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ABSTRACT

Let p be a prime number. Kestutis Cesnavicius proved that for an abelian variety A over
a global field K, the p-Selmer group Sel,(A/L) grows unboundedly when L ranges over
the (Z/pZ)-extensions of K. Moreover, he raised a further problem: is dimp, III(A/L)[p]
also unbounded under the above conditions? In this paper, we give a positive answer
to this problem in the case p # char K. As an application, this result enables us to
generalize the work of Clark, Sharif and Creutz on the growth of potential III in cyclic
extensions. We also answer a problem proposed by Lim and Murty concerning the growth
of the fine Tate-Shafarevich groups.

1. Introduction

Let p be a prime number and K be a number field. There is an important result in algebraic
number theory (see [Mad72, Theorem 3|):

The p-torsion subgroup of the ideal class group of L is unbounded as L varies over (Z/pZ)-
extensions of K.

The first result of such a kind is due to Gauss, who proved the case K = Q and p = 2. Since the
growth problems for ideal class groups and for Selmer groups of abelian varieties are closely related
(see [Cesl5al), it is naturally expected that similar results hold for p-Selmer groups of abelian
varieties. Based on his generalization of the Cassels—Poitou-Tate sequence, Kestutis Cesnavicius
successfully proved the following result.

THEOREM 1.1 [Ces17, Theorem 1.2]. Let p be a prime number, and A be an abelian variety over
a global field K. If either A[p](K) # 0 or A is supersingular, then

dimp, Sel,(A/L)
is unbounded as L varies over (Z/pZ)-extensions of K.

For the Tate—Shafarevich groups, when L ranges over degree p extensions of K, Clark and
Sharif [CS10] proved that dimg, III(A/L)[p] is unbounded in the case dim A = 1 and p # char K;
later Creutz [Crell] showed the unboundedness of dimg, III(A/L)[p] when A is strongly prin-
cipally polarized over a number field K and the Gi-action on the Néron—Severi group of A is
trivial. Note that the extensions L/K they constructed are not necessarily Galois. When fixing
a (Z/nZ)-extension K/Q, Matsuno [Mat09| proved that there exist elliptic curves E/Q with the
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n-rank of HI(E/K )Ln] being arbitrarily large. Based on these results, Cesnavicius proposed the
following problem [Ces17, Problem 1.8].

Problem 1.2. Is dimg, IHI(A/L)[p] unbounded as L varies over (Z/pZ)-extensions of K?

To attack this problem, one may try to generalize the methods of Clark and Sharif and of
Creutz. However, we remark that these are based on the study of the period and index problem
in HY(K, A), whose generalization to general abelian varieties seems rather difficult.

In this paper we shall present another idea to treat Problem 1.2, which is a combination of the
machinery developed by Mazur and Rubin in [MR18| and the method invented by Cesnavicius
in [Ces17]. Our main result is the following theorem.

THEOREM 1.3. Let A be an abelian variety over a global field K. If p is a prime number not
equal to char K, then there exists a sequence of (Z/pZ)-extensions {L;/ K}, satisfying
kz(A(K 3 4 ifp=2
rankZA(Ll) S ran Z( ( )) + (710 + g)? 1 p .7
ranky (A(K)) + (p — 1)(ro + 4g), otherwise,

and
lim dimg, Sel,(A/L;) = oo,

where 1o := dimg, Sel,(A/K) and g := dim A.

This result gives a positive answer to Problem 1.2 when p # char K. Indeed, by the well-known
exact sequence

0 — A(L)/pA(L) — Selp(A/L) — HI(A/L)[p] — 0 (1)
and the inequality dimg, A(L)/pA(L) < rankzA(L) + 2dim(A), we have the following result.
THEOREM 1.4. If p # char K, then

dimg, II(A/L)[p]
can be arbitrarily large as L ranges over (Z/pZ)-extensions of K.
Remark 1.5. See Theorems 4.10 and 4.11 for a more detailed description of our main results.

The idea behind the proof of the above results is in fact rather simple. In [Ces17], Cesnavicius
found a method to construct a sequence of (Z/pZ)-extensions {L;}°; such that

lim dimp, Sel,(A/L;) = oc.

However, he did not bound rankzA(L;). We will use the tools developed by Mazur and Rubin in
[MR18] to bound the Mordell-Weil ranks.

1.1 Layout of this paper

Section 2 is devoted to introducing the machinery of Mazur and Rubin. In §3 we generalize
Cesnavitius’s idea to construct (Z/nZ)-extensions L/K with large n-rank of Sel,(A/L). We
prove our main result, Theorem 4.10, in §4 and then give applications of this result in the rest
of this paper. In §5 we obtain a result on the growth of the potential III in cyclic extensions,
which generalizes the work of Clark, Sharif and Creutz in [CS10, Crell|. In § 6 we solve a problem
raised by Lim and Murty in [LM16] concerning the growth of the fine Tate—Shafarevich groups.
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1.2 Notation and convention

e p will always be a prime number.

e A (Z/nZ)-extension is a Galois extension whose Galois group is cyclic of order n, that is,
isomorphic to Z/nZ.

e For a (Z/p*Z)-extension L/K and 0 <i <k, L) is the unique (Z/p'Z)-subextension of K
inside L. Thus Gal(L/L®W) = Z/p*~'Z and Gal(L)/K) = Z/p'Z.

e For n € Z>9, the n-rank of an abelian group H, denoted by r,(H), is the largest r € N such
that (Z/nZ)" can be viewed as a subgroup of H. In particular, r,x(H) = dimp, pFrH/pFH.

o If K is a global field, let P{x denote the set of places of K.

e For any place v of a global field K, we fix a K-embedding o : K — K, and let L, = LK, for
any finite extension L of K, which is the completion of L with respect to the unique valuation

d — o0 —
extending v corresponding to the embedding L SKS K,.
e If K is a local field, let K" denote the maximal unramified extension of K.
e For an abelian variety A over a global field K, let Sel, (A/K) denote the n-Selmer group of
A over K.

