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Abstract The Dieudonné—Manin classification theorem on @-modules (¢-isocrystals) over a perfect
field plays a very important role in p-adic Hodge theory. In this note, in a more general setting we give
a new proof of this result, and in the course of the proof, we also give an explicit construction of the

Harder—Narasimhan filtration of a ¢-module.
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1 Statement of Dieudonné—Manin Classification Theorem

Let k be a perfect field of characteristic p > 0. The classical Dieudonné—Manin classification
theorem (cf. [1]) provides a slope decomposition of a ¢-module over the field W(k)[;], which
is loosely analogous to the eigenspace decomposition of a vector space equipped with a linear
transformation. For more information on ¢-module, see [2]. In particular for the geometric
background, see [3] and [4]. In this note, in a more general setting we give a new proof of
this result, and in the course of the proof, we also give an explicit construction of the Harder—
Narasimhan filtration of a ¢-module. This is without the huge machinery of commutative
formal groups in the original proof.

Let p be a prime number. For ¢ = p/, let F, be the unique finite field of g elements and
Zy = W(F,). Suppose that k is a perfect field of characteristic p containing F,. Suppose that
E is a complete discrete valuation field of mixed characteristic, Og the ring of integers of F,
mp the maximal ideal of O, 7 a uniformizing parameter of mg, and kg = Og/mg = F, the
residue field of Of. Recall that

Woy (k) = Op ®z, W(k)

is the strict Og-ring over k, i.e., Wo_ (k) is a commutative ring together with an injective
homomorphism of rings ¢ : Op — Wy, (k), such that it is complete and separated by the m-adic
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topology and that Wo, (k)/mWoe, (k) = k. Set
1
Ky = WOE(k) |:7T:| ) WOE = WOE (k)

Note that if ¢ = p, O = Z, and m = p, then Wy, is the usual ring of Witt vectors of k. The
Frobenius substitution o : k — k, A — A? extends by functoriality to We, (k) and Ky, which
we still denote by o.

Definition 1.1 A @-module D over Ky is a finite-dimensional Ky-vector space equipped with
a bijective o-semi-linear map ¢.

Assume D is a ¢-module over Ky of dimension r. Suppose that {e1,...,e,} is a basis of
D over Ky, then ¢(e;) = 25:1 a;je;. The matrix of ¢ under this basis is A = (a;j)1<i j<r €
GL,(Kp). Suppose {e},...,e.} is another basis and A’ the matrix of ¢ under this basis,
suppose the transformation matrix of these two bases is P, then A = o(P)A’P~!. Thus
tn(D) = vg(det A) is a well-defined integer independent of the choice of basis.

Definition 1.2 The slope of a p-module D # 0 of Ky is defined to be u(D) = ditrﬁl((D)D.
0

A p-module D is called pure of slope p (or isoclinic) if there exists a Weo, -lattice M of D
such that m=%"(M) = M where = ¢, d,h € Z and h > 1.

h’
Remark 1.3 (i) A p-module pure of slope 0 is nothing but an étale p-module over Ky (see [2]).
(i) Suppose D = Kpe1 © -+ & Koen, @(e;) = e;41 for 1 <i <n—1 and ¢(e,) = pe;. Then
D is pure of slope Tlt
The aim of this note is to give a simple proof of the following theorem of Dieudonné—Manin
which classifies all p-modules.

Theorem 1.4 (Dieudonné-Manin [1]) For a p-module D over Ky, then

D =D Dy,
neQ
where D,, is the part of D pure of slope p and D, = 0 for all but finitely many u. Hence
pdimg, D, € Z and
ty(D) = pdimg, D,,.
neQ
Remark 1.5 By Fontaine’s theory of mod-p representations (cf. [2, Chapter 2]), if k is
algebraically closed and if D is pure of slope p = Z with d,h € Z,h > 1, then D = K, ®Qq,n
D h—pd.
@h=p

2 Proof of the Classification Theorem

Suppose D is a ¢-module. For h,d € Z and h > 1, we write ¢p 4 = w‘dgoh. Then ¢y, q is
bijective in D. Let M be a Wo,-lattice of D, we set Mp,a = (,50 ¢, q(M) and D* = My al L]
where = d/h € Q. Clearly by definition M}, 4 is a sub—WoE—m(_)dule of M stable under ¢y, 4.
Proposition 2.1 Suppose D is a p-module over Ky, p = Z € Q. Then,

(1) D" is independent of the choices of the lattice M and the pair (h,d).

(2) z € D" if and only if the Wo,-module Wo [T, on,a(2), ..., ¢} 4(2),.. ] is a finite Wo,, -
module, in particular D* is a p-submodule of D.

