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Preface

This thesis is a systematic study of the universal ordinary distribution, its group
cohomology and application. We use tools from homological algebra, especially the
spectral sequence method, to study the {£1}-cohomology and the general group
cohomology of the universal ordinary distribution. The former one is applied to
study the index formula of the Stickelberger ideal, the latter one is used to study
the cyclotomic Euler system.

We give an overall picture in Chapter 1. It consists of some history, an overview
of research done in this thesis and an outlook to future study. In Chapter 2, we
study Anderson’s remarkable idea about constructing a Koszul-type torsion-free
resolution of the universal ordinary distribution. We investigate further properties
of this resolution and give necessary tools for the spectral sequence method. Our
method in Chapters 3 and 4 is based on Anderson’s resolution and the spectral
sequence theory.

Chapter 3 is a detailed study of the {+1}-cohomology of the universal ordinary
distribution and the universal ordinary predistribution. By using the abstract index
formula proposed by Anderson and proved here, we reprove of Sinnott’s index
formula for the Stickelberger ideal in a cyclotomic field.

In Chapter 4, we study the general group cohomology of the universal ordi-
nary distribution of level  under the assumption r squarefree. We give a complete
description of this group cohomology. In the 0-th and 1-st case, the cohomology
groups have close connections with the cyclotomic Euler system. Though not com-

pleted yet, we explain briefly these connections in Chapter 5.
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CHAPTER 1

Introduction

Some background The theory of distributions has a deep root in number
theory, especially in the theory of cyclotomic fields. An extensive search could
find the idea of distributions everywhere in the classical books by Lang [20] and
Washington [37]. We see a couple of examples here.

(1). For the cyclotomic units 1 — ¢, we know the relation

m/r—1
(1.1) 1=¢r= [ a=¢ut), ifr|m,
j=0

which is fundamental in the study of cyclotomic units(see, for example Washing-
ton [37], Chapter 8).
(2). The first Bernoulli polynomial

Bi(X) =X — 3

satisfies the following relation

(1.2) Bi((z)) = Y. Bily), z€Q

ry=x mod Z

where () means the fractional part of € Q.
These phenomena prompt number theorists to introduce the definition of the
universal ordinary distribution U,.. For positive integers k and r, the k-dimensional

universal ordinary distribution of level r is the abelian group

<[a] ta € %Zk/Zk>

<[a} - Z [b] : p|r prime,a € ng/Zk>'

pb=a

U, =UF =

T

Let G, = GLi(Z/rZ). Viewing a € Q¥/Z* as a k-dimensional column vector, U,
becomes a G,-module under matrix multiplication.

1



1. INTRODUCTION 2

One of the first appearances of the universal ordinary distribution is in Sinnott’s
paper [35]. To compute the index formulas of the circular units and the Stickel-
berger ideal in cyclotomic fields, Sinnott constructed a module U. He also computed
the {£1}-cohomology of this module U(though earlier papers by Schmidt [30] and
Yamamoto [40] studied similar objects). These results are essential to the compu-
tation of the index formulas. Sinnott’s method is very influential for later study in
this subject.

Shortly after Sinnott’s investigation, Kubert [16] gave the first systematic treat-
ment of the universal ordinary distribution. He showed that Sinnott’s module U is
nothing but the 1-dimensional universal ordinary distribution U,. He also showed
that the universal ordinary distribution is a free abelian group. In [17], Kubert
then studied the {£1}-cohomology of U, for any k and thereby generalized the
1-dimensional case to arbitrary dimension.

For the case k = 2, Kubert and Lang did an extensive study of U, and its
connections with modular units. Their results were included in the book Kubert-
Lang [19].

Inspired by the success of Sinnott’s index computation, many authors, for ex-
ample, Galovich-Rosen [10] and Yin [41], obtained results in the function field case
analogous to Sinnott’s. The method, more or less, is the one used by Sinnott: con-
struct a function field analogue of Sinnott’s module U (i.e., the universal ordinary
distribution in function fields) and then study the sign-cohomology of this module.

Sinnott’s method is highly successful but in some way is rather complicated.
The study of Sinnott’s module U and its {£1}-cohomology used a detailed analysis
of the interactions of factors of r and also used a substantial amount of homological
algebra. The idea behind his computation is illuminating, however, the actual index
computation is an long intricate induction.

