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ABSTRACT. In this paper, we study the vectorial bentness of an arbitrary qua-
dratic form and construct two classes of linear codes of < 4 weights from
the quadratic forms. Let g be a prime power, m be a positive integer and
Q : Fgm — Fy be a quadratic form. We first show that @ is a vectorial
bent function if and only if @ is non-degenerate and (¢ + 1)m is even (i.e.
either ¢ is odd or m is even). Furthermore, if 2 | (¢ + 1)m and Q(z) =

m—1 i
> Trgm /q(aizd T1) (a; # 0), we show that Q is vectorial bent if and only if
1=0

the associated additive polynomial Lg(z) = 3, (a; + afrz_i)qu is a permuta-
tion polynomial over Fgm. If only one a; # 0, we recover the constructions of
Sidelnikov, Dembowski-Ostrom and Kasami of quadratic vectorial bent func-
tions. We then construct two classes of linear codes Cb and Cq over Fy from Q
and completely determine the weight distributions of our codes, showing that
they are two-, three- or four-weight codes and contain optimal codes satisfying
the Griesmer and Singleton bounds.

Keywords Quadratic forms, Vectorial bent functions, Linear codes, Weight
distribution, Griesmer bound.

1. INTRODUCTION

Let p be a prime and g > 1 be a p-power. Let Q(x) : Fgm — F, be an arbitrary
quadratic form of dimension m over F,. Our main objectives of this paper are to
study the vectorial bentness of () and to construct and study linear codes from Q.

The importance of bent and vectorial bent functions in coding theory and cryp-
tography is apparent, as can be seen in the survey papers [1, 2, 28] or in many
research papers (for example, [3, 6, 8, 9, 29, 30, 37, 38, 42, 44]). This is why we
would want to study the bentness of quadratic forms in the first place.

If ¢ = p is odd, it is well-known that a quadratic form @ is a bent function
if and only if @ is non-degenerate (see [19, 20, 23]). The general case should be
known by the experts for a long time, but we can’t find the exact reference in the
literature. We first give a proof of this fact: @ is a vectorial bent function if and

only if @ is non-degenerate and (¢ + 1)m is even (i.e. either ¢ is odd or m is even).
m—1

We then investigate the case that Q(z) = > Trqm/q(ai:z:q“rl) (a; € Fym) when
i=0

2| (¢+1)m, and show that @ is vectorial bent if and only if the additive polynomial
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Lo(z) =, (a; + af;_i)qu is a permutation polynomial over F,m. In particular,
if Q(x) = Trgm /q(a;chj"’l)7 we obtain necessary and sufficient conditions for @) to
be vectorial bent, recover the well-known constructions of Sidelnikov, Dembowski-
Ostrom and Kasami, and partially improve the results of Dong et al [14, Theorem
6].

Constructing linear codes with few weights is of special interest in secret sharing
[4], authentication codes [10], strongly regular graphs [5] and designing frequency
hopping sequences [5]. This has been widely studied by researchers for years (see
[11, 16, 18, 21, 22|, [24]-[27],[31]-[34], [39]-[43],[45]-[49]). Some special quadratic
forms Q(x) have been used to construct F,-linear codes (see [3, 12, 16, 25, 45, 46]),
where the codes are

Co = {Cap = (Trgm /p(aQ(x) — b))zerr,, | a,b € Fom}, (1)
C’b = {Capec = (Trgm/p(aQ(z) — bx) + ¢)zeFym | a,b € Fym,c € Fp}. (2)

It was shown in [3, 16, 25, 45, 46] that Cy and (i'b are five- or six-weight F,-codes
if ¢ is odd and m is even. For even ¢ and Q(z) = 22’ *'(j > 0), Ding et al [12]

showed that C’Q is three-weight if m is odd or m is even and j = . Moreover,

2
Ding et al [9] constructed and studied the binary linear codes
C = {Ca,b7c = (Trq/Q(aF(I>)+T‘I‘qul/2(bx)+c)xe]y‘;m : (CL, b, C) S Fq Xqu X]Fg}, (3)

where F': Fgm — F, is a vectorial bent function.

Replacing @, F by an arbitrary quadratic form and Fgm /F, by any finite field
extension Fym /F, in Egs. (1), (3), we define two classes of Fy-linear codes Cg and
Cp from the quadratic form @ as follows:

Co = {cap = (aQ(z) — Trqm/q(bx))a;eﬂ?;m la€F,, bEFm},
Co = {cape = (aQ(x) — Trym /q(bx) 4 €)wer,m | a,c €Fy, b€ Fym}.

The main result of this paper is that we determine the weight distribution of these
codes without any restriction on ). Under any circumference, Cqp and Cé? are codes
with few (< 4) weights. In particular, we show that both Cq and Cé;) are optimal
codes to the Griesmer bound if m = 2 and Q(z) = 0 only if z = 0 and MDS codes
if Q(z) = az?: F, — F, (a # 0), and are not optimal otherwise.

We also present a trick to descend an Fg-code to an Fp-code, whose weight
enumerator (and hence parameters) is uniquely determined by the old code, and
consequently the optimality will be inherited.

This paper is organized as follows. We first recall basic facts about quadratic
forms over a field and then over a finite field in § 2. In § 3 we prove results about
the bentness of quadratic forms. In § 4 we are devoted to constructing and studying
of our linear codes.

2. PRELIMINARIES

2.1. Notations and conventions. Throughout this paper we shall use the fol-
lowing notations.

27

e pisa prime and (, = e » is a primitive p-th root of unity;
e For a p-power, F, is the finite field of ¢ elements and F; = F, — {0} is the
multiplicative group of F;
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m—1
¢
e For m >0, Trgm /g = > 29 is the trace map from Fgm to Fy;
=0
e For a matrix A, A7 is its transpose. In particular, the transpose of a column
vector is a row vector;

e [F)" is identified with the column vector space F;”Xl.

2.2. Bent and vectorial bent functions. We first recall

Definition 1. The Walsh transform of a function f : F, — F,, is the function
St : Fq = C defined by

f(x)=Trq/p(bx
Sib) =Y g T e R, (4)

z€F,
The function f is called bent if |S¢(b)|*> = q for all b € F,.

