O% — Ox), which is a resolution of Oy. Hence locally

T or?X(Oy, Oy) = HHKu(f) ®ox Oy) = O

This proves (1).

In the Appendix, we see that T or9x (Oy, Oy) carries a graded anti-commutative
Ox-algebra structure. When ¢ is regular, locally one can take the Koszul
complex [Co(f) to calculate Torg)x (Oy, Oy) explicitly. One obtains

TOTSJX (Oy, Oy) = /\q(OQ),
and that the canonical anti-commutative Ox-algebra homomorphism
N T or$* (Oy, Oy) — T orPx(Oy, Oy).

is an isomorphism. But 7 or{*(Oy, Oy) » Ny/x, hence the assertion (2) of
our theorem follows.

For the assertion (3)(a), Exty, (Oy,Ox) can be computed locally using
Koszul complexes

Eath (Oy,0x) =HIK(f)) = HIUK(f)[-])

which is 0 when ¢ # r and Oy when ¢ = r. Hence R Homo, (Oy, Ox)[r] is
a line bundle.

Before proceeding to the proof of assertion (4) and (3)(a), we state the fol-
lowing two lemmas, which are useful in the sequel.
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Lemma 5.4. Let i : Y — X be a reqular closed immersion. Then one has
F®4, .G =i, (Li'F @4, G),
for F € DY(X) and G € D*(Y).

Proof. Note that Li* = (’)y®éx, hence (by the existence of a Koszul reso-

lution) * is of finite cohomological dimension when i is regular. Li* make

sense on D1 (X).
First we have to define a map F ®%i,G — i (Li*F ®éy (). But there is a
natural map between Li*(F ®"4,G) and Li*F ®p,, G defined by

Li*(F ®" i,.G) — Li*F @" Li*(i,G) — Li*F ®p, G,

where the last map is given by the natural map Li*i,G — G. This gives
the desired map F ®@% i,G — i,(Li*F ®éY () by the adjointness of Li* and
ix. To show this is an isomorphism, by canonical truncations (using the fact
that * is of finite cohomology dimension), we may assume that F € D°(X).
Replacing F by F', where I’ — F is quasi-isomorphism with F’* flat, we
may assume F' flat. Then

Feri,d=F®i,G2i,(i*F®G)=i,(Li'F " G).
O

Lemma 5.5. Let F € DT(X) and L,M € D" X)per, where D°(X)pers
means the subcategory of D*(X) consisting of perfect complexes on X. Then
one has a natural isomorphism:

F ®4, RHom(L, M) = RHom(L, F ®" M). (5.5.1)

Proof. Note that RHom(L, M) € D°(X)pers, and F @ M € DT(X), hence
both sides of 5.5.1 make sense. Defining the map
K :=F®% RHom(L,M)— RHom(L,F ®" M)

is equivalent to giving a map L ®* K — F ®* M. Since the problem is in
D(X), we may assume, for all i € Z, L', F'" are flat and that M are injective.
Then one has the natural map

L®"K =F®L®Hom(L, M) — FoM=F&"M
f®r®@u — [ @ u(z).
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This defines the map (5.5.1). To show that it is an isomorphism, we may
assume that L, M are both strictly perfect since the problem is local. Then
(5.5.1) becomes

F®Hom(L,M)— Hom(L, F ® M).

By canonical truncations we assume furthermore that L is concentrated in
degree 0, and finally L = Ox. Then the conclusion becomes obvious. O

Now we can return to the proof of 5.3 (4). We need to show that
i,i' F = RHomoy (Oy, F) =i, (Li*F ®%, wy;x[—7]) (5.5.2)
for each F' € DT(X). By Lemma 5.4, the right hand side of 5.5.2 is just
F ®p, iwy/x[-1] = F ®5, RHomo, (Oy,Ox).

Applying Lemma 5.5 one obtains R Home, (Oy, F'), which is exactly the left
hand side of (5.5.2).

Finally for assertion 5.3(3)(b), one sets F' = Oy in (5.5.2) and applies H°.
Then one gets

T ory*(Oy, Oy) @ wy/x = HY(RHomoy (Oy, Oy)).

But clearly H(R Home, (Oy, Oy)) = Oy, and by 5.3(2),T 0r9% (Oy, Oy) =
/\TNy/X, thus u}y/X b (/\rNy/X)V. O

Lemma 5.6. Consider a cartesian diagram

yr — s x
Pl
X e x
where i is closed immersion and f is flat. Then one has g*i' «= i" f*.

Proof. We have to show that for any F' € D*(X), there is a natural isomor-
phism i’ ¢*i'F v /' f*F. But the left hand side is

iLg* ' F =i’ (¢"* R Homo, (Oy, F)) = f*RHomo, (Oy, F);
where the right hand side is
iR = RHomo,,(Oy, f*F) = RHomo, (f*Oy, f*F).

Then our conclusion follows from the following lemma. O
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Lemma 5.7. Let X,Y be locally noetherian, and f : X — Y be a flat
morphism. Then

f*RHom(L, M)=>RHom(f*L, f*M)

for M € DY(Y) and L € D°(Y)eon, where D(Y)eon is the subcategory of
DY) consisting of complexes with coherent cohomology.

Proof. Replacing M by an injective resolution, we may assume that M'(i €
Z) is injective. Then one gets

f*fRHom(L,M) = f*Hom(L, M) — Hom(f*L, f*M) — RHom(f*L, f*M).

This defines the map. To show it is an isomorphism, we may assume that
Y is noetherian and affine, since the problem is local. Then there is a quasi-
isomorphism L' — L, where each L"(i € Z) is free of finite type and L" = 0
when ¢ is sufficiently large. Hence finally one reduces to prove it for L = Oy-.
This is trivial. ]

Having these preparations, we can return to the proof of Theorem 5.2.

Proof of Theorem 5.2. Consider diagram 5.2.1. Let Z" = Z' xy Z", then
one can complete the diagram 5.2.1 as follows:

Z///

1O

7'<—X——=17

N

Y

where 7 is the map determined by (¢’,7”). In general, i is not a closed immer-
sion, but only an immersion, i.e. a composition of a closed immersion with
an open immersion:

open

[ d
X Lo g B g

Thus one can replace Z"” by Z, and consider the diagram

Al

7

X—7
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where i and i’ are both closed immersions, and A’ is smooth. If one can show
that " v i'h", then one gets

il

i .g/! - i!h/!g/! — Z‘!hl/!g//! A

!
g .

This gives the desired functor isomorphism.
Let X' = X Xz Z, then one get the following cartesian diagram:

X/]HZ

b

X ——=z

where s is the section of X determined by (/dy,i)(hence ps = Idx). Notice
that j is a closed immersion as the base change of #/, hence so is s. But p
is smooth(because h' is smooth), thus it follows that s is actually a regular
closed immersion by 3.18.

Now suppose the relative dimension of A’ is d, then for an arbitrary F €
D*(Z'"), one has

W' F =50 F =85 (WF @ wyyp[d])

But
F(W*F @wzzld) = RHome, (O, h"*F @ wyzz[d])| x
= (RHom@Z((’)X/, h/*F) ® wZ/Z’ [d])|X’
= RHom@Z((’)X/, h/*F)lx/ X wX//X[d]
== j!h/*F X wX//X[d].
Hence

IhF = s F =8 (W F @ wxyx[d))
= s'(p"i"F ® wy/x[d)),

where the third equality is according to Lemma 5.6. Hence it only remains
to show: s'(p*M @ wxr/x[d]) = M for any M € DT(X). By 5.3 (4), the left
hand side of the above formula is just

Ls*(p*M) ®L wX/X/[—d] ® s*wX//X[d] =M® wx/x’ ® S*LUX//X,
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Since ps = Idx, we have Ls*p* = Id. But the conormal sheaf Nx/x» =
5*Q/x» and by 5.3 (3)(b) it follows that

Wx/x 2 (/\dNX/X')v = (S*WX'/X)V,
and hence
Af@wa/xfﬁbsﬂqqu =M
This completes the proof. O
Appendix 5.8 (the Algebra Structure on T or®*(Oy,Oy)). Let i : Y
X be a closed immersion. Then TO?“*OX(Oy, Oy) = @;:0 Torf]gx (Oy, Oy)

carries a natural structure of graded anti-commutative Ox-algebra.
Consider the morphism ¢ given by:

(Oy ®%, Oy) ®5 (Oy ®5, Jy) — Oy @5, Oy
l L
023
(Oy ®4, Oy) @5, (Oy @4, Oy)
where 0.3 is the permutation between the second and the third tensor com-

ponent, and
W:C%*@éx(gy—%(OY

is the morphism induced by the multiplication Oy ®p, Oy — Oy. Now de-
note Oy ®éx Oy by E, the Ox-algebra structure on 7 or9x (Oy, Oy) derives
easily from the composition of the two natural map

H*(E) ® H*(E) H*(E @ E)

H*(E)

T orPX(Oy, Oy) ® TO?";DX(Oy, Oy) Torgj;(oy, Oy)

Locally this can be illustrated as follows: The map Ox — Oy corresponds
to a surjection of rings A — B. Choose a quasi-isomorphism P* — B with
P a projective A-module for all 7 € Z. Then consider the following diagram

PP@P —=B®B—=0.

i

P* B 0
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There exists a map ¢ : P* ® P* — P*® making the diagram commute, since
P* ® P* is a projective resolution of B® B. By classical homological algebra
any two such maps are homotopic. Hence the multiplication map 7 : B ®%
B — B can be calculated as ¢ : P*® P* — P*®, which is uniquely determined
in the derived category.

Then the morphism

BeiBeiBeiB— BeiB
is given by

P*® P ®@P*® P — P*®P* (5.8.1)
TRYRzQw— (—1)Pyz ® zw) (5.8.2)

where y € PP and z € P?. Taking cohomology, one gets

Tor (B, B) @ Tor}(B, B) — H'"(P* @ P* @ P* ® P*) — Tor{, (B, B).
(5.8.3)
Now we check that this map endows Tor?(B, B) an anti-commutative A-
algebra structure, i.e.
(1) (af)y = a(By) for any a, B, € Tor(B, B).
(2) aB = (=1)"Ba for a € Tor; (B, B) and 8 € Tor}'(B, B).

(1) follows from a direct computation using 5.8.2. In order to prove (2),
we introduce a kind of “permutation” morphisms. Denote by P*®" the n-
copies tensor product of P®. Let n be a permutation of the set {1,2,--- ,n}.
We say that (i, 7) with 1 < < j < nis a permutated pair, if n=(2) > n7(5).
Define a morphism of complexes o, : P*®" — P*®" by

T ® Ce ® Ty (_l)s(mvn)l‘n(l) ® e ® 'IT](’I’L)’

where

s(z,n) = Z degz; - degz;.

all permutated pairs (4,5)

1 2 3 4

Example 5.8.1. When n = 4 and n = <2 131

by

), the map o, is given

T Ty @ T3 ® Tq — (_1)p1(1’2+p3+p4)+p3p4x2 R x4 ® T3 Q 71,

where p;(1 <@ < 4) is the degree of x;.



170 CHAPTER 3. DIFFERENTIAL CALCULUS

One can checks that this o, is indeed a morphism of complexes, and
Opine = On, Oy, fOr any permutations ny, 7o.
In particular when n = 2, we denote by o the nontrivial permutation o(;2).
Then we note that the diagram

P* @ P*~— pe (5.8.4)
y
P*® P
is commutative up to homotopy. When n = 4, the map defined in (5.8.2)

can be represented as (¢ ® )0 (23).
We claim that, in order to prove (2), it suffices to show that

(p® 90)0(23)0(13)(24) = (90 ® 90)0(23)7 (5.8.5)

where “” means the homotopy equivalence. Because when passing to co-
homology, the right hand side of (5.8.5) is the multiplication («, ) — af
defined in (5.8.3); and the left hand side is the map (a, 3) +— (—1)desxdeel 34,
But (5.8.5) is equivalent to

(p® 80)0(23)0(13)(24)0(_22»,) 29
And one has 0(23)0(13)(24)0(_2%) = 0(12)(34), hence
(p® 90)0(23)0(13)(24)0(}§) = (¢ @ p)oqz) ()
= (o) ® (po) 29 ® ¢,
where the last equivalence is according to (5.8.4). This completes the proof.

Definition 5.9. A morphism of schemes f : X — Y is smoothable if it can
be decomposed as f = gi
X;l) 7

i

Y

where 7 is a closed immersion and ¢ is a smooth morphism.

In this case, i'g' : D*(Y) — D*(X) depends only on f, and we denote it
by f.
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Definition 5.10. A morphism of S-schemes f : X — Y if S-smoothable if
there exists a commutative diagram

17

Y

v

S

with ¢ a closed immersion and g a smooth morphism such that the parallel-
ogram is Cartesian.

Let f: X - Y and ¢g: Y — Z be S-smoothable morphisms. Then there
exists a commutative diagram

with fi, g1 smooth, X — X, 7 :Y — Y] closed immersions such that all
the parallelograms are Cartesian (and thus f2, g2, h are smooth, i’ is a closed

immersion.) It follows that X — X; = W is a closed immersion, and

the morphism W LR Y: £ Z is the base change of the smooth morphism
T — Y, & S. Hence gf is S-smoothable. By Lemma 5.6, fyi' ~ i""h' (cf.
the proof of 5.2), and thus (gf)' ~ f'g".

5.11. Trace map. We proceed to define a natural transformation of functors
Try: Rf.f' — Id in certain cases.

(a) Let i : Y — X be a closed immersion. For E € D*(X), define Tr; to
be the morphism

i,i'E ~ RHomo, (i,0y, E) — RHome, (Ox,E) ~ E
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induced by Ox — 7, Oy.
(b) Let X = P%, f: X — Y be the projection. We have a canonical
exact sequence
0— Qy)y = O (-1) = Ox =0,

which is locally the exact sequence constructed in 1.24. The Koszul complex
of u is

0= NHOF (7 =1) = = OF (1) = Ox =0, (511

It follows from what we have mentioned there (without proof) that each
sequence

0= Qigy 25 NOFN) (1) = - = O3 (=1) = Ox = 0,i 20,
is exact. In particular, both (5.11.1) and
0— Qyyy = AN(OF)(=r) = = OF(-1) = Ox =0 (511.2)

are exact, and we have a canonical isomorphism Q% - ~ O x(—=7r—1). These
facts follow from the following lemma.

Lemma 5.12. Let (X,Ox) be a ringed space,
0—-F5ES0x—0 (5.12.1)

be an exact sequence of locally free sheaves of finite ranks. Then the Koszul
complex of u

Kou)=(0— A"E 2 A\ B 5 EAZS 00 5 0) (5.12.2)

(where n = rank E ) is acyclic and each sequence

I ARANYRY S BRI NI 5 BN, NN (5.12.3)

is exact. Hence N'v induces an isomorphism N'F — B~ 1K (u), 1 > 0. In
particular, taking i = n— 1, we get an isomorphism N"'F — A"E such that

/\n_lF ALy
l/ /\nflE
AE T d
commutes, which coincides with the isomorphism A" 1F — A"E given by
taking the highest exterior power of (5.12.1) and locally defined by u(b)a —

bA (A" t)(a), a € N"TTE(U),b € E(U).
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Proof. We may assume F = Ox & F and u is the projection. Then
di : NF & (Ox ® N7'F) = NE — NT'E = NTUF & (Ox @ N72F)
is induced by
a®(1®b)—ba0.

It can be checked directly that (5.12.3) is exact. Take i = n, we get the
acyclicality of (5.12.2). The remainder of the lemma is then obvious. O

We define Try : Rf,w(r] — Oy, where w = wx/y = Q’)’(/Y, as follows. The
class of (5.11.1) corresponds to a morphism ¢ : Ox — w(r] in D(X). In fact,
the morphism from the first row to the second row of the diagram

0 CI 0
0 —= A (O3 ) (=1) =+ = Ox —=0
0 Ox 0

is a quasi-isomorphism, and ¢ is just the inverse of it in D(X) composed with
the morphism from the third row to the second. Since Rf.(O%(—i)) = 0 for
1 <i<rand for all ¢, Rf.[0 = AT(OF ) (=7) — -+ — O (=1) — 0] =
0. Hence Rf.c is an isomorphism. We define Tr; to be the inverse of the
composition of isomorphisms

Oy & REOx L% R,

where the first morphism is the canonical map Oy — f.Ox — Rf,Ox, which
is an isomorphism by Section II.3.
When Y is affine, the image of ¢ under the morphism

r 0 HO(Y,Trf) 0
Hompx)(Ox,wlr]) = H"(X,w) ~ H'(Y, Rf.w[r]) ———— H (Y, Oy)

is 1.
For E € D*(Y), define Try by

E®LTrf

Rf*f!E =Rf(ffE®@uw[r]) ~E ®" Rfw[r] —— E,
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where the isomorphism in the middle is the projection isomorphism ([I], 3.2).
(¢) The general case. Let f : X — Y be a morphism which can be
factorized as
X sy

g

Y

where ¢ is a closed immersion and g is the projection. This is the case when,
e.g., f is projective and Y has an ample line bundle. (Then, X ~ ProjB
with B a quasi-coherent sheaf of graded Oy-algebras generated by By, B
of finite type. Up to replacing @B, by ®(B, ® L®™), where L is an ample
line bundle on Y, we may assume that we have an epimorphism Ojt! —
B;. Thus we get an epimorphism S(Oy™') — B, and a closed immersion
Proj B — Proj S(Oy™) =Py..)