This situation was changed in Anderson [1]. In that paper, he gave another
point of view on the index formula, and during the proof gave a basis for the
universal ordinary distribution. Then in the course of the proof of a conjecture
proposed by Yin [41], Anderson [2] constructed a torsion-free Koszul type complex.
This complex is the starting point of Anderson’s resolution, which he constructed in

a secret work note [3] and now ultimately published in the appendix of Ouyang [24)].
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Briefly to say, Anderson’s resolution L for the universal ordinary distribution
U, is a graded free abelian group given by
L ={(la,g]: g |r,a€ %Zk/Zk,g squarefree and has —p prime factors)
with the differential
dofa,g] = 3 (~1)|low’<p}] ([% 97 - 3 b, g])'
plg P =
It is easy to see that H°(L?) = U,., moreover, Anderson shows that the complex
L? is acyclic in nonzero degree, i.e.,
HO(LS) — 0, if n # 0;
U, ifn=0.
This complex possesses very nice properties, such as an explicit basis with good
lattice structure etc. With these good properties, the study of the universal ordinary
distribution becomes easier to handle.

An example here is the study of algebraic monomials in special values of the
I-function. Previous studies by Deligne [8] and [9] applied his theorem of absolute
Hodge cycles on abelian varieties, which certainly is quite advanced. Now by using
Anderson’s resolution, Das [7] studied the spectral sequences of a double complex
which gives the {41}-cohomology of the universal ordinary distribution. By lifting
the canonical basis of this {#1}-cohomology group, Das obtained elementary proofs
of some of Deligne’s results about algebraic I'-monomials, and used these cocycles
to construct double coverings of cyclotomic fields.

Another side of the story is the theory of Euler systems. In [26], Rubin stud-
ied a certain family of cyclotomic units &, indexed by certain squarefree integers
r which he(after Kolyvagin [15]) called the Euler system. The study of the deriv-
ative classes generated by the Euler system gave an astonishingly simple proof of
the Main Conjecture of Iwasawa theory. Those &,.’s, in effect, form a 1-dimensional
ordinary distribution of level r. Generalizing this observation, Rubin [28] intro-
duced the concept of a universal Euler system which, in the cyclotomic case, is just
the universal ordinary distribution. The derivative classes are just certain group
cohomology classes with coefficients in the universal Euler system. Thus it is quite

interesting to study H*(G,, U,).
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What we do in this thesis This thesis is a systematic study of the univer-
sal ordinary distribution U, and Anderson’s resolution L?. We study the {£1}-
cohomology of U, and then use the results to give another proof of Sinnott’s index
formula about the Stickelberger ideal. We compute the G,.-cohomology of U, for
the case k = 1 and r squarefree. The results are then used to study the cyclotomic
Euler system.

We start Chapter 2 by giving the definitions of the ordinary distribution and the
universal ordinary distribution. The next two section are basically from Anderson’s
exposition in [1, 2, 3, 24]. We introduce a certain polynomial ring A. The free
abelian group A, = LY becomes a A-module by a certain action. We then prove
Theorem 2.2.3 which is due to Anderson(see Appendix of [24]). The corollary of
Theorem 2.2.3 is a major result of Kubert [16](See also Washington [37], Chapter
12), but the proof here is much simpler. Then we construct Anderson’s resolution
L¢ and show that L is acyclic in nonzero degree(Theorem 2.3.2, see also [24]). In
§2.4, we study the order ideal structure of L? and U, by using the explicit bases of
L? and U,.. We also study various double complex structures for L? (resp. filtration
structures for U,.). This study lays the foundation for the proofs of Theorem A and
Theorem B in Chapter 4. In the last section of Chapter 2, we list basic properties
of spectral sequences and group cohomology.