2. The machinery of Mazur and Rubin

Suppose K is a field and A is an abelian variety over K. In this section we introduce the machinery
developed by Mazur and Rubin in [MR18], which plays a key role in our proof of bounding the
Mordell-Weil ranks in (Z/p*Z)-extensions. However, in [MR18], this machinery requires 4 to be a
simple abelian variety and p be unramified in the center of the endomorphism ring Endg (A) (see
[MR18, §5] for details). In order to deal with all prime numbers and arbitrary abelian varieties,
we revise this machinery slightly so that our revision is closer to the treatment in [MRO07]|. One
should keep in mind the small difference between our setting and that in [MR18]. The results in
this section are analogous to those in [MR18, §§ 6-8| and can be proved similarly.

2.1 Twists of abelian varieties

We recall some basic knowledge about twists of abelian varieties. This conception was first dis-
cussed by Milne in [Mil72|, and later generalized by Mazur and Rubin to the case of commutative
algebraic groups in [MRS07].

Suppose k> 1 and L/K is a (Z/p*Z)-extension. Recall that L(®) is the unique (Z/p'Z)-
subextension of K inside L. Denote G := Gal(L/K). We have the following definition in the
sense of [MRS07, Definition 1.1].

DEFINITION 2.1. The (L/K)-twist Ay, of A is the abelian variety

Ay = Ker (Z[G] — Z[Gal(L*V/K)]) @ A
over K. More concretely, by [MRS07, Theorem 5.8], A;, = Ker (Resk A — Resgk_l)A). We also
set A = A.

Remark 2.2. From now on in this paper, Ay always means the (L/K)-twist of A, not to be
confused with A X i L, the base change of A to L.

Notation 2.3. Set

Zy, = Z[G]/NZ|G], where N := Z o € Z[G],
seGal(L/L#—D)

which is a free Z-module of rank ¢(p¥) = p*~1(p — 1). Set Zy = Z.
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By fixing an isomorphism G = p,x, we have Z, = Z[ju,x] and we identify these two through
this isomorphism, which gives an inclusion Zj, < Q(p,»). Let pr, be the unique prime ideal of
Zr, above p. Let px = (p).

THEOREM 2.4. There is an isomorphism of Z|Gk|-modules
Alp] = Aplpz].

Proof. The case where A is an elliptic curve was proved in [MR07, Proposition 4.1]. The proof
for the general case is essentially the same. One can also deduce the isomorphism by a similar
argument to that in [MR18, Corollary 6.4]. O

2.2 Local conditions
In this subsection we suppose K is a local field whose residue field is IF, with p # charF,. Let A
be an abelian variety over K. Let L/K be a (Z/p*Z)-extension, k > 0.

Notation 2.5. The group H(L/K) is the subgroup of H (K, A[p]) given by
H(L/K) := Im (AL(K) /prAL(K) — H'(K, Arlpr]) = H' (K, A[p))),

where the first inclusion is the Kummer map and the second isomorphism is induced by the
isomorphism Ay [pr] = Alp| of Gg-modules. In particular, H(K) = H(K/K) is the image of the
Kummer map

H(K) = H(K/K) = Im (A(K) /pA(K) — H'(K, A[p])).

Recall that if p # charF, and A/K has good reduction, the unramified subgroup of
HY(K, Alp]) is given by

Hy (K, Alp]) = ker(H' (K, Alp]) — H'(K", Alp])) = H' (K" /K, A[p]).
We have the following basic facts about the subgroups H(L/K) and H} (K, A[p]) of H! (K, A[p]).
LEMMA 2.6. Suppose p # charF,. Then the following assertions hold.

(1) dim]Fp H(L/K) = dim]Fp A(K) [p]
(2) If A/K has good reduction, and ¢ € G is an element whose restriction in Gal(K"/K) is
the Frobenius, then

dimg, H(L/K) = dimg, A[p]/(¢ — 1) Alp].
Proof. See [MR18, Lemma 7.2]. O
LEMMA 2.7. Suppose p # charF,, L/K is unramified, and A/K has good reduction.

(1) If ¢ € Gk is an element that restricts to Frobenius in Gal(K"/K), then evaluation of
cocycles at ¢ gives an isomorphism

Hy, (K, Alp)) =~ Alpl /(¢ — 1) A[p).
(2) The twist Ay, has good reduction over K, and
H(L/K) = Hy (K, Alp]).
Thus under these assumptions H(L/K) is independent of L.
Proof. See [IMR18, Lemma 7.3|. O

PROPOSITION 2.8. Suppose p # charFy, L/K is nontrivial and totally ramified, and A/K has
good reduction. Recall that L(V) is the unique (Z/pZ)-extension of K contained in L.
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(1) The map
AL(E) /oL AL(K) — AL(LW) /oL AL (LY)
induced by the inclusion Ap(K) < Ap(L(1) is the zero map.
(2) H(L/K) = Hom(Gal(LW/K), A(K)[p]).