Define Try = Try(Rg. Tr; g'). More specifically, for E € D*(Y), define
Tr; by the composition

Rff'E ~ Rg,ivitg' B 29D, po o5 22 B
This does not depend on the embedding, and is compatible with composition

and flat base change. (Proof omitted.)

5.13. The duality theorem.

Let f : X — Y be a projective morphism with Y noetherian, dimY < oo,
Y having ample line bundle. Then the condition (¢) above holds and so
dim X < oco. Hence, by Ex. 1.30, f. has finite cohomological dimension. It
follows that Rf, extends to a functor D(X) — D(Y) (sending D~ (X) —
D~ (X) and D*(X) — Db(Y)) (Ex. 1.20).

For E, F € Mod(X), define a canonical morphism

fe Hom(E, F) — Hom(f.E, f.F)

as follows. For U C Y open, an element in I'(U, f. Hom(E, F)) is a morphism
E|f~Y(U) — F|f~YU). It induces homomorphisms I'(f~*(V), E|f~*(U)) —
L(f~YV),F|f~Y(U)) for all V. C U open, which determine a morphism
f+E|\U — f.F|U, that is, an element in I'(U, Hom(f.E, f.F)).

For £, F € C(X), we get a morphism of complexes

fe Hom®*(E, F) — Hom®*(f.E, f.F).
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For E € D(X), F € D*(X), take quasi-isomorphisms F — F'| E —
F' with F € CT(X), F" injective, E" f,-acyclic (I.5.7), for all i. Then
RHom(E,F) ~ Hom®(E', F'). Observe that Hom'(E', F') is flasque for all
i. In fact, for any L, M € Mod(X), M injective, we have Hom(L, M) is
flasque. For an open embedding j : U — X, any morphism L|U — M|U can
be extended to L as M is injective:

0—jij*L——=1

v
s
%
A

M
We define a morphism
Rf.RHom(E,F) — RHom(Rf.E, Rf.F)
by composition of canonical morphisms

RfiRHom(E,F) ~Hom*(E', F') — Hom®*(E', F)
— RHom*(f.E', f.F') ~ RHom(Rf.E, Rf.F)
For L € D(X), M € D*(Y), define 6¢(L, M) (sometimes abbreviated 6;)

to be the composition

Rf.RHom(L, f'M) — RHom(Rf.L, Rf.f M)
RHom(Rf«L,Try)

RHom(Rf.L, M),
where the first map is the canonical map defined above.

Theorem 5.14 (Grothendieck). For L € D™ (X)con, M € DT (Y)on, the
morphism 0y is an isomorphism.

Proof. f: X — Y can be factorized as

X p=——P}

A

Y

where 7 is a closed immersion and ¢ is the projection. Then it is easily seen
that 0¢(L, M) = 0,(Ri.L, M)(Rg.0;(L,g'M)), with Ri,L € D~ (P) and
g'M € DT (P)cn, 0 it is enough to check that 6,6, are isomorphisms.
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Let L € D™ (X)eon, M € DT (P)con. To show 6; is an isomorphism, we
may assume, by 7<, induction and “way out functor”, that L € Coh(X). We
may assume P affine. Then we can write

L~ (- — L' =LY%,

with L' free of finite type. Using o>, we may assume L = Ox. Then 6; is
nothing but the canonical isomorphism

i,RHomo, (Ox,i'M) = i,i'M — RHome,(Ox, M).

Therefore, we may assume that f : X =Py, — Y is the projection. Using
T<, we may assume L is concentrated in degree 0, that is, L € Coh(X). Then
there is an exact sequence

= Ox(—n)™ — Ox(—ng)™ — L —0

with all n; > r+ 1. Using o>, we may assume L = w(—d) with d > 0 (where
w =y = Ox(—r—1)).
Then, we have isomorphisms

Rf.RHom(L, f'M) = Rf.RHom(w(—d), f*M ® w)[r] ~ Rf.(f*M)(d)[r]
~ M @F Rf.Ox(d)[r] ~ M ®F f:Ox(d)[r],

where the last but second isomorphism is the projection formula (Ex. 1.30),
and isomorphisms

RHom(Rf.L, M) = RHom(Rf.w(—d), M) ~Hom®*(R" fow(—d)[—r], M)
~ M ®@ Hom(R" fuw(—d), Oy)lr],

where we have used the fact that R" f.w(—d) is a locally free sheaf of finite
type. We have to check

s : f.Ox(d) = Hom(R" f.w(—d), Oy)
is an isomorphism, that is, the pairing
f:O0x(d) ® R" fuw(—d) — Oy
is perfect. For V = Spec A C Y, the pairing
D(V, £,0x(d)) x T(V, B f.w(—d)) — T(V, Oy)
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is given by
“ 1 0, if a # b,
(t ’tbto---tr> H { 1,ifa=b,
where Y a; = > b; = d, and thus is a perfect pairing. ]

Applying RI" to 0, we get an isomorphism
RHom(L, f'M) = RHom(Rf,L, M)

in D(Ab). Applying H’, we get Ext’(L, f'M) = Ext'(Rf.L, M).

In the remainder of this section, we suppose Y = Speck, f: X — Y pro-
jective. Then Kx = f'Oy € D*(X) is called a dualizing complez on X. By
the remark above, Ext’(L, Kx) ~ Ext'(R['(X, L), k) = Hom(H (X, L), k),
hence the following corollary.

Corollary 5.15. Let X/k be projective, L € D™ (X)en. Then there is a
perfect pairing of finite dimensional k-vector spaces between H)(X,L) and
Ext ™ (L, Kx).

We first consider the case when X/k is smooth.

Corollary 5.16 (Serre). Let X /k be projective, smooth, purely of dimension
d. Then Kx = wx[d]. Hence there is a perfect pairing between H?(X, L) and
Ext®™(L,wx). In particular, for L locally free of finite type, H(X, L) is
dual to H¥ (X, L ® wy), where L = Hom(L, Ox).

Proof. We only need to prove the last assertion. For that, RHgm(L, wx) =
L ® wx, so Ext"(L,wx) = H"RI'(X, RHom(L,wx)) = H"(X, L Qwx). O

In fact, the pairing is given by the natural pairing followed by Tr:
H(X,L)® H" (X, L @ w) — HY(X,w) = k.

When d = 1, we get “Roch’s halt” of the Riemann-Roch theorem, which
claims that for L a line bundle, H'(X, L) is dual to H°(X, L ® wx).

Corollary 5.17. Let X/k be projective, smooth, purely of dimension d. Then
HI(X, Q%) is dual to H7I(X,Q%7).
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Let h" = dimy H*(X,Q"). These numbers h¥ are called the Hodge
numbers of X. Then h = h*>"J. Let h"* = dim H"(X,Q%/,). When
char(k) = 0, the Hodge degeneration theorem implies h" = 7. . %Y.
When char(k) = p > 0, we might have h" < Ziﬂ:n h. See e.g. L. Il-
lusie, Frobenius and Hodge Degeneration, in [B-D-I-P].

Corollary 5.18. Let X be projective over an algebraically closed field k,
smooth, connected, of dimension d > 2, and let Y C X be an effective
Cartier diwisor such that Ox(Y) = I®~1 is ample, where I is the ideal of Y.
Then'Y is connected. In particular, Y s irreducible if it is smooth.

Proof. Let Y, = V(I"™!). Then we have a short exact sequence
0—O0x(—(n+1)Y) — Ox — Oy, — 0,

and hence a long exact sequence

H°(X,0x(—=(n+1)Y)) — H(Ox) — H*(Oy,) — H'(X,O0x(—(n+1)Y)).

The first term is 0, the second term is k, and the fourth term is dual to
H¥ Y X, wx(—(n+1)Y)), which is 0 for n >> 0 by Serre’s vanishing theorem
(I1.4.7) since d — 1 > 1. Then the third term must be k, and so |Y| = |Y,| is
connected. ]

Next, we discuss Kx in general.

Proposition 5.19. Let X/k be projective with dim X = n. Then Kx €
DO (X)) o

Proof. We have
X(—’> P == IPWY

| A

Spec k

with i a closed immersion. i.Kx = RHomo,(Ox,wp)[N], so it is enough to
show Sxt’(;rPN(OX,wp) =0 for ¢ ¢ [—n, 0], that is,

& = Eatl, (Ox,wp) =0
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for j < N —mn or j > N. This holds for j > N since for all z € X,
Eaty, (Ox,wp)e = Extép’w (Oxz,wpy), where wp, ~ Op, is regular of di-
mension < N. Note that for ¢ >> 0, £/(q) is generated by global sections. It
then suffices to show for a fixed j < N—n, T'(P,£’(q)) = 0 for ¢ >> 0. By the
following lemma, I'( P, Ext’ (Ox,wp)(q)) = Exth(Ox,wp(q)), which is dual to

HYN=I(P,Ox(—q)) = HY79(X,0x(—q)) =0 since N —j >n=dim X. [

Lemma 5.20. For fized E, F € Coh(P) and fized |, H'(P,Ext'(E, F)(q)) =
Ext!(E, F(q)) for ¢ >> 0.

Proof. We have biregular spectral sequences
E;(q) = H'(P,Eat! (B, F)(q) = Bat™(E, F(q)).

which concentrate in the first quadrant. By Serre’s vanishing theorem (I1.4.7),
there exists gg such that for all ¢ > qo, j < 1,7 > 0, E;(¢q) = 0. Hence d% = 0,
for all r > 2. It follows that

Ext'(E, F(q)) = EX(q) = E3'(q) = H(P,Eat'(E, F)(q))
O

Let A be a local ring with residue field k, M be an A-module. The depth
of M is

depth, M = sup{n | there exists M-regular sequence (t,--- ,t,), t; € A}
= inf{m | Ext’y (k, M) # 0}.

The depth of A is its depth as an A-module. A is called Cohen-Macaulay if
its depth is equal to dim A. A scheme X is called Cohen-Macaulay if all its
local rings are Cohen-Macaulay.

Proposition 5.21. Let X/k be projective. Suppose X is Cohen-Macaulay
and all irriducible components have dimension n. Then Kx € DI=="(X),
and so Kx ~ w$[n] with % = H"(Kx)[n].

Proof. By the proof of Proposition 5.19, we only need to show for all j >
N—n,xeX,
EthQP (OX,xawP,x) = 07

Y
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which follows from the equation

projdimgy, = dimOp, —depthy, Ox. by [EGAIV], 0, 17.3.4
=dimOp, — depthoxﬂ Ox
=dimOp, —dimOx, = N —n.
]

The sheaf w$ in the proposition is called the dualizing sheaf for X in [H].
X is Cohen-Macaulay if, e.g., there is a regular k-immersion ¢ of X into
a projective space over k.

Xt p—PV
A
Speck——=39
In this case, we even have w% is a line bundle. Indeed,
f!Oy ~ i!g!Oy = i!wP[N]
~ i"wp @ wx/p[—(N —n)][N] by Proposition 5.3

=iwp ® wX/p[n},

and hence w§ = "wp ® wx/p.

6 Spectral Sequences

6.1. The spectral sequences of a filtered complex. Let A be an abelian
category. A filtered complex (K, F?) in A is a complex K of A endowed with
a decreasing filtration by subcomplexes

K---DFKD>FKS...
Denote by grh.(K) the quotient complex FPK/FPHK.

Problem. We want to relate H"(K) to H™(gr(K)). For the inclusion
FPK — K we denote Im(H"(FPK) — H™(K)) by FP(H"(K)). In par-
ticular, we want to understand the relationship between gri.(H™(K)) and
H" (gr(K)).
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Example 6.1.1. Let K be a complex of A, K’ a subcomplex of K. Define
a filtered complex (K, FP) as follow: F°K = K D F'K =K' D F?K =0
We have the short exact sequence:

0—-K —-K—K'—0
and grh(K) = K',gt%(K) = K".
From the long exact sequence:
.. 5 anl(K//> 9 Hn(K/) Hn(K) Hn(K//) s Hn+1 (K/) -
we get a short exact sequence:
0 — Coker(H" *gr%.(K) — H"gri(K)) — H"(K) — Ker(H"gr%(K) — H"grp(K)) — 0
i.e. we have
F'H"(K) = Coker(H" 'gr%.(K) — H"gri(K))
grrH"(K) = Ker(H"gryp(K) — H"gri-(K))
6.2. Now we consider the general case. We follow the approach of [C-E].
Let (K, F?) be a filtered complex. For oo > ¢ > p > —o0, let K(p,q) =
FPK/FIK, F-*K = K, F*K = 0. With these notations, we get grh.(K) =

K(p,p+1), K/FIK = K(~o00,q) and F*K = K (00,p).
For integers p < ¢ < r, we have a short exact sequence:

OHK(QaT)sﬂ%IinK(I%Q)HO (*)

We denote this sequence (x) by K(p,q,r). It defines a distinguished triangle
in D, with 6 : K(p,q) — K(q,7)[1]. Let n = p+ ¢ and r > 1, denote
H(p,p+7r) = H*(FPK/FP*K) and EP? = H*(p,p + 1) = H*(gr%.(K)).
For a fixed r, consider the triangles defined by (p,p+ 1,p+7), and (p+r +
1,p,p+ 1), and define

7P = Ker(H™(p, p+1) % H™(p+1,p+r)) = Im(H" (p, p+r) — H"(p, p+1)) C EP

Br = Tm(H"(p—r+1,p+1) = H"(p,p+1)) = Ker(H"(p, p+1) — H"(p—r+1,p)) C B}
We have ZV? = EP? and B =0
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Theorem 6.3. (1) We have a chain of inclusions 0 = By C --- C B, C
---CB,CZ C---ClZ,C---Cl1=F
(2) In the diagram:

H'(p,p+1) = H"* ' (p+1,p+7+1)

|

Brn————=H""(p+rp+r+1)

we have Im(6) C Im(B,y; — H" ™ (p+ 1,p+7r+ 1)), and § induces an
1somorphism

é — _
D,q /7D p+r,q—r+1 p+r,g—r+1
Zr /Zr-l-l N BT—i—l /Br

(3) Let EP1 = ZP9 /BP9 and denote by d, the composition:

EPY = Z,/By == 2,/ Zp 1 —>> B,y | B,—= 7,/ B, = Eptra-rtl

we have d, - d, = 0 and H™(E,) = EYY d.e. H(EPTotr—1 &, pra

By = 7/ = B
(4) Let FPH"(K) = Im(H"(FPK) — H"(K)), in the diagram:

Zoo C H"(p,p+1) == H"(—00,p+ 1)
FPHY (K)o H"(K)

we have can(Zy) C Im(FPH"(K) — H"(K) — H"(—o0,p + 1)), and an
1somorphism
ZY By = grip(H"(K))

Proof. (1) To show Z,.1 C Z,, we consider the morphism of short exact
sequences K (p,p+1,p+7r+1) — K(p,p+1,p+r) which gives the following
commutative diagram:

K(p,p+q)——K(p+ LPJFTJF D[]
K(p,p+q) ~K(p+1,p+r)1]

Thus we get Z,11 C Z,. Similarly we have B, C B, ;.
To show B, C Z, for all r, s, we need the following lemma:
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Lemma 6.4. For integers p < q <r <s, K(p,q) LR K(q,r)[1] 2, K(r,s)[2]
we have § -6 = 0.

Proof. We have the diagram:

K(q,r)[1] 5 K(p.q)

K(r, s)[1] K(q,s)[1]

In which (1) is commutative and (2) is distinguished. We get d5 - §; =
(52 U - (53 =0 O

By the above lemma we get the composition:

H" 'p—r+1,p) S H'(pp+1) 5 H  (p+ 1,p+ s)

to be 0. This gives the injection of B, — Zj.
(2) We need a very useful lemma the proof of which is left as an exercise.

Lemma 6.5 (C-E,XV1.1). Suppose we have a commutative diagram with
the bottom row exact:
M

X

L/L>L*b>L”

Then b induces an isomorphism Imc/Ima — Imd

The morphism of short exact sequences K (p,p+r,p+r+1) — K(p,p+
I,p+r+1) gives a commutative diagram:

H'(pYyp+r)—=H" " (p+r,p+r+1)

g

H'(p,p+1) —"H" (p+ 1,p+7+1)
; Secondly, we have a commutative diagram with exact row

H"(p,p+r)

e T

H(p,p+7r+1) = H"(p,p+1) == H" (p+1,p+ 7+ 1)
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; we have Imuy = ZP4 and Imv = Z7,, and the lemma shows ZP7/Z =
Im ¢; Finally we have a commutative diagram with exact row

H"(p,p+r)

H'(p+1,p+71)—SH" (p+rp+r+1)—2=H (p+ Lp+r+1)

—rt1 _

we have Ime = BYI17" and Ime = B+l and the lemma shows
1 _ ~ . . .

