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1. Introduction and main results
1.1. Introduction

Given a polynomial
Qxy,--,xy) =Mt + . A2t € Zlwy, 2y

Let A= (Ai,---,\) € (Z—{0})" and k = (ky,--- ,k¢) € Z%,. For any c € Z and n > 2,
and for a subset J of I = {1,--- ¢}, denote by I'j(¢,n) = T';(Q;¢,n) = T (A k;¢,n)
the set of solutions (x1,--- ,x¢) of the congruence equation

Q(x1, -+ ,x¢) =cmod n

such that z; € (Z/nZ)* for j € J, and by N;(Q;c,n) the cardinality of I';(Q; ¢, n). In
particular, write I', N, I'* and N* for 'y, Ny, I'; and Ny respectively. The problem to
determine N;(Q);c,n) has been studied by many authors extensively in various special
cases:

(i) The linear case k = (1,---,1). For J = I and A = (1,---,1), this is a problem
proposed by H. Rademacher [7] in 1925 and answered by A. Brauer [2] in 1926, and
recovered by many authors later from time to time. For J = I and A = (\;) where
the \;’s are divisors of n, this is the work of Sun and Yang [9] in 2014.

(ii) The quadratic case k = (2,---,2). For J = (, this is studied in the work of Téth [10]
in 2014. For t = 2 and A = (1,1), this is the work of Yang and Tang [11] in 2015.
For t = 2, X arbitrary and J = I, this is the work of Sun and Cheng [8] in 2016. For
general ¢, A = (1,---,1) and J = I, this is the recent work of Mollahajiaghaei [6].
See also [3] for more development.

(iii) The case t = 2, A = (1,1) and k = (k, k). Partial results were obtained by Dea-
conescu and Du [4].

1.2. Notations

We first fix the following notations in this paper.

p is always a prime number and v, is the p-adic valuation, a is always a positive
integer and I is the set {1,--- ,t}.

For a set X, #X or | X| means the cardinality of X. For two subsets X and Y of the
set U, the difference set X —Y istheset {x €U |z € X, z ¢ Y}.

For the congruence equation

Q(z1,- -+ x) = Mt 4+ -+ Nt =cmodn, (c€Z, n € ZLss)

we call ¢, k and n its dimension, degree and level respectively.
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For J a nonempty subset of I, the depth d, ; = dp ;(Q) = dp, (A, k) of Q at prime p
associated to J is defined by

i}l{’l)p()\iki) + 1}, if p odd;
1€

1€

dp,J =

Write d,, for d, ; and call it the depth of @ at p.
For J a nonempty subset of I, let Ay = (A\;)ics, kg = (ki)ics and Q; = > )\jxkﬂ' €
JjeJ
Zizj: j e J]. Set Qp =0 and

1, if p* | ¢

Ny(0;¢,p*) = N*(0;¢,p%) =
o ) ( ) {0, if p*fe.

If @ and (A, k) are clear from the context, we may drop them in our notations.

1.8. Main results

Suppose n has the prime decomposition

n= Hp"l’.

pln

By Chinese Remainder Theorem, the set of solutions of Q(z1, - ,z;) = cmodn
is in one-to-one correspondence with the product set of solutions of the equations
Q(z1, -+ ,x¢) = cmod p™ for primes p | n. Moreover, z € (Z/nZ)* if and only if
x € (Z/p"r)* for all p | n. Thus for any J C I, we have the product formula

Ny(Q;e,n) = [ No(Qse,p™). (1)

pln

So to compute N;(Q;ec,n), it suffices to study the prime power case N;(Q;c,p®). By
simple argument (as seen in Proposition 2.1(2)), we may reduce @ to the case pt \; for
some i € I, which we call Q is reduced at p.

Our first main result, which we call the decomposition formula, is the following theo-
rem:

Theorem A. Given the polynomial Q. For subsets J1 C Jo C I, let

oY, Fid Jy— Ji: t
{0} FigJa= B(J1, Josa) = [[ Bi(J1, Jasa).

B;i(J1,J2;a) =
(1 ’ ) {{07"'7(1}’ ifiGJQ_le i=1

Forb e B(),I;a), but b # (a,--- ,a), let
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Jo={icl|b<al, Qo= Npf¥z" sb)=S b
b — 7 5 b — ]p j o = -

Jj€Jb Jj€Jb

Ifb=(a, - ,a), let Jb =0, Qp = 0 and s(b) = 0. Then we have the decomposition
formula

NJl (Q;Cvpa) = Z p_S(b)NJzﬁJb (Qb;cvpa)' (2)
beB(J1,J2;a)

Our next two results are consequences of the following lifting formula

Ny(Q;e,p™™) = p" ' N4 (Q; ¢, p") (3)

for a sufficiently large under various assumptions. We shall establish this formula by
simple p-adic analysis, not by the more complicated exponential sum argument employed
by other authors. More precisely, we have

Theorem B. Given the polynomial Q, and assume it is reduced at prime p. Then
(1) Fora>dy j and c € Z,
Ny(Q;e,p®) = p* VDI N (Qs ¢, p™7). (4)
(2) Fora<d,=dp, the map
0o (Fp)t = Z/p"Z, (a1, ,a1) = Q(aq, -+ , ;) mod p*,
where a; € Z is any lifting of a; € Fp, is well defined. Let @, ; be the restriction of
9o on [ Fpx [[ Fy, then
icl—J i€
Ny (Q;e,p®) = p Vi (c mod p®). (5)

In particular, if p =2 and a < ds,

#o, hcmod2®) = #{T C{l,-- ,t} [ T2, va(d)_Ni—c)>a}.  (6)
€T

Theorem C. Given polynomial Q) and prime p. Let f, = max{v,(k;) + 1} (or 3 if p=2
and max{va(k;)} = 1). For integer ¢ # 0, let ¢, be the p-adic valuation of c. Then for
anya>1, any J C I (empty or not), f > f, and any x € Z/p°Z,

Ny (Q;e(1+p'x),p") = Ny (Q; ¢,p%). (7)

In particular, for a > c, + fp,
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Ny (Qie,p) = pl = D= N (Q; e, p ). (8)

Thus Nyj(Q;c,p®) as a varies is completely determined by Ny(c,p®) for a <c, + fp.

t

Remark. For J = (), even if pt [] k;, the formula for N(Q;0,p®) is much more compli-
i=1

cated. In general we don’t always have N (0, p®) = p!~1N(0,p?~!) for a sufficiently large.