Proof. The first assertion is essential for the proof of the second, which plays an important role in
the proof of Theorem 4.10. One can refer to [MR18, Lemma 7.4] for the proof of (1). Assertion (2)
was implied in the proof of [MR18, Proposition 7.8|, but, because of its importance, we include
its proof here.

Consider the following commutative diagram.

AL(K) /oL AL(K) ——— HI(K, Ag[pr]) —— H'(K, A[p])
J+ Js |
A(LW) fpr AL (LD) —— H'(LW, Apfp,]) —— HY(LW), Alp))
We have a = 0 by the first assertion, thus
H(L/K) C ker ¢ = Hom(Gal(LW /K), A(K)[p]).
According to Lemma 2.6, we obtain
dimg, H(L/K) = dimg, A(K)[p] = dimg, Hom(Gal(LW) /K), A(K)[p)),
so H(L/K) = Hom(Gal(LV /K), A(K)[p]). O
2.3 Relative Selmer groups

In this subsection we fix a (Z/p*Z)-extension L/K of global fields with p # char K, and we allow
the case L = K.

DEFINITION 2.9. The relative Selmer group Sel(L/K,A[p]) is the subgroup of H(K, A[p])
defined by the exact sequence

1
0 — Sel(L/K, Alp]) — H'(K, — II A K/‘?{ )]),
vEPL Lo

where (in our notation) L, is the completion of L at some place of L above v. Note that
Sel(K/K, A[p]) is nothing more than Sel,(A/K).

LEMMA 2.10. The isomorphism H*(K, A[p]) = H' (K, Ar[pr]) identifies the standard pr-Selmer
group Sely, (Ar,/K) of Ay, with Sel(L/K, Alp]), that is, there exists an isomorphism ¢ making
the following diagram commutative.

Sel(L/K, Alp)) — HY(K, Alp])

b J:

Sely, (A1 /K) —— HY(K, Ar[pL))

Proof. This follows almost verbatim from the argument to prove [MR18, Lemma 8.4]. O

The important fact that enables us to bound the Mordell-Weil ranks in (Z/p*Z)-extensions
is that there is an isogeny (see [MRS07, Theorem 4.5])

k

@ Aray — Resf(A
i=0
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over K. Then, taking K-rational points, we get

k
rankz(A(L)) = rankz(A(K)) + Y _rankz A} (K). (2)
i=1
By Lemma 2.10 one can use the relative Selmer groups to bound the ranks of A; ;) (K), which
gives the following theorem.
THEOREM 2.11. Suppose L/K is a nontrivial (Z/pFZ)-extension, and let L") denote the
extension of K of degree p' inside L. Then

k
rankz(A(L)) < rankz(A(K)) + 3 o(p') dime, (Sel(LO /K, Alp])). (3)
=1

Proof. The proof is very close to that of [MR18, Proposition 8.8]. By Lemma 2.10, the Kummer
map induces an inclusion

Aoy (K) @ (o [p o) — Sel(LW /K, Ap]).
Note also that Z/pZ = Z ¢ /9 )Ly . Thus,

rankzA; ) (K) = gp(pi)rankZLm A (K)

< p(p") dimp, A7) (K) @ (Zpo /pro)
< (p') dimg, (Sel(L) /K, Alp])).
The above inequality combined with (2) completes the proof. ([l

3. Growth of n-Selmer ranks in degree n cyclic extensions

In this section, let n > 2 be a fixed integer and A be an abelian variety over a global field
K with char K =0 or char K {n. Based on Cesnavicius’s idea in [Ces17], we explain how
to construct (Z/nZ)-extensions L/K with large r,(Sel,,(A/L)). The following results hold in
a more general setting, but the special case is enough for our applications. One can refer
[Ces17, §§4 and 5| for more general statements.

THEOREM 3.1 [Ces17, Theorem 4.2]. Let S be a finite subset of P{x containing the places above
noo or where A has bad reduction, and (-)* denote the Pontryagin dual of (-). Then there is an
exact sequence

H' (Ko, Aln))

0 — Sel(4/K) — H'(Gal(K°/K), Aln) — D =7

vES
— H'(Gal(K"/K), Aln]) — ) H’(K,, Aln]),
veS

— Sel, (AY/K)*

where K° is the maximal extension of K unramified outside S.

Remark 3.2. The fppf cohomology was used in the original statement of [Ces17, Theorem 4.2].
Here we rephrase it in the language of Galois cohomology, due to the canonical isomorphism

fopt (U, A[n]) = H'(Gal(K®/K), A[n])
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(see [Cesl5b, p. 1661, equation (1)]), where U := X — S, A is the Néron model of A and

X Spec Ok, if char K = 0;
o Ck, if char K > 0,

with Ck the proper smooth curve over a finite field whose function field is K.
We also note that if K is a global function field, the condition ‘above noo’ is an empty one.

From now on, we shall use the following notation.
Notation 3.3. The set X is a fixed finite subset of P/ such that:

(1) {v € Plk | A has bad reduction at v or v | noo} C ¥;
(2) the primes in ¥ generate the class group of K.

For a (Z/nZ)-extension L/K, define
St :={v € Pl | v ¢ X is totally ramified in L, and splits completely in K(A[n])}.

The following result is based on Cesnavicius’s idea presented in the proof of
[Ces17, Theorem 5.2].

THEOREM 3.4. For any (Z/nZ)-extension L/K, let X := reSL/K(Hl(K,A[n})) N Sel,(A/L).
Then there exists a constant ¢ > 0 independent of L such that

rn(Xp) > |SL| — ¢

Proof. Let ¥ be as in Notation 3.3, S := X L{SL, and S’ (respectively, ') be the set of places of
L above S (respectively, ). According to [Cesl6, Proposition 2.5(d)], for all v € S, H(K,) =
H. (K, A[n]). Thus by Theorem 3.1, we have a commutative diagram with exact rows as follows.