(3) {D"}cq forms a decreasing filtration of D which is separate and exhaustive, in other
words,

(i) if u < i, then D* > D'

(ii) D* = D for p < 0 and D" =0 for 1 > 0.
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Proof (1) Suppose M’ = TM is another lattice of D where T' € GL(D). We choose k € N
such that TM > «*M. For x € M q4[}], suppose %z € Mj 4. Then ¢ a(mix) € M for all
n e N and ¢} ,(7*T z) € 7" M C M’ for all n € N, thus 7***z € M} , and = € Mj, ;[ 1]. This
proves the independence of M.

Now for (1, d') = (kh,kd), we let M" = Yoc ey ‘P{W(M)- Then M’ is a lattice in D and

M,’Ch’kd = Mp, 4. Thus Mkh,kd[i] = M’mkd[}r} = Mh7d|:7:'lr]' This proves the independence of the
pair (h,d).

(2) Let u = . Suppose M is a lattice in D. Then x € D means that there exists k € N,
7%z € Mp q, or equivalently ¢f ;(7*z) € M for n € N, so Wo [z, opa(z), ..., 4(x),...] D

7R M is a finite Wo ,-module. Conversely, if the Wo ,-module Wo [z, on a(), . . ., ena(@),.. ]
is a finite Wo,-module, we extend it to a W, -lattice M of D, then x € M}, 4 C D*.

(3) If d < d', then by definition M}, 4 D Mj, 4, this proves (i). Suppose 72 M C p(M) C
74 M, then for d > dy, My 4 =0 and for d < dy, My 4 = M, this proves (ii). O

Remark 2.2 Suppose D = D, ;, = Koe1 ® Kpea, ¢(e1) = e2 and p(e2) = aey + ez, a natural
question is to compute D!, for ;1 € Q. At present we do not know the answer.

Lemma 2.3 Suppose 0 — D1 — D — Dy — 0 is a short exact sequence of o-modules. Then
(1) the sequence 0 — D} — D* — DY is exact;
(2) if moreover Dy =D"° for some pg, then 0 — D} — D* — DY — 0 is ezact.

Proof (1) follows easily from Proposition 2.1 (2).

(2) The case p > o follows from the case p = pg. So we need only to prove the exactness in
the case p < pg. We first show the case p = g, which is equivalent to the claim (D/D#0)H0=0.
We assume D = D?*, 9 = (2’ and A\ = Z.

We claim there exists a We,-lattice M in D such that M is stable under ¢, q and M N DHo
is stable under ¢y, 4,. To see this, we first find a We-lattice L in D which is stable under ¢y, 4,
then the image of L in D/D*0 is a Wp-lattice. Suppose it is generated by €, és,...,&.. For
each i, take a preimage of €; in L, denoted by e;. Choose a Wy ,-lattice Ly in D*0 which is stable
under ¢y q,- Then there exists N € N, such that L N Dt C 7N Lg. Take €,41,€r49,...,6n
as a basis of 7~VL,. (Note that m=™Lg is still stable under ¢ 4,.) Then the lattice M
generated by ey, ez, ..., e, is what we need. That is because ¢, q4(€;) € L C M when i < r, and
cph,d(ei) = Wdo_dgoh’do (ei) S 7T_NL0 C M wheni>r+1.

If (D/D#e)to # 0, then there exists z € D,z ¢ DM, ¢, (v) € M + D" for any n.
For n > 1, let k, be the smallest integer such that cpZ’dO () =z, + w‘k"yn where x,, € M,
yn € M N DM (if o ; (z) € M, let k, = 0). In fact, k, is also the smallest integer such that
©h a4, (T) € Tk M.

We have ¢p, o (Tn + 7 Fy,) = xpp1 + 7 4y = opay(Tn) + 7 F02,, where z, €
M N D", Since @p g, (M) C 7@~ N | it is easy to see kny1 < max(k,,dy — d). Take
N = max(k;,dy — d), then k, < N is bounded. This implies that 7V¥a € >0 Phde (M)
Hence m¥x and x € D*0, a contradiction. Thus we have shown (D/D#o)ro=(.

Now for the case p < pg, if D* = D, then by (1), D/D#o D> (D/D#o)#* D D#/(DHo)H =
D/D#o so all must be equal. In the general case, the exact sequence

0 — D*/D#0 — D/D* — D/D* — 0,
and the fact (D/D#)* = 0 implies that (D*/D#0)#* = (D/D#o)#. Together with (D#/DHo)H =
D#/D" | we get (D/DFo)# = Di/ Dk, O
For any 1 € Q, we let D># be the union of all D for i/ > i and D<* be the intersection
of all D for i/ < p.
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Lemma 2.4 (1) For any pu, there exists u' < p, DF = DH. In particular, the filtration {D*}
18 left contmuous i.e., D<H = DV,

(2) For p={ cmd dimg, D" =1, if D* = D>#_ then D* = DF where i/ = lkt
Proof (1) By Lemma 2.3 (2), we can replace D by D/D* and assume D* = 0. Let pu = ¢.
Take a lattice M in D, then (32, gp,:d( ) = 0, and there exists k such that ﬂz 0 %h. L(M)
C m2M. One can show easily that ﬂz Z0%h. L(M) C 7N M for N > 1 by induction.