BrIpaH  prtramr+l 5 Tm. Composing the two isomorphisms we get

Zr/Zr+1 % BrJrl/Br-

(3) Obviously we have Kerd, = Z"% /BP9 and Imd, = BYf[¢ "+ /prera—r+l,
This implies that @¢*™4= "+ o @79t = (0 and H(E,) = E,1.

(4) The morphism of exact sequences K(—oo,p+ 1,00) — K(—00,p, o)
gives a commutative diagram:

H" (peoc) — = H"(—00,00) = H"(K)

|

H"(p,p+1) ——= H"(0c0,p + 1)

Secondly, we have a commutative diagram with exact row:

H"FPK = H™(p,o0)

i

H"(—00,p) H"(p,p+1) —=—= H"(~o0,p+1)

where Imu = Z,, and again by the CE lemma we get Z,/Bs — Ima.
Similarly from the diagram:

H"FPK = H"(p, 00)

H"(p+1,00) H"(K) H"(—oo,p+1)

we get FPH"(K)/FPTH"(K) = Ima.By composing the two isomorphisms
together we get gr’ H(K) = Z. /By, O
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Definition 6.6. A spectral sequence in A, denoted as EP? = (H", F') for
0 <a € Z and usually a = 1 or 2, consists of the following data:
(1) A family of objects H™ in A for all n € Z, and a decreasing filtration:

H'"=F'H"D>F'H">--- > FH" D> FP"'H" > ..
(2) A family of objects E?? in A for all p,q in Z and for r > a; and a
family of morphisms d, : EP4 — EPT"4~"F1 guch that d, - d, = 0.
(3) A family of isomorphisms a7 : HP4(E,) = EPf|
(4) For s > a and r > a, define
0=B,CB,1C---CB.C---CZsC---Cly,=F,
inductively as follows:
B, =1Im(d,) C EPY, zZh1 = Ker(d,) C EPY

We have Z2% /By, = EXY, define 2778, /BYY by Ker(dqy1) and Byf, /B,
by Im(d,41), by pulling-back we get B,y1 C Baia C Zaro C Zgrq. Induc-
tively we define B,.1/B, to be Im(d,), and Z,,1/Z, to be Kerd,, and then
by pulling-back we have B, C Z,.

(5) Two objects in A, B C Z%? C EP9 such that B?? C BEI C Z89 C

ZP4 for all s,r, and an isomorphism
B B = ZLBY = grlp(H")

The spectral sequence associated to a filtered complex constructed in 6.3
is a example, with a = 1.

The term E" is called the initial term, the filtered term H", F' the abut-
ment of the spectral sequence. We usually give a picture of a spectral se-
quence by plotting the term EP? at the point of coordinates (p,q) in the
plane. The differential d, corresponds to a generalized ”knight’s jump”

Xll

6.7. Let EPY = (H", F) and E/»? = (H™, F) be two spectral sequences.
A morphism of spectral sequences

EP4 = (H" F)

iu

Ept = (H", F)
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consists of morphisms u?? : EP9 — E»9 and u" : H" — H'™ satisfying the
following conditions:
(i) The diagram:

un
Hn > Hln

]

FPH” - > Fp H/n

commutes, so u" induces a morphism ~y : grH™ — grH™.
(ii) The diagram:

commutes.
((iii) Morphisms Z,, — Z., and B, — B, which induces a morphism
epsilon : Ey — E!_ so that the following diagram commutes:

E,——F'y

betaiﬁ Zlﬁ

grH™ A grH™

(iv) The following diagram commutes.

In this way spectral sequences of A form an Additive Category.

Definition 6.8. A spectral sequence EP? = (H", F) is called biregular if it
satisfies the following properties:

(i) For any pair (p,q), there exists an integer 7o such that B?? = BZ:? and
ZPt = 7k for all m > 1o

(ii) For all n, (FPH™),ez is a finite filtration, i.e. FPH" = H™ for p sufficiently
small and FYH" = 0 for ¢ sufficiently large.
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Example 6.8.1. A filtered complex (K, F?) is said to be regular if for all n,
the filtration (FPK™) is finite. The spectral sequence E}? = HP(gr?K) =
(H™, K) is then biregular.

Proposition 6.9. Let u : (EP? = (H", F)) — (EP?? = (H™ F)) be a
morphism of bireqular spectral sequences. If for some r > a, ub? : EP4 —
E»1 is an isomorphism for all p,q, then u™ : H® — H™ is an isomorphism
for all n.

Proof. We have the following diagram:

P,q ~ /p,q
EY B

'P,q ~ /D,q
E% E"S

grP H" —== grP H™™

As the filtrations of H™ and H'™ are finite ,s0 we get the conclusion. [

Definition 6.10. A spectral sequence EP? = (H", F) is said to degenerate
at E,,, if it is biregular and d, = 0, for all > .

Proposition 6.11. Let E be a bireqular spectral sequence in A where A
is the category of modules of finite length over some ring R. Then (EPY =

(H",F)) degenerates at E,, if and only if 3, ., lgEP? = lgH", for all n.

Proof. We have --- < 1gEPf < lgEP? < ... and 1gE%? < IgEP4. For N
sufficiently large,we have EX? = EP? so

lgH" = 3 lg(er’(H") = > I8ERI = 3 1gBR' < 3 Ighyy

ptg=n ptg=n ptg=n prg=n

E degenerates at E,, if and only if Z, = E, = F, 1, for all r > ry,which holds
if and only if lgE%? = IgEP? = IgER4, for all r > ro. Thus the conclusion
follows. ]

6.12. Spectral sequences of a bicomplex. Let A be an additive category.
Let K = K** = (K?%d',d”) be a bicomplex of A. Then d? = d’? =
(d' 4+ d”)* = 0. We call the complex (K*9,d’) the g-th row complex and the
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complex (KP* d”) the p-th column complex. Recall that K is biregular if
for all n, the set {(p,q)|p + g = n, KP? # 0} is finite. For K biregular, then
the simple complex sK € C(A) associated to K is

sK"= @ K7, d=d +d.
ptg=n
For any double complex K, there are two filtrations on K**:

F’pKi,j — Ki7j7 { Z b;
0, 1 < p.

F”pKi,j _ Kldv ] Z b;
0, 7 <np.

We now assume K is regular.
(1). The first spectral sequence. We have

(F?(sK) = s(F?K), grf(sK) = (KP*)[-p],
The spectral sequence of (sK, F"') is
EP? = HPM(grh, K) = HPT(sK).

Since BV = HIP(KP*[—p]) = "HY(KP*) and d; : " HY(KP*) — " HI(KPT1*)
is induced by d’, then
qu — /Hpn Hq(Ko,o)

and
'FH"(sK) = Im(H"(sF?K) — H"(sK)).

(2). The second spectral sequence. Similar to the first case, we have
EY ="HYK*"), EP?"="H"H(K**) = H""(sK)

and

"FH"(sK) = Im(H"(sF ’K) — H"(sK)).

Remark. If F'(resp. F”) is biregular, then these spectral sequences are
biregular.
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Proposition 6.13. Letu : K** — L*® be a morphism of bireqular complexes
which hence induces su : sK — sL. Then

(a). If u induces a quasi-isomorphism on each row(resp. column), then
su 1S a quasi-isomorphism.

(b). If u induces a quasi-isomorphism on each cohomology row(resp. col-
umn), then su is a quasi-isomorphism.

Proof. Exercise. O

6.14. Spectral sequences of hypercohomology. Let A and B be two
abelian categories. Let T': A — B be an additive functor. Assume cA
has enough injectives. Then RT : D*(A) — D™ (B) is well defined. For
K € K*(A), then RT(K) = T(K') where K 7a K', K' € K(A) with K"
injective. We write R"T(K) = H"RT(K).
Theorem 6.15 (Cartan-Eilenberg). One can construct spectral sequences:

(1)'EY* = RIT(K?) = R"T(K), where dy is induced by d : KP — KPT!.
This is called the first spectral sequence of hypercohomology of K for T.

(2) "EY? = RPT(H'K) = R"T'(K), which is called the second spectral
sequence of hypercohomology.

Moreover, (1) and (2) are bireqular. (1) is functorial in K € C(A), and
in K € KT(A) from Ey on; (2) is functorial in K € DT(A). The abutment
filtration of (1) is

FPR'T(K) = Im(R"T(K=?) — R"T(K)), K=" =05,K.
The abutment filtration of (2) is
FPT(K) = Im(R"T (r<p_, K) — R"K)
where T<,, K = (+-- — K™t — Z™ — ().

We need to construct the injective Cartan-Eilenberg resolution to prove
the theorem.

Lemma 6.16. Consider a diagram

04>_[/ e @ [ ()
]
0 L L L 0

]

0 0 0
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with exact rows and columns and I', I” injective, then we can complete the
diagram.

Proof. This is an easy exercise. O]
From the above Lemma, one has

Lemma 6.17. Let 0 — L' — L — L7 — 0 be an exact sequence. Let
L' — I'* and L” — I'* be injective resolutions. Then there exists an injective
resolution L — I*® to complete the diagram

OHI" e A ———>I”‘*>0
]

O LI ‘% -[T” 0
0 0 0

Lemma 6.18. let K € C(A). Then there exists an exact sequence
0— K — [M*" — M*' — ...]
where M*®*, such that
0— KP — MP? — MPt — ...
15 an ingjective resolution of KP, and
0— ZPK — ZPM*°" — ZPM*' — ...
0 — B’K — B*M*° — BPM*' — ...
0 — HPK —' HPM*° —' HPM*' — - ..

are all injective resolutions. This resolution is called Cartan-FEilenberg reso-
lution.

Proof. We first apply Lemma 6.17 to the exact sequence
0— BK — Z°PK — HPK — 0
and then apply it to the exact sequence

0— Z°PK — KP? — BPT'K — 0.
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Remark. (1). Suppose that
K — K'** Ny
are Cartan-Eilenberg resolutions. Then any map f : K — L can be lifted to
LK L
Any two liftings f’, f” are related by vertical homotopy
st KP4 — [P — s+ sd, sd +d's=0.

(2). Suppose f~g: K — L,and k: K — L is a homotopy of f and g:
dk+kd=g—f. If f/: K' — L' and ¢’ : K/ — L' lift f and g respectively.
Then there exists a homotopy s = s’ 4+ s” such that

g —f =ds+sd, sd+d’s =0, °d +d's” =0.

Proof of Theorem 6.15. Suppose K € C*T(A). Let K — M** be an injec-
tive Cartan-Eilenberg resolution of K. Note that K — sM*®* is a quasi-
isomorphism, and
(sM)" = H MP1 injective,
ptq=n
Then
RT(K) =T(sM**) = s(TM**).

(1). The 1st spectral sequence of hypercohomology is just the 1st spectral
sequence of T'M**, with

'EP4 = HIT(MP*) = R'T(K?),
and d; induced by d : K? — KP™!. Since
K27 = g5, K* L5 (PP s>,

then
RT(K=P) = T'FP(sM**) = FP(sTM**)
and FPR"T(K) = Im(R"T'(K=?) — R"TK).
(2). The second spectral sequence of hypercohomology is the second
spectral sequence of TM**®, with

EYT =" HPHY(TM®*).
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Since 'HY(TM*®7) = T'H(M*7), and all the components, boundaries and
cycles of M*J are injectives,

" HPHY(TM®*) = RPT(HK).

The abutment filtration of the 2nd spectral sequence needs to use ”décalage”
of Deligne. We leave it as an exercise. O]

Corollary 6.19 (Spectral sequence of a composite functor). Suppose
ALBS
where F,G are additive functors of abelian categories. Assume that A and B
have enough injectives, and F(injective) = G — acyclic. Thus
D*(A) % DH(0).

R(GF)
Then there exists, for K € DT (A), a functorial, bireqular spectral sequence
EY" = RPFGRIF(K) = (GF)(K).

Proof. Take the second spectral sequence of hypercohomology of RF(K)
for G, then EY? = RPG(HY(RF(K))) = RPGRIF(K) and R"G(RFK) =
H"(RG(RF(K))) = H"(R(GF)(K)) = R*(GF)(K), thus

EY? = RPFGRIF(K) = (GF)(K).
The abutment is
FPRY(GF)(K) =Im(R"(GF)(1<y—pK) — R"(GF)(K))
=Im(R%(7<,_,RFK) — R"(GF)K).
]

We give three applications for Cartan-Eilenberg’s Theorem and the corol-
lary.

6.20. Hodge-de Rham spectral sequence. Let k be a field and X/k be
a proper smooth scheme. Then Q5% i € C(X, k). The first spectral sequence
of hypercohomology of 2%, for

T =T(X,—-): Mod(X,k) — V(k) = {finite dimensional k-vector spaces}
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is

EP! = H(X,0%) = H"(X, Q%) = Hip"(X/k),
d; is induced by d : Q? — QP! This spectral sequence is biregular and
concentrated on the first quadrant. For every r and for every p,q, EP? is
finite dimensional over k, therefore HJ,(X/k) is finite dimensional over k.

This spectral sequence is called the Hodge to de Rham spectral sequence.
Let

W = h(X/k) = dimy, H (X /k), i = h9(X, Q%) = dimy HI(X, Q%).

From the Hodge to De Rham spectral sequence, we always have

R < Z hP

ptg=n
If k = k, X is connected and dim X = d, then one can show that H¢(X, Q%) =
HX(X/k) and h?4 = pd—Pd=a,
One would like to show the Hodge to de Rham spectral sequence degen-

erates at F, which means that d, = 0 for all » > 1, in particular, £} = F.
This is equivalent to show that for all n,

W= b
pt+q=n

Theorem 6.21 (Hodge+Deligne). If chark = 0, then the Hodge to de
Rham spectral sequence degenerates at E

Theorem 6.22 (Deligne-Illusie). Ifchark = p > 0, k perfect and dim X <
p and X is liftable to the second Witt ring W(k), then the Hodge to de Rham

spectral sequence degenerates at E.

6.23. Leray spectral sequence. Let f: X — Y be a morphism of ringed
spaces. Then I'(Y, f.(—)) = T'(X, —). We have a spectral sequence

EPY = HP(Y, RUf.K) = H?*(X, K).

6.24. Local to global spectral sequence of Ext. Let X be a ringed
space, L € D~ (X), M € D*(X). Then

RHom(L, M) € D*(X), Ext™(L, M) = H"(RHom(L, M)).
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RHom(L, M) = RU(X,RHom(L, M)) € D (Ab),
Ext"(L, M) = H"(RHom(L, M)) = H*(X,RHom(L, M)).
The second spectral sequence of hypercohomology for I'( X, —) then gives

EPY = HP(X, Ext9(L, M)) = Ext?* (L, M).



Chapter 4

Grothendieck’s Comparison
and Existence Theorems in
Formal Geometry

1 Locally Noetherian Formal Schemes

Definition 1.1. An adic noetherian ring is a noetherian ring which is sep-
arated and complete in the [-adic topology for some ideal I C A, i.e.
A~limA/I ntl,

Set A, = A/I"™! and X,, = Spec A,. It is clear that the X/s have the
same underlying topological space and one obtains an increasing sequence of
thickenings of Spec A/I in Spec A:

Xo=SpecA/I — X7 — Xy — -+ — Spec A

OXO«_"'«_OXn«_OXn+1«_"'WOSpeCA

Associated to this sequence is the formal spectrum of A, denoted by Spf(A) =
(X, Ox), where X = [Xo| as topological spaces and Ox = lim Ox,, is a sheaf
of topological rings.

For any open subset U C X, define the section I'(U, Ox) to be the topologi-
cal ring lim I'(U, Ox,,) where I'(U, Oy, ) is endowed with the discrete topology.
For instance, given f € A, denote by fy the image of f modulo I in Ay, then
the section over the open set ©(f) = Xy = Spec(Ay),, where fj is invertible,
is the completed fraction ring A¢yy = imI'(X;, Ox,,) = liLnSf_lA ®a (A/TT).

195
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Remark 1.2. (1) As a topological space, X = Spf A depends only on A
as a topological ring. It doesn’t change if one replaces I by some ideal of
definition, namely, an ideal J such that J D I? D J9 for some positive integer
p and ¢q. The space %/i\s/the subspace of Spec A consisting of open prime

ideals, and Ox = lim (A/.J) where J runs through the ideals of definition of
A.

(2) X = Spec Ay — Spec A being a closed subspace, X contains all the
closed points of Spec A and thus every open subset of Spec A containing X
coincides with Spec A itself, resulting from I C RadA.