Chapter 3 is the result of a project proposed by Anderson to find a spectral-
sequence-based proof of Sinnott’s famous index formula(See [35], Theorem) about
the Stickelberger ideal in cyclotomic fields. In that project, Anderson proposed an
Abstract Index Formula (3.3), and defined a connecting map between Anderson’s
resolution of the universal ordinary distribution and the universal ordinary predis-
tribution. We complete the project here by reproving Sinnott’s formula using An-
derson’s resolution. We start with the definition of the regulator reg(A, B, ) for two
finite generated abelian groups A, B and an R-linear isomorphism A : RA — RB.
The regulator has a property(Proposition 3.1.5) similar to the Euler characteristic,
namely, invariance under cohomology. We then show Theorem 3.1.6 by using this
property. As suggested by Anderson, we study the spectral sequences of the double
complexes whose total cohomologies are the {+1}-cohomologies of the universal dis-

tribution and predistribution, respectively. We thus obtain the {+1}-cohomologies
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of the universal distribution and predistribution in Theorem 3.4.1, which repro-
duces the results of Kubert [17]. By applying the Abstract Index Formula, we
recover Sinnott’s result in Theorem 3.5.1.

Chapter 4 is devoted to the study of H*(G,., U,.), the general group cohomology
of the universal ordinary distribution. Assuming that & = 1 and r is odd squarefree,
we prove the following theorem:

THEOREM A . We have

H™(G,,U,) = P H. ™ (G, Z)
r'|r
where n,.» =number of prime factors of v’ and
Hn sz mker 7‘7 )an(Gr/ﬁZ))v
L|r!

where G/, is viewed as a subgroup of G.. In particular, in the case n = 0, we have
HY(G,,U,) =7Z;

and in the case n =1, we have
NG Uy =] z/mez

r'|r

where my =ged{l —1:£|7'}.

The proof of Theorem A is a display of the power of spectral sequences. By
using the resolution L? of U,, we construct a double complex K?® whose total
cohomology is H*(G,., U,). Studying the nontrivial spectral sequence of this double
complex, we are able to find that it degenerates at E5. Moreover, we find a quasi-
isomorphism between K?* and a quotient complex Q?* of K?*. With this quasi-
isomorphism, we are able to prove Theorem A.

Our investigation doesn’t stop here. For application to Euler systems, we study
the group HY(G,,U,/MU,), where M is a common factor of £ — 1 for all prime
factors ¢ of r. Assuming the familiarity with the derivative operator D, here(see

§4.2 for detail), we prove the following theorem:

THEOREM B . The image of the family

(o[ g] v rr)

L|r!
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in U, /MU, is a Z./MZ-basis for H°(G,.,U,/MU,.).

This result gives some rationale for Kolyvagin’s ingenious construction of the
derivative classes of the cyclotomic FEuler system.

In Chapter 5, we investigate the connections of the universal ordinary distribu-
tion with the theory of Euler systems. This part is still not fully understood, but

there is hope(for example, Theorem B) to believe that strong connections do exist.

A look to the future We finish the introduction with some look to the future
on the study of the universal ordinary distribution. As said above, Anderson’s
resolution L? has very delicate structure. What we use in this thesis is only part of
the features of L. From my point of view, there are still a few problems to think
about:

(1). In Chapter 3, the Abstract Index Formula is a very powerful tool to study
the index problem. It shouldn’t only be applied to the Stickelberger ideal index.
In the short run, one should replace # = 1 4 ¢ by 1 — ¢ and obtain results about
the index of the circular units; in the long run, we might apply it to study more
general index problems, for example, some generalization of Sinnott [36].

(2). In Chapter 4, we limit ourselves to the case k¥ = 1 and r squarefree.
However, it is of great interest to know if we can remove these restrictions. The
study by Kubert and Lang [19] reveals a strong connection of modular units with
the 2-dimensional universal ordinary distribution. With the connection of modular
units to the elliptic Euler system, and the likeness between the cyclotomic Euler
system and the elliptic Euler system(see Rubin [25], we couldn’t help but speculate
that some connection might exist between the 2-dimensional universal ordinary

distribution and the elliptic Euler system.

Notation Throughout this thesis, N, Z,Q, R, C will always mean the sets of
positive integers, of integers, of rational numbers, of real numbers and of complex
numbers. The prime numbers will be denoted by p, p;, £ or ¢;.

For any finite set S, the cardinality of S will be denoted by |S|. The free abelian
group generated by S will be denoted by (S).

For any complex, we denote the cochain complex(i.e., the differential has degree

1) with superscript e and chain complex(i.e., the differential has degree —1) with
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subscript e. For any cochain complex C®, the complex C*®[n] is the complex with
components C™[n] = C™*". For any complex C* of Z-modules, we write C}, the
module C* ® Z/MZ.