Definition 2. Let F : Fgm — Fy be a vectorial function. The component functions
of F' for a € F is the function fo(x) = Try/p(aF(z)) : Fgm — Fy, the extended
Walsh transform Sg of F is

Try/p(aF(x))—Trgm /p(bx *
Sr(a,b) = Sy, (0) = 3 ¢ 00 ) e B x By (5)
z€F m

F is called vectorial bent if |Sp(a,b)> = ¢™ for all (a,b) € Fi X Fym, i.e., if all its
component functions f, are bent.

The characterization and construction of vectorial bent Boolean functions have
been extensively studied (see [6, 19, 31, 35, 44]). We shall characterize the quadratic
vectorial bent functions.

2.3. Quadratic forms over finite fields. The general references for this subsec-
tion are [7, 15, 23, 36].

We first assume F is a field (of any characteristic) and V is a finite dimensional
F-vector space. Recall that for a symmetric bilinear form B : V xV — F, its radical
rad(B) is a subspace of V defined by

rad(B) ={ve V| B(v,w) =0 for all w € V},
and B is called non-degenerate if rad(B) = {0}.

Definition 3. Let F be a field and V' be a finite dimensional F-vector space. A
quadratic form Q is a map V — F such that Q(av) = a*Q(v) for all a € F and

B(v,w) = Bo(v,w) := Qv+ w) — Q(v) — Q(w)

is a symmetric bilinear form. The dimension of Q is dim(Q) := dimg(V), and
the radical of Q is the subspace rad(Q) := {v € rad(B) | Q(v) = 0}. @ is called
non-degenerate if rad(Q) = {0} and dimprad(B) < 1.

Two quadratic forms Q : V — F and Q' : W — F are called equivalent if there
exists an F-isomorphism o : V. — W such that Q(v) = Q' (c(v)) for allv e V.

Note that if char(F) = 2, then the bilinear form B is also alternating, hence it
must be degenerate if dim(V') is odd, so in this case dimprad(B) > 1. In general,
we have (see [7, 15])
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Lemma 1. Let Q be a quadratic form over F and B be its associated bilinear form.
(1) If char(F) # 2 orif char(F) = 2 and dim(Q) is even, then Q is non-degenerate
if and only if B is non-degenerate.
(2) If char(F) = 2 and dim(Q) is odd, then @ is non-degenerate if and only
if dim(rad(B)) = 1 and Q|iaapy # 0. If F is moreover a perfect field, the non-
degeneracy condition is equivalent to rad(Q) = {0}.

Take a basis {a1, - ,am,} of V. For v € V, let X = (X;) be its coordinate
vector under this basis. Then @ : V — F is equivalent to the quadratic form

Q :F" =T, Q(X)=Q(©).

On the other hand, any quadratic form @ : F™ — F can be written as

Q(X) = Z ainin

1<i<j<m
whose associated bilinear form is

BX,Y)= > 20:XYi+ Y ay(X;V;+X;Y5).
1<i<m 1<i< j<m
Two quadratic forms () and Q" over F™ are equivalent if one can transform @ to @’
by non-singular linear substitution of indeterminates, i.e., Q'(X) = Q(M X) where
M is an invertible matrix over F.

Proposition 1 ([23], Theorems 6.21 and 6.30). Suppose Q : V — Fy is a quadratic
form of dimension m. Let r = m — dimrad(Q). Let W be a complementary of
rad(Q) in V, then Q|w is non-degenerate. Hence Q is non-degenerate if and only
if rad(Q) = {0}. Moreover, if Q is non-degenerate, the followings hold.
(1) If q is odd, then Q(X) is equivalent to a diagonal form diX? + - +
dm X2, (d; € Fy), and dy - - - dy, is unique up to a square in Fy.
(2) If q is even, then for odd m, Q(X) is equivalent to X1 Xo + X3X4+ -+
Xon—2Xm_1+X2; for evenm, Q(X) is equivalent to either X1 Xo+X3X,+
v X1 X or X1 Xo + XXy + -+ X3 Xm—o + X2, + AX2 with
A satisfying Trq/o(N) = 1.

Remark 1. We say a quadratic form Q : Fj' — F, is a standard form if QX) =
Q(X1,- -, Xp) with Q(Xy,- -+, X;) : Fy — F, is non-degenerate of the form (1) or
(2) in the above proposition. For any quadratic form Q : V. — T, there exists a
basis {a1, -+ ,am} of V such that the corresponding quadratic form Q' on Fy is
standard.

3. QUADRATIC FORMS AND VECTORIAL BENT FUNCTIONS

In the case ¢ = p > 2, it was shown that a quadratic function F' : Fpm — F, is
bent if and only if the corresponding quadratic form @Q(z) is non-degenerate (see
[19, 23]). For general g, analogous result should be known by the experts for a
while, however we can’t find the exact reference. In this section, we shall present
and prove the analogous result for general ¢ and then apply this result to specific
quadratic forms.

Definition 4. For a quadratic form Q : V —F, and u € Fy, set
No(u) =#{v eV | Q) =u}.
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Lemma 2 ([23], Theorems 6.27 and 6.32). Let Q : V — F, be a non-degenerate
quadratic form of dimension m.

(1) If q is odd and Q is equivalent to the diagonal form Q.. (X) = d1X? +
vt dm X2 let eq = 1g((—1) 2 dy -+ - din) where g is the quadratic character of F;
extending to Fq by setting n4(0) = 0. Then if m is odd,

_ m—1
No(u)=q""" +q 7 eqng(u). (6)

If m is even,

¢4 g7 (g—1)eq,  ifu=0,
No(u) = { me1 N

q - qu_25Q7 if u#0.
(2) If q is even and m is odd, then

No(u) =q™". (8)

(3) If q is even and m is even, let eg =1 if Q is equivalent to X1 X + X3X4 +
o+ X1 X and eg = =1 if Q is equivalent to X1 Xo+ X3 Xy +- -+ X1 X0 +
X214+ AX2, (Trgmq(X) = 1). Then Ng(u) has the same formula as in (7).