Let L be the lattice ﬂl 0%n d(M). Then wlz,f’kd(L) = ﬂk(jﬂ) 0 d(M) and

i=kj
k(j+1)
ﬂ @kh ra(L ﬂ @Z,Zd(M) C w20t M,
i=0

So we have
ﬂ ‘P/;ii,kd—l(L) = m W_ls"l;ﬁ,kd(L) < m ﬂ—_J(pI;fi,kd(L) c /M.

As a consequence (2, gpkh ra_1(L) = 0, which implies that DH =0 for y = sz.

(2) By Lemma 2.3(1), we can replace D by D N D* and assume D = D#. The fact
D># = D implies that there exists a € N, D" = D. Therefore we have a lattice M which
is stable under ¢qp,ad+1, and consequently stable under ¢qp aq4- It is easy to see @Zh,ad(M) =
Oon.adr1 (T M) — 0 as n — oo. Therefore for any lattice L stable under ¢y q, ¢} 4(L) — 0 as
n — oo; in particular, ¢ ;(L) C mL when n is sufficiently large.

If L is stable under ¢y, 4, then <p§17d(L) D go}fdl(LL and there exists a chain of sub-k-vector
spaces of L/wL,

L _ i (L) #ha(L) Pina (L)
(

)

e D DI B}
7L eha(L)NTL = @ (L) N 7L gp;fdl(L)mrL

4Ph d(L = dim <P}£1 dl(L)

It is easy to check that if dlmk (L)QWL ;fdl(L)ﬂ L then
. soi,d(L) . @h.a(L)
dimy, = dimy,
(L)yNnwL Sﬁh JL)NnmL
j
for any j > 4. Since dimy, Safh(’z(;) L= 0 when j is sufficiently large, the fact dimy, WLL = [ implies
h,d ™
that ‘PZ,d(D C wL. This means that L is stable under ¢y, ;g1 and hence D't = D. O

Corollary 2.5 Let a=sup{\ € Q: D* = D}. Then a is a rational number and D* = D.

Proof Suppose dimg, D = [. If a is not rational, by Dirichlet’s approximation theorem, there
exist infinitely many pairs of integers (p, ¢) such that Z <a< 5 + qlz. Choose ¢ > [ and let
(p,q) = (d, h). By the above lemma, Ditin = Di = D and hence Z + ,;, < a, a contradiction.

The second part of the corollary follows from Lemma 2.4 (1). O

Proposition 2.6 Set gr,D = D*/D>", then gr,D is pure of slope ft.
Proof By Lemma 2.3, we can replace D by D#/D~#, and assume D* = D and D~ = 0.

Let p= g. Then there exists a W, -lattice M of D* = D which is stable under ¢y, 4. The
filtration of sub-k-vector spaces

ehaM) o ehaM) M
- @Z’d(M)ﬂwM - <p27d(M)ﬂ7rM - — M
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of M/mM is stable since dimy, M/mM = dimg, D is finite.
N
it £ hen Nis sufficiently large, then R, nq(M) C 7" M for all n € N, which

LpﬁAM)ﬂﬂ'M
implies that M C ,,> @&ZNCIH(M). This is not possible since D”# = 0. As a consequence,
. . B . N (M
when N is sufficiently large, we have a bijection of the nonzero k-vector space Nsa"’d( ) to
Lp,L’d(M)ﬁer

itself
] ‘PhN,d(M) . @iv,d(M)
PRGN (MYNTM o (M) n7M

for n € N. Replace (h,d) by (Nh, Nd) and still denote it by (h, d), then we get a bijection

n . Pna(M) on,a(M)
Ph,d * -
(ph7d(M)m7TM Lph)d(M)ﬁﬂ'M

for any n € N.

If oha : M — M is not bijective, then there exists z; satisfying ¢p 4(z1) € 7™M and
x1 ¢ wM. Indeed, if ppq : M — M is not surjective, we can find an element x € M
and z ¢ @p q(M). Since @y q(M) is still a We,-lattice in D, we can find £ € N such that
7*x € opa(M) and 7% 12 ¢ ¢}, 4(M). Then take z; € M to be the preimage of 7.