For example, consider Q(x1,z2) = x3 + px3. Then N(0,p3?) = pi®, N(0,p3?Tl) = plat!

and N(0,p322) = plat2,

As a consequence of Theorems A, B and C, we will give a (theoretical) algorithm to

t

effectively compute N;(Q;¢,p®) for all possible J, ¢ and a if the prime number p 1 [] ;.
i=1

Moreover, except the case J = () and ¢ = 0, the number of steps to compute N;(Q; ¢, p®)

is bounded by a constant independent of a.
Using the main theorems and the algorithm, we shall work on the example
Q(z1, -+ ,2) = Mok 4+ -+ + Nk, We obtain the following results:

(1) In the linear case (k = 1), we solve the counting problem in full generality (cf. [9]).
Namely, for any prime p, we completely determine the value of N;(Q;c,p®) for
arbitrary J C I, ¢ € Z and a > 1. Our result is stated in Theorem 4.1.

(2) In the quadratic case (k = 2), for any prime p, we completely determine the value
of N;(Q;e,p®) for any J C I satisfying min{v,(\;) | ¢ € I} = min{v,(\;) | i € J},
and arbitrary ¢ € Z and integer a > 1. In particular, we get the exact formula for
N*(Q;e,p®) for any ¢ € Z and a > 1. Our result is stated in Theorem 4.4. This is a
vast generalization of Yang-Tang [11], Sun—Cheng [8] and Mollahajiaghaei [6].

(3) In the general case, for prime p 1 k, we give a more detailed version of our algorithm
in Theorem 4.2. We obtain formulas so that N;(Q;c,p®) can be computed in finite
steps independent of a except the case ¢ = 0 and J = (.

(4) We study the case p 1 k and the dimension ¢ = 2 in full generality. When k = 2,
Njy(e,2%) is also studied in full generality.

Finally we shall work on the example Q(x1,z2,73) = 971 + 323 + 23 for p = 3, which is
not covered by our algorithm, but the main theorems are still applicable.

As a final remark, let us make a comparison of our method with those methods by
previous work. The majority of previous study was concentrated on the quadratic case.
The exponential sum especially the quadratic Gauss sum was used in [3,9,8,10,11], which
was the main tool to study this type of counting problem. In [6], a new combinatorial ap-
proach via spectral graph theory was used. In our paper, for the decomposition formula,
we decompose the residue ring Z/p®Z into pieces of the form p*Z/p*Z — p**17Z/p*Z, and
then use a simple counting argument to deduce the formula. The lifting formula is a con-
sequence of a simple fact from elementary number theory about p¥-th power modulo p®.
These two formulas and the Inclusion-Exclusion Principle reduce the general counting
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problem (in most cases) to the counting problem of solutions of polynomials over finite
fields with no restriction on variables, where the exponential sum is needed but much
has been done in this subject (see for example [1,5]). All these results then are used in
the application to count the solutions of Q(z1,- -+ ,2¢) = Mzl + - + Azl

2. Preliminaries
2.1. Reduce Q to the reduced case
The following fact is obvious:
Proposition 2.1. Consider the number N;(Q;c,p*) for p a prime number and J C I.

(1) (Lowering dimension.) If there exists j € I such that v,(\;) > a, then

P*Ny(Qr—gjy;¢,p%) ifj¢J;

L 9)
P — )N (Qr—gjyi e p*) ifje

Ny (Q;e,p®) = {
(2) (Lowering level.) Let e = min{v,()\;) | i € I} and vy(c) = ¢p. Then

PN (Q/p%:¢/p®,p*™¢) if e <minfa, ¢},
N (Q;c,p) = { plet=17D(p — 1)lI if a < min{e, ¢, }, (10)
0 if ¢, < min{e, a}.

(3) (Lowering degree.) If one has v,(k;) > a, replace k; by k;/p*»*) =91 Then the new
k; has p-adic valuation a and N;(Q;c,p®) is unchanged.

Proof. The only thing needs to prove is (3), which follows from Euler’s Theorem that
for x € (Z/p*Z)*, xP" = 2" forall s > a—1, and for z € pZ/p*Z, xP* = 0 for all
5> a — 1 since p®~! > a for any prime p and integer a > 1. O

Based on Proposition 2.1, to compute N;(Q;c,p®), it suffices to consider the case

that min{v,(A;)} = 0, max{v,(\;), vp(k;) | i =1,---,t} < a and the depth dp, < a. In
particular, we can always assume p { \; for some ¢ € I.

2.2. Formulas for N(Q;c,p)

We recall the classical formulas for N(Q;c,p). First recall for complex characters
X1, -+, Xt of the prime field F,,, the Jacobi sum J(x1,- -, Xx¢) is defined by the formula

T o= Y xalu)xeu)

ur+-Fug=1
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and the Jacobi sum Jo(x1,- -, Xx¢) is defined by the formula

JO(X17"' 7Xt) = Z Xl(ul)"'Xt(Ut)-
ur+--Fur=0

Then the following theorem is well known:

Theorem 2.2.

(1) Suppose p is odd and A1 --- Ay # 0 € Fp. Then N(c,p), the number of solutions of
Q(z1,- - ,xp) = Mzh 4+ Aaht = ¢

over the prime field Fp,, is given by

NOp) =p"+ > xaAh) e xeA DTl xe), (11)
Xri=1, xi#l
X1 xt=1

N(ep) ="+ D xa-xel@xaA) - xeA DTG xas - 5x) - (12)

Xilzl
Xi#1
for ¢ # 0.
(2) If 21 \; for some i € I, then N(0,2) = N(1,2) = 2t-1,
Proof. Part (1) follows from Theorem 5 in § 8.7 in [5]. Part (2) is clear, since 2% = z
in FQ. O

3. Proof of the main theorems and the algorithm
8.1. The decomposition formula and its special cases

We now prove Theorem A.