For any double complex K** = (K?%;d,¢), we call the filtration

'FPE* = (P P kP

p’>p 4
the first filtration or the filtration by p; we call the filtration
k- @ K
P q'2q

the second filtration or the filtration by g.



CHAPTER 2

Universal Ordinary Distribution and Anderson’s

Resolution

This chapter is devoted to the study of the universal ordinary distribution U,
and Anderson’s resolution L of U,. First we introduce the definitions of the ordi-
nary distribution and the universal ordinary distribution and give many examples
from various parts of number theory. We then construct a resolution of free abelian
groups(Anderson’s resolution) for the universal ordinary distribution, which is of
great importance to our later exploration in Chapters 3 and 4. Since the theory
of double complexes and spectral sequences is a basic tool for our study, we give a

brief introduction at the end of this chapter.

2.1. Ordinary distributions: Definitions and Examples

Let k be a fixed positive integer. Let A be any abelian group.

DEFINITION 2.1.1. A map ¢ : Q¥ /ZF — A is called an ordinary distribution of

dimension k if

dla) =Y ¢(b), VaecQ/z" neN.

nb=a

For simplicity, we call it a distribution. Furthermore , if ¢(a) = ¢(—a), then ¢ is
called an even distribution; if ¢(a) = ¢(—a), ¢ is called an odd distribution.
A map ¢ : (QF/Z*)\{0} — A is called a punctured distribution if
o(a) =Y 6(b), Y a e (Q*/Z)\{0},neN.
nb=a
DEFINITION 2.1.2. Let r be a positive integer. A map ¢ : %Zk/Zk — Ais
called (ordinary) distribution of level r if
n
= b), Y ae —ZF/ZF n|r.
ola)= 32 60), Va€ 122 |
Similarly we can define even(odd, punctured) distributions of level r.

8
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Let A* be the free abelian group equipped with a basis [a] indexed by Q /ZF.
Fix a positive integer r, let A* be the subgroup of A*F generated by the set {[a] :
a € 17Z%/7%}. We write a € Q¥/ZF as a column vector. For any r, let GF =
GLy(Z/rZ), then A, becomes a GF-module by the natural action M([a]) = [Ma]
for any M € G¥. Moreover, note that A* is the injective limit of A, and is therefore

naturally a G¥ = GLj(Z)-module, where Z is the projective limit of Z/rZ.

DEFINITION 2.1.3. For any positive integer k, let U* be the quotient of A* by
the subgroup generated by all elements of the form
[a] = > [B], a € Q¥/Z".
nb=a

The map
v:Q¥/ZF — U*, a— [d]

is called the wuniversal ordinary distribution of dimension k. By abuse of nota-
tion, we call U* the universal ordinary distribution. U” clearly inherits G*-module
structure.

Similarly, let UF be the quotient of A, by the subgroup generated by all ele-

ments of the form

a] = > lae gzk/zk, nlr.

nb=a

The map
1
v:-ZF)ZF — UF a— [d]
T

is called the universal ordinary distribution of level r and dimension k. By abuse of

notation, we also call UF the universal distribution of level r, which is a G¥-module.

NOTE 2.1.4. From now on we drop the superscript k& from our notation if the

dimension k is clear from context.

By definition, for any distribution ¢ : Q¥ /Z* — A, there exists a unique homo-
morphism ¢, : U — A, such that ¢ = ¢, ov. In this sense, we say U (similarly U,.)
is universal. Thus the properties of universal distribution should unveil properties
of distributions. In the remaining part of this section, we give some examples of
ordinary distributions, which come from various fields of number theory. These

distributions play an important role in the theory of numbers and elliptic curves.
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EXAMPLE 2.1.5. Bernoulli distribution: Let Bi(X) = X — 3 be the first
Bernoulli polynomial. For any a € Q/Z, let

Bi(a) = B((@)) = (@) -~ 5, 0 € Q/2

where ( ) means the fractional part. Then B; is an odd ordinary distribution of
dimension 1. In Kubert [17], for any & > 1, Kubert also constructed k-dimensional
distributions with the k-th Bernoulli polynomial. The Bernoulli distribution is an

odd(resp. even) distribution if & is odd(resp. even).
EXAMPLE 2.1.6. For any a € (Q/Z)\{0}, let
1 2mia
Bla) = — log 1 — 7],
then ¢ is an even punctured distribution.