(7)

Proposition 2. Let Q(z) : Fgm — F, be a quadratic form. For a € Fy, u € Fy
and b € Fym, set

Ng(a,b;u) = #{x € Fgm | aQ(z) — Trgm /q(bx) = u}.

Suppose {a1, -+ ,a} is a basis of Fym such that the corresponding quadratic
form from F* to F, is standard. Let M = (Trgm/q(cic))i<ij<m. Let & =
(Z1,-++ ,@m) = XTM where X is the coordinate vector of & € Fym. Then

(1) If q is odd, let Q (X1, , X,) = d1 X?+---+d,. X2, u(b) = Qr(z’gl ot 2’2)-
Then

¢™ "N, (au +u(b)), ifbj =0 forall j >,

No(a,bju) = { 1

- 9
q , if by # 0 for some j > r. ©)

(2) If q is even and r is odd, let Qr( X1, Xp) = X1 Xo+-+ X, 20X, 1+ X2
and let w(b) =biby + -+ br_ob.—1 if r > 1 and w(b) =0 if r = 1. Then

m—1 if by =0 orBj;éOforsomej>r,

No(a,b;u) = {q ’

" ey ¢, ifbe £ 0 and by =0 for all j > 7.

(10)

where ey = 1 or —1 if the equation x* + b,z = au + u(b) is solvable over Fy or not.

(3) If g and r are even, let either Q (X1, -, X,) = X1 Xo+ -+ + Xy—1 X, or
Qr( Xy, X)) = X1 Xo+ -+ Xo 1 X, + X2, + AX2, let u(b) = Qp(by, - by).
Then

¢™ "N, (au +u(b)), ifb; =0 forall j >r,

Ng(a,b;u) = 7
Q(a,b;u) {qml, if bj # 0 for some j > r.

(11)

Proof. (1) Under the basis {1, - ,am}, aQ(x) — Trgm /4(bx) = u is equivalent to

;dl(aXi - 2136;)2 = au+QT(2%1’”' ZEC;«) +j_§n:;15jan.
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We are led to count the solutions of

i=1 Jj=r+1

If l;j # 0 for some j > r, given X, € F, for all j* # j, there is exactly one X;
satisfying the above equation, so Ng(a, b;u) = ¢™ ! in this case. If l;j =0forall j >
r, the number of solutions of Z::1 d; X? = au+ u(b) is clear ¢™ "N, (au + u(b)).
( )Let Qr( ) X1X2+ +XT QXT- 1+X2*Qr 1( )+X2 Let u(b):
bibs + -+ + by_ob,_1. In this case, aQ(x) — Trym /4(bx) = u is equivalent to
Qr,l(aXl—l—lN)l,--- caX,_1 4 by 1) Zl; aX;) = au+u(b).

We are led to count the solutions of the equation

Qra(X1,+ Xoo1) + X240, X+ Y b X, = au+ u(b).
Jj=r+1
Again if Ej #£ 0 for some j > r or if b, = 0, Ng(a,b;u) = ¢™ . Now assume by # 0
and b; = 0 for j > r. The remaining case is to count the number of solutions of

Qr1(X1,--, X,_1) + X2 4+ b, X, = au + u(b) with b, # 0. For w € Fg,if r > 1,
then

N(w) :#{(XZ) € ]FZ | Q7'—1(X17 e 7X7'—1) + Xz + B’I‘X’I' = U)}
= Z #{Qr 1 (X)) = v} - #{X? +b,.X, = w + v}

veF,
=" 24T ¢ T) #HX2 b X, =w)

+ (qT_Q - QT) : Z #{Xf +b X, =w+ v}.
v#£0
Since #{X, € F, | X2 4+ b,X, = w} = 0 or 2 and clearly #{(X,,v) € F2 |
X2+ b X, = v} = ¢?, we get N(w) = ¢" 1 + q% according to z2 + b,z = w is
solvable or not. If r = 1, the result is clear.
(3) Assume Q(X1.-+,X,) = X1 Xo + -+ X, 1 X, + X2 | + AX2. Then in
this case, aQ(x) — Trym /4(bx) = u is equivalent to

m

Qr(aX1 + by, ,aX, +by) + Z l;j(an) = au + u(b).
j=r—1

The same argument as in (1) gives the answer. The case Q- (X1. -+, X;) = X1 Xo+
-+ 4+ X, _1 X, is similar. ([l

Corollary 1. One always has Ng(0) = ¢" "Ng,(0). Thus if Ng(0) is prime to
p, then Q must be non-degenerate.

In particular, if m = 2, then Q is non-degenerate with eq = —1 if and only if
Ng(0) =1; Q is non-degenerate with eq = 1 if and only if Ng(0) = 2¢ — 1.

Remark 2. From now on, for an arbitrary quadratic form @ such that r =
m — dimrad(Q), if q is odd or r is even, we let g = €g, where Q, is given
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in Proposition 2. Certainly if QQ is non-degenerate, i.e., m = r, then this definition
agrees with Lemma 2.

Theorem 1. A quadratic form Q(z) : Fgm — F, is vectorial bent if and only if
Q(z) is non-degenerate and either q is odd or m is even.

Proof. Note that

S (a b Z CTrq/p(aQ(ac) Tr m/q(bx)) Z NQ a, b u)CTrq/p(u)
z€F;m u€l,

If No(a,b;u) =¢™ ! or g™t + ep¢™~ "% in Proposition 2, then Sg(a,b) =0 and
Q(z) is not vectorial bent. This means that if Q is degenerate or if ¢ is even and
m is odd, then Q(x) is not vectorial bent.