‘aL JbL ch
! Hl(LbA[n]) Hl(L’UvA[n])
Seln(A/L HY(Gal(LS /L), Aln —_— Seln (A /L)*
0 — Seln(A/L) —— H(Gal(L¥ /L), A[n]) —— <v§2 H(Ly) >€9 (ﬁ?; H&r(Lv,A[n])> (AY/L)
Then the snake lemma yields the exact sequence
Kerby, — Ker (¢r|tmd, ) " Coker ar, I% Coker br. (4)

Note that Kerb;, C ker(H! (K, A[n]) — HY(L, A[n])) = HY(Gal(L/K), A[n](L)), whose order is
bounded by a constant independent of L. Along with (4), this implies

rpn(Imhr) > ry(Ker (cr|imd, ) — 1 (5)

for some constant ¢; independent of L.
Note that Kercy/Ker (cr|ima, ) < Cokerdy, — Sel,(AY/K)*, whose order is finite and
independent of L. This implies that

rn(Ker (er|ma, ) > m(Kerer) — co (6)

for some constant co independent of L.
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Let 7z, : Sel,(A/L) — Coker ay, be the projection. Then one can easily check that
Ker (jp om) C X1 (7)
Note that 7y, : Ker (j o wp) — Ker jp is surjective, so we have
rn(Ker (jp omp)) > rp(Kerjr) = rp(Imhp). (8)
Applying (5)—(8), we then have
ro(X1) > rn(Ker (jpomr)) > rp(Imhz) > ry(Kerep) — ¢
for some constant ¢ independent of L. It remains to show the following claim.
CraM. r,(Kerer) > |SL|.

Note that for v € S, A[n] is isomorphic to (Z/nZ)%9 over K,. So H'(K,,Z/nZ) is a direct
factor of HY(K,, A[n]), and

HY(K,,Z/nZ) = Hom(G,,Z/nZ) > HL (K., Z/n7Z).

Since L,/ K, is a totally ramified (Z/nZ)-extension, I, /Ir, = Z/nZ. Choose a continuous homo-
morphism f : Gg, /I, — Z/nZ whose restriction on I, /I, is an isomorphism to Z/nZ. Let f
be its image in H'(K,, Z/nZ)/H. (K,,Z/nZ). Then

0 # f € H'(Ky, Z/nZ)/Hy(K,, Z/nZ), 0 = fla, € H'(Ly, Z/nZ)/H}(Ly, Z/nZ).

Thus 0 # f € Kercz. We check that the order of f is exactly n. Let g € I, /I, be the preimage
of 1 € Z/nZ. Then, for 1 <m < n, (mf)(g) =m # 0 in Z/nZ, hence mf # 0.

Such a construction is valid for every v € Sr, so we obtain a set of |Sy| nonzero elements
of order n in Ker ¢y, each lying in different direct summand hence (Z/nZ)-linearly independent.
Thus we have r,(Kercr) > |Sr|. This completes the proof. O

4. Bounding the Mordell-Weil ranks in (Z/p*¥Z)-extensions

In this section we always assume K is a global field with p # char K.

If L/K is a (Z/p*Z)-extension with large | Sy |, then Theorem 3.4 implies that dimg, Sel,(A/L)
is also large. However, it could be possible that ranky(A(L)) is very large, which leads to
small IIT(A/L)[p]. By Theorem 2.11, we can bound rankz(A(L)) by the relative Selmer groups
Sel(LY /K, A[p]). So the (Z/p*7Z)-extensions we need are those L/K with

large |Sz| and also small Sel(L( /K, A[p]).

We give a method for finding such extensions in this section, which enables us to prove our main
result.

4.1 (Z/p*Z)-extensions of global fields with given completions at local places

In [MR18|, Mazur and Rubin defined the so-called T-ramified, X-split extensions and showed the
existence of such extensions. Under mild hypotheses, they proved that, if T" is chosen properly,
then any T-ramified, Y-split extension L/K satisfies

Sel(L/K, A[A]) =0 (thus rankzA(K) = rankzA(L)),

in which A[A] is a subgroup scheme of A[p] defined in [MR18, Definition 6.2].

However, these mild hypotheses may not hold in general. As one will see in the proof of
Theorem 4.10, in order to seek L/K with small dimp, Sel(L/K, A[p]) and large |Sz|, only requiring
L/K to be T-ramified, ¥-split seems insufficient, and we need to require more: that L should
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have given completions at all v € T\ {vy, v, }, in which T = {wvy,va, . .., v, } with v1, v, two special
elements in 7. This leads to the following discussion in this subsection, and our main result is
Lemma 4.6.

DEFINITION 4.1. Let ¥’ be the set of all places of K’ := K(ju,) above those in ¥. Suppose X
and Y’ satisfy the respective conditions in Notation 3.3. Denote

P = {v € Pl | v ¢ ¥, vsplits completely in K'( "\k/le(/ﬂ)} . (9)

Suppose T is a non-empty finite subset of P. A (Z/p*Z)-extension L/K is called T-ramified and
>-split if:

(1) L/K is totally ramified at v € T and unramified outside T,
(2) L/K splits completely at v € 3.