Definition 1.3. An affine noetherian formal scheme is a topologically ringed
space isomorphic to (X = Spf A, Ox) for some adic notherian ring A. A local
noetherian formal scheme is a topologically ringed space covered by affine
noetherian formal schemes, namely, every point lies in a neighborhood which
is an affine noetherian formal scheme. Morphisms between local noetherian
formal schemes (X, 0%x) and (9), Og) are those morphisms (f, f#) between
ringed spaces that are local and continuous, i.e. for every point x € X the
map Oy ¢y — Oz, is local and for any affine open subscheme V' C 9,
the homomorphism between topological rings I'(V, Og) — I'(f~*(V), Ox) is
continuous.

As in the case of usual schemes, for any local noetherian formal scheme
(X, O%) and affine formal scheme () = Spf A, Oy),

Hom(x, iD) = Homcont(A7 F(%7 Ox))

where Hom,,,,; stands for the set of continuous ring homomorphisms.

Let X = Spf A be an affine noetherian formal scheme and I an ideal
of definition of A. With any A-module of finite type M is associated an
Ox-module M? = h;nMn where M, is the coherent module on Spec A,
associated to the A,-module M,,. Immediately derived from the definition is
the following

Proposition 1.4. T'(X, M?) = imM, = M. For f € A, Xy C X,
D(Xy, M2) = (My)" is the I-adic completion of the fractional module M;.
The functor M — M* is exact where M ranges over the category of finitely
generated A-modules. The map (Homy (M, N))" — Hom(M?>, N2) induced
by v — v™ is an isomorphism. In particular, any homomorphism u : M*> —

N2 is uniquely determined by its global section v via u = v™.
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Recall that given a ringed space (X,Ox), an Ox-module E is locally
of finite type if for every x € X there exists a neighborhood U O z and
an epimorphism O}, — E|y — 0; it is locally of finite presentation if the
exact sequence above can be extended to O — O — E|y — 0. If Ox is
coherent, an Ox-module E is coherent if and only if it is finitely generated
and locally of finite presentation.

Proposition 1.5. Let X be a locally noetherian formal scheme, then

(1) Ox is coherent;

(2) given E € Mod(X), E is coherent if and only if for every affine open
piece U = Spf A C X, there exists M an A-module of finite type such that
Ely = MA.

The set of coherent Ox-modules will be denoted by Coh(X) in later sec-
tions.

Proof. (1) The question may be reduced to local case, and one may assume
that X = Spf A is affine. Actually for any epimorphism O% — Ogx, the
kernel of the corresponded map v = I'(X,u) : A" — A is of finite type
because A is noetherian itself, namely there exists a exact sequence of the
form A° % A” % A — 0. The exactness of the functor # implies an exact
sequence O% v, O% - Ox — 0.

(2) The part of < is clear. For the = part, it suffices to show that
E = M* for some A-module M of finite type. Put E,, = E®Oy, € Coh(X,),
M, =T(X,, E,), and let M = @F(Xn, E,). Thus

E=1limE, = lim M, = M*

— —

is coherent. O]

1.6. Ideals of Definition and Inductive Limits

Definition 1.7. For a local noetherian formal scheme X, an ideal of definition
of X is a coherent ideal sheaf J € Coh(X) such that the formal scheme
(X, 0%/7) has the same underlying topological space as X.

Proposition 1.8. Let X, Ox be a local noetherian scheme.
(1) An ideal sheaf I C Ox is an ideal of definition of (X, Ox) if and only
if for any affine open subscheme U = Spf A C X, J|y = I® where I C A is
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an ideal of definition for the topological ring A = @A/J”, with I D JP D 11
for some positive integer p and q.

(2) (Similar to the case of schemes) Ideals of definition exist and there
exist a largest one T such that (X,0x/%) is reduced. On any affine open
subscheme U = Spf A, T = N2, where N ={a € A: A" — 0 asn — oo}
15 the ideal of topological nilpotent elements which coincides with the inverse
image of the nilpotent radical of A via A = liLnA/I”. Any ideal of definition
s contained in ‘L.

Remark 1.9. Given a noetherian formal scheme X, two ideals of definition
of X, say J and J, gives a chain J D J¥ D J9 for some positive integer p and
q.

Fix an ideal of definition J of X. For n € N, the ringed space (X, Ox/J"™)
is a locally noetherian scheme, denoted X,,. One obtains an increasing chain
of thickenings

X =(Xgo Xy oo oo Xy e oot (1.9.1)

whose inductive limit, in the category of locally noetherian formal schemes,
is X: the thickenings induce the identity map on the underlying topological
spaces, which are all equal to |X|, and it is clear that Ox = lim Oy, as
sheaves of topological rings, where I'(U, Oy, ) is endowed with the discrete
topology for any open subset U C X,,. Let J, = Ker(Ox, — Ox,) be the
ideal of Xy in X,,. Then for integers m < n, the ideal of X, in X, is J™
and in particular J"™! = 0. J; is a coherent module on X, and J,, = J/J""L.
Converse to the argument above is the following

Proposition 1.10. Consider a sequence of ringed spaces 1.9.1 satisfying

(1) Xo is a locally noetherian scheme;

(2) the underlying maps of topological spaces are homeomorphisms and,
using them to identify the underlying spaces, the maps of sheaves of rings
Ox,., — Ox, are surjective;

(3) setting J, = Ker(Ox, — Ox,), then for m < n, Ker(Ox, — Ox,,) =
J:;,n—i_l{

(4) Jy is a coherent Ox,-module.

Then the topologically ringed space X = (X, liLnOXn> s a locally noethe-
rian formal scheme, and 3 := lim J, = Ker(Ox — Ox,) is an ideal of
definition of X and J"™! = Ker(Ox — Oy,).
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Proof. The verification is straightforward as reduced to the affine case. As-
sume Xy = Spec A is affine, one checks easily that each X, is affine noethe-
rian of ring A, = I'(X,, Ox,). Then A = I'(Xo, Ox) = lim A, is separated
and complete. X = Spf A is an affine noetherian formal scheme. O

Let X be a locally noetherian formal scheme, J an ideal of definition of
X. Consider the corresponding chain of thickenings as above. For m < n,
denote by Uy, : X,, — X, and u, : X,, — X, the canonical morphisms.
Given a coherent module F on X, then F),, := u; E is a coherent module on
X, and these modules form an inverse system, with Ox, -linear transition
maps E, — E,, inducing isomorphisms u*, F, — E,, and E = llnEn

Conversely, let F. = (F,, fmn) be an inverse system of Oy, -modules,
with Ox, -linear transition maps f,., : F, — F, for m < n. F. is said
to be coherent if each F;, is Oy, -coherent and the transition maps f,, in-
duce isomorphisms w,  F), = F,. If F. is coherent and F := @Fn is the
corresponding Ox-module, then F' is coherent and F. is canonically isomor-
phic to the inverse system (u’ F'). The functor Coh(X) — Coh(X.), sending
E to the system (u}F) from the category of coherent sheaves on X to the
category Coh(X.) of coherent inverse systems (F,) is an equivalence. For
E = @En € Coh(X) as above, the support of E is, as E is coherent, closed
and coincides with that of Fy. By a special case of flatness criterion, £ is
flat, or equivalently locally free of finite type, if and only if F, is locally free
of finite type for all n.

Let f : X — %) be a morphism of locally noetherian formal schemes, J
an ideal of definition of ). Since J C Ty, the continuity of f implies that
the ideal f*(J)Ox is contained in . Fix an ideal of definition J such that
f*(3)Ox C T and consider the inductive systems X., Y. defined by J and
J respectively. Then, since f*(J"*1)Ox C 3", f induces a morphism of
inductive systems

fiX. Y. (1.10.1)

i.e. morphisms of schemes f, : X,, — Y,, such that the squares

X, — X, (1.10.2)

S

Y,—Y,
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are commutative and f = lim fn, characterized by making the squares

X, =% (1.10.3)

J

YHLQJ

commutative. It is easily checked [EGA I 10.6.8] that f — f. defines a
bijection from the set of morphisms {f € Hom(X,2)) : f*(J)Ox C J} to the
set of morphisms of the type f.: X. — Y.

The above results is summarized as follows:

Proposition 1.11. Let (X, Ox) be a locally noetherian formal scheme.

(1) the functor Coh(X) — Coh(X.), sending E to the inverse system
(urF'), is an equivalence.

(2) given morphism of locally noetherian formal schemes f : X — 9,
and assume that § C Ty is an ideal of definition of Y and f*(J)Ox C I
where J is an ideal of definition for X. Then f = li_mfn where the f]s are
characterized by the diagram

XO Xl Xn %
fol fll fnl lf
Y, Y, Y, D)

and the X s (resp. the Y,’s) are thickenings defined by the ideal J (resp. J).
The map sending f: X — ) to f.: X. — Y. is bijective.

In general, f*(J)OX) is not an ideal of definition of X. When this is the
case, f is called an adic morphism and X an )-adic formal scheme. One
can then take J = f*(J)Ox and the squares 1 are cartesian. Conversely any
morphism of inductive systems 1.10.1 such that the squares 1 are cartesian
define an adic morphism from X to 9.

Let f : X — 2 be an adic morphism and E a coherent sheaf on X. Then
the following conditions are equivalent:

(1) E is flat over ) (or Y-flat), i.e. for every point = € X, the stalk F,
is flat over Oy f();

(2) with the notations of 1.10.3, E,, = u E is Y,,-flat for all n < 0;

(3) Ep is Yyp-flat and the natural epimorphism

gr" Oy ® g — a"
gr0 Oy
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is an isomorphism for all n, where the associated graded module is taken
with respect to the J-adic filtration.

This is a consequence of the flatness criterion, and when the equivalent
conditions are satisfied for £ = Ox , f is said to be flat.

1.12. Formal Completion Let X be a locally noetherian scheme, and X’
a closed subset of the underlying topological space of X. Choose a coherent
ideal I C Ox such that the closed subscheme of X defined by I has X' as
its underlying space. Such ideals do exist, and there is, in fact, a largest
one, consisting of the local sections of Ox vanishing on X’ for which X’
has the reduced scheme structure. Consider the inductive system of locally
noetherian schemes, all having X’ as the underlying space,

XO;)XI;)"'(HX'H,(_)"'

where X, is the closed subscheme of X defined by I"*!. It satisfies the
conditions of Proposition 1.10 and therefore the inductive limit X,x/ =
lim X, is a locally noetherian formal scheme, having X’ as the underlying

space, called the formal completion of X along X', sometimes denoted by X.

It is easily checked that X,x+ does not depend on the choice of the ideal
I. Actually O = lim O /J where J runs through all the coherent ideals of
Ox such that the support of Ox/J is X’ and on any noetherian open subset
of X, the powers of I form a cofinal system. If X is affine, X = Spec A and
I=J, then X = Spf A, with A =1limA/J"

The canonical immersion 7, : X,, < X defines a morphism of ringed
spaces

i=ix: X — X (1.12.1)
which is flat and for any coherent sheaf F' on X, the natural map
i'F— Fyx o= h;nziLF (1.12.2)

is an isomorphism. When X = Spec A and F = M, M being an A-module
of finite type, then F)x = M?~.
The assertion above follows from Krull’s theorem: if A is noetherian and
J an ideal of A, then the J-adic completion A is (faithfully) flat over A, and
for any A-module of finite type, M = M ®4 A. One writes then F for Fyxi
when no confusion arises. Note that if F' is not coherent, 1.12.2 is not in
general an isomorphism. One checks easily that the kernel of the adjunction
map
F — ii*F (1.12.3)
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consists of sections of F' that vanish in a neighborhood of X’.

Let f: X — Y be a morphism of locally noetherian schemes, X’ (resp.
Y’) a closed subset of X (resp. Y') such that f(X’) C Y’. Choose coherent
ideals J C Ox, I C Oy, defining closed subschemes with underlying spaces
X’ and Y’ resppectively and such that f*(I)Ox C J. Then f induces a
morphism of inductive systems f.: X. — Y., and thus a morphism

o Xx — Yy (1.12.4)

which does not depend on the choice of J and I, called the extension of f to
the completions X, x: and Y,y+. This morphism sits in a commutative square

Xx X x (1.12.5)

o)

Yy L Y
When X’ = f~1(Y”), one may take J = f*(I)Oy, all the squares

Xp—X

o

Y, —Y

are cartesian, hence the same holds for the square and therefore f is an adic
morphism.

2 The Comparison Theorem

Let f: X — Y be a morphism of locally noetherian schemes, Y’ a closed

subscheme of locally noetherian schemes, let Y' be a closed subset of Y,
X'= f~1(Y"). Write X = X,x and Y =Y)y+. For F' € Mod(X) the square

X/X/LX,

|s lf

Y/Y/LY
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defines base change maps
P*RIf,F — RIf,(i*F)

for all ¢ € Z, which are maps of Oy-modules. When F' is coherent, then ¢* F’
can be identified with F' = F)x, and similarly ¢*Rf,F with (RVf,F)y if
RIf,F is coherent, which is the case when F' is coherent and f is proper (or
f is of finite type and the support of F is proper over Y, i.e. (see [EGA II
5.4.10]) the there is a closed subscheme of X, proper over Y and with SuppF
as the underlying space, by the finiteness theorem for proper morphisms
[EGA III 3.2.1, 3.2.4]. In this case 2 can be rewritten as

(RUf,F)" — RIf,F

On the other hand the squares 1.10.3, with X = X and ) = f/, define
Oy, -linear base change maps

u' R, F — RI(f,).F,

where F, = u;‘LF = ¢ I, following the notation of 1.12.1. By adjunction,
these maps can be viewed as Oy-linear maps

RIf.F — RY(f,).F,
hence define Oy-linear maps
RIfE — lim RI(f,). F,

Note that the base change map 2 is defined more generally for ' € D (X, Ox),
as induced on the sheaves H? from the base change map in D" (Y, Oy)

*Rf.F — Rfi*F

Theorem 2.1. Let f : X — Y be a morphism of finite type between noethe-
rian schemes, Y' a closed subset of Y, X' = f~1(Y"), f X =Y the
extension of f to the formal completions of X and Y along X' and Y’ re-
spectively. Let F' be a coherent sheaf on X whose support is proper over Y .
Then the canonical maps (R1f,F)» — Rif,F and RIfF — im RY(f,) .
are topological isomorphisms for all q € Z.
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Remark 2.2. (a) It follows from the assumption of 2.1 on f that for any
F € D™(X, Ox) such that for any i, H'F is coherent and properly supported
over Y, the base change map i*Rf.F — R fz*F is an isomorphism. Noting
that the natural functor from the bounded derived category D°(Coh(X))
of coherent sheaves on X to the full subcategory D’(X).n of D°(X) :=
D(Mod(X)) is an equivalence [SGA 6-11 2.2.2.1], where D’(X) consists of
the complexes with coherent cohomology, one can extend the isomorphism 2
of 2.1 to the case F' € D*(X)con

(b) Grothendieck’s original approach, though not published, is guessed
to consists of two steps: (1) proof in the case where f is projective, using
descending induction on ¢; (2) proof in the general case by reducing to the
projective case via Chow’s Lemma and noetherian induction. The proof given
in [EGA III 4.1.7 4.1.8] follows an argument due to Serre.

By considering a closed subscheme Z of X whose underlying space is the
support of F'; 2.1 is reduced to the case where f is proper. And it is easily
seen that the theorem is reduced to the following special case:

Corollary 2.3. Under the assumption of 2.1, suppose that Y = Spec A,

with A a noetherian ring, I an ideal of A such that Supp(Oy /T) =Y', where

I=1. SetY, =Spec(A/I"" X, =Y, xX, F,=iF=F/I""'F. Then
%

for all q € 7 the natural maps

pg - HI(X, F)" — lim H'X, F,
defined by the composition of 2 and 2, and

g H(X, F) — lim HY(X, F,,)
defined by 2, are topological isomorphisms.

The proof of the corollary, which also appears in [EGA III 4.1.7], uses two
ingredients: (a) the Artin-Rees Lemma and the Mittag-Leffler Conditions,
mainly elementary commutative and homological algebra; (b) the finiteness
theorem for proper morphisms ([EGA III 3.2]), especially a graded variant
[EGA III 3.3.2]. A brief revision of (a) and (b) will be given before the proof
of the theorem is presented.

2.4. Artin-Rees and Mittag-Leffler Let A be an noetherian ring, [ an
ideal of A and M a finitely generated A-module endowed with a descending
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filtration by submodules (M,,),ez. The filtration (M,,)nez is called I-good if
it is exhaustive, i.e. M,, = M for some ngy, and it satisfies the following two
conditions:

(i) IM,, C M, for all n € Z, namely, M is a filtered module over the
ring A filtered by the [-adic filtration;

(ii) M,+1 = IM, when n is large enough.

All I-good filtrations define on M the same topology, namely the I-adic
topology, filtering M by M,, = I"*1M for n > 0.

Assume the condition (i) holds. Consider the associated graded ring
A :==gr A = ®,enI", sometimes written &1™t" where ¢ is an indeterminate,
to make clear that I™ = I™t" is the n-th component of A’, and the graded
module associated to M is M’ = gr M = ®p,enM,, = ®M,t". A basic
observation [B, III, §3, th.1] is that the condition (ii) is equivalent to

(i) M’ is finitely generated over A’.