We now construct by induction a sequence (z,) such that x, — z, 1 € 7" M and
@ﬁl’d(xn) € M for any 1 <4 < n. Suppose 1,3 - - - &, have been constructed and (pz)d(l‘n) =
T 2,. Let 41 = x, + 7"y, It is easy to see ‘Plﬁ,d(xnﬂ) € M for 1 <i<nifye M.
Since gtogl (Tn+1) = ™ (onalzn) + @Z?&l (y)), to have cpml (Tpy1) € T TIM, it’s sufficient to
find y € M such that ¢y, q(z,) + goztil (y) € M, but this is guaranteed by the bijection

no . Pna(M) on,a(M)

R — )
P opa(M)YNTM " ppa(M)NTM

Take z = limy,—.cc . Then x € M, x # 0. It’s easy to see ¢}, 4(z) € 7" M for any n > 0,
80 T € (50 Pp.as1(M) which contradicts D># = 0. O
Since D is of finite dimension, gr,D = 0 for all but finitely many p. Suppose 1 > po >
-++ > p, are all the p’s such that gr,D # 0. In fact we can take pu; = sup{\ € Q : D* # 0}
and p; = sup{\ € Q : D* D D"i-1} when i > 1. By Lemma 2.4 (1), D* 2 D*i-1 and if
Wi > p > piv1, then DF=DHi We have
Proposition 2.7 Suppose D is a p-module. Then the filtration

0C DM =gr, DC DM C...C DM =D

is the Harder—Narasimhan filtration of D, i.e., the unique filtration --- C D; C Djy1 C -+ of
w-modules such that the D;/D;_1’s are pure of strictly decreasing slopes.

Proof The existence follows from Proposition 2.6. For the uniqueness, by Lemma 2.3, for a
Harder—Narasimhan filtration 0 = Dy C D1 € -+ C Dy = D of D, then D* =0 for p > u(Dy)
and D*(P1) = D; # 0. We also have D* = 0 for p > p; and D*' # 0. Thus pu(D;) = p; and
Dy = D#1. Now the rest follows from induction on the length of the filtration. g

Proposition 2.8 Suppose 0 — D1 — D — Dy — 0 is a short exact sequence of p-modules,
then for every u € Q, 0 — DY — D* — D5 — 0 is also ezact.

Proof We prove by induction on the dimension of D. The case dim D = 1 is trivial. In

general, suppose dim D > 2 and D, is a non-zero proper sub-object of D. We assume D’ is the
second to last term of the Harder-Narasimhan filtration of D, and D” = D/D’, then for the
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exact sequence 0 — D' — D — D” — 0 and u € Q, the complex 0 — D'’* — DV — D"F — 0
is always exact. We have the following commutative diagram with exact rows and columns:

0 0 0
L

0 D4 D’ D} 0
bk

0 D D D, 0
b

0 Dy —2- D’ Dy 0,
b
0 0 0

where D] = Dy N D’ and D) = D'/D} and D} = D;/D}, the injections ¢; and iy are defined
by diagram chasing, and Dy = D" /DY = D4/D), is obtained by the snake lemma. Now taking
the p-invariant of the above diagram, by induction, we have exact sequences in all rows and
columns except the middle row, then the middle row must also be exact by diagram chasing. [

Proof of Theorem 1.4  We are now ready to prove the theorem of Dieudonné—Manin. Suppose
that D is a ¢-module over k such that
0=DyCD1C--CD1CD. =D

is the Harder—Narasimhan filtration of D, suppose p; = p(D;/D;_1). Since ¢ is bijective on D,

Land o~ 1, then D can be regarded as a ¢!
1

replace ¢ and o by ¢~
the Harder-Narasimhan filtration for D as a ¢~

-module and we can develop
-modules, i.e., D possesses a unique filtration

0=DyCDyC--CD,_,CD,=D

=

such that D}/D/_, are pure of slope pu, = p/'(p=1, D}/D._;) as ¢!

1

-modules and s are strictly
decreasing. By definition we see that a ¢~ -module pure of slope p is nothing but a p-module
pure of slope —p, thus 0 = D[ C D} € --- C D._, C D! = D is the unique filtration of D such
that the sequences u(D}/D._,) = —u} are strictly increasing,.

It suffices to show that D = &(D;/D;_1). We show it by induction on the length s of the
(¢~ 1)-Harder-Narasimhan filtration of D. The case s = 1 is trivial. In general, we have D* = (
for u > p1 and Dt = D; # 0. By Proposition 2.8 and the induction hypothesis, we also have
Dt =0 for p > —p/, and D™# = D/D’, | # 0, thus y; = —p/, and Dy = D/D’,_, is a direct
summand of D. By induction, this finishes the proof of the theorem. U
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