Proof of Theorem A. Note that Z/p®Z has a disjoint decomposition (assuming
p*t1Z/p*Z is the empty set)

Z/p*Z = | |'Z/p" T — p" 2/ Z).
b=0
Suppose x = (z1, - ,2¢) € I'1,(Q;¢c,p*), and if J; = 0 and Jo = I, suppose x # O.
Then for j € Jo — J1, x; € pYZ)p*Z — pP 17/ p*Z for some 0 < b;j < a. Set b; =0 for
J ¢ Jo— Ji. Let b = b(X) = (bj)j:17"' t € B(JQ, Jl;a) and Jy 7é 0.
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For j € Jo N Jp, the element &; = x;/p% is a well defined element in (Z/p®~%Z)*.
Let C; = {z € (Z/p*Z)* | * = &; mod p*~%}. For j € Jy, — Jo, let Cj = {z;}. Then

Cx = H Cj g FJ2ﬂJb(Qb;capa)‘

j€Jb

On the other hand, if Qv # 0, then Ji, as the set of j’s such that x; appears in Qy is
not empty. For (y;)jesn € L (Qpic,p?), let &; = y; mod p2~ Y%, then x; = pP3; is
a well defined element in p®Z/p*Z — pb 17 /p*Z. Let x; = 0 for j ¢ Jp. Then x =
(x;) € T' 7, (Q; ¢, p*). In this way, one element x corresponds exactly to pzj”’i@ b p*(P)
elements in T 7,7, (Qp; ¢, p%).

If J; =0and J, =1, then 0 € T 7, (Q; ¢, p*) if and only if p® | ¢, which is corresponding
to the case b = (a,--- ,a) and Qp = 0.

In conclusion, (2) is proved. O

Special cases of the decomposition formula. We shall use the following special cases in
this paper:

(1) The case J = Jy € I = J,. Then

Ny(@Q;ep) = Y. p "IN (Quic,p"). (13)

beB(J,I:a)

This means that if we can determine N*(Qp; ¢, p®) for all b € B(J, I;a), then we get

Ny (Qse,p®).
(2) The case a = 1. Then

NJ1 Qac p Z NJ2 QI T5C, p) (14)

TCJ2—Jy

By the Inclusion—Exclusion Principle, (14) has the following inverse formula

NJ2(Q;C,]9) = Z (_1)|T|NJ1 (QI*T;Cvp)' (15)

TCJy—Jy

Take J; = 0 and J, = J in (15), then we have

Ny (Qiep) =Y (=D)TIN(@Qr-7ic,p). (16)

TCJ

This means that N;(Q;c¢,p) is determined by N(Q;_r;¢,p) for all T C J.

Remark. Another interesting question is to count the number N, 7, (Q; ¢, n) of solutions
of Q(z1, -+ ,x¢) = cmod n such that x; € (Z/nZ)* for i € J; and z; ¢ (Z/nZ)* for
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i € Jo. First one must keep in mind that no product formula exists in general for
Ny, .1,(Q;c,n) if Jo # (. However, by the Inclusion-Exclusion Principle, we have

NJl,b(Q;Cvn) = Z (_1)‘T‘NJ1UT(Q;Q TL) (17)

TCJs

As a consequence, the values N;(Q; ¢, n) for all J determine Ny, 7,(Q;c,n) for all disjoint
pairs (Jy, Jz).

3.2. The lifting formula

We need the following lemma whose proof is an easy exercise of Newton’s Binomial
Theorem and p-adic analysis:

Lemma 3.1.

(1) Let p be an odd prime. For integers x, y, k > 1, and m > 1, we have

(.Z‘ +pmy)k _ .Z‘k = k&?k_lypm mod pm+v,,(k)+1.

(2) For integers x and integer y, k > 1, and m > 1, then

0 mod 2v2(k)+2, if k even and m = 1,

x+2My)k — ok =
( ) kxb—1ly . 2™ mod 2v2(M)+m+1  otherwise.

For odd integer x,

1 if k odd
”Ug(lik 1> ) if k odd,
2+ wvo(k), if k even.
(1) _ A a a X (7) pf _ (f+1)
(3) Let Upa = {1 +p'x | x € Z/p*Z} C (Z/p°Z)*. Then for f >0, (Up.a)? = Upl
if (,) # (2,1) and (U3])" = U3,

We are now ready to prove Theorem B and Theorem C.

Proof of Theorem B. Write d = d,,. Let 1), be the natural reduction map from I' s (¢, p*)
to T'y(c,p?).

(1) First assume p is odd. Suppose that j satisfies v,(\;k;) = e; + f; = d;j < a. By
Lemma 3.1(1), if (@1, , 2, ,2¢) € D y(e,p?), then (zy1,- -+ ,x; + p*~biy;, -, 3) €
Ty(e,p*) for any y; € Z/p*Z.

If @ > d, s, then a > d; + 1 for some j € J. Let (a1, -+ ,a;) € [y(c,p®!). Let
uw€ {0,---,p—1}. Let x; € Z/p°Z be any lifting of a;. Then
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_ Niki k- _
Q(xl,"' ,l'j+upa_d] 17... 7xt)EQ(x1’..~ ’;L't)—f-#x‘]? 1upa 1m0dpa'

Thus there exists exactly one u € {0,--- ,p — 1} such that (z1,---,2; + up®~ %=1 ...

z;) € Ty(e,p), and 14,4—1 is a p'~'-to-1 map. Thus we have the lifting formula

Ny(e,p*) =p" "' Ny(e,p* ") (18)

for all a > d,, ;.

Now assume p = 2. Assume a > da . Then the assumption means that a > d; 42 for
some j € J with k; even or a > d; + 1 for some j € J with k; odd. Let (a1, --,a:) €
Ty(c,2%71). Let z; € Z/2%Z be any lift of a;. Then

Qz1, -,z + Z‘I*dfl,u- ,xe) = Q(aq, -+ ,my) + 2271 mod 2°.