For v € P, let

vo=ropy [[ ks 11 o (10)
wey wgXU{v}

Then we have a surjective map O — A /Y,, which induces isomorphisms
Z/p' T = O /(07 = AL /Y,
by the definition of P. Let
K (v) := the abelian extension of K corresponding to Y. (11)
Then by class field theory we see that K (v)/K is a {v}-ramified, S-split (Z/p*Z)-extension.

THEOREM 4.2. Suppose T = {v1,...,v,} CP. If L/K is a (Z/p*Z)-extension which is
T-ramified and X-split, then L C K(vy)--- K(vy,). In particular, for every v € P, K(v) is the
only (Z/p*7Z)-extension which is {v}-ramified and X-split.

Proof. Let Yy, be the norm group of A% corresponding to L. By class field theory, since L/K is
unramified outside T,

(---,1,0),1,---)CYy forallvégT;
since L, = K, for v € X,
(-, 1K, ,1,---)CYy forallvey,

since L/K is a (Z/p*7Z)-extension,
[T©xy" .

Combining these facts yields

n

y =[xy [T & [] oF cvi

i=1 veEX vgxJT
Note that Y is exactly the norm group corresponding to K (vy) - K(vy). Thus

LC K1) K(uvy). 0

If p,r C K, then by Kummer theory, every (Z./p*Z)-extension L/K can be written as
L=K( P%) for some a € K*. We have the following lemma.
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LEMMA 4.3. Suppose j,» C K andv € P. Let ¥9 Z v be any finite subset of P{c which generates

the class group of K. Then there exists a € O Sou{v} such that K (v) = K(%/a).

Proof. Suppose K (v) :K(p%) for some b€ K*. Then, for every place w # v, we have
p¥ | ord,(b) since K(v)/K is unramified outside {v}, and ord, (b) = 0 for almost all places.
Denote

{wi, ..., wy} :={w #v,w ¢ Xy | ordy,(b) # 0}.

For each w;, the sequence

ordwi
I Z — 0

X
OK,E()U{’LUZ'

is exact since Y generates the class group of K. Let 3; € O

K Soufw;} Such that ord,, (b) = 1.
Write ordy, (b) = p¥k;. Then
o b

Recall that (-,-), is the Hilbert symbol, and ({)pk is the pFth power residue symbol, whose
definitions and properties can be found in [Neul3, Chapter V, § 3|.

OIX(,EOU{U} and K(v) = K( P%). O

LEMMA 4.4. Suppose j,» C K and p* # 2. Let {v1,v2} C P such that K(v;) = K(»/a;) with
p, a1 and ag relatively prime. Then:

(1) (20 = (2
(2) (T;)pk =1 (ﬁ)pk =1.
Consequently, vy splits completely in K (ve) if and only if vy splits completely in K (vy).

Proof. (1) According to the reciprocity law of the p¥th power residue (see [Neul3, Chapter VI,

Theorem 8.3]), we have
~1
al a9
— — = ai,az)y.
()() I (o1 a2)

v|poo

If v | 00, then v must be a complex place by our assumption, so (a1, as), = 1;ifv | p, then a; € O
and K(7»/a3)/K is unramified at v, so a; € Nm K,( »/az), which implies that (a1,as), = 1.

I hus,
((l1> <a2)1
a2 pk ai pk .

(2) As K (v;) is totally ramified at v; and unramified outside v;, (a;) = vfilfk with ptk; € Z

and I; a fractional ideal relatively prime to (p)v;. If (31),x =1, then (§)» =1 and by (1) we
get 1= (32),0 = (%)’;}C Thus we have (2),» = 1 since p { k1. The converse is similar. O

LEMMA 4.5. Suppose p,x C K and T = {vi,...,v,} CP. Then any T-ramified and X-split
(Z/p*7)-extension of K has the form

L=K( p\k/agf1 ceap™)
where x; € (Z/p*Z)* and a; € K* such that K (v;) = K( ?/a;).
Proof. This is clear from Theorem 4.2. O
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LEMMA 4.6. Supposen > 2, T = {v1,...,v,} C P and p¥ # 2. Let v,.1 € P\ T be a place split-
ting completely in K(vg)---K(v,) and Th =T U {vp41}. If L/K is a T-ramified and X-split
(Z./p*7Z)-extension, then there exists a (Z/p*7Z)-extension L1 /K such that:

(1) Li/K is Ty-ramified and X-split;
(2) (L1)y, = Ly, for2 <i<n

Proof. For convenience, we denote K; := K(v;) for 1 <i <n+1. Let K’ := K(py), L' := LK’
and d := [K': K]. Let X' be the set of primes of K’ above ¥. By definition of P, the place v;
splits completely in K’. Let v} (1 < j <d) be the primes of K’ above v;. The sets of primes in
K’ above T, v,,+1 and T} are

T'={|1<i<n1<j<d}, MN={v] ,[1<j<d} and T{=T UII,

respectively. Then L'/K’ is T'-ramified and ¥'-split.