EXAMPLE 2.1.7. Stickelberger distribution: For k = 1, we identify G, = GL =
Gal(Q(ir)/Q). Let o4 be the element of G, sending a r-th root of unity to its ¢-th

power. Let
St %Z/Z — Q[G,],a— ‘G—1| ZBl(at)at_l,
"G

Then this distribution is an odd distribution of level r. Moreover, if we take the

injective limit of St,., then we obtain a distribution
lim St,. : Q/Z — lim Q[G].

The distributions from Examples 2.1.6 and 2.1.7 are critical to the study of cyclo-

tomic units and the Stickelberger ideal.

EXAMPLE 2.1.8. Kolyvagin distribution: Let e be an injective homomorphism
from Q/Z to Q**. Let m be an odd integer and 7 be an integer whose prime
factors are 1 modulo m. For any a € 1Z/Z, let

&(a) = (e(a + %) — 1) (e(a - l) - 1).

m

Then ¢ is an ordinary distribution of level r. This distribution appears in the

construction of cyclotomic Euler system. We’ll study it in more detail in Chapter 5.
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ExaMpPLE 2.1.9. Sinnott’s module: Let G, be given as in Example 2.1.7.
For any a € %Z/Z, let f, be the order of a. Let H, = {0y € G, : t = faa
mod f,, (t,7) = 1} and let s(H,) denote the sum of the elements of H, in C[G,].
For any prime p of r, let &, = EX X(p)ey, where x is a primitive Dirichlet character
of conductor dividing r and e, the idempotent related to x. Now set

S(a) = s(Ha) > _(1-7p).

plfa

S then gives a distribution of level r. Actually this distribution is isomorphic to
the universal distribution U,.. We call it Sinnott’s module since it first appeared in

Sinnott’s famous calculation [35] of the index formula in the cyclotomic fields.

EXAMPLE 2.1.10. Siegel distribution: Let a = (a1, az) € Q?, define
ga = —qlt/DB2(en) g2miaz(ai=1)/2 (] H (1—q"q.)(1 — ¢"¢h),

where 2 = a;7 + as, ¢ = €™ and By(X) = X% — X + g is the 2nd Bernoulli
polynomial. Now if a = @’ (mod Z?), then g, = g, modulo constants. If we let A
be the group generated by the functions g, modulo constants, then g : a — g, is an

ordinary distribution. See Kubert Kubertl for more details about this distribution.
2.2. The A-module A

From now on, we concentrate on the study of the universal distribution. We
fix the dimension k here. By definition, U and U, are quotients of A and A,
respectively. Therefore it is necessary to study the abelian group A first. We equip

A with a certain module structure besides the natural GLy(Z)-module.

DEFINITION 2.2.1. A supernatural number is a formal product []p™», where
p runs over the set of prime numbers, and where n, is an integer > 0 or +o0. In
an obvious way, one defines the product and also the ged and lem of any family of
supernatural numbers. We write the set of supernatural numbers as N and consider

N as a subset of N. We shall also call a supernatural number just a number.

Let ¥ be the set of all primes of N. We have the following table:
{T:TCY} <= {g:g¢€ N squarefree}

T — HpeTp
{p:plgt g
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By this one to one correspondence, we call the set associated to a squarefree su-
pernatural number g the support of g and write it as Tj; conversely, we call the
squarefree number associated to a given subset T' the number attached to T and
write it as gr. We can easily see that the union(resp. intersection) of subsets of
¥ corresponds to the lem(resp. ged) of squarefree supernatural numbers. For any
number r € N, we say the T-part of r is the ged of r and g7° and the non-T part
r/(r.g%).