Thus one of (21, ,2¢) and (1, ,z; + 297 %=1 ... 2,) is a solution of Q(z1,- -,
z;) = cmod 2%, and 1, 41 is a 287 !-to-1 map. Again we have the lifting formula.

(2) Assume a < d = d, 1. Suppose (a1, - ,a¢) € IF;, let a; € Z be any lifting of a;.
Then

Nalt = N(ai + pyi)* mod p®

for any y; € Z, and Q(aq, -, ) mod p® is a fixed element in Z/p®Z independent of
the lifting, so the map ¢, is well-defined. Thus for (a1,--- ,a;) € T's(c,p) € F},
(a=1)t  if = d pe:
_ p , 1L @glas, a ¢ 1mod p-;
#wa&(ah... Lay) = . ( . t)
0, if otherwise.

Assume furthermore that p = 2. For T' C I, let ep = (er,;)ier be the element in F}
that ep; = 1 for ¢ € T and ep; = 0 for ¢ ¢ T. Then I';(c,2) consists of elements er
satisfying T' 2 J and v2(D ;e A7 —¢) > 1. Let 0 and 1 in Z be the liftings of 0 and 1 in
respectively. Then p,(er) = > A; mod 2. This finishes the proof of Theorem B(2). O

i€T
Corollary 3.2. Given the polynomial Q(x1, - ,x¢). If at prime p one has d, > t. Then
there exists ¢ € Z such that N*(Q;c,p%) = 0.

Proof. This is because there are p% conjugacy classes modulo p? but there are only
(p—1)" points in FX*. O

Proof of Theorem C. Write k; = p/ik] such that (p,k}) = 1. By Lemma 3.1, if f > f,,
then for any i € I, 1+ pfz = (1 +py¢)pfi for some y; € Z/p°Z. If a < ¢, + f, the
formula is certainly true. For a > ¢, + f, let u;,v; € Z such that w;k} + p*~fiv; = 1,
then 14 pfz = (1 + py;)“* = B for some §; € (Z/p*Z)*. Thus we have a one-to-one
correspondence
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Ly(e,p®) = Dyle(L+pla),p%),  (z:)— (@:B)

and hence Nj(c,p®) = Ny(c(1+ pfz),p?).

Now consider the natural map .41, @ (Z/p* T Z) — (Z/p*Z)'. For a > ¢, + [y,
ngl,a(FJ(c,p“)) is the disjoint union of I's(c + up®, p**!) for u € {0,--- ,p — 1}, but
all T'y(c + up®, p**1) are of the same cardinality Ny(c,p®*!), hence the lifting formula
Ny(e,p®t) = p'=tN;(c, p®) holds. This finishes the proof of Theorem C. 0

3.3. An algorithm to compute Nyj(Q;c,p®) if pt [] ki
iel
By Theorems A, B and C, we then have the following algorithm to effectively compute
Ny (Q;c,p%).

(1) Reduce Q to the reduced form at p (i.e., d,(Q) = 1) by Proposition 2.1. We suppose
( is reduced hereafter.

(2) Compute N(Q;c,p) for all Q by using formulas in Theorem 2.2.

(3) For J nonempty, compute N;(Q;c,p) by the inverse formula (16) of the decompo-
sition formula. If d,, ; = 1, use the relation N;(Q;c,p®) = pl* D=V N,;(Q; ¢, p) by
Theorem B to get N;j(Q;c,p®), in particular, get N*(Q; ¢, p%).

(4) For J nonempty and d,, ; = b+1 > 1, use the decomposition formula (13) to compute
Nj(Q;e,p®) for all 1 < a < b+ 1, then Ny(Q;c,p*) = pl@0=DE-DN(Q; ¢, p*T)
for a > b+ 1 by Theorem B. (Note: the assumption p 1 [] k; means the reduced form
of Qp for any b in the right hand side of (13) is of depth 1, hence N*(Qp; ¢, p®) can
be computed as in the previous step.)

(5) If ¢ # 0, let ¢, = wvp(c). Compute N(Q;c,p*) = N(Q;0,p*) for a < ¢, and
N(Q; c,p™1) by the decomposition formula (13). Then for a > ¢, +1, N(Q; ¢, p®) =
pla=e=DE=DN(Q; ¢, p¢»t1) from Theorem C.

(6) Use the decomposition formula (13) to compute N(Q;0, p*) for any given a.

Remark. We see that except the last step to compute the case J = 0 and ¢ = 0, the
number of steps to compute N;(Q;c,p?®) is bounded by a constant independent of a.

In the case J is nonempty, let |J| = s. If ¢, = v,(c) < b, by Theorem C, one can
furthermore get

Ny (Q;e,p"t) = pP=rt s (p — 1)°N(Qr— 5 ¢,p ™).

In particular, if p { ¢, i.e., ¢, = 0, then we just need formulas for N(Qr_s;¢c,p) in
Theorem 2.2 to get N;(Q;c,p®).

4. Applications of the main theorems

In this section, we shall apply the general formulas obtained in the previous section
to compute N;(Q;c,p®) in many special cases. Without loss of generality, we assume Q
is reduced, i.e., p t \; for some i because of (10).
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t
4.1. The linear case Q(x1,-++ ,T¢) = D>, \ix;
i=1

Consider the linear congruence equation
Axy + -+ Mxy = ¢ mod p®.