Choosing finite pairwise disjoint sets of primes ¥,/ (v' € T7) of K’ which generate the class
group of K’ and contain no prime above p, and then applying Lemma 4.3, we obtain a,s € Ok s,
such that

e K'(v') = K'(»/ay), p and all a,s are pairwise coprime.
Let ag;_1)qy; = @, forl<i<n+land1<j<d.
By Lemma 4.5, L' = K’< r [t axzd> with x; € (Z/p*Z)* for each i. Note that

K'Kp11/K' is Il-ramified and X'-split. Then K, 1K' = K’( pVafL’(}ff ea ) Let

/A e k Tnd , Lnd T(n+1)d
1=K (P\/aafl ceapitan -~-a(n+1)d).
Then L} C Ky -+ K, K,41 K’ is T{-ramified and X'-split. Since v,,41 splits completely in K; for

i > 2, we have
<a(i—1)d+j) _ <and+j'> 1
7 = j =
Vn+1 pk Y; pk

(2

by Lemma 4.4. This implies
(ﬁ)vz:L’j:Lvi, 2<i<n, 1<j<d (12)

For any nonempty subset I C [n + 1] = {1,...,n+ 1}, let K = [],.; K;. By considering the
ramification of primes we see that K; N Ky = Kif INJ = and K; N K’ = K. Now by induction
we have the canonical isomorphisms

Gal(K;/K) = [[ Gal(Ki/K), Gal(K/K'/K') = Gal(K,/K),
el

Gal(K [ K'/K) = Gal(K;/K) x Gal(K'/K).

Let H = Gal(KJ,+1)K'/L}) and Ly = K[ +17- Then one can check that L} =LK' and L1 /K is

a Ti-ramified and Y-split (Z/p*Z)-extension.
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!
1

K/

w is totally ramified (respectively, unramified, splits completely) =

Ll/L
T

K

v is totally ramified (respectively, unramified, splits completely)
Moreover, (12) implies that for 2 < i < n, we have
Ly, = (L1)v, = (L1)w, (K ), = (L1)u;-
This completes the proof. ]

Remark 4.7. Tt is natural to ask whether, for each v; € T, given a totally ramified (Z/p*Z)-
extension £;/K,,, there exists a global (Z/p*Z)-extension L/K which is T-ramified, ¥-split and
L,, = L; for v; € T. The famous Grunwald-Wang theorem [NSW08, Theorem 9.2.8| asserts that
there does exist an extension L/K such that L,, = £; for 1 <i < n; however, it may be ramified
at some v ¢ T. And one can prove that an extension which is 7T-ramified, ¥-split and L,, = £;
may not exist in general.

4.2 Bounding the Mordell-Weil ranks in (Z/p*Z)-extensions
Now fix an abelian variety A over K. We denote

F = K(Ap]. (05 2)'").
Tr :={v € Plk | v ¢ %,v splits completely in F/K},
Sr:={v € Pl |v¢ X, v splits completely in K(A[p]) and is totally ramified in L}.
Obviously we have T C P and the density theorem ensures that Tr has positive density.

DEFINITION 4.8. Suppose that T' = {v1,...,v,} C P and, for each v;, £;/K,, is a totally rami-
fied (Z/p*7Z)-extension. Let W; := H(L;/K,,) and W), := [T1<i<n Wi. The artificial Selmer group
Sel(Wy x -+ x Wy, A[p]) = Sel(W,,, A[p]) is defined by the exact sequence

n 1 1
0 — Sel(W, Alp]) — HL(K, Alp)) — [[ 2 (K;iV;A[p]) e g{lf(q},(;él)[p])

i=1 vgT
For v; € T, the strict Selmer group Sel(W,,, A[p])», at v; is the group

Sel(Wh, A[p])w, := ker(Sel(W,,, A[p]) — HY(K,,, Ap])).
One can deduce the finiteness of Sel(W,,, A[p]) from the finiteness of Sel(K, A[p]).

LEMMA 4.9. Let T be a finite subset of P, and L/K be a (Z/p*Z)-extension which is T-ramified
and Y-split. If K C L' C L, then

Sel(L' /K, Alp]) = Sel(L/ K, Alp)).
Proof. See [MR18, Lemma 9.16]. O

THEOREM 4.10. Suppose K is a global field, p # char K. Let A be an abelian variety of dimension
g over K and ro = dimg, Sel,(A/K). Then there exists a sequence of (Z/p*Z)-extensions {L; }3°,
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such that:
(1) |SL,| = 4;
kz(A(K)) + 3 4 if pb =2
(2) rankp(A(L) < 4 0 z(A(K)) + (ZO+ 9); ifpt =2,
rankz(A(K)) + (p® — 1)(ro + 4g), if otherwise.
Proof. We shall construct by induction a set of primes {v;}3°, C T and a sequence of (Z/p*Z)-
extensions {L;}?°; of K such that the following assertions hold.
(i) L; is Tj-ramified and ¥-split, where T; := {v1,...,v;}; in particular, S, O T; and |S,| > i.
i) If i > 2, then v; splits completely in Ko --- K;_1 and is inert in K, where K; := K(v;);
(iii) wvo is inert in Kj.
) The inequalities
ri < 1o+ 8 <o+ 29 (13)
are always satisfied, where
Wi = H((Li)vi/Kvi)y Wi = W1 X o+ X Wi
r; := dimg, Sel(W;, A[p]),
tiy1 == dimp, Im (Sel(W;, A[p]) — HY (Ko, ., Alp))),
s; := dimp, Im (Sel(W;, A[p]) — H(Ly,/Ky,))-

Note that s;,t; < 2g, so only the first inequality in (13) needs to be addressed.

For the base step, choose an arbitrary v; € T and let Ly := K(v1) = K;. One can deduce
from the exact sequence (18) below that

=70 —t1+51 <10+ S1.

Assume that we have already constructed {v;}?" ; and {L;}}" ;, n > 1.

If s, = 0, we choose an arbitrary v,+1 € T which splits completely in K» - - - K, and is inert
in Kl.