Now we assume () is non-degenerate and either ¢ is odd or m is even. Then
r =m, Ng(a,b;u) = Ng,, (au + u(b)), and

T —Tr -1 .
Sol(a, Z No,, (au + u(b))QT a/p(W) _ —¢ Trq/p(a™ u(b)) Z No., (au)CpT q/p(u).
u€lFy uek,
If ¢ is odd and m is odd, by Proposition 2, then
Tro/p(u) m— Trq »( )
3 N, ()™ = " egng(a) 3 ng(w)er™

u€ly u€l,

The last sum is a Gauss sum, hence |Sg(a,b)| = ¢% and Q is vectorial bent.
If m is even and q is general, by Proposition 2, then

> No,(awg ™ = g%z,

u€l,
hence (@ is also vectorial bent. O
Remark 3. Certainly this theorem implies that a quadratic function F(x) is vecto-

rial bent if and only if either q is odd or m is even and the corresponding quadratic
form Q(x) is non-degenerate.

The following theorem is one of the main results in this section.
Theorem 2. Suppose either q is odd orm is even. Leta; € Fgm (i =0,1,...,m—1)
and write a,, = ag. Let Q(x) = 211_01 Trqm/q(aia:qlﬂ) and

m—1

Lo(@) =Y (ai+af,_, )"

i=0
Then Q(x) is vectorial bent if and only if Lg(x) # 0 for x € Fyn, i.e., Lo(z) is

a permutation polynomial over Fgm. In particular, Q is vectorial bent if ZQ (z) =
m—1

> (ai + a%_i)x% #0 forx € Fym, i.e., ged(Lo (), 29"~ —1) = 1.
i=0

Proof. By Theorem 1, it suffices to show the associated bilinear form

B(z,y) = Q(z +y) — Q(x) — Qy)
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is non-degenerate. But

B(z,y)
m— m—1
Z a/q (al xq y + xy? ) Tr m/q( ¢ (al ey aim))
1=0 =0
m—1 m—1 ) ) )
= Trgm /q (y al 2 4 g ) Trym /q( B aiqu)>

=0

O

1=

m—1
=Trgm/q (y Z ai + am i) ) = Trgm /q(yLq(2)).
The non-degeneracy of Trgm q means that B(z,y) is non-degenerate if and only if
Lg(z) # 0 for all z € F}., ie., Lg(7) is a permutation polynomial over Fm
If ZQ(x) # 0 for x € F}, then Lo(z) = wZQ (z971) # 0 for & € F}.n, hence Q is
vectorial bent. (]

Theorem 2 has the following consequence:

Corollary 2. Suppose 21 q or 2| m. Let Q(z) = Trqm/q(axq”rl) with a € Fym
and 0 < j <m.
(1) If j =0, then Q(x) is vectorial bent if and only if q is odd.
(2) If1<j<mandj#%, let s=ged(2j,m). Let ord(a) be the order of
a € Ty and va(i) be the 2-adic valuation of i € Z. If 2 | m, let

gt
m,) — (]% _% 1
If q is odd, then Q(x) is vectorial bent if and only if one of the following is

satisfied:
e 2¢m orwvy(j) > ve(m) > 1;
o 0 <wy(j) <wa(m)—1 and ord(a) { Trm j;
e U3(j) =v2(m) —1 >0 and either ord(a) 1 2T, ; or ord(a) | Ty,
If q is even, then Q(x) is vectorial bent if and only if vo(j) < v ( ) -1
and ord(a) t T, ;-
(3) If j = F and hence m is even, then Q(x) is vectorial bent if and only if
acly,,, or ord(a) 12(¢? —1) if q is odd; and a € Fgm\Fym/2 if q is even.

Proof. We only prove (2), the remaining cases are easy. Note that Lqo(z) =

m—j

a?” 21" +az? . For & € Fm, we get Lo(2)? = ax(14(az® )7 ~1). Then Q(z)
is not veetonal bent if and only if there exists & € F} such that (az? +1)7" =1 = —1.
Let ¢ = Suppose « is a primitive element of Fym such that a = o', Let

ord(a)
t; =2j/s and t,, = m/s. Then
e 2|ty and 21¢; if and only if va(j) < v2(m) — 1;
o 21t;t,, if and only if va(j) = va(m) — 1;
e 2|t; and 2{t,, if and only if va(j) > va(m).

(i) If ¢ is odd, (az? T1)?~1 = —1 has a root in F}. if and only if there exists ¢
such that (a/t(@+D1)@ =1 — _1 wwhich is equivalent to
m _q )
4 (¢ —1)i=0 (mod g —1). (12)

2
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Note that qu_l =0 (mod ¢° — 1) if ¢, is even and # = qsg—_l (mod ¢° — 1) if
tm is odd. Note that ¢/ —1 =0 (mod ¢* — 1) if m is odd or if m is even and ¢; is
even, and ¢/ —1=¢? — 1 (mod ¢° — 1) if m is even and ¢, is odd.

If m is odd, we always have L5t — (¢ — 1)i = 51 # 0 (mod ¢ — 1). Thus
Q(z) is always vectorial bent if m is odd.

If m is even, then s is even and we need to treat three situations:

(A) 2]t,, and hence 21tt;. Then

q"—1
2

— (¢ = 1)i= (g2 —1)i (mod ¢*—1).

Then (12) is satisfied if and only if 4 is a multiple of ¢ + 1, equivalently
ord(a) | Ty, ;. Hence Q(z) is vectorial bent if ord(a) { T, ;.
(B) 2{tmt;. Then
qg" -1
2

q°—1

5~ (¢2 —1)i (mod ¢° —1).

— (¢ - 1)i=

Then (12) is satisfied if and only if ¢ is the product of ‘ﬁ—;l and an odd
number, i.e., ord(a) | 2T}, ; and 2 1 ng(iTaJ) Hence Q(z) is vectorial bent if
ord(a) { 215, ; or ord(a) | T, ;-

(C) 2| t; and hence 2t t,,. Then s | j and LQ_If(qul)i = (;527—1 (mod ¢°—1).
Thus Q(z) is always vectorial bent in this case.