Theorem 4.1. Suppose p 1 \; for some i € I. For any subset J of I and prime p, let
s =#J and s, = #J, where J, ={j € J | ptA;}. Then

(1) The lifting formula holds for all a > 1:
Ny (Q;¢,p") = p VDN (Q; ¢, p). (19)
(2) If there exists i ¢ J, pt \i, then
Ny(Q;e,p) = (p—1)° pi=o7Y; (20)
if foralli & J, p| A, then
Ny(@;ep)=(p—1)° >V 4 (1) (p— 1) pU D (ps. 1) (21)
where 5 =1 if p|cand =0 ifpte.
Proof. If there exists i ¢ J, p t A;, then one can choose all possible z; for j # 4, and
then ; is decided by the z;’s, so Ns(Q;c,p?) = p*=5=1 . (p®)*. Thus (20) holds, so
does (19) in this situation.
If for all 4 ¢ J, p | \;, then there exists ¢ € J such that p { A;, so d, ; = 1 and

(19) holds in this situation by Theorem B. Now one easily has N;(Q;c,p) = p*~*(p —
1)*=**N*(Qy,; ¢, p), and by (15),

sp—1
V@uien =Y (- (%)t (1),

The theorem is proved. O

“k‘

4.2. The case Q(x1, - ,x¢) = Xt:

In this subsection, we consider the congruence equation

Mk 4+ Nk = ¢ mod p®.
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4.2.1. A general result

The following Theorem is a more detailed version of our algorithm:

Theorem 4.2. Suppose prime ptk and Q is reduced at p. For ¢ # 0, let ¢, be the p-adic
valuation of c. Let Iy ={i € I | pt \i} and t, = #I,. For J a nonempty subset of I, let
Jpy={i€J|pth}, s=#J and s, = #J,. Then

(1)

For ¢ # 0, N(Q;¢,p®) for all a > 1 is completely determined by N(Q;0,p*) for
1 <a<c, and N(Q;c,p»*) through the formula

N(Qie,p®) = ple= " DEIN(Qiep™™), ifa> e+ 1. (22)
In particular, if p1e, then fora > 1,
N(Q;e,p*) =p* DEIN(Q;e,p) = p* "N (Qu, 5 ¢ p) (23)

where N(Qr,;¢,p) can be computed by the formulas in Theorem 2.2.
If J, # 0, i.e., s, #0 and d, ; = 1, then for any a > 1, for any c € Z,

Nj(Q;e,p®) = p DIE=YUN(Q;¢,p), (24)
Ny(Q;c,p) = (p—1)**rp! =5t~ . N; (Qp,; ¢, p), (25)
and
N, @Qniep)= > (=1 N@Qriep) (26)
I,—J,CTCI,

where N(Qr;c¢,p) can be computed by the formula in Theorem 2.2.

In particular, N*(Q; ¢, p*) can be computed by the formulas above, in this case J = 1
and J, = I,.

Ifd, ;=b+1>1, ie., s, =0, then for c € Z,

Nj(Q;e,p®) = pla b= DED N (Q; e, p"H1). (27)

If moreover, c, < b, then

(p— 1)*p™*N(Qr-y;c,p%), ifa<cy+1;
(p _ 1)sp(a—c,,—1)(t—1)+cpsN(Q17‘]; c,pcp-i-l)7 Z'fa > cp+ 1.

(28)

Nj(Q;c,p”) = {

Here Nj(Q;c,p®) fora <b+1 and N(Qi—s;¢,p*) for a < c, + 1 can be computed
by the decomposition formula (13).
In particular, if p1ec, then fora > 1,
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Nj(Qse,p) = (p— 1) p* " FIN(Qy, 5 ¢, p) (29)

where N(Qr,;c,p) can be computed by Theorem 2.2.

4.2.2. The quadratic case
In this case, we recall the following well-known result:

Proposition 4.3. Suppose Q(x1,- -+ ,x¢) = M2 + -+ M\w?. For odd prime p, let (5) be
t

the Legendre symbol. If p1 [] i, then
i=1

(3

il (c,\11~)~»/\t)(—?)t7p z , ift odd,
N(Q;e,p) =< pt=1 — %(Al'l;"\*)(%lfpé, if t even and ptc; (30)
pt—1+%()‘1p>‘t)(’71)5p%. if t even and p | c.

Proof. This follows from §8.6 in [5], and can also be found in [1]. O

Remark. The above formula holds for I = . In this case t = 0 and N(0;¢,p) =1ifp|c
and 0 if not.

Theorem 4.4. Suppose Q(z1,- -+ ,x¢) = M2t + -+ \x? and pt \; for somei € I.

(1) For p odd, suppose pt A; for somei € I. Let Iy, ={i € I|pfA}, lett,=#I, and
rp = #{i € I | \; is a quadratic non-residue modulo p}. Write p* =p - (_71), and
fori>j >0, write

i e O VU O W Y/ S

AP(Z7J) = 2
B (i, j) = (VP + )" (VP 1) — (VP — 1) (VpF + 1)
4 I’ - 2 .
Then for a > 1, we have
N*(Q;e,p") = p" VD (p — 1) N*(Qu,; ¢, p), (31)
where N*(Q1,; ¢, p) is given by
Ap(ty,rp) e Bp(ty,rp) .
—1)re (R RL () 4 TP P if21t, and ptc;
(-1) ( XF ( ) i if 21ty p1
1 . (—1)r»—1t oltp:75) + pE;p_,*Tp) (E)) . if2|t, andptc
e 0Bt 52
b (=1t PP if24t, and p | ¢
— 1A
(=1)r = DAyt 5) pg)tp,rp)’ if2|t, andp | c.
p
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(2) Moreover, for J C I such that dp ; = 1, i.e., if there exists i € J such that
piAj. Let J, ={ieJ|pt N}, lets=H#J, s, =H#J, andrp; = #{i € J |
i is a quadratic non-residue modulo p}. Then for a > 1, we have

Ny (Q;c,p”) = plt =D pt=te=stsn () — 1)~ N; (Qy,; ¢, p), (33)
where
Ny, (Qr;¢,p) =(p— 1)%rp'r =51 4 (=1)7# (y/p*)l» o

M(E) +M>, if 24ty and ptc;

A (S 7 ) B (SP P j) 21t
p\°py 'p,J p ) Dy E > Zf and 3
, p1c 34

(1 —p)Bp(sp; Tp,a)

p
(p—1)Ap(Sp;Tp,a)
p

, if21t, andp|c

, if2]t, andp|c

(3) Forp =2, for J C I such that da ;j = 3, i.e. if there exists j € J such that 2 { \;,
then for a > 3,

Ny(Qic,2%) =207V N (Q;2,8); (35)
and for 1 <a < 3,
Ny(@Q;e,2%) =207V ] CT C I 0a(d Ni—c) > al. (36)
€T

In particular, for J =1, let ¢ = va (>, N\; — ¢). Then
il
at=a=t4+3 = if g >3 and cy > 3;
N*(Q;c,2%) = ¢ 2(a=1)t, if a <3 and cy > a; (37)

0, in other cases.