Since A’ is noetherian, this immediately implies the classical Artin-Rees
Theorem: for any submodule N C M, the filtration on N induced by the
I-adic filtration of M is I-good, namely there exists ny € N such that
("t M)YN N =I"(I"M N N) for all n € N.

Let A be a ring, M. = (M, uy,) be a projective system of A-modules,
indexed by N. The terminology below will be useful:

(1) M. is strict if the transition maps wy,, : M, — M, are all surjective;

(2) M. is essentially zero if for each m there exists n > m such that
Umn = 0, i.e. the pro-object defined by M. is zero.

(3) M. satisfies the Mittag-Leffler Condition (ML for short) if for each m
there is an n > m such that Im u,,,» = Imu,,, in M,, for all n’ > n.

It is sometimes useful to consider the following stronger conditions :

(2) M. is Artin-Rees zero (AR zero for short) if there exists an integer
r > 0 such that wu, 4, = 0 for all n;

(3)" M. satisfies the Artin-Rees-Mittag-Leffler condition (ARML for short)
if there exists an integer r > 0 such that Imw,,, = Im, p,4,» for all m and
alln > m +r.

The following facts about the Mittag-Leffler conditions are found in [EGA
Orr 13]

(a) If M. is essentially zero, then lim M,, = 0;

(b) The functor M. — lim M,, is left exact; and for any exact sequence of
inverse system of A-modules, say

0—L —M. — N.— 0



206 CHAPTER 4. FORMAL GEOMETRY

the sequence
0 —limL, — limM,lim N, — 0
Pt Pl P
is exact whenever L. satisfies the ML condition.

(2)Mittag-Leffler condition and projective limits.

Let A be a ring. Let Mod(A,) denote the category of projective systems
of A-modules indexed by N, E, = (Ey « E; <« ---), with E, € Mod(A),
Umn = En — Ey (m < n). For E, € Mod(A,), the projective limit of F, is
the A-module lim F, = lim E,, = {(z,,) |[tymn(zn) = T}

— —
Definition 2.5. Let £, € Mod(A,), then

(1) E is strict if wyy,, is surjective for any m < n.

(2) E satisfies the Mittag-Leffler condition (ML for short) if for any m,
there exists n > m, such that for any p > n, U, (En) = tmp(E,).

Remark. (1) If E, is strict, then it satisfies ML.

(2) Let Ey € Mod(A,), then for any fixed n, u,,(E,) C E, decreases
with p. Define Ej, = (5, unp(Ey) C Ey (E;, is called a universal image).
Let £ = lim E,,, define u,, : E — Ej, in the obvious way, then u,(E) C Ej,
Upn (E!) C B! and lim B!, = lim E,,.

— —

If E satisfies ML, it means that for any fixed n, {u,,(E),)}, is stationary.

In particular F’ is strict.

We have similar definitions of “ML” and “strict” in the category of sets.
Proposition 2.6. Let
0— Ll M, &N, =0
be an exact sequence of Ae-modules. Then the sequence
0 — lim L,, — lim M,, — lim N,
— — —
is exact, and if Lo satisfies ML, then lim M, — lim N,, is surjective.
— —
Proof. The first assertion is immediate. Assume L, satisfies ML. Let
_ ~ _ 1
z=(2,) €M N,, E,=g, (2)

Let Ey = (Ey < E; < ---) be the projective system of sets induced by M,,
and denote by v,,, : E, — FE,, the transition map for n > m. As L, satisfies
ML, and E, is an affine space under L,, F, satisfies ML, and hence E’ is
strict. As {v,,(E,)}, is stationary for any n, B}, = () 5, un(E,) # @, hence
1(1i>n)En = lim £}, # @. So there exist (y,) € lim E,, such that g maps (y,) to
Zn)- ]
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Definition 2.7. Let Ly = ((Ly,)nen, Umn) € Mod(A,), then L, satisfies uni-
form ML (or AR ML) if there exists r > 0, such that for any n > 0, and any
p>n+r, Imu, i = Imu,,.

See [SGAD5, V] for a detailed discussion of this notion.

Definition 2.8. Let L, € Mod(A,), Le is called essentially zero if for any
m > 0, there exists n > m, such that u,,, : L, — L,, is the zero map.

Remark. L, is essentially zero implies lim L,, = 0.

Definition 2.9. Let L, € Mod(A,), L, is called uniformly essentially zero
(or AR zero) if there exist r > 0, such that uy, 4, = 0, for any n.

Lemma 2.10. Let n € N, define
er: Mod(A,) — Mod(A) E,+— E,,

then € has a right adjoint functor €,, : Mod(A) — Mod(A.) which is defined
as follows:

En*(p):(0<_...<_0<_p<£...£F<_...)
Proof. We need to verify Hom(e?(FE,, F) — Hom(E,, €,.(F)). Define
¢ : Hom(e} (E,), F) — Hom(E,, €,.(F))

in the following way. Given f : E,, — F, then ¢(f) is defined by the diagram

E, : E, .. unfl’nEn_l E, un,n+1En+1 R ki E,
NN
ene(F): 0 0 F<4-fp-4 ... p
Define
Y : Hom(F,, €, (F)) — Hom(e), (E,), F')
(fz‘)izo = [
Easy to verify p o =1d, 1 o ¢ = Id. [

Remark. As ¢} is exact, this implies ,, maps injectives to injectives.
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Lemma 2.11. There exist enough injectives in Mod(A,), which are injective
in each degree and strict.

Proof. Let E, € Mod(A,), then we can choose for each n an injective
e E=F,—I,,

where [, is injective. And hence we have injectives

E — H Enx(€) Ee) — H [

neN neN

Let Fy = [] ensln, then F,, = [] I, is injective. And F, is strict. O

neN p<n

Remark. (1)lim F,, = [ I,, in particular, is injective.
(2)Thanks to 2.11, we can define the derived functor

Rlim : D*(A.) — D*(A).

For any F, € D*(A,), define qui_r)nE. = HquiiQE.. Then h_n}E. =
ROlim ..

Proposition 2.12. (a)For any E, € Mod(A,), any ¢ > 1, R'lim E = 0.
(b)If E satisfies ML, then R?lim E, = 0, for any g > 0.

Proof. We first show(b). We have an exact sequence
0= FE,—F,—Gs—0

where F, is injective and strict, and hence G, is strict. Consider the long
exact sequence of cohomology

0—limE, — limF, —»limG, —» R'lim E, — R'lim F, — - - -
iy — - — —

As F satisfies ML, by 2.6, R! lim F, — R! lim F?, is injective. Since R! lim F, =
0, R'lim £, = 0. By induction on g > 1, we get R?lim F' = 0, for all ¢ > 1.
Then we show (a). For any F, € Mod(A,.) we have an exact sequence

0—-FE,— F, -G, —0

with F, injective and strict, and hence G, strict. Apply (b) to G, we have
G, lim-acyclic, which implies the conclusion. O]
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We have the following generalization. Let (X, Ox) be a ringed space. Let

denote the category of inverse systems of Ox-modules. For F, € Mod(X,),
E, is called strict if u,,, is surjective for any m < n. FE, is said to satisfy
the Mittag-Leffler condition (ML for short) if for any m, there exists n > m,
such that for any p > n, wm,(Ey,) = Umy(E,). Define ¢ (E,) = E,,

ene(F) =0 —0—rd ... Hp ..

Using the adjoint functors (gf,e,.) we see again that there exist enough
injectives in Mod(X,) whose components are injective and which are strict.
We can define a derived functor:

Rlim : D*(X,) — D" (X).
R —

For any L, € D*(X,), define R?lim L, = HYRlim L,. Then limL, =
ROH_IQL..

Proposition 2.13. Let T' : Mod(X,) — Mod(Z) be the functor defined
by T(E,) = I'(X,lim E,) = limI'(X, E,). Then we have a commutative
diagram:

Rlim
D*(X,) —== D*(X)

T
RFJ/ K iRF
Rlim

D*(z.) === D*(2)
Proof. For any FE, € Mod(X,),
D(E,) = (-« T(X,E,) < ) € Mod(Z,).

If By = [] €ns(In), where I, is injective for any n, then I'(F,) = [[ £..[(X, I,,)
is acyclic for lim, So we get R lim RT" = RT.On the other hand, lim E, = 11,
is injective, so we get RI'Rlim = RT Hence

RlimoRI' = R(T) = Rl o Rlim.
- i

For further discussion of Rlim, see [N],[J].
%
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Theorem 2.14. Let X be a scheme, Fy € Qcoh(X,). Assume F, is strict,
and for any i € Z, H(X,F,) = (- «+— HY (X, F,,) < ---) satisfies ML, then
for any q, the natural map

HY(X,lim F,,) — lim HY(X, F,)
— —

n n

s an isomorphism.

Proof. By 2.13, RT(X, Rlim F,) = Rlim RT'(X, F,), where R7lim F, is the
sheaf associated to the presheaf (U — RILmI(U, F,)). If U is affine, by
Serre, I'(U, F,,) is strict. If U is affine, then Rim I'(U, F,) = 0, for any
q > 0. Hence R?lim F,, = 0, for any ¢ > 0, which implies lim F;, = Rlim F,.
Let F' = hi>n F,. Consider the spectral sequence

B = RPlim HY(X, Fy,) = HP" (X, F) (%)
As HY(X,F,) satisfies ML, by 2.12, Ef? = 0 for any p > 0. Then (x)
degenerates at E,, and HY(X,F) = EY? = lim H9(X, F,). O

Proof of ?77. Consider the long exact sequence of cohomology associated with
the short exact sequence

0—-I""'F - F—F, -0,

namely
HYT"™) — HY(F) — HY(F") — H™ ("' F),

where H7(—) = HY(X,—). Let
R, = Ker(HY(F) — HY(F,)) = Im(H(I""™ F) — HI(F)),

Q, = Ker(Hq+1(In+1F) — HY(F)) = Im(HY(F,) — Hq-&-l(z'n—i-lF)'

The main points are the following:

(1) For all ¢, the descending filtration R, of HI(F') is I-good.

(2) Qe is AR zero.

(3) For all ¢, H1(F,) satisfies ML.

Let’s first show that (1),(2),(3) imply the conclusion. Consider the exact
sequence

0— HYF)/R, — HI(F,) — Q, — 0.
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By (2) we have lim Qs = 0, using the left exactness of the functor lim, we
get an isomorphism:

lim H(F)/R, = lim HI(F,).
By (1) the map

H(FY = lim HY(F) /T HY(F) — HY(F)/R,

n

is an isomorphism, so we get
HI(E"Y = tim HO(E,).
Thanks to (3), the assumptions of 2.14 are satisfied, therefore

HYX,F) = HY(X lim F,,) = HY(X lim F,,) = lim H*(X, F,,)

Proof of (1) Consider the graded module @ H4(Z" "' F) over the graded
ring € I, it is finitely generated (by the graded variant of the finiteness
theorem, applied to ZF').The exact sequence

G ra/ ' F) - PR —0

neN neN

implies @@ R, is finitely generated over € I", hence (R,,) is I-good.
neN neN

Proof of (2) Let B = € I™.By the finiteness theorem again, @, H**(Z" ™ F)
is finitely generated over B. Since B is noetherian, @ @, as a sub-B-
module of @, H*'(Z"*'F) is also finitely generated, and therefore there
exists r > 0 such that Q.1 = IQ, for all n > r. Since @Q),, as a quotient
of HI(Fy) is killed by I**1(as an A-module), each @, is therefore killed by
I""(as an A-module). For any a € IP, the composition of the multiplica-
tion by a from HIT ([T F) to HH ([P F) with the transition map from
HIL ([P Y to HIYL(I"TUF) is the multiplication by a in HI™Y(I"T1F).
Since Qpirr1 = I"1Q, for any n > r, it follows that, for any n > r, the
transition map Q1,11 — @, is zero, and hence, if s = 2r + 1, for all n, the
transition map @, s — Qs is zero.

Proof of (8) Consider the exact sequence

0— HYF)/R, — HI(F,) — Q, —0
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As HY(F)/R, is strict and @Q,, is AR zero, they both satisfies ARML, then
the middle term satisfies ARML using the following lemma, whose proof is
elementary. O]

Lemma 2.15. Let
0—L,— Ly— L

be an exact sequence in Mod(A,). If Le satisfies ML (resp. ARML), so does
L", and if L), and L satisfies ML (resp. ARML), then L, satisfies ML (resp.
ARML).

Corollary 2.16 (theorem on formal functions). Let f : X — Y be a
proper morphism of noetherian schemes. Let y be a point of Y, m = my,,,
X, = X xy Speck(y) be the fiber of f aty. Let F' be a coherent sheaf of X,
then the natural map

(RU.(F),) = lim RO L, (F), /" RAL, (F), — lim HO(X,, F/m"*LF)
s an isomorphism.

Proof. 1f y is closed, this is a special case of the comparison theorem. The
general case can be reduced to this one by base change. In fact, consider the
following commutative diagram

h

X, X' X

o o |
y ——Spec Oy, =—Y

As g is flat, we have the base change isomorphism ¢*RIf.F = Rf.(h.F),
hence
RIf(F)y) = (¢ RUf(F))y — (Rf(WF),)

O
The following special cases in which the assumptions are those of 2.16
Corollary 2.17. f.(F), — lii>nH0(Xy, F/m" T F) is an isomorphism.

Corollary 2.18. Assume dim X, = r, then for any q > r, there exists an
open set U contains y, such that RIf.(F)|y = 0.
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Proof. Since

RUf.(F)y — RUf.(F)y = lim H(X,, F/m"*'F) = 0,
Rif.(F), = 0. As RIf,(F) is coherent, there exists an open set U contains
y, such that RIf.(F)|y = 0. ]

2.19. Stein factorization and Zariski’s main theorem
Let Y be a scheme and let B be a quasi-coherent Oy-algebra. Let Z =
Spec B. Recall that for any commutative diagram of schemes

Z = Spec B,
e
g
X Y

f

the natural morphism
Homy (X, Z) — Homo, (.02, f.Ox) (%)

is a bijection. In particular, let Y be a locally noetherian scheme, f : X — Y
a proper morphism. Then f,Ox is a coherent Oy-algebra, the identity map
Id : f.Ox — f.Ox corresponds by (*) to a morphism f’: X — Y’ making
the following diagram commutes:

V" =Spec f,Ox  (¥%)

/ l
9
X 7 Y

We have g.(f.Ox) = .0y — f.Ox. It follows that the adjoint map Oy —
fLOx is an isomorphism. (xx) is called Stein factorization of f.

Corollary 2.20 (Zariski’s connectedness theorem). Under the assump-

tions above, f' has connected, nonempty fibers, (i.e. for any y € X',
YY) # @, and connected.)

Proof. We may assume f,Ox = Oy. As
Oyy = f:(Ox), = H"(X,, lim Ox /m" "' Ox)

is a local ring, X, is connected and nonempty. (If X, had n > 2 components,
then H°(X,,lim Ox/m"*'Ox) would be a product of n > 2 non zero rings,
which is impossible since Oy, is local.) O
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Lemma 2.21. Let A be a local noetherian ring with the residue field k =
A/m, k' [k be a field extension. Then there exists a local noetherian ring A',
flat over A, with the residue field A'/m/ = k'

Proof. In the case [k : k] < oo, we reduce to the case k' = k(y) = k[T]/(f),
where f is the minimal polynomial of y. Lift f to a monic polynomial
F € A[T], then A" = A[T]/(F) is just the required local ring.

For general case, see [EGAQ] III 10.3.1. O

Remark. In the situation of 2.20, the fibers of f’ are geometrically con-
nected. This means that for any 3 € Y’ and any y” = Speck(y') — v (or
equivalently, any y” — y' with [k(y") : k(y")] < o0), the fiber X,/ x, " is
connected.

Proof of the remark. We may assume Y' = Y, ie. f,.Ox = Oy. By base
change, using Spec Oy, — Y we may assume Y local, let £’ be a finite
extension of k. By 2.21, choose Y’ — Y flat with Y’ local, with the residue
field £’. Base changing by Y’ — Y, we get the result. ]

Corollary 2.22. In the situation of 2.20, 7o(X,) = g~ (y)|, where mo(X,)
is the set of connected components of X, and |g~ 1( )| denotes the underlying

finite set of g~ (y).

Corollary 2.23. Let f : X — Y be a proper and surjective morphism of
integral schemes, with Y normal. Let  be the generic point of X, n = f({) be
the generic point of Y. Assume that the generic fiber X,, of f is geometrically
connected. Then all fibers of f are geometrically connected.