Let A = Z[ X2, X3, -+ , X}, -] = Z[X, : p € X] be the polynomial ring gener-
ated by indeterminates X, for all prime numbers p. Moreover, let A(T) = Z[X,, :
p € T for every subset T of ¥. For every positive integer n = [[ p"», put

X, =[[x%" Y.=]J0-x)"

We equip A with a A-module structure by the rule
Xpla] = > [b]
pb=a

for every prime p and every a € Q¥/Z*. Let A(T) be the subgroup of A generated
by symbols [a] where a € g%.oZk/Z’“. It is easy to see that A(T') has a A(T)-module
T

structure. One has

U=A/> YyAand U, =Ap/ Y YA,
p

plr

Recall that each x € Q/Z has a unique partial fraction expansion

wzzzxm (mod Z),

p’U
where the sum is extended over primes p and positive integers v, the coefficient .,

are integers in the range 0 < z,, < p and z,, = 0 for all but finite many pairs

(p,v). Now for any a = (ay,...,ax)* € Q*/Z*, we have a partial fraction
_ Apy k
a= (mod Z%),
; ; p'U

where ap, is a vector with all entries in the range 0,--- ,p—1. For each nonnegative

integer n we define R,, to be the set of a € Q*/ZF such that there exist at most n
prime numbers p such that a,1 = (p — 1,0,---,0). In particular, Ry is the set of

a € Q*/ZF such that a1 # (p— 1,0, ,0) for all prime numbers p.
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LEMMA 2.2.2. The number of elements in the set Ry N %Zk/Zk 1s equal to the
number of primitive elements in %Z"z/Z’C (i.e., elements whose order is r), which we

denote by pp(r).
PROOF. Let r = ]_[pp"P, let vi = (1,0,---,0), we define a map
Lok ok | —
fo-zk/ZF — 27F)Z
r r

where

+
=N YT
p v P v

This map is clearly one to one and sends Ry N %Zk /ZF to the set of primitive

elements in 2Z* /Z*. O
THEOREM 2.2.3. (1). For each positive integer r, the collection
{Xula]:n |7, neN,aeRyn 2" /ZF}
r

constitutes a basis for the free abelian group A,..
(2). For each positive integer v and a fized subset T of 3, write r = r1ro where

r1 s the T-part of r. Then the collection
1
{Xpla] :n|r, neNyaeRyN EZk/Zk + —7Z*F 7%}
T1 T2

constitutes a basis for the free abelian group A,..

(3). The collection
{Xpla]: neNn|gP,aeRoNA(T)}

constitutes a basis for the free abelian group A(T). In particular, the collection
{Xnla]: n €N a € Rp} constitutes a basis for the free abelian group A.

(4). As a A(T)-module A(T) is free with a A(T)-basis {[a] : a1 € Ro NA(T)}.
In particular, as a A-module A is free with a A-basis {[a] : a1 € Ro}.

(5). In (1), (2) and (3), if we change X,, to Yy, the corresponding results still
hold.

PrOOF. We first prove (1). By Lemma 2.2.2, the number of elements at the

set in question is

Z(Pk(n) = rk’

n|r
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hence it suffices to show that the given collection generates A,.. For n > 1, suppose

that ¢ € R,, and ap1 = (p—1,0,---,0), since

[a] == > 0]+ Xplpal,
pb=pa
b#a
where b € R,,_1 and [pa] € A, /,. Now by double induction on n and r, (1) follows.
The proof of (2) is similar to (1). (3) and (4) follow directly from (1) and (2).

For (5), note that the identity

Xn — (_1)2 niYn = Z Cnmea
e

holds for any n = [[p;* and integer constants ¢, therefore (5) follows immedi-

ately from (1), (2) and (3). d

COROLLARY 2.2.4. The following hold:

(1). For each positive integer r, the group U, is free abelian and the family
{[a]} indezed by a € LZF /7 N Ry gives rise to a basis for U,.

(2). The group U is free abelian and the family {[a]} indexed by a € Ry gives
rise to a basis for U.

(8). The natural map U, — U is a split monomorphism.

REMARK 2.2.5. Theorem 2.2.3 is due to Anderson [24], Corollary 2.2.4 is due

to Kubert [16]. The proof given here is essentially Anderson’s.

2.3. Anderson’s resolution

2.3.1. Construction of the complexes L* and L7 ;. We now assign ¥ a
total order w, which may or may not inherited from N. Let g be a squarefree integer.