(if) If ¢ is even, then s is even and 1 = —1 € F,. (az?’+1)9’~! =1 has a root in
F. if and only if there exists ¢ such that (a'T(@' TV =1 =1 je,

(¢ —1)i=0 (mod ¢*—1). (13)

But ¢/ —1=0 (mod ¢*—1) if 2| t; and is ¢ — 1 (mod ¢* — 1) if 2{¢;. Thus Q()
is not vectorial bent if 2 | ¢;. If 21 t;, Q(x) is vectorial bent if 4 is not a multiple of
(q% + 1), i.e., ord(a) { Tp, ;. O

Remark 4. We can recover the following well-known constructions of quadratic
vectorial bent functions:

(1) Sidelnikov’s Construction is case (1) in the corollary.
(2) Dembowski-Ostrom’s Construction is case (2) for both g and m odd.
(3) Kasami’s Construction is case (3) for q odd, m =2 and a € F}.

Remark 5. For g = 2!, a sufficient condition for the function Trqm/q(axyﬂ) to
be vectorial bent was given in Dong et al ([14, Theorem 6]). In the case i = lj,
their condition is just vo(j) < va(m)—1, s =2 and ord(a) { Tp, ;.

We give another example of quadratic vectorial bent functions in the following.

Theorem 3. Suppose m = 2n, let ui,uy € Fym satisfying ulugn € Fgn and
Trqn/p(uluqn) =0. Then

Qp(x) = Trgm /gn (B 1) + Trgm jqn (Burz) Trgm s (ugw)

is vectorial bent if g =p =2 and € Fom — Fon, orp > 3 and ord(B) 1 2(¢™ — 1).
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Proof. Set qap(x) = Trgm /p(aBx?" 1) + Trym /p(aBur ) Trym /1 (us2), a € Fy.. Then
Qp(z) is vectorial bent if and only if g,5(z) is bent for any a € F7. or equivalently,
the associated bilinear form

B(@,y) = qap(z + ) — 4ap(®) — ¢ap(y)
is non-degenerate. But
B(z,y) :Trqm/p(aﬁ(any + xyqn)) + Trgm jp(aBure) Trom /p (uzy) 4 Trom /p(aBury)

X Trqm,/p(UQZ‘)
=Trgm /p <y (aa?qn (B+p7) + ua Trgm /p(afur ) + aﬂulTrqm/p(UQx))>

:Trqm/p(quaﬁ (x))
The non-degeneracy of Trgm /, means that B(z,y) is non-degenerate if and only if
Lg,;(w) #0 for all z € Fym, ie., Lg,,(2) is a permutation polynomial over Fgm.
Assume ¢ = p =2 and 8 € Fan or p > 3 and ord(B) | 2(¢™ — 1), then B+ 39" = 0.
Note that a, ulugn € ., then

Lq,, (ul’) = u2Trqm/p(a,8u1uq") + aﬁulTrqm/p(ugnH) = 0.
Thus Lg,, () is not a permutation over Fm.

Assume ¢ = p = 2 and 8 € Fom — Fon or p > 3 and ord(B) { 2(¢™ — 1). Take
y=pB+p87 € Fyn. Then Ly, , () = 0 can be reduced to one of the following two
systems of equations:

4) ayzd” + ua Trgm p(afuix) = 0, (B) ayx?” + ua Trgm /p(afui ) = alBus,
Trgm /p(uzx) = 0; Trym /p(ugz) =1 € Fy.
We claim that ayz?" +ugTrgm /p(aBuix) is a permutation over Fym and the system
(B) has no zeros at all in Fgm. Then Lg,,(x) is a permutation over Fgm.
For the first assertion, take x,y € Fym, let
a’qun +uaTrgm /p(afurxz) = a’yyqn + ua Trgm /p(afury).

Set z = Trgm /p(afurx) — Trym ), (afury) € Fy, then y = x + (a’y)*lugnz and

2 =Trgm jp(aBur (x = y)) = =Trgm s (aBur (ay) " uf 2) = =2Trgn jp(wruf )
=z =0.

Thus ayz?" + upTrym /,(aBuiz) is a permutation over Fym.
The system (B) is equal to

{Wﬂn = [Buy, {armqn = alBuy — l'ug,

Trgm jp(ugx) =1, Trgm /p(afur ) = 0; Trym jp(uzx) =1, Trgm /p(afurx) =1,

where I" € 5. For the first system, note that x = v~ (Bup)?", then

Trgm /p(uow) = lTTqm/p(Uzﬁ_l(ﬂul)qn) = lTrqn/p(uQu’fn) = lTrqn/p(ug"ul) = 0.
(14)
For the second system, we have z = (alfu; — l'u)?" (ay)~" and
Te g (122) = ey (B — V)" (a9)~1) = Trg (" al 7" () )
— Trgm /(' (ay) " ud 1) = ITrgn s (ugud) = 0. (15)
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Since Trgm /p(uzx) =1 # 0, then Egs. (14) and (15) can’t hold and the system (B)
has no zeros at all. Hence Ly, ,(x) = 0 if and only if z = 0. O

4. CONSTRUCTING CODES WITH FEW WEIGHTS FROM QUADRATIC FORMS

Let @ : Fgm — F, be an arbitrary quadratic form. We define two linear codes
over Iy from @) as follows:

Cq = {cap = (aQ(x) — Trgm /q(b2))scr:,, | a € Fy, b€ Fgm}, (16)

Co = {cap.e = (aQ(x) — Trym /q(bx) + €)zerym | a,c €Fg, b€ Fym}. (17)

The main purpose of this section is to determine the weight distribution of these
two codes.

Theorem 4. Assume Q(z) : Fgm — Fy is a quadratic form and r = m—dimrad(Q).
Suppose (r,q) # (1,2).

(1) If r is even, then Cgy is a four-weight [¢",m + 2] linear code with weight
distribution given in Table 1. Moreover Cé satisfies the Griesmer bound if and only
if m =2 and No(0) = 1, and in this case Cg, is an (4%, 4,¢* — q — 1]4-code whose
weight enumerator is

Ac () =1+ % (g — 1227 "7 4 (¢® — a7+ (g — 1)a” ' + (¢ — 1)a?