Remark. For general @ (reduced or not), if we replace the assumption p 1 A; for some
i € J by the assumption min{v,(\;) | ¢ € I} = min{v,(\;) | ¢ € J}, along with
Proposition 2.1(2), we get the formula for N;(Q;¢,p*) for all ¢ € Z and a > 1.

Proof. Part (3) follows from Theorem B(2), Part (1) is a special case of (2), and (33)
follows from Theorem B(1), we just need to prove (34) in Part (2).
By the Inclusion—Exclusion Principle, we know

Ny, (@riep) = Y (=D"IN(Qy,-r;¢,p).

TCJ,
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We use (30) and the above formula to compute Nj (Q,;c,p). We compute the main
term and the error term separately. The main term is

Z (_]_)‘T‘ptp_‘ﬂ_l — (p _ 1)3pptp_5p_1.
TCJ,

For the error term, we need the following identities

5 (?)x (Lt ; (o)

7 even

> <7Z>$: (1+x)”;(1—x)”.

i odd

In the case t, is odd and p t ¢, for the subset T' of even order, suppose there are 4
quadratic residues in {\,;, | m € T} and j quadratic non-residues, the contribution of
the error term in N(Q,—7;c,p) is

(0 () e x (L

p

So the contribution for all T of even order is (—1)"» (ﬁ) (vp)tr—tx

3 <3p _iTp,J> (rpf‘])(—l)j(\/ﬁ)—i—j

i+j even J
:iggn (sp iTp,J>(\/IF)i »;n (r];J)(\/E)j
+ Zdid ( _Z.’“”’J) wm-:%d (’"’;") (VP

which is

W (£) Ayl

p

Similarly for all 7" of odd order, the error term contribution is

e s () () e

(3
i+j odd J

:(—1)”’(\/]?)%_% BZ?(SP’ T:DJ) ]

p

The other three cases in (34) are obtained by the same method. 0O
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4.2.3. The caset =2 and ptk
For this case, note that if pt A1, let )\1_1 be the p-adic inverse of A1, then

Ny(azh + Xoxh; e, p®) = Ny(ah + A\ haah; AT e, p).
Thus we may assume
Q(x1,z0) = z¥ + \pah
such that p f XA and e > 0. We want to compute N;(c,p®*) for J = 0, {1},{2} and
I={1,2},ceZand a>1.

If pfcand e = 0, by Theorem 2.2 and note that Jo(x,x %) = (p — 1)x(—1) if x # 1,
=pif x =1, then

N(c,p)=p+ Z xixa(@)x2(A I (x1, x2), (38)
xffl:);ciil
NO,p)=1+(p-1) Y  x(=N. (39)

For J = {1} or I, then d, ; = 1. By Theorem B, we have N;(c,p*) = p® 'N,(c,p).
Then by (16), we have

Proposition 4.5. Let Q(x1,22) = 2§ + Apxh such that pt Mk and e > 0. Then

p* Y(N(e,p)— > x(A L), ife=0andptc;
x: xkF=1
a pa. Z X(C)7 Zfezl andpfc;
N{l}(cap )= x: xk=1 (40)
p*H(N(0,p) — 1), ife=0andp|c
0, ife>1andp|ec.
p* 1 (N(e,p) — (x(c) +x(A\"'¢)), ife=0andptc
x: xk=1
-1 .
s a " p—1) X xl(o), ife>1andptc;
N (C7p ): x: xk=1 (41)
p*H(N(0,p) — 1), ife=0andp]|c;
0, ife>1andp]|ec.

Here N(c,p) and N(0,p) are given by (38) and (39) respectively.

Remark. In the quadratic case, Theorem 4.4 gives more precise formulas for the cases
J={1}or I, or J={2} and e = 0.
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For J = () and {2}, the situation for N;(c,p®) is much more complicated. We first
have

Proposition 4.6. Let Q(z1,z2) = 2§ + A\p®ak such that pt Ak and e > 0. For c # 0, let ¢,
be the p-adic valuation of ¢ and ¢ = ¢/p°». For ¢ =0, let ¢, = +00. Let J = {2} or (.
Then

(1) Nj(Q;c,p%) = p*~»~IN;(Q;c,p*Tt) for ¢ #0.
(2) If e > a, then Npy(Qic,p®) = p*'(p — 1)N(af;¢,p*) and N(Q;c,p*) =
PN (zf;c,p"), and

pe i, if cp 2 a;
Nz e,pt) = P % N ;le(c’), ifk|ep <a (42)
0, ifktep <a.

Here [x] meanings the smallest integer > x.
(3) Ife <a, N{Q}(Q;cvpa) = pa—e—lN{Q}(Q;c7pe+1)‘

Consequently, the study of Nj(Q;c,p®) for the set J = 0 and {2} is reduced to the
study of N(Q;up®,p**') for uw € {0,--,p — 1} and e < a, and N2y (Q;up®,p°') for
uef0,---,p—1}.