If s, >1, let L, be the unique (Z/pZ)-extension of K, contained in (Ly),,. Then, by
Proposition 2.8,

H((Ln)v,/Kv,) = Hom(Gal(L1,,,/ Ky, ), A(Ky,)[p])-

Let ¢ be a generator of Gal(Li,/K,,). So we can pick linearly independent ¢y 1,...,¢ns, €
Sel(Wh,, A[p]) such that
cn,1(0), ..., ¢cns,(0) C Alp] are linear independent over F),. (14)

Note that by the induction assumption, we have:

e (Ki)y,/K,, is nontrivial and unramified;
o (Kp)y, /Ky, is totally ramified;
L (K2 ce anl)vn = Ky,.

Thus, there exists a pre-image o € Gk, = GF, C Gp of ¢ such that
olg, #1, 0|kyk, =1 (if n > 2).

One should note that if n = 1, then we only require o|x, # 1. Denote d,, j := ¢y j|p for 1 < j < s,.
Choose a Galois extension N/K such that
Sn
Gy C [ \ker(dn;) and FKi---K, CN.
i=1
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By the Chebotarev density theorem, there exists v,4+1 ¢ T}, U 3 such that
Up41 is unramified in N/K and Frob,,,,,|n = o|nN.
In particular, Frob,, ,,|r = o|r =1 and thus v,41 € Tp. By our choice,
cn,i(Froby, . ) = dypi(Froby,, ) = dni(0) = dni(0) = cni(d), 1<i< s,
Thus, by (14) we conclude that
cn,1(Froby, 1), ..., cns, (Frob,, ) C Alp] are linearly independent over [, (15)

According to our choice, v,41 splits completely in Ks - - - K, and is inert in K7, so by Lemma 4.6,
there exists a (Z/p"Z)-extension Ly, 1/K which is T}, j-ramified, 2-split and

(Lnt1)v; = (Ln)v;, 2<i<m. (16)
Since the restrict map
locy,,, : Sel(Wa, Alp]) — Hyy (Ky, ., Alp])
can be regarded as the evaluation of cocycles at Frob,, ., (15) implies that
tny1 = dimp, Im (loc,, ;) > sp. (17)

Observe the following diagram with exact rows.

/

loc,
0 — Sel(Wn“Fl’ A[p])'u'rH»l B— Sel(Wn+17 A[p]) *4}1 H(L'Un+1 /KU'VH»I)

0 — Sel(W,, Alp])

(18)

locvn

——— SelW,, Ap]) —% HL (K, ., Alp))

Un+41

/

Recall that s,41 = dimp, Im loc;, | Y

tn+1 = dimg, Imloc,,, ., thus
Tng1 — Snt1 = dimg, SelWh 1, Ap])v, ., = dimp, Sel( Wy, A[p])v,1 = T — thy1,
which implies that
Tn+l = Tn — tngl + Spt1-
Using the induction assumption and (17), we obtain
Tnal = Tn — tpg1 + Snt1 1o+ Sp — Ept1 + Spp1 <70 + Spt1-

This completes our construction. We claim that for all m > 1,

ranky (A(Ly,)) < rankz(A(K)) 4+ (p* — 1)(ro + 4g).
By (16), we have

Wi = H((Li)v; / Kv,) = H((Lin)vi / Kv;), 2 <i<m. (19)
Consider the following diagram with exact rows.

0 —— SelWhn, Alp))v, — Sel(Wh,, Alp]) —— W

0 —— Sel(Lm/K,A[p])m B— Sel(Lm/K,A[p]) B— /H(Lmnn/Km)

(20)

in which (19) gives the vertical equality. Thus, we have

dimp, Sel(Ly, /K, Alp]) < dimg, Sel( Wi, A[p])v, + 29 < ro + 4g.
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Recall that by Lemma 4.9,
Sel(L{) /K, Alp]) = Sel(L/ K, A[p]).
It follows from Theorem 2.11 that

k
rankz(A(L)) < rankz(A(K)) + Y o(p') dimg, Sel(LY) / K, A[p])
=1

< rankz(A(K)) + (pk — 1)(ro + 4g).

The proof of theorem is completed except the case p* = 2.
As for the case p* = 2, by previous discussion we can find (Z/22Z)-extensions {L;/ K},
such that:

(i) [SL;| = 4;
(i) rankzA(L;) < rankz(A(K)) + 3(ro + 49).

Furthermore, by our construction, for all v € Sr,,, v is totally ramified in L;/K, thus v is totally
ramified in Lgl) /K. Then {Lgl) JK}2, is the sequence of quadratic extensions we require. O

THEOREM 4.11. Letn > 2 be an integer. If K is a global field such that char K = 0 or char K { n,
then

rn(II(A/L))
can be arbitrarily large as L ranges over (7 /nZ)-extensions of K.

Proof. We first treat the case m = p®. In this case, the result follows from Theorem 4.10,
Theorem 3.4 and the exact sequence (1).

Next suppose n = Hle pfi is the prime decomposition of n. By the first step we can find a
(Z/p¥Z)-extension L;/K for each i such that

Tk (III(A/L;)) > m.
Let L = Ly --- L;. Note that the p;-primary part of
Ker (H'(L;, A) — HY(L, A)) = H(Gal(L/L;), A(L))
is zero, then the restriction homomorphism
HI(A/L)[p;"] — TI(A/L)
is injective. This implies
r o (IL(A/L)) > rpfi(LH(A/Li)[pfi]) >m, 1<i<t.

Then L/K is a (Z/nZ)-extension we require. O

5. Growth of potential III

In this section we fix an abelian variety A defined over a global field K. We study the growth of
n-rank of the potential III of A over K, whose definition we now recall.