TABLE 1. Weight distribution of Cg, for 2 | r

Weight i Frequency A;
0 1
qm _ qm—l qm+2 _ qr+2 1 qr+1 —q
_ 2m—r—2
(¢" " —eqa” = )(g—1) ¢'(¢—1)
" —q" " +eeq 2 q" (g —1)?
q" g—1

2m—r—1

(2) Ifr > 3 is odd, then Cy, is a four-weight [¢™, m+2, qm—q"t—q" 2 ] linear
code with weight distribution given in Table 2. If r = 1, then Cég is a three-weight
[¢™,m +2,¢™ — 2¢™1]-code whose weight enumerator is A% (x) =

@ —2¢*+q g —2gm 1 m-1 q>—2¢2+3q—2 "

—_— + xt .
2 2

Moreover, Cb satisfies the Griesmer bound if and only if m = r = 1, and in this

case, Cg is an [q,3,q — 2], MDS code whose weight enumerator is

1+ +(q" =" +2¢7 —2q)z?"

@ —2¢*+3¢—2
2

3 2
q° —2¢" + 4,92

Acy () =1+ 5

T (242 — 2g)" " + 2.

Proof. We shall study the weight of c,p. = (aQ(z) — Trgm q(bz) + ¢), which is
q" — #{x € Fgm | aQ(x) — Tr(bz) + ¢ = 0}. Note that if a # 0, then wt(cqp,c) =
g™ — Ng(a,b; —c). Note that



12 XIANHONG XIE!, YI OUYANG?Z3 AND MING MAO?

TABLE 2. Weight distribution of C, for 2 {7 >3

Weight i Frequency A;
0 1
qm _ an—l qm+2 _ qr( —1 2 _
m—1 2m — r T 1 T' 2
— +q 5 -1
qm qm 1 Im-r-1 ? r(q )2
e e B 59" (¢—1)
qm q-— 1

(I) If a =b=0, then wt(cgp) =0 if ¢ =0 and ¢™ if ¢ # 0. This means that
there are ¢ — 1 codewords of weight ¢ and 1 codeword of weight 0 in C’Q
for a=b=0.

(I) If @ = 0 and b # 0, then the number of 2 that Trym /q(bx) = ¢ is ¢!, so
Wwt(Cape) = ¢™ — ¢™ 1. This means all codewords that a =0 and b # 0 in
Cb are of weight ¢™ — ¢™~!, whose number is ¢™(q — 1).

(III) If @ # 0, by Proposition 2, we see that ¢, = 0 can only happen in the
case that r is odd, ¢ is even and ¢™ = ¢™ ! — qm_%7 ie, r =1 and
q = 2. Hence (a,b,c) = cqapc is always injective and Cg, has the desired
length and dimension.

(1) Assume 7 is even. Suppose a # 0. If Ej # 0 for some j > r, then wt(cgp.c) =

g™ — ¢™ 1. There are (¢™ — ¢")(q¢ — 1)q codewords of this form in Cé Now if
beFm satlsfylng b = 0 for all j > r, the number of such b is ¢". For those b, take

b= (bl, .+ ,b,), then b — b are one-to-one, u(b) = u(b) and

2m—r—2

18
g =g g 2 eq, if u(b) 18)

Wt(Ca,b,c) =

{(q —1(¢" - ¢ ), ifu(d)
b

We call the first weight A and the second weight B.

(1a) Suppose ¢ = 0. Then #{b € Fy | u(b) =0} = ¢! +q%25Q, so the number
of (a,b,¢) (a # 0, ¢ = 0) such that wt(cap.) = Ais (¢ — 1)(¢" " + (¢ —
1)q%5Q); #{b | u(b) £ 0} = (¢ —1)(¢" ! = q%sQ), so the number of
(a,b,¢) (a # 0, c =0) such that wt(cap.) = Bis (¢g—1)%(¢" — Q%EQ).

(1b) Suppose ¢ # 0. Then #{b € Fy | u(b) = acy = qr_l—qr%zscg7 so the number
of (a,b,c) (ac # 0) such that Wt(Ca7(,7c) = Ais (g—1)2(¢" " — ¢ T eq);
#{b € Fy | u(d) # ac} = ¢" —¢" 1 + q%sQ, so the number of (a,b,c)
(ac #0) such that wt(cgp,.c) = B is (q—1)%(¢" — ¢t + Q%EQ).

Combine (1), (II), (1a) and (1b), then for the case r even, 1 codeword in Cg, is of
weight 0, ¢ — 1 codewords are of Welght q (g=D(" H(g-1)g = eqg) codewords

m—r

are of weight A = (¢ — 1)(¢™ ™ — e Q) (g—1)2%(g" ' - q%eQ) codewords
are of weight B = ¢™ —q™ 1 +¢"" 7 eg and ¢ —¢"T2 4 ¢" 1 — g are of weight
qm _ qul.
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m—1 2m—r—2

Now Cf, is either a [¢"™,m +2,¢™ — ¢ ' — ¢~ 2 |;code if g = —1 or a

2m—r—2

7 |4-code if eg = 1. In the first case,

& rd g —1
gr(n,d) = {A—‘zq”u—l—,
=3[

=0

m—1 _

¢, m+2,q" —q

which equals n = ¢™ if and only if 2m—r = 2, i.e., m = r = 2. This is equivalent to
m = 2 and Ng(0) = 1 by Corollary 1. In the second case, gi(n,d) = ¢™+1—q™ 2
which is always < ¢ =

(2A) Assume r is odd and g is even and (r,q) # (1,2). For a # 0, the only case
that Ng(a,b; —c) # ¢™~ ! is when by # 0 and b = 0 for j > r. The number of such
bis ¢" (¢ —1). Fixa € F; and b, as = 22 + by is 2 : 1, when ¢ passes through
F,, —ac+u(b) also passes through F, and exactly half of them makes the equation
22+ byx = ac+u(b) solvable Hence there are 3(q—1)%q" codewords each of weight

q™ — ™' 4+ ¢™™ = by Proposition 2. Combining with (I) and (II), we get the
weight distribution in this case.

(2B) Assume r is odd and ¢ is odd. Suppose a # 0. We only need to consider
the case that I~)j =0 for all j > r. All other codewords are of weight ¢™ — ¢™ 1.
Suppose now that Bj =0forj>r, letb= (51, e ,l;r), then b — b is a bijection
and u(b) = u(b). For those b,

qm —¢m 1, if u(b) = ac,
Wt(Cape) = q™ — ¢ - q:m?i*im if u(b) — ac € F;?, (19)
" —q" T g T g ifu(b) —ac € Fi\F:2.