Proof. Part (1) follows from Theorem C and Part (3) follows from Theorem B. The first
half of (2) follows from Proposition 2.1(1). For the second half of (2), the solutions of
z¥ =0 (mod p?) are of the form 2, = pl#la} for 2} arbitrary. If ¢, < a, then ¥ = ¢
(mod p®) is solvable only if k | ¢,, in this case

N(zh;e,p*) = por = /EN*(a¥; & p*=%) = pr=/FN* (2%, ¢/, p),

but N*(z*;c/,p) = N(z%;¢,p) = > x(¢). O
x: xkF=1

For the quadratic case, we have
Proposition 4.7. Let Q(x1,22) = 23 + \p°x3 such that pt2)\. Then

(1) Forue{l,---,p—1},
Nz (up®, p™*) :{ e (43)

Foru =0,
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0, if 21 €
Ny (0,pT) =< 7 44
@O {pz@l)(w(%)), if2le. .
(2) Forue{l,---,p—1} and a > e,
\/]_7(14‘(%)), if2fe and 2| a;
o ane s VPO (F), if2te and 21 a;
N(up® p*™)=p 2 - (=921 4 () + (p— (32)), 2] e and?2]a
(a—e+21)(p—1)(1+(%))7 if2|eand 21 a.
(45)
Fore < a,
= if2te;
=2)) +1), if 2| e and 2| q; (46)

N(0,p*) = p2“+"((a e)(p U1+
p2a+e((a e+1)(p 1) 1

P
2p +( ) +1), if2|eand?2ta.

Proof. We use the decomposition formula in Theorem A to count the number.
(1) Take J; = {2} and J; = I in Theorem A, then the decomposition formula for
Niay(Q;up®,pt) is

€
Nioy(Qup®, p°™) =Y " p I N*(paf + Apfad;up®, p*™) + N*(A\p°a3; up®, p=*H).

If j <e/2, N*(p*Pa? + Ap¢a3; up®,ptt) = 0. If j > /2,

N*(p¥a? + Apa3;up®,pth) =p°(p — H)N*(Ap°a3; up®, p*t)

A
=*(p—1)(1+ (5)).
p
If j =e/2, then
x( 252 e 2., e  etl 2¢ A u Au
N*(p* a3 + Ap°ad;up®, p ') = p (p—2—(7)—(]—9)—(?))~

Combine the results we get the formula for Nyoy (Q; up®, petl).
The decomposition formula for Ny»y(Q;0,pt!) is

N2y (Q;0,pF Zp_JN* (p¥ 23 4+ Ap°x3;0,p°Th) + N*(\p®a3;0,p°1h).
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If j # e/2, N*(p*a? + \p®23;0,p¢1) = 0 and N*(\p®x3;0,p°*t!) = 0; for j =
e/2, N*(p¥z? + Ap°a3;0,p°t1) = p**(p — 1)(1 + (=2)). So we get the formula for

P
N{Q}(Q;Oape+1)'
(2) Take J; = 0 and J = {2}, then the decomposition formula for N(Q;up®, p*+1)
is

N(Q;up®,p*™) = p 7 Ny (af + Ap* > a3 up®, p*) + N(af; up®, p* ).
j=0
If j > (a+1—e)/2, then
Nygy (2] + A7 up®, p™*h) = p(p — 1)N (a7 up®, p*H),

and N(z?;up®,p®tt) = p®/2(1 + (%)) if 2| aand 0if 21a, so

S TNy 4 At ) o+ N (2 up®, p )
j>(a+l—e)/2

pEREEI (1)), 2],
0, if 2t a.

If j < (a —e)/2, then
Niay (22 + A=+ 22; up®, pot1) = pi=e=2 Nygy (a2 + Ape+ 23 0, p+2+1),
If j = (a —e)/2, then
Nigy (2F + A" ag; up®, p**) = Ngy (a7 + Ap®a3; up®, p**).

We now can just use results in (1) to obtain the formula for N(Q;up®, p*t1).
The decomposition formula for N(Q;0, p®) is

a—1
N(Q;0,p%) = > p Ny (i + Ap“T23;0,p) + N(a7;0,p%).
§=0
If j > (a —e)/2, then
Nygy (27 + AT a3;0,p") =p*~'(p — 1)N (20, p%)
=p* 1517 (p—1).
If j < (a—e)/2, then e + 2j < a and

N{2} (33% + )\pe+2j$%; O,pa) — pa—e—Qj—lN{2}(l,§ + )\pe+2j; O7pe+2j+1)
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which is given by formulas in (1). Combine these results, we get the formula for
N(Q;0,p%). O

Remark. For completeness, let us study N;(Q;c,2%) for Q(x1,72) = 23 + 2°A\x3 and
2t X. The cases J = {1} and {1,2} are given in part (3) of Theorem 4.4. Here we give
steps to compute N;(Q;c,2%) for J = {2} or {.

(1) We first compute N (z7;c,2%). Assume that ¢ = 2°2u with u odd for ¢ # 0. Then
o ifc=00rcy >a, N(23;0,29) = 20151,
e ifa>co+3, N(23;¢,2%) = N(22;¢,2273) (by Theorem C);
o ifea+1<a<ea+3, Na¥;c,29) = 20— F 1 if 2 | c2 and w =1 (mod 2%°2) or
0 if otherwise.
(2) For J = {2}, if a > e + 3, by Theorem B, we have

N{2} (Q7 ¢, 2@) = 2a_e_3N{2}(Q; ¢, 2e+3)'
If a < e+ 3, since 223 = 2° (mod 2%) for any xq € (Z/2°7)%,
N2j(Q;0,2%) = 27 N (a0 = 2°0,27)

with N(22;c — 2¢),2%) be given in part (1).
(3) For J = (), by the decomposition formula in Theorem A, we have
a—1
N(Q;c,2%) = Z 27 Nygy (27 + A2°7¥ 235 ¢,2%) + N(z7;¢,2%),

Jj=0

where Nyoy(x? 4+ Ap®T2723;¢,2%) is given in part (2) and N(xf;c¢,2%) is given in
part (1).

For the general case, we have

Proposition 4.8. Let Q(z1,72) = ¥ + A\p°zk such that p { Ak and e > 0. Let C =
N(z% + Xak;u,p) and Cf = N(2¥ + \2§;0,p) — 1 given by (38) and (39) respectively.
Then

(1) Forue{l,---,p—1},

e et+ly __ pZe—[%] ZX(U), ka f €;
N{Q}(Up » D ) - {p(Zkkl)e (C B Zx(u)% ka ‘ ..