DEFINITION 5.1. Let L/K be a finite extension of global fields. The potential II of A/K in L is
Il (A/L) == resy, x (H' (K, A)) N 1II(A/L).
Clark and Sharif proved the following result.
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THEOREM 5.2 [CS10, Theorem 3|. Let E/K be an elliptic curve and n be an positive integer
such that char K = 0 or char K { n. Then, for any positive integer r, there exists a field extension
L/K of degree n such that

rn (g (A/L)) > r.
Creutz later considered the case of abelian varieties. He proved the following result.

THEOREM 5.3 [Crell, Theorem 1|. Let A be a strongly principally polarized abelian variety over
a number field K such that the G-action on the Néron—Severi group is trivial. Then, for any
prime p and any integer N, there exists a degree p extension L/K for which

rp(IIg(A/L)) > N.

The method used to prove the above theorems is closely related to the study of the period
and index problem in the Weil-Chéatelet group. Here we apply a different method, which can
treat high-dimensional abelian varieties, to generalize the above two results.

THEOREM 5.4. Let n > 2 be a positive integer and K be a global field with char K =0 or
char K tn. Then, for an abelian variety A over K and an arbitrary positive integer m, there
exists a (Z/nZ)-extension L/K such that

rn (g (A/L)) > m.

Proof. First consider the case n = p¥. By Theorems 4.10 and 3.4, there exists a (Z/p*Z)-extension
L/K such that

T (Xp) > M +2g+m and r:=rankzA(L) < M,

where X, = resL/K(Hl(K,A[nD) N Sel,(A/L). Denote vz, : HY(L, A[p*]) — HY(L, A)[p¥]. Then
Ker vy = A(L)/p*A(L). Since r < M, we have 7ok (YL (X1)) = m. So it suffices to show that
Yr(Xr) C Uk (A/L). Since X1, C Sel,x(A/L), from the exact sequence

0— A(L)/p*A(L) — Sel,x(A/L) — II(A/L)[p*] — 0
we obtain ¢ (Xy) C III(A/L). Consider the following commutative diagram.

HY(K, A[ph]) —2 HY(K, A)[p"]

lres’L/K lreSL/K

H(L, Afp¥) 5 HY(L, A)p']
The fact that X7 C Im reS’L/K implies that ¢ (X) C resL/K(Hl(K, A)[p*]). Thus

Y (Xp) C Uik (A/L).

The general case follows by replacing III(A/L) by Ik (A/L), and applying the same argument
as in the proof of Theorem 4.11. O

6. Growth of fine Selmer groups and fine Tate—Shafarevich groups

The aim of this section is to solve a problem raised by Lim and Murty in [LM16]. Our answer
also generalizes their results about the growth of fine Selmer groups in (Z/pZ)-extensions.
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DEFINITION 6.1. Let A be an abelian variety over a number field K, and recall that

Sel, (A/K) = Ker (H'(K, A[p™))) — € H'(K,, A)[p)).

vEPLK
The pF-fine Selmer group Ry (A/K) of A over K is defined by the exact sequence
0 — R (A/K) — Selx (A/K) — @ H' (K, A]p")).
vlp

Similarly the p*>-fine Selmer group Rp~(A/K) is defined by the exact sequence

0 — Ry (A/K) — Sely (A/K) — €D H' (K, A]p™)).
vlp

In [Wut07], Wuthrich introduced the fine Tate-Shafarevich groups, which we now recall.
DEFINITION 6.2. The fine Mordell-Weil group M,x (A/K) is defined by the exact sequence

0 — My (A/K) — A(K)/p"A(K @A o) /PFA(K).

Then the fine Tate-Shafarevich group ¥« (A/K) is defined by
0 — My (A/K) — Rp(A/K) — Kk (A/K) — 0.
One can similarly define My~ (A/K) and Ky~ (A/K).
Lim and Murty proved the following result in [LM16].

THEOREM 6.3 [LM16, Theorem 6.3]. Let A be an abelian variety over a number field K. Suppose
that A(K)[p] # 0. Then

sup{rp(Rp~(A/L)) | L/K is a cyclic extension of degree p} = oc.
Furthermore, they posed the following problem.
Problem 6.4. Retaining the assumptions of above theorem, do we also have
sup{rp(Hp~(A/L)) | L/K is a cyclic extension of degree p} = 0o?

Based on Theorem 4.11, we give a positive answer to the problem above in a more general
setting.

Wauthrich has already observed that #K,(A/L) is a subgroup of III(A/L) with finite index,
and later Kundu observed that this index has a uniform upper bound independent of L, as a
result of which we have the following proposition.

PROPOSITION 6.5 [Kun21, Proposition 4.7|. Let A be an abelian variety over a number field K,
varying over all (Z/pZ)-extensions L/K. Then 7K,(A/L) is unbound if and only if HI(A/L) is
unbounded.

Since the unboundedness of III(A/L) is proved by Theorem 4.11, we obtain the following
result.

THEOREM 6.6. Let A be an abelian variety defined over a number field K. Then

sup{rp("K,(A/L)) | L/K is a(Z/pZ)-extension} = oo.
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Note that 7K, (A/L) (respectively, iy (A/L)) is a quotient group of R,(A/L) (respectively,
Ry~ (A/L)), so we also get the unboundedness of fine Selmer group, which generalizes the result
of Lim and Murty mentioned above by removing the condition A(K)[p] # 0.

COROLLARY 6.7. Let A be an abelian variety over a number field K. Then
sup{rp(R,(A/L)) | L/K is a cyclic extension of degree p} = oo,
sup{rp(Rp~(A/L)) | L/K is a cyclic extension of degree p} = occ.
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