We call the second weight A and the third weight B.

(2Ba) Suppose ¢ = 0. Then #{b € Fy | u(b) = 0} = the number of
(a,b,¢) (@ # 0, ¢ = 0) such that wt(capc) = ¢™ is (¢ — )q"
#{b e Fy | u(d) € F2} = 45 gt + ¢ 1EQ) the number of (a7b,c)

2 ~

(a # 01 ¢ = 0) such that wt(cq.p,c) 71A is %(q“1 + quQ); #{b €
F} | u(b) € F\F:?} = %_1((]”’1 - q%zeQ), the number of (a,b,c) (a # 0,
¢ = 0) such that wt(cqp.) = B is (qfl) ("1 — q%lsQ)

(2Bb) Suppose ¢ # 0. Then #{b | u(b) = ac} ' e Ean(ac) the number
of (a,b,c) (ac # 0) such that wt(capc) =¢" — ¢ ' is

S 3 @t g T egnglao)) = (¢ - 1)

a€]Fj; CE]F:;

The number

#{b | u@) —aceF2y = S (¢ + "7 eqnglac + d)),

deF:?

and the number of (a,b, ¢) (ac # 0) such that wt(cep.) = A is

X D @t HaT “eqiglac+d)) = <q_1> QT_I_QQT?EQ.

a€ly celFy deF;?
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Here we use the fact
1
Y Y mleeta-—La-vt
a€F} ceFy de]F;Q
The number

#{bud) —ace F\F2 = Y (¢t + 4" eqnglac + d)),
deF;\F32

and the number of (a,b,c) (ac # 0) such that wt(cap.) = B is

_ r—1 _137,_ _12 r—1
S Y @ e Tt ay = o

2
a€lFy ceFy deF;\Fz2

Combining (I), (IT), (2Ba) and (2Bb), if ¢ is even and r > 3 is odd, 1 codeword in
Cb is of weight 0, ¢ — 1 codewords are of weight ¢, %(q —1)2¢" codewords are of

weights ¢™ — ¢™ "1 £ ¢™™ % and ¢™*2 — q"(q —1)? — q are of weight ¢™ — ¢™ .
This is the same weight distribution for even ¢ and odd 7.
Jr=1
If r > 3, we get g4(n,d) = ¢gm+1—1 qfl L < g™ Ir =1, gy(n,d) =
q" +1 - q;n:ll which equals ¢ if and only if m = 1. In this case, C’Q is a
[¢,3, g — 2]4-code, clearly an MDS code. O

Theorem 5. Assume Q(z) : Fym — Fy is a quadratic form and r = m—dimrad(Q).
Assume (r,q) # (1,2).

(1) If r is even, then Cq is a three-weight [¢" — 1, m + 1] linear code with weight
distribution given in Table 3. Moreover, the code Cq is optimal with respect to the
Griesmer bound if and only if m = 2 and Ng(0) = 1, and in this case Cq is a
[¢* — 1,3,¢%> — g — 1],-code whose weight enumerator is

Acy(@) =14 (g+1)(g— D27 7 4 (® = Da? 4 (¢—Da? 1. (20)

TABLE 3. Weight distribution of Cg for 2 | r

Weight i Frequency A;
0 1
qm _ qul qm+1 _ qurl 1 qr —1
m r—2
(@' —e@a® N@—1) | (a1 " +eqlg—1)g =)
m __ — T—2
q" —q" et ! (12" " —eq 7 )

2m—r—1

(2) If r > 3 is odd, then Cq is a three-weight [¢™ —1,m+1,¢™ —q¢™ 1 —q¢~ = |
linear code with weight distribution given in Table 4. If r = 1, then Cq is a two-
weight code whose weight enumerator is

Acq (z)=1+(¢— 1>236qm_2q + (qm+1 — > +2q¢— 2)$q7”—q

Moreover for odd r, Cq satisfies the Griesmer bound if and only if m =r =1 (and
q>2), in this case Cq is a [¢ — 1,2,q — 2] MDS code whose weight enumerator is

Acg(2) =1+ (¢* —2q+ )27 + (2¢ — 2)z" . (21)

m—1 m—1
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TABLE 4. Weight distribution of Cq for » > 3 odd

Weight Frequency A;
0 1
qm _ qm—l qm+1 _ qr—l(q _ 1)2 —1
e AR s U )
qm _ qm—l _ qzm';T71 %(qr—l =+ q”"g—l)

Proof. Note that wt(c,p) = wt(cap,0). Except the case that r is odd and ¢ is

even (and (r,q) # (1,2)), all other cases have already been studied in the proof of

Theorem 4. The case r = 1 is easy. We now assume r > 3 is odd and ¢ is even.
Note that wt(cgp) = ¢™ — g™ 1 if b, =0 or l;j £ 0 for j > r. Now assume b, # 0

and b; = 0 for all j > r. Then by Proposition 2, wt(cq ) = ¢ — ¢™ ' — epg™

with e, = 1 (resp. —1) if 22 + byx = u(b) = u(by, -~ ,b,_1) is solvable (resp.

non-solvable). Note that 2+ b,z = 0 is solvable, and the number of (by, - ,by_1)
such that u(b) = 0 is ¢"2 + (¢ — 1)¢"2" by Lemma 2. The number of ¢ € Fy
such that 22 + b,z = c is solvable is 4 — 1, and the number of (51, e ,B,,_l) such

that u(b) = c is ¢""2 — ¢"= by Lemma 2. Hence the number of (a,b) such that
wt(cap) = q™ — g™ — i

(=002 +@-Dg7 +(G-D@ 7 —q7) = %(q 12 g,

r4l

Then the number of (a,b) such that wt(cep) = ¢™ — ¢™ ' +¢™ = is (¢ —
1)%(qg" 1t — q%l). Hence the weight distribution is the same as the g odd case.