Foru =0,
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0, ifk1e
Nioy (0,pTh) = . 48
123 ) pIEECE, ik e e
(2) Forue{l,---,p—1} anda >,
e 1rae 2a(k—1)+e akte(k—1)
PO e ’“pkfzp,l ~—C§, ifk|eandk|a;
1 pEe= p pk o 106*’ if k| e and k { a;
a a-+ _ a a—e
Nup®,p*70) = p=5 17 3 (), ifkfeandk]a;
p<2k (@k=Date ra ]ZX() Z'fk{eand/ﬂa—e;
0, otherwise.
(49)
Fore < a,
2a-[22 14141 4 paremiog  pE0E I don e
N(0,p*) = p2 e r ' 1 o ke (50)
paf( % Pr(zh kafe

Here the sum Y is over all characters x such that x* = 1, and [n] means the largest

integer < n.

Proof. The proof of part (1) is similar to the proof of Proposition 4.7. We just show how
to get the formulas of part (2).

Take J; = () and Jo = {2}, then the decomposition formula for N(Q;up®, p+!) is

N(Q;up®,p™™) =" p I Npgy (2} + Ap* ™ absup®, p*™) + N (2§ up?, p*™).

7=0
If e+ kj > a,ie. j > [%2¢] 4+ 1, then
Nigy (@ + Mt up®, p*t) = p®(p — )N (2f; up®, p*+1),

and N (2¥;up®, po*t) = p®~% 3 x(u) if k | @ and 0 if k t @, so

a

D

J=[*%=]+1

P Npoy (af + Ap M2k up®, p?* 1) + N (¥ up®, p**tt)

_Jp
0,

€] — 1, then

(l———

T x(), ifk|a,

if k1a.

Ifed+kj<a,ie j<[%
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N{Z} (I'If + )\pe+kj$]2€; upa,pa+1) = pa_e_ij{g}(l‘lf + )\pe+kj$’2€; 0,p€+kj+1).

By (48), we have

[4721-1
> p Ny (af + ATk up®, pttT)
j=0
e (k—2)[227 _ .
_ pate=f . 191)16_7216_1108, ifk|e

0, if ke

Ife+kj=a,ie j= ¢, then by (47) we have

p I Nioy (af + Ap®ah; up®, p*t)

PO - S x(w), ik |aandk|a—¢
P2 T2 3y (u), ifktaand k|a—e.

Thus we get the formula for N(Q;up®, p**1).
The decomposition formula for N(Q;0,p%) is

a—1

N(Q;0,p) =Y p 77 Ngy (2 + Ap“ a5 0,p%) + N (210, p%).
j=0

If e+ kj >a,ie j>[9°] then

Nigy (af + T2k 0,p) =p*~ (p — )N (2%;0,p%)
=p*~TE1= (p - 1),

SO

a—1
S p Ny (ah + ATk 0,p%) + N(ah;0,p0) = p2e TEITF

afe'l

j:f 13

Ife+kj<a,ie j<[%=°]—1, then
Ny (zf + A2k 0,p%) = p* M Ny (af + Ap=THiak; 0, pethitt)

and
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Table 1
Nj(c,27) for J nonempty.
c 0o 1, 3, 9, 24, 8,10, 6,12, else
26 24 18 2325 17,19 15,21
N*(c,27) 0 0 0 0 0 0 0 36
N{1,23(c,27) 0 0 0 0 0 0 36 36
Ni131(c,27) 0 0 0 0 0 36 0 36
Ni231(c,27) 0 0 0 0 36 0 0 36
N1y (e, 27) 0 0 0 3% 0 36 36 36
N23(e,27) 0 0 3% o 3° 0 30 30
Ngy(e,27) 0 3% 0o 0 3° 30 0 3°
[4F21-1
—J k e+kj, k. a
E P~ Nygy (@7 + Ap* 2350, p")
j=0
(k—2)[ 222
—e_1 p k-1 : .
_ pa+e % . 7pk—2*1 CS, 1f k ‘ €]
0, if k1e;

thus we get the formula for N(Q;0,p*). O

Remark. The case t > 3 can also be computed, but the discussion is a little bit tedious.
4.8. The example Q(x1,x2,73) = 971 + 335 + 2 forp =3

At last we consider the congruence equation
Q(x1, 22, r3) = 921 + 325 4+ 23 = ¢ mod 3%, (a > 3),

which is not included in the algorithm.
Since for any J # 0, ds,; = 3, by Theorem B, we have

Nj(Q;e,3%) = 32N ;(Q; ¢, 27).

After simple calculation, we then get N;(Q;¢,27) in Table 1.

For J = (), the map 3 : (a1, az,a3) — Q(a1,a2,a3) mod 27 from (Z/37)3 to Z/27Z
is found to be one-to-one. Note that any solution (51, 82, 83) € I'(Q; ¢, 27) is a lifting of
some (ay,a9,a3) € @3 *(c), but we always have

Q(B1, B2, B3) = wa(a1,az,a3).

Thus for any ¢ € Z, we have N(Q;c,27) = 3°. In fact, we have N(Q;c,3%) = 322 for
a < 3. For the case a > 3, we use the notation Ny, j, introduced in the remark of §3.1,
then

N(C, 3“) = ]\7(2)’{2’3}(67 3(1) + N{Q}’{;;}(C, 3a) + N{3}’{2}(C, 3(1) + N{Q’g} (C, 3a).
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We compute the right hand side term by term:

o if 3 = v3(c) = 0, then N@V{Q,g} = N{2},{3} =0, N{3}7{2} = 32 for ¢ = 1,8,10,17,
19,26(mod27), and Nig 3y = 3% for ¢ = 2,4,5,7,11,13,14, 16,20, 22, 23, 25(mod 27)
from Table 1;

o if C3 = 1, then N@7{2,3} = N{3}7{2} = N{2,3} = 0, and N{2}7{3} = 32a;

o if C3 > 2, N{2}7{3} = N{3}’{2} = N{2,3} = 0, and N@7{2,3} = 32a.

Thus we have

N(Q;c,3%) =3
for any a > 0.
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