Proof. The hypothesis on generic fiber means that the algebraic closure K’
of K = k(n) in k(¢) is a finite radiciel extension of K. Let y be a point of Y,
we want to show X, is geometrically connected. Since Oy, is normal and K’
is radiciel over K, the normalization A of Oy, in K’ is a local ring and the
residue field extension is radiciel. Since A contains (f.Ox),, (f:Ox), is a
local ring and ( f,Ox),/m, is radiciel over k(y). Therefore X, is geometrically
connected. O

Remark. We can give a simpler argument in the case f is birational. Then
k(C) = k(n). We have the commutative diagram:

f*(OX) C—>k

|

Oy,
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where Oy, — f.(Ox), is finite and Oy, normal, which implies f,(Ox), =
Oy .

Corollary 2.24. Let f : X — Y be a proper morphism of locally noetherian
schemes. Consider the Stein factorization of f

x -ty

i

Y

(a) Let © be a point of X, y = f(x), v = f'(x), then x is isolated (i.e.
both open and closed) in its fiber f~(y) if and only if f'~'(y') = {z}.

(b) Let U = {x € X|x isolated in f~'(f(x))}, then U is open in X,
U' = f'(U) is open in Y', f' induces an isomorphism f' : U = U’ and
U= f-\U").

Proof. (a) As g7'(y) is finite and discrete, x is isolated in f~!(y) if and
only if z is isolated in f'~!(y'). So we may assume f.Ox = Oy. By Zariski’s
connectedness theorem, f~!(y) is connected and nonempty. So f~!(y) = {x}
if and only if x is isolated in its fiber.

(b) For any = € U, f~'(y') = {z}. So f': U — U’ is bijective as a map
of sets and f~1(U’) = U. We may assume f.Ox = Oy (replace Y by Y”).
It is enough to show U is open and f is a local isomorphism. It is enough
to show that for any x € U, there exists an open neighborhood 7' of x such
that T C X and f: T = f(T). Let V = Spec B be an affine neighborhood
of x, such that f(V) C W, where W = Spec A is an affine neighborhood
of y = f(z). We know that f~!(y) = {z}. On the other hand, f is closed
implies f(X — V) is closed. As f~(y) = {z}, y ¢ f(X — V), we can find
s € A, such that W,Nf(X—V) = &, where W, = Spec A,, i.e. f~1(W,) CV.
Then f_l(WS) C V;, in fact, f_l(WS) =V,. As f*OX = Oy, fﬂiOVs = OWS,
which implies A, = B,. Therefore V, C U and f : V, = W.. O

Corollary 2.25. Let f : X — Y be a proper morphism of locally noetherian
schemes. Suppose f is quasi-finite (i.e. f~(y) is finite for any y), then f is
finite.
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Proof. In this case U = X, and in the Stein factorization of f

x Loy

oA
Y

f' is an isomorphism. O

Corollary 2.26 (Zariski’s main theorem). Let f : X — Y be a quasi-
finite morphism, with Y locally noetherian. Suppose f can be compactified
into

xlsp

i

Y

where j is an open immersion and P — Y is proper (e.g. [ is quasi-
projective). Then f can be factored as

XC_i>Z

i

Y
with g finite and © an open immersion.

Proof. Consider the commutative diagram

X6 P
N
; | h
h(U)

.
Y Y’

where U is the set of points of P isolated in their fibers, P — Y’ — Y is
the Stein factorization of P — Y. We have U — h(U), and U — P and
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h(U) — Y’ are open immersions. It remains to show j(X) C U, i.e. for
any x € X, x is isolated in (gh)~'(y), where y = f(x). As f is quasi-finite,
x is isolated in f~'(y). Since X < P is open, z is open in (gh) '(y). As
[k(z) : k(y)] < oo, z is closed in (gh)~!(y). O

Exercise. Let A be a henselian noetherian local ring, S = Spec A, s be
a closed point, X be a proper scheme over S. Then the natural map

WQ(XS) — 7T0(X)

is a bijection.

3 Grothendieck’s existence theorem

Let Y = Spec A be an affine scheme, where A is a noetherian ring, I is an
ideal of A, and A = hi>nA/ I, The problem which is addressed in this
section is the following: given a proper adic noetherian Y-formal scheme Z,
when can we assert the existence of a proper scheme Z over Y, whose [-adic
completion Z = liLTlZm where Z,, = Z Xy Y, is isomorphic to Z7?

The strategy is try to embed Z in the completion PA of some projective
space P over Y, then try to algebraize the ideal of Z in P. We first consider
this second problem.

Theorem 3.1. Consider a commutative diagram

X X
i ;
Spf(A) =Y Y = Spec A

where A = A = @A/I”“, X s separated and of finite type over Y. Then
the functor ) R
E € Coh(X)— E =i"(E) € Coh(X)

defines an equivalence of categories:
{E € Coh(X)|Supp(E) proper overY'} = {F € Coh(X)|Supp(F) proper overY'}

(here Supp(F) = Supp(Fy) C Xo).
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We will give the proof in the case f is proper. In this case, the statement
E — E gives an equivalence (“GAGA style”) Coh(X) = Coh(X). For the
general case see [EGAIII] or [T].

Proposition 3.2. Let A be a noetherian ring, I be an ideal of A. Consider
the commutative diagram

~

X X
| s
Spf(A) =Y Y = Spec A

where f is proper. Let F, G be coherent sheaves on X, then for any q,
Ext  (F, G) is finitely generated over A, and the natural map Extl, (F,G) —
X X

Ext?gx(ﬁ ,G) induces an isomorphism

Extd,, (F,G) — Ext}_(F,G)
(F=iF, G=1iG).
Proof. We have
Ext!(F,G) = H'RHom(F, G) = H*(X,RHom(F, G)).

As RHom(F,G) € DY (X).n (ie. Ext'(F,G) € Coh(X), for any i), by
the finiteness theorem,H9(X, R Hom(F,G)) is finitely generated over A. We
have a spectral sequence

EY = H(X, Ext!(F,G)) = Ext™(F,G).
Consider the map
RT(X,RHom(F,G) — RU(X,i* RHom(F,G))
defined by i : X — X. As i is flat, and F,G € Coh(X),
*RHom(F,G) = RHom(i*F,i*G) = RHom(F,G),
in particular,

*Ext!(F,G) = Ext!(F,G) = Ext!(F,G).



3. GROTHENDIECK’S EXISTENCE THEOREM 219

Therefore we have a map of spectral sequences

HP(X, Extd(F,G)) % gv(X, Exta(F, ()

|l

Ext?*(F, GY Ext?*(F, G)

As Ext!(F,G) = Exti(F,GY, (%) is an isomorphism by the comparison
theorem.So () is an isomorphism. O

Remark. The conclusion holds for X separated and of finite type over Y,
and Supp(F) N Supp(G) proper over Y (see [EGAILI).

Proof of 3.1. (In the case X proper over Y)

(1) Proof of full faithfulness. Let F, G be coherent sheaves on X Since
Hom(F, G) is finitely generated over A and A = A, Hom(F, G) = Hom(F, G).
By 3.2 for ¢ = 0, the natural map

Hom(F,G) — Hom(F, G)

is an isomorphism. This proves that the (—) functor is fully faithful.

(2) Proof of essential surjectivity. (a) Consider the projective case. As-
sume X is projective over Y. Let L be an ample line bundle on X, L is an
ample line bundle on X. For M on X (resp. X), M(n) = M ® L®" (resp.
M®L®"). Let E € Coh(X). By the following lemma, we have a presentation

Of((—ml)rl i> OX(—mo)TO — F — 0.

By the full faithfulness, there exists a unique v : Ox(—m)™ — Ox(—my)",
such that 0 = u. Let F' = Coker(v), then by the exactness of (=), £ = F. [

Lemma 3.3. Let E be a coherent sheaf on X, then there existsm >0, r > 0,
and a epimorphism
OX(—m)T — FE — 0.

Proof. Let T = I® C Oy, Oy/T = Oy,, E = (E,), E, = E/T"'E. We

have grtk B = IFE /T*E € Coh(Xy). Let M = gryE = @ grE. This is a
n>0

graded module over f§(gr;Oy), where gr;Oy = @Z"/I™. Since

eiI°E @poo, gtOy — gizE, E/IE ®o, I"/T"' v I"E/T"'E

gr2 Oy
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is surjective, M 1is of finite type over f;(gr;Oy), hence corresponds to a
coherent module M’ on X’ where X' is defined by the following cartesian
diagram

/

Xo<—Spec f5(grzOv) =

J o )

Yo Specgr;Oy =Y

(with fo and f’ proper). Since L is ample, L' = Ly ® Ox- is ample, where
Ly = L ® Ox,. Apply Serre’s vanishing theorem to f’, M’ and L', there
exists ng € N, such that for any n > ny and any ¢ > 0, R1f/M'(n) = 0.
Since RIfL(M'(n)) = (@ R fo.griE(n)) , it follows that for any k& > 0, any

k>0
n > ng, any q¢ > 0, R fo.gr¥E(n) = 0. Apply the T'(Xy, —) to the following
exact sequence

0 — gy E(n) — Egyi(n) — Ep(n) — 0,
we get an exact sequence
D(Xo, Ey11(n)) — T'(Xo, Ex(n)) — H'(Xo, g7 (n)).
For any n > ngy, H'(Xo, gtk E(n)) = 0, and hence

['(X,E(n)) = im ['(Xy, Ex(n)) — T'(Xo, Eo(n)).

—
k

Choose m > n, such that Fy(m) is generated by a finite number sq,- -+ s, of
global sections. Lift these sections to ¢; € I'(X, E(m)), we get O% — E(m),

O%(—m) — E, such that ug = u® Ox, : O% (—m) — Ej given by the s;’s is
surjective. Recall I C Rad(A), so by Nakayama’s lemma, u is surjective. [

Let A be a noetherian ring, I be an ideal of A, and A = liLnA/I"“.
Suppose Y = Spec A, and X/Y is a proper morphism. Y = Spf(A). Then
we have

Theorem 3.4. The functor F' — F from the category of coherent sheaves
on X whose support is proper over Y to the category of coherent sheaves on
X whose support over Y is an equivalence.
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Proof. Essentially surjectivity (have been proved)

Case (i): Projective case (have been proved);

Case(ii): General case: We use noetherian induction on X. Assume that
for all closed subschemes T of X distinct of X, and all E € Coh(T), whose
support is proper over Y is algebraizable, i.e., there exists F' € Coh(T) with
proper support over Y, such that £ = F, and we want to show that every
E e Coh(f( ) whose support is proper is algebraizable.

By Chow’s lemma, there exists a projective and surjective morphism g :
Z — X such that fg is projective, and there exists an open dense subset U
of X such that g induces an isomorphism from ¢~1(U) to U, that is, we have
the following commutative diagram:

For E € Coh(X), we have the following canonical exact sequence
0—-K—-FE—§iJE—-C—0 ().

We will show the following points:

(1) §.g*F is algebraizable ;

(2) Let J be the ideal of Ox defining T'= X — U, with T' = T,.4, then
there exits a N > 0 such that jNC’ = jNK =0;

(3)Let T" be the closed subscheme of X defined by the ideal sheaf J%,
then C, K € Ooh(T’), and C, K are algebraizable ;

(4) The category of algebraizable coherent sheaves on X is stable under
kernel, cokernel and extension.
We claim that (1) — (4) imply the theorem. In fact, we can write (%) to two
short exact sequences:

0—-K—-FEF—H—Q,

0—H— §g.gF — C — 0,

then by (1),(3),(4), H is algebraizable, and by (3),(4) we get that E is
algebraizable.
Now we only need to prove conditions (1) — (4).
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For (1), Since §*E € Coh(Z) and ¢ is projective, by case (i), we know
G*E = F for some F € Coh(Z). By the comparison theorem, §.F = (g*AF),
and by the finiteness theorem, g, F' € Coh(X), thus we get (1).

To Prove (2), we may work locally on X, assume X = Spf(B), where B is
an [ B-adic noetherian ring. Then £ = F for a coherent sheaf F' on Spec B,
and we have an exact sequence corresponding to (x)

0—-K —F— g.¢g'F — C — 0,

where K’ = K, C" = C. Since 9|y is an isomorphism, C’|y = K'|yy = 0, then
C" and K’ are killed by a positive power of J, and we get (2).

In view of (2), (3) follows from the noetherian induction assumption.

In (4), for u : By — E, with By, Fy € Coh(X) and B, = F}, Fy = F.
By full faithfulness, there exists u : F; — Fy such that u = 0. So

Kerv = Keru, Cokerv = Coker w.

And the stability under extension follows from the isomorphism

Ext'(F,G) = Ext'(F,G).

3.5. Algebraizable of closed formal scheme

Let X be a locally noetherian formal scheme. A closed formal scheme of
X is a formal subscheme (3, O3) such that 3 = Supp O3, O3 = Ox/J with
J being a coherent ideal of X. If X = Spf(A), then 3 = Spf(A/J) for some
ideal of A. If 7 is an ideal of definition of X, and X,, = (X,0x/Z"), so
that X = lii>an. Let Z, be the closed subscheme of X,, such that Oy =
03 ®0, O(X,,), then we have

ch SoC ch e 3
X ooC X, e i
and 3 = lim Z,. Conversely, given a morphism of inductive systems as
follows,

Z,C e 7«

&0 O &n
X

XO( ..WC n(
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such that i/ s are closed immersions, and each square is cartesian, then 3 =
lim Z,, — X is a closed formal scheme of X.

Corollary 3.6. Suppose A = A, Y = SpecA, and X/Y is proper. Then the
map Z — Z 1is a bijection from the set of closed subschemes of X to the set
of closed subschemes of X.

Proof. We only need prove surjectivity. Let 3 be a closed formal subscheme
of X. It corresponds to a coherent quotient

Oj(i@z—ﬂ).

By3.4, there exists a unique coherent Ox-module F' such that F= O3, and
a unique v : Ox — F such that ¢ = u. Since uq is surjective, so is v, hence
"= Oy for a closed subscheme Z of X such that Z = 3. O

3.7. Algebraizable of finite morphism Let X be a locally noetherian
formal scheme, and 3 — X be a morphism of locally noetherian formal
schemes. f is called finite if f is an adic map and fy : Zy — X is finite. We
have

ZC N 7, C N 3
)}E( ciC )£C . iC %J,

Obviously f is finite if and only if f is adic and for all n, f,, is finite. This
is also equivalent to saying that for every open subset U = Spf(A) C X,
3l = f~1(U) = Spf(B), where B is a finite A-algebra and I B-adic, I being
a n ideal of definition of A. To see the second equivalence, one reduce to
affine case, see [B]III,§2,n0.11. We have that if X = X, and Z is a finite
scheme over X, then 7 is finite over X.

Corollary 3.8. Suppose Y = Spec A, A = A, and X/Y is proper. Then the
functor Z — Z is an equivalence from the category of finite X -schemes to
the category of finite X -formal schemes.

Proof. Full faithfulness: let B,C be finite Ox-algebras, and u : B — C
is a map of Og-algebras. By full faithfulness for modules, one can find
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v € Homep,_moda(B,C) such that u = 0. v is automatically a map of Ox-
algebras. In fact, we need check that the following two diagrams

B®B——=DB (%)

lv@v \Lv
CeC——C

and

B . C (%)

NS

are commutative, where 7, £ are canonical morphisms as Ox-algebras. We
have that (x)" and (xx)" are commutative, by full faithfulness, so are (x) and

Essential surjectivity: let 8 be a finite O¢-algebra, then by 3.4, there
exists a coherent Ox-module B such that B = BB = B as O ¢-module.
The maps B ® B — B and Oy — ‘B giving the algebra structure on B
is uniquely algebraized to maps B® B — B and Ox — B. So we get a
coherent Ox-algebra B, such that B =98 O]

Corollary 3.9. LetY be as above. Then the functor X —>A)A( from the cate-
gory of all proper Y -schemes to the category of all proper Y -formal schemes
is fully faithful.

Proof. Let Xy, X5 be proper schemes over Y, we want to show that
HOmy(Xl, XQ) — HOmY/(Xl, XQ)
is bijective. If f : X3 — X5 is a Y-morphism, we have the following diagram

X1 Xy Xo

Xl% KXQ
S

where I'y : X; — X Xy Xy is the graph morphism of f. It is a closed
immersion and pr; induces an isomorphism I';(X;) — X;. Conversely, for
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any closed subscheme I' C X; xy X, such that pry : I' = X, ' = I'y where
f =proopr;! € Homy (X1, Xy).

On the other hand, apply Corollary 3.8 to X; Xy Xs, we have that the
set of all closed subschemes of X; x X5 is bijective to the set of all closed
formal subschemes of (X7 xy X5)" = X, x Xz, and pr : I' = X, if and only
if pri: T X. So we get the correspondence

{"graph like" closed formal subschemes of X; x Xy}

|

{"graph like” closed formal subschemes of X; x X5},

hence the conclusion. O]

Theorem 3.10 (Grothendieck, 1959). Let A = A be a complete noethe-
rian ring, Y = Spec A. Let fxr = lim X, be a proper, adic formal Y -scheme,
where X,, = X X3 Y,,. Let L be a line bundle on X such that Ly = L ®o, Ox,
1s ample. Then X is algebraizable, and if X is a proper Y -scheme such that
X = X, then there exists an unique line bundle M on X such that L = M.
Moreover, X is projective over Y, and M is ample.