2m—r41

If » > 3 is odd, we obtain g4(n,d) = ¢ — %1_1 <q¢gm—1. Ifr =1,
gq(n,d) =q" — q;":11 which equals ¢"™ — 1 if and only if m = 1. In this case, Cg is
an [¢ — 1,2, ¢ — 2],-code, clearly an MDS code. O

Remark 6. One should note that some special quadratic forms have been used to
construct linear codes defined in (1), (2) (see [3, 12, 16, 25, 45, 46, 48, 49]). For
odd p and even m, it was shown in [3, 25, 45, 46, 48, 49| that C'Q and CN"Q are five-
and siz-weight. For p = 2, Q(z) = x*'*1(j > 0), Ding et al. [12] showed that the
code éQ has three weights if m is odd or m is even and j = 5. Recently, for even
m, Ding et al. [9] constructed and studied the binary linear codes defined in (3),
and showed that it has four nonzero weights.

Remark 7. Let wtyin and wtmax denote the minimum and maximum Hamming
weights of nonzero codewords in Cég or Cq, respectively. By Theorems 4 and 5, if
q>pandr>1, then

p Whmax ’

p— 1 < thin

Remark 8. Replacing Q by an arbitrary vectorial function F', one can certainly
construct linear codes Cr and Cp. It would be interesting to study the weight
distribution of Cf and Cg in general.
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Example 1. Suppose ¢ = p', m = 2 and Q(x) = 2971, Clearly No(0) = 1. Thus
by Theorems 4 and 5, Cb and Cq are optimal codes over Fy with respect to the
Griesmer bound.

(1) Let ¢ = 4 and Q(x) = x°. Then Co is an optimal [16,4,11]4 linear code
with the weight enumerator 1 + 3x'6 + 602'? 4 48x'° + 144z, The code Cq is an
optimal [15,3,11]4 linear code with the weight enumerator 1+ 15212 + 321 4+ 4511,

(2) Let ¢ = 25 and Q(z) = 2°5. Then the code Cq is an optimal three-weight
(624, 3,599]25 linear code with the enumerator 1 + 624209 + 242524 4 149762599 .

Example 2. Let q be odd and Q(z) = Trym /q(2?). Then Q(x) is non-degenerate
by Corollary 2.

(1) If m = 2, then Q(x) = 2% + 2%4. Then Q(z) = 0 if either x = 0 or
221 = 1. The latter is solvable if and only if ¢ = 3 mod 4. Hence Ng(0) =1
if and only if ¢ = 1 mod 4. In this case, then Cq and C'Q are optimal codes over IFg.

(2) If m =1, then Cq and Cgy are MDS codes over F.

4.1. Descending F,-codes to F,-codes. Suppose ¢ = p'. Given an [n,k,d] F,-
linear code, by regarding IF, as an [-dimensional IF,-vector space, we can regard the
code as an [nl, kl] Fp-linear code, however, the distance of the code is not specified.
In this subsection, we give another method to descend an F,-code to an F,-code
with parameters all determined.

Definition 5. Assume q = p' and N is a factor of p— 1 prime to %. Let 0 be a
primitive %—th root of unity in Fy. Define the F,-linear map
= I 1 i\\T
Uy: Fp—=F,Y =F, ;Y by = (Trg (70 )>0§i<%1'
The code Cy := ImW .
For a linear code D over Iy of length n, Dy is the linear code over F:

(ql;l) xn

Dy = {(Yers e, )i<icn | (1,77 ,en) €D} C T,
Note that N =1 if p = 2. We have

a=1 4 (p—Dp'~*

Proposition 3. (1) ¥y is injective and Cy is an [45, 1, =] constant-weight
code over F, whose weight enumerator is

(p-1)p'~t

Aey(@) =14+ (¢g—1z ¥
-1

(2) If D is an [n, k,d] linear code over Fy, then Dy is an [”(%\71),kl, d(pfjlv)p ]
linear code over IF, whose weight enumerator is

(p—1)pt~1
Apy(2) = Ap(z— & ). (22)
(3) The equivalence of Fy-linear code D is invariant under the action of linear
map Vy.
Proof. (1) This is well-known, see for example [13].
(2) Tt is clear that Dy is an [%, Kl] linear code, as the map ¢ — (Y, - , e, )
is injective.
Suppose ¢ = (c1,¢2,...,¢,) € D and wt(c) = i. If ¢; = 0, certainly v, = 0. If
¢;j # 0, by (1), then

-1 p— 1 plfl
Wt(d)cj) = Wt(Trq/p(cj),Trq/p(ch), e ,Trq/p(cjﬂ N 1)) = #
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(—1p!~t

Hence, Ap,(z) = Ap(z~ ~ ).
(3) Two F,-linear codes D and D’ are equivalent if there exist a permutation 7
such that D' = {n(c) : ¢ € D}. Suppose D and D’ are equivalent, then one has

DT oD

-

'DNH—'D/N

Note that #D = #D’' = #D’, = #Dy, thus there is a permutation between Dy
and DYy, the equivalence of Dy and D, can be obtained. O

Let Cq,n = (Cq)n and Cg v = (Ci)n. Then we immediately have

Corollary 3. Suppose Q is a non-degenerate quadratic form, N is a factor of p—1

prime to Z;_}. Then Cq,n and Cgy y are optimal with respect to the Griesmer bound

ifm=2and Ng(0O)=1orifm=r=1.

One can write explicitly the corresponding parameters of Cg n and Cb, N- In
particular,

Example 3. The code Cq, | in Example 1(1) is an [48,8,22]y binary code with the
weight enumerator 143232 460224 448230 4144222, which has the same parameters
with the best known codes in the Database [17].

5. CONCLUSION

In this paper, we characterize the quadratic vectorial bent functions and in par-
ticular quadratic monomial vectorial bent functions. We construct two classes of
linear codes with few weights from quadratic forms, determine their weight enumer-
ators and the optimal codes inside these two classes. Moreover, it can be verified
that the linear codes of this paper satisfy the condition of % > pp%l, so they can
be employed to obtain secret sharing schemes with interesting access structures.
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