Proof. (77)The proof is not clear.

S =gr; Oy = @ I"/I""! can be viewed as an Oy,-algebra.
neN

Xo<—Spec fiS =X

Ry

Yo<——SpecS =Y

Ox,(1) = Ly is ample, L = ¢*Ly is ample.
By Serre-Grothendieck vanishing theorem, there exists ny such that for
all n > ng and ¢ > 0,
RIf.(E(n)) = 0.
Since

~ ~

Rif.(E(n)) = @D R'fo.gr] E(n)

neN

= @D H(Xo,gr} E(n)),

neN
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and the exact sequence
0 — grf E(n) — Epp1(n) — Ex(n) — 0,
so in particular, for n > ny,
I'(Xo, Ej41(n)) — I'(Xo, Ey(n))
is surjective, hence

I(X, E(n)) = imT(X;, Ex(n)) — T(X), Eo(n))

is surjective for all n > ng. Apply this to £ = Ogx, then there exists ng
such that for all n > 0, I'(X, O« (n)) — I'(Xo, Ox,(n)) is surjective. Choose
n > ng such that Ox,(n) is very ample corresponding to

XOC—> PO YO

where ig is a close immersion. i Opo( ) = Ox,(n). Eo(ng) is generated by
a finite number of global sections, lifting these sections to HO(X, E(ny)), we
find a map

u: 0% — Ox(n)

such that ug = u ® Oy, : O%, — E(n) is surjective. By Nakayama’s lemma,
ur = u ® Oy, is surjective for all k.

X X, X X
N
Py =Py P, p P =P,

Since 7y ia a closed immersion, 7 is a closed immersion for all k£, thus X is
a closed formal subscheme of P. By 3.6, X is algebraizable, i.e., X = X for
some closed subscheme of P. Then by 3.4, there exists a unique line bundle
M on X such that L = M, and

(ME)N = WEL
= Ox(n)
= J°0p(1)
= (J70p(1))",
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by 3.4 again, M®" ~ 7*Op(1), then M®™ is very ample, hence M is ample.
O]

4 Application to lifting problems

Let A be a local noetherian ring with maximal ideal m and residue field
k= A/m. Let T = Spec A, S,, = Spec A,,, S = Spf(A) where A, = A/m",
Given a scheme X proper over Sy, = Spec k, we have the following diagram

Xo

|

So e Sh, S S T.

There are three problems:

Pbl: Find a proper flat lifting of X to T’

Pb2: Find a proper flat lifting of X to .S, for X /.S proper, flat, such that
X X580 = Xo;

Pb3: Find X proper, flat over S lifting X,. Try to lift X, to an inductive
system of (proper and flat) schemes X,, such that X, xg,,, S, = X,,. For
flatness, X, /5, is flat for all n, if and if only in the diagram

XO Xn Xn+1 e >%7
| | = | |
SO Sn Sn+1*>...4>s

X,/S, flat for all n.

Suppose X, has been constructed, X,, is flat, proper over S, lifting Xj,.
We want to find X, lifting X to S, 1. Encounters an obstruction o(X,,i,),
where 7, : S;, — S,+1, in some global cohomology group of X,. For example,
if X,, is smooth,

o(Xp,in) € H2(X,,mm+!/mn+2 ®0s, Txy/50)
— H2 (XO, mn+1/mn+2 ®OSO TXO/SO)
= H2(X07TX0/SO) ®m”+1/mn+2.

Pb: Assume Xy has been lifted to X proper, flat over S , algebraize this X,
find X proper, flat over S such that X = X (Note that if X = X, X is proper
over S, then X will be flat over S).



228 CHAPTER 4. FORMAL GEOMETRY

Pb4: Lift Ly to L on X, where Lg is a line bundle on X,. Suppose Lg
has been lifted to L,, we want to lift L, to L,.; on X, ;. Encounters an
obstruction

o(Ly,i,) € H*(Xo, Ox,) @ m" ™ /m"+2,

4.1. Deformation of vector bundles Let i: Xy — X be a thickening of
order one, defined by an ideal I of square zero. Let Ey be a vector bundle on
Xo. We want to find a vector bundle £ on X such that Ox, ® E = E/IE =
Ey. More precisely, by a lifting of Fy to X, we mean a pair of a vector bundle
E on X and an Oxlinear map E — i, Fj such that i*E = Ej,.

Suppose E € Mod(X) is a lifting of Ey to X, we have a short exact

sequence
0—IF—FE —i,Ey— 0,

since £ is flat over X, I ® By = IE, then we get
0—-I®FE —F—iFEy—0.

Proposition 4.2. Let i : Xo — X be as above.
(a) Let E, F be vector bundles on X, Fy =i*E, Fy = i*F, and ug : Ey —
Fy be a Ox,-linear map. There exists an obstruction

o(ug, 1) € Ext}QXO (Eo, I ® Fy)

such that o(ug, 1) = 0 if and only if there exists u : E — F such that u® Ox, =
up. When o(ug,i) = 0, the set of extensions u is an affine space under
EQL’tO(E(), I X F())

Note: E:Etlbxo(Eo,I ® Fy) = H(Xo, I @ Hom(Ey, Fp)).

(b) Let Ey be a vector bundle on Xo. There is an obstruction

o(Ey,i) € Ext*(Ey, I @ Fy) = H*(Xo, I ® End(Ey)

such that o(Ey, 1) = 0 if and only if there exists a vector bundle E lifting Fy.
When o(Ey,i) = 0, the set of isomorphisms of E is an affine space under
Ext'(X, I ® End(Ey)), and the group of automorphisms of E is identified by
av a— Id with Ext®(Ey, I @ End(Ey)).

Proof. (a) We want to find u such that the diagram commutes:

04>I®Eo FE Eo 0

I
Id®uoi ul ’U«Oi
\

04>1®F0 F Fo 0.
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Denote M by the pushout of F and [ ® Fy over I ® Ey, similarly let N be
the pullback of F' and Ey over Fy, we get

[®Ey—E—1- B,

e

I®F0*>M

and
NHEO
>
[® Fy—>F—=I,

where a = (f,0), 8 = (0,g). One can easily check that existence of w is
equivalent to that

0—-E®F—-M—F—0—-0—-1®F—N-—F—0=0

in Ext'(Ey, I ® F), denote by o(ug, i), then it is the desired one.
When o(ug,7) = 0, fix one extension v, we have that the composite mor-
phism
E—>F—F

is zero, so can be factored as

/E
IQFy—%F

Thus we get a group action
UF— U —v

under which the set of extensions is an affine space.

(b) For simplicity, we assume that X (or X, this is equivalent) is sep-
arated. Choose U = (U,)ies, (E;)ics such that U is an affine open cover of
Xo and FE; is a vector bundle on X|y, extending F|y,. Since X is sep-
arated, U;; = U; N U; is affine, so by (a) one can find an isomorphism
9ij * Eilv,, = Ejlu,, inducing the identity on Eo|y,,. On Uy = U; NU; N U,
Cijk = 9ij0 9ix € AW(E;|Uir). cyp — Id € H(Uijp, I ® End(Ey)), and
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(ciji) = d((hij)) for some hy; € H*(Uyj, I @ End(Ey)) if and only if the (hy;)
can be modified into a gluing data for the (E;), i.e., (h;j) can be replaced by
gi; = gij + hij such that g;g% "¢}, = Id. Then gluing (E;), we get global E
extending Ey. Thus d(cr) = o(FEy, 1) € H*(X,I ® End(Ey)) is the desired
obstruction, and it does not depend on the choices. If E; and Fy are two
extendings of Ey over X, then by (a) the isomorphisms from F; to Fy form
a torsor under I ® End(Ep). O

Remark 4.3. (1) If L is a line bundle, then Ox, — End(Ly), so o(Ly, i) €
H2(X,, 1).
(2) Let Lo, My be line bundles, then

0<L0 & Mi, Z) = O(Lo, Z) + O(MZ', Z)

Corollary 4.4. Let A be a complete local noetherian ring, with mazimal
ideal m and residue field k. Let S = Spec A, S = Spf(A) = lim S,, where
S, = Spec A/m™1 Sy = Speck = s. Let X be a m-adic formal S-scheme,
and proper, flat over S.

(a) If X/S is proper and X = X, then X is flat over S.

(b) If H*(Xy,Ox,) = 0, then any line bundle Ly on Xy can be lifted to
a line bundle L on X, and L is unique up to (non unique) isomorphism if
H'(Xy,Ox,) = 0. Moreover, if Ly is ample, then any lifting L is ample and
X 18 projective.

Proof. (a) Each X,, = S, xg X is flat over S,, (=5, xg X), so by flatness
criterion, for all z € X, = X, Ox, is flat over A. By openness of flatness
introduced later, X is flat over .S on an open neighborhood U of X, since
X/S is proper, we get U = X.

Theorem 4.5 (openness of flatness). Let Y be a locally noetherian scheme,
f X =Y be locally of finite type, F € Coh(X). Then the set of x € X
such that F, s flat over Oy y) is open in X.

Proof. Uses flatness criterion and the following theorem. O

Theorem 4.6 (Generic flatness). Let f : X — Y be of finite type, where
Y is a locally noetherian integral scheme, F € Coh(X). Then there ezists
an open nonempty subset V' of Y such that F|;-(yy is flat over V.

Proof. See [EGA], IV, 6.9.1. ]
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(b)

XO e Xn Xn+l - S
lfo d lfn O lfn-!—l
So e Sn Snt1

We want to lift Ly to X. Assume Ly has been lifted into L,, on X,,.

o(Ly,i,) € H*(X,,m"™/m"? g Ox,)
— H2<X0, OXO) ®k mn+1/mn+1
— 07
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so we get £ on X lifting Ly, X = X. And by the existence theorem, £ = L

for some L € Coh(X). When Lg is ample, L is ample.

Uniqueness of lifting in case H'(Xy, Ox,) = 0: Suppose L, M be two
liftings of Ly, we will find an isomorphism L = M inducing identity on Lj.

Suppose we have got u,, : L, — M,, since H' (X, m"™! /m"*2 @ Ox,)

we get an isomorphism w, 1 : L1 — M,y lifting u,.

Corollary 4.7. Let S be as in 4.4, Xo/So be proper and smooth. Then

=0,

]

(a) If H*(Xo,Txys,) = 0, then there exists a proper and flat formal

scheme X lifting X,.

(b) If moreover H*(X,y, Ox,) = 0, and Xy is projective, then there exists

a proper and smooth scheme X /S lifting X,.
Proof. (a) We have the diagram

X X,

| |

S N S« St

Suppose X,,/S,, is a smooth lifting X, then

O(Xn7 Zn) € H2 (Xn7 TXn/Sn ®OS,L mn+1/mn+2)
H2<X0, TXO/SO ®k mn+1/mn+2)

= H2(X0, TXO/SO) ® m”“/m””
0.

so we have X = lim X, is a lifting of Xj.
—
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Note: If H*(Xo,Tx,/s,) = 0, then the lifting X is unique up to isomor-
phism (unique isomorphism if H%(Xy, Tx,/s,) = 0).

(b) Take Ly being ample on X lifting it to £ on X, then algebraizing it
by 3.10, we get X = X, L= [:, and L is ample over X.

XOC—>X

L e |

Sp-—= 8

where X/S is projective and flat. Since X/S is flat, X(/S is smooth, X is
smooth at every point x € Xy = X, then X is smooth over S in an open
neighborhood U of X, hence U = X since X/S is proper. O]

4.8. Curves Let Y be a locally noetherian scheme. By a curve over Y we
mean a morphism f : X — Y which is flat, separated and of finite type, with
relative dimension 1.

Corollary 4.9. Suppose Xy/So = Speck is a proper, smooth, geometrically
connected curve of genus g. Then there exists a proper smooth curve X/S
with geometrically connected fibers of genus g lifting Xo.

Proof. From
H2<X07TX0/50) =0, HQ(X07 OXO) =0,

we get a projective smooth lifting X/S, with fibers smooth of dim 1. Have
to show f,Ox = Og, where F': X — S is the structure morphism.

Lemma 4.10. Suppose f : X — Y is proper an flat, and we have the
following diagram
X > X/ < X// ,

N\ e
g

Yy <ty
where X' = Spec f,Ox — Y is the stein factorization of X — Y. Assume
the fibres of f are geometrically reduced. Then g is finite étale and ¢g,Ox:
commutes with any base change, i.e., h*g.Ox: = ¢g.Oxn. In particular, f is
cohomologically flat in degree zero, and the following conditions are equiva-
lent:

(Z) f*OY = Oy ;

(i1) the fibers of f are geometrically connected.
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Proof. See [SGA 1], X, 1.2. ]

Now we want to prove the fibers are of genus ¢g. In fact, since Rf,Ox
is perfect, of tor-amplitude in [0, 1], by lemma 4.10, and that S is locally
noetherian, one can prove that R!f,(Ox) is locally of finite rank g and com-
mutes with base change. In general, let E € D(S) be a perfect complex of
tor-amplitude in [0, 1], and assume for some s € S, the canonical map

a’(s) : k(s) ® H'(E) — H(k(s) ®" E)

is surjective. Then a’(s) is an isomorphism, and H°(E), H'(E) are locally
free of finite type around s (and commute with base change). O

Note: f.0% /g I8 locally free of rank g, since by Grothendieck’s duality
theorem, we have

f*Qﬁg/S & le*OX I le*Qk/S

Proper smooth curves in positive characteristic can be lifted to charac-
teristic zero: if k is of characteristic p > 0, there exists a complete dis-
crete ring A which is flat over Z, with residue field £ = A/pA (Cohen
ring of k). Denote by K = Frac(A). When k is perfect, we can take
A=W(k)={(ap,a1,---)| a; € k}, the Witt vectors on k.

Spec k —— Spec A<——Spec K . (77)

]

Xo X 0 X,

4.11. Surfaces Let X be a locally noetherian scheme. By a étale cover of
X we mean a finite and étale morphism Y — X. A morphism Y’ — Y of
étale covers is defined as an X-morphism from Y’ to Y. Denote by Et(X)
the category of finite étale covers of X. Suppose X is connected and fix a
geometric point T of X, i.e., a morphism Spec k(Z) — Spec k(x), with k()
a separably closed field. The functor

F,:Y—Y(®) =Yz
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associating to an étale cover Y of X the finite set of its points over O, is
called fiber functor. We define the fundamental group of X at O to be the
group of automorphisms of F,, Aut(F).

Corollary 4.12. LetAA be a complete local noetherian ring, with residue field
k. Let S = Spec A, S = Spf(A) = lim S,, where S, = Spec A/m™ L Let X
be a proper scheme over S. Then the inverse image functor

Et(X) — Et(Xj)

where s = Sy = Speck, is an equivalence. So if Xy is connected (so that X
is connected), and T is a generic point of Xy (hence of X ), then the natural
homomorphism

m(Xo,T) — m (X, )

s an isomorphism.

Proof. Let X be the formal completion along X, so that X = lii>an, where
X, =5, X X, then we have

Jox

—S.

I

Consider the natural morphisms

~

7
s z

Uy < e

-

Et(X) L~ Et(X) ——~ Et(X,) ,

where j* 1 Y — Y and i* : y — ys. We claim that ¢* is an equivalence. In
fact, let Yo/ X, be finite é tale. Suppose that Y,, lifting Y and étale over X,
exists and is unique. Since Y,/ X is étale, Ty, x, = 0, then

H2<Y0; TYO/XO) ® mn-‘rl/mn—I—Q — Hl (}/07 TYO/XU) ® mn+1/mn+2 _ 07

we can find Y, lifting Y, étale over X, 1, and is unique. Thus get a
unique %) lifting X. To prove the full faithfulness, consider a Y-morphism
io : Zo — Yo, by a similar argument, o(u,,i,) = 0, where u,, : Z, — Y, so
ug can be lifted.

For 7%, it is fully faithful. It remains to prove j* is essentially surjective.
Let ) be a étale cover of X, by 3.8, there exists a unique scheme Y finite
over X such that Y = 2. Since Y, /X, is étale for all n > 0, then Y/X is
étale at all points = € Yj, therefore Y/ X is étale since X/S is proper. m
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4.13. Abelian varieties In 1961, Serre constructed an example. Let Xy/k
be a proper smooth scheme, where k is an algebraically closed of characteristic
p > 0. For any local integral domain A with residue field £, then there is no
proper, smooth lifting of X, to A.

In 1962, Lang, Raynaud and Szpiro constructed examples of proper smooth
surfaces Xy /k such that the spectral sequence

Eij = Hj(X()v QXo//f) = H;—EJ(XO/]C)
does not generate at F,. Then by a theorem of Deligne-Illusie, Xy can’t be
lifted to Wh(k) = W(k)/p*W (k).

4.14. K3 surfaces Here are some results in the positive direction. For
example K3 surfaces. For a K3 surface over an algebraically closed field k,
we mean a proper, smooth, connected surface X, such that

0%k ~ Ox,, and  H'(Xy, Ox,) = 0.

More precisely, we have the following result, due to Rudakov-Shafarevich and
Deligne:

Theorem 4.15. Let A be a complete local noetherian ring, with mazximal
ideal m and residue field k which is algebraically closed. Let S = Spec A,
S = Spf(A) = lim Sy, where S, = Spec A/m"t Let Xy be a K3 surface
over k. Then there exists a proper and smooth formal scheme X over S
lifting X,.

5 Serre’s Example

Let k be an algebraically closed field with characteristic p > 0. Let Py = P}
be the projective space. In this section, we will construct a smooth complete
intersection Yy = V'(hy, -+, hy,_) C Py of dimension r, together with a free
action of a finite group G such that X, = Y;/G has the following property:

Let A be a complete local integral noetherian ring with residue field &, and
whose fraction field is of characteristic 0. Then there exists no formal flat
scheme ) over Spf(A) lifting Yj.

First, recall that we have a natural identification(see [H] I1.7.1)
Autk P();PGLYH_l(k) == GLn+1<k')/]€*

g'—>($: (‘7:07"' 7$n>'_>gx)
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Let G be a finite group. A homomorphism py : G — PGL,1(k) gives an
action of G on Fy. For each g € G, we have a morphism 7, : By — F given
by & — gz on the point = € Py(T'), where T is a k-scheme. Define a closed
subscheme of P

Fiz(g) =Ty Xpyxp A C P,

where T'; is the graph of T, and A is the diagonal of Fy x F,. Then we
see that for any k-scheme T', x € Py(T) belongs to Fiz(g)(T) if and only if
gr = . Let Qo = U, gze Fiiz(g). This is a closed subset of .

Proposition 5.1. Let r > 1 be an integer. Assume dim Qo < n —r. Then
there exists an integer dy > 1, such that for any d = mdy (m > 1) there
exists a smooth complete intersection Yo C Py of dimension r defined by
V(hy,- -+ huy) (hy € T(Fy, Op,(d))), such that Yy is stable under the action
of G on Py and G acts freely on Y.

Proof. Since G acts admissibly on Fy, i.e. Fp is the union of affine open
subsets stable under G, Z, = Py/G exists and one has Oz, = (f0.O0p,),
where fy is the natural projection Py — Zy (see [SGA1 5.1.8]). Moreover
since Zj is normal, and by [EGA II 6.6.4], Z, is projective. Hence we get a
closed immersion ¢ : Zy — P;. Composed with the m-uple embedding of P}

in PY, where N = ( ° —;m —1, we obtain i,, : Zy — P and the following
diagram:

Py
B
fo(Qo) Zy ——~P; Py

We have fq(i*Op: (1)) = Op,(do) for some dy € Z (as Pic(Fy) = Z), then

01y Opn (1) = Op,(mdy). Since fy is finite, hence f*(i*Op: (1)) is ample and
we have dy > 0. Since dim fy(Qp) = dim @y < n — r, by Bertini’s theorem
(see [J 6.11]) there exists a linear surface Ly C P’ = PY of codimension n —r
defined by V (g1, -, gnr)(g; € T(P,Op:i(1))), such that Ly N fo(Qo) = 0
and Lg intersects Uy = Zy — fo(Qo) transversally. In particular, X, :=
Lo N Zy = Lo N Uy is smooth. Let h; = (i fo)*g; € T'(Py, Op,(mdy)) and
Yo =V (hy, -+, h,_). We claim that this Y satisfies our requirement. Since
fo: fo ' (Uy) — Uy is an étale cover with group G (see [SGA1 5.2.3]) and Yy
is a complete intersection in fy *(Up), fo : Yo — Xo is also an étale cover with
group G. In particular, G acts freely on Y. n
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Proposition 5.2. Assumer > 3 and d > 2 (d = mdy as in Proposition 5.1)
orr =2andp|d, ptn+1. Let fo:Yy — Xo = Yy/G as in the proof of
Proposition 5.1. Let A be a complete local noetherian ring with reside field
k. Let X/Spf(A) be a flat formal lifting of Xo/k. Then X is algebraizable,
i.e. there exists a unique proper and smooth scheme X/Spec(A), such that
X = X. Moreover X is projective and the representation py of G lifts to
A, i.e. there exists a homomorphism p : G — PGL,.1(A) such that the
following diagram commutes.

G > PGL,1 (k)

S
PGL,.1(A)

In order to prove this proposition we need some preliminaries.

Lemma 5.3. Let P =P} andY =V (hy, -+ , hy—y) (where h; € I'(P,Op(d;)))
be a complete intersection of dimension r > 1. Here “complete intersection”
means that

h: @ Op(d) L 0,
i=1
15 a regqular morphism, i.e. the Koszul complex
K*® = (0—>K_(”_T) — o= KT i>K0—>O),

where K = Op, K~ = @]~ Op(d;) and K=" = N'K ™, is quasi-isomorphic
to Oy by the natural augmentation. Then H°(Y, Oy) =k and H (Y, Oy) = 0
forO<i<r,

Proof. Note that H*(Y,Oy) = H*(P,Oy) = H*(P,K*). Hence we have
a natural spectral sequence E}"? = H?(P, K?) converging to H?TI(Y, Oy),
where K7 = @¢1<~.<ip Op(=d;, — -+ —d;,). From the fact that E" = 0
for 0 < ¢ < n, it follows that H (Y, Oy) = 0 for all ¢ € (0,7). And from

k =0
p,0 __ p
& _{O p<0’

we obtain that H°(Y, Oy) = k. O
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Remark 5.4. (a) For H"(Y, Oy), we have the following exact sequence:
0 — HT(Y, Oy) N El—(n—r),n N El—(n—r)-i—l,n SN Ei),n _ 0’

where E7P" = H"(P,K™?) =@, ..., H"(P,Op(—d;,—--—d,,)). Through
the analysis of the dimension of E}™, we obtain that H"(Y,Oy) = 0 if and
only if > d; < n.
(b) Similarly, we can obtain H(Y,Oy(1)) =0 for 0 < i < r. And if d; > 2
for any 7, then H(Y, Oy (1)) = k"*1.
Now we recall some base change formula. Suppose that in the cartesian

diagram

X e x

[, b

Y/ $ Y
X and Y are noetherian separated schemes, and that f is proper. Let F' be a
coherent sheaf on X, flat over Y. Then there is a base change isomorphism:

Ly*Rf.F—Rf.(W'F).
We can thus obtain a natural map
g RIf.F — HYLg*Rf.F) = RIf.(W*F)). (5.4.1)

F is called cohomologically flat in degree q if (5.4.1) is an isomorphism for
any base change Y/ — Y.
Now let y be a point in Y, denote the map

k(y) @ RUfF — HY(Xy, k(y) ®o, F).
by af. We have the following convenient criterion of cohomological flatness.

Lemma 5.5. Assume H""'(X,, F,) = 0, then in a neighborhood of y, a? is
an isomorphism and F is cohomologically flat in degree q. Moreover, if a9=*
s surjective, then in a neighborhood of y, R1f.F" is locally free of finite type
and of formation compatible with base change.

Proof. Exercise (or see Trieste notes). O

Having these lemmas in hand, we can come to the proof of Proposition
5.2.
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Proof. (1) Since Y,/ X is étale, Y lifts uniquely (up to a unique isomorphism )
to Y,/ X, étale for all m > 1. Hence we get a formal étale cover ) of X.
Similarly suppose that the action of G on Y, has been lifted to an action
on Y,,: G xY, — Y, Then it extends uniquely G x Y,,11 — Y11, since
Y,, — X,, is étale. This is a group action automatically by uniqueness.
Hence finally we get a free action of G on )/X, which makes J/X an étale
Galois cover.

Remark. For each n > 0, the diagram

Yo Y,
Tk
Spec k —— Spec A,

where A, = A/m", is cartesian. Since dimYy = r > 1, by Lemma 5.3 we
have H(Yy, Oy,) = k and H'(Yy, Oy,) = 0. And by Lemma 5.5, it follows
that p,.Oy, = A, hence H°(Y, Oy) = lim H(Y,, Oy,) = A.

(2) Consider the natural ample line bundle Ly = Oy, (1) on Y, induced
by Op,(1). We want to lift it to a line bundle £ on Y.
(a) Case r > 3. We have a chain of thickenings:

Yoc_>c_>Ymc_>Ym+1c_>c_)y

As H%*(Yy, Oy,) = 0 and H'(Yp, Oy,) = 0 by Lemma 5.3, the obstruction to
lifting Lo to Y, vanishes. We get a unique (up to non-unique isomorphisms)
line bundle L,, on Y,,, hence finally a line bundle £ on Y (unique up to
isomorphisms), which lifts L.

(b) When r = 2, it no longer holds that H?(Yy, Oy,) = 0 (see 5.4 (a)). But
we have the following argument due to Mumford. Let Z be the ideal of the
closed immersion ¢ : Yy — Fy. Then we have a natural exact sequence

0—Z/T% —i*Qp — Qy, — 0.
Then O3, = Qp @ (A"2Z/Z?)". But via the Koszul complex, it follows that

APTT /T2 = Toro " (Oy,, Oy,) = Oy, (—(n — r)d).

Hence we get g : Q% = Oy (N) = L§Y, where N = (n — 1)d —n — 1. By
the assumption that p|d and p { n + 1, it follows that p{ N.
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Now consider the immersion %,, : Y,, — Y;,+1 and assume that L, has been
lifted to Ly, on Y;, and the isomorphism ¢ lifted to &,, : 3. LIV, Let’s
show that this isomorphism extends to m+1. Since QF,  lifts Q. , we have

0=0(0F ,im) =0(LEN ip) = N - (L, in).

Since p t N, it follows that o( Ly, i,,) = 0, i.e. L, can be lifted to L,,,; over
Y,.i1. But since H'(Yy, Oy,) = 0 by 5.3, &g can be lifted to an isomorphism
€o - Q%erl;)L%]Xl'

Combining (a) and (b), we get (in all cases) an ample line bundle £ on Y
lifting Ly. By Grothendieck’s Existence Theorem, ) is algebraizable, i.e.
there exists a projective and flat (hence smooth) scheme Y/ Spec A with an
ample line bundle L, such that Y = Y and L=0CL.

(3) Algebraization of Y/X. Denote by M, the line bundle A%l f;, Ly on X,
where |G| denotes the cardinality of G. Since Ly is ample, by [EGA II 6.5.1]
it follows that M, is ample too. Clearly, for each m > 1, the line bundle
M,, = ANCIf, L. lifts My, and the line bundle M = lim M, lifts Lo to
X. By Grothendieck’s Existence Theorem, there is a projective, flat (hence
smooth) scheme X/ Spec A with an ample line bundle M, such that X = X
and M = M. And by full faithfulness of the functor Z — Z there is a
morphism f making the following diagram cartesian:

L
X=X—+X

For the same reason the action of G on Y comes from an action of GonY:

GxY-—=Y xxY
(9.y) — (v, 9Y).

And moreover, M = NG f. L. By the comparison theorem, we have M =
/\‘Glf*(L) = /\‘G‘(f*L)A-

(4) Lifting of pg. Since we have assumed d > 2, it follows from Remark 5.4
that H°(Yp, Oy, (1)) = k™! and H'(Y, Oy,) = 0. By Lemma 5.5, we get
H(Y,,, Oy, (1)) = A% hence H°(Y, Oy (1)) = A"

For any g € G there is a natural isomorphism a(g)o : g*Lo— Lo on Yy induced
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by the isomorphism ¢g*Op,(1)=Op, (1) given by the action of g on Py. Now
suppose that a(g)o has been lifted to a(g),;, : ¢* L= Ly, then the obstruction

0(a(9)m, im) € H (Yo, Oy,) @ m™ ! /m™+2 = 0,

Therefore a(g),, can be lifted, uniquely up to automorphisms of L,,, to an
isomorphism a(g)my1 : ¢*Limi1 — Lmy1. Hence finally it can be lifted to an

L —_

isomorphism a(g) : ¢*£ — L. Algebraizing a(g), we get a(g) : ¢*L — L,
unique up to automorphisms of L. For g,h € G, a(gh) = a(g)a(h) and
a(e) = Idy, up to automorphism of L. But

Aut(L) = (Bad(L))" = HO(Y, End(L))* = HO(Y, Oy )" = A",
(since H°(), Oy) = A). From the isomorphism a(g) : g*L — L, we get

HO(Y,L) =~ H(Y,g"L)
& lHO(Po,auz))
H(Y, L)

where § is given by the functoriality of H°. Note H°(Y,L) = A"™! and
that p(g) lifts (p)o(g) up to an element of A*, where j(g) : H(Y, Ly) =
kmtt — HO(Y, Ly) = k™™ is obtained similarly via the action of g on F.
Hence finally we get a representation p : G — PGL,1(A), which lifts
po: G — PGL, (k). O

Now we give explicit constructions of G' and its representation pg. Let n
and r be integers with 1 < r < n, and let G be a group of type (p,--- ,p) of
order p®; i.e. G = F7. Moreover we suppose that p > n+1 and s > n. We
choose an injective homomorphism of F,-vectors spaces h : G — k (since k is
infinite dimensional over F,). Let N € M, 1xn+1(k) be the nilpotent matrix
given by

010 - 0
001 - 0
N=1| .. ..............
0 ......... 1
0 ......... 0
For g € GG, set
po(g) = exp(h(g)N)
h(g)"N"
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then p(g) € GL,11(k). Let po(g) be the image of p(g) in PGL,41(k), then
we get a representation

po: G — PGL,1 (k). (5.5.1)

It is easily seen that ppg = Id if and only if h(g) = 0. Hence py is faithful,
since h is injective. For g # e in G, Fix(g) consists of only one point
(1,0,---,0). Thus dim@Qy = 0 (< n — r), so that the condition of 5.1 is
satisfied.

Proposition 5.6. Assume thatp > n+1 and s > n+1. Let A be an integral
local ring with residue field k and field of fractions K of characteristic zero.
If po is the representation defined in 5.5.1, then there is no homomorphism

p:G— PGL,1(A) lifting po.

Proof. Assume that such a lifting p exists. Then p is necessarily faithful
(since pg is faithful), and so is the composition, still denoted by p, G —
PGL,;1(K). Note that we have a central extension of groups

1 — pipy1(K) = SLy(K) - H— 1, (5.6.1)

where H the canonical image of SL,1(K) in PGL,1(K). Since G is fi-
nite, after an extension of scalars, we may assume that the image of p lies
in H. Pulling back the extension 5.6.1 by GG, we obtain an extension of G
by fins1(K) denoted by E. E corresponds to an element in H?(G, pi,41(K)).
Since p 1 | tns1(K)|, we have H*(G, pin+1(K)) = 0 and in particular the exten-
sion F splits. Hence the representation p lifts to a (faithful) representation
p G — SL(V), where V = K"l After some extension of scalars again,
we may assume that K contains ji,, the group of pth roots of unit. As G is
commutative and K is of characteristic zero, V decomposes into a sum

n+1

V=V
i=1

of sub-representations of dimension 1. Let x; : G — p, C K* be the corre-
sponding character of V;. Then one has H?:’Lll x; = 1. Each kernel H; of y;
is a hyperplane in G. Since by assumption s = dimg, G > n + 1, the kernel

of p/
n+1

Z =Kerp' = ﬂHi:ﬁHl-
i=1

=1
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will be at least of dimension 1 over [F,, in particular not zero. This contradicts
the faithfulness of p'. O

Combining all the results above, we have obtained the following theorem.

Theorem 5.7. Let r and n be integers with 2 < r <n andn+1 < p. Let
G = F, with s =2 n+1. Then there exists a smooth, projective complete inter-
section Yo =V (hy, -+ ,hp—r) C Py =P} of dimension r (and of multi-degree
(d,---,d)), endowed with a free action of G, and such that the projective
smooth scheme Xo = Yy/G has the following property. Let A be a complete,
integral, noetherian local ring with residue field k and field fractions of char-
acteristic zero. Then there exists no formal scheme X flat over Spf A, lifting
Xo. A fortiori, there exists no proper smooth lifting of Xo over Spec A.

Proof. Let pg be the representation defined in (5.5.1), through which G acts
on Fy. The existence of such a complete intersection Y| is guaranteed by
Proposition 5.1. Assume that there exists a lifting X of Xy over Spf(A).
Then by Proposition 5.2, we get a representation p : G — PGL,1(A)
lifting po. But Proposition 5.6 claims that such a p cannot exist. Hence we
get a contradiction. ]

Remark. Serre has improved the above results as follows.

(a) One can take s = 2, i.e. G =F, x F,, in the theorem.

(b) Suppose A is a complete noetherian local ring with residue field k. If
there exists a flat formal lifting X of Xy over Spf(A), then it is necessary
that pA = 0.

For details of this remark see Trieste notes.
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