Set

(—1)HasToa<er}l - if p| g
w(p,g) =
0, ifptg.
Let L be a free abelian group equipped with a basis {[a, g]} indexed by pairs
(a,g) with a € QF/Z* and g a squarefree positive integer. We make L a graded

abelian group by declaring the symbol [a, g] to be of degree —|Ty|. Note that L
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possesses a natural GLk(Z)—module structure. For any prime p, set
g g
dp[a’g] = W(p,g)( |:aa :| - Z |:ba :| )7
p ph—a p
Now for any given squarefree supernatural number f, set

dy = dy.

plf
‘We have

Z g Z g
df[a’vg] = w(p7g)< |:a7 } - |:b7 :| )a
p
pl(f.9) =
In particular, we denote dy by d if Ty = 3.

LEMMA 2.3.1. (1). For any prime p, df) =0.

(2). For distinct primes p and q, dpdq + dyd, = 0.

(8). For any squarefree supernatural number f, dfc =0.

PROOF. An easy calculation. O

By Lemma 2.3.1, we equip the group L with a grading and a differential dy
of degree 1 for any squarefree supernatural number f. We write L as (L°®,dy)
to respect the graded structure of L and the differential dy. Note that the map
[a,1] — [a] induces an isomorphism H°(L®,d)>U.

Fix a positive integer r and a squarefree supernatural number f. Denote by

Ly f the graded subgroup of L spanned by

g
{lag) | (. f),a € 222y,

It is clear that L} pls dg-stable, therefore L} fisa cochain complex with differential
dy. Note that

Lo =1Lo s
Thus without loss of generality, we can suppose that f | 7. Now let 7 be the product
of p | r, then for any f divisible by 7,

:, = L:,F'

We write this complex as L. Note that the map [a, 1] — [a] induces an isomorphism
HO(L)SU,.

The remaining part of this section is devoted to prove the following theorem:
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THEOREM 2.3.2 (Anderson [24], Theorem 2). The following hold:
(1). For each positive integer r and squarefree supernatural number f, the
complex L} ; is acyclic in nonzero degree.

(2). The complex (L*®,dy) is acyclic in nonzero degree.

REMARK 2.3.3. From Theorem 2.3.2, Ly (resp. L®) is a G,-module(resp. G)
resolution of the universal distribution U, (resp. U). We call it Anderson’s resolu-
tion. To be consistent, we write HO(L;J) as Uy ¢. By Theorem 2.2.3, then U, ¢ is

a free abelian group generated by
Lok ik Lk ok
{la] :a € —=Z%/Z° "Ry + —Z"]Z"}
™1 T2
where 7 is the Ty-part of r and ry the non Ty-part of r.

2.3.2. The noncommutative ring A. Let A be the exterior algebra over A

generated by a family of symbols {=,} indexed by primes p. For squarefree positive

integer g = p1 -+ Pm, P1 <+ < Pm, Put

[1]
[1]

pl/\"'/\Epm,EAa

g "
and declare Z, to be of degree —|T,| = —m, thereby defining a A-basis {Z,} for A
indexed by squarefree positive integers g and equipping A with a A-linear grading.
For a fixed subset T of ¥, let f be the number attached to T. Let A(T) be the

subalgebra of A with a A-basis {Z,} such that g | f. Let d,, be the unique A-linear

derivation of A of degree 1 such that

for a given p. One has
dp Eg = w(p, 9)YpEg/p-
Set df = Zp‘f dp.
Now fix a positive integer r. Let r; be the T-part of r. Let ]\r,f be the graded

subgroup of A generated by all elements of the form Y3 E, where gh divides r1. It

is clear that 1~\T7 ¢ is d¢-stable. Furthermore, one has

LEMMA 2.3.4. The complex ]\r,f is acyclic in nonzero degree.
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PROOF. For any factor 7 of 1, consider the subgroup A,. ¢ (1) of A, s generated
by {YiE, : hg = ' | r}. A, ;(r') is ds-stable and A, ; is a direct sum of A, ;(r').

Now Ar,f(r’) is Koszul-type complex. Except the case r’ =1, ]\T,f(r’) is acyclic. 0O

Now we equip L® with graded left A-module structure by the rules

_ w(p,gp)la,gp] ifptyg
:‘p[av g] =

0 ifp|g

and

LEMMA 2.3.5. One has

d(&n) = (d€)n + (—1)*8¢¢(dn)

for all homogeneous & € A and n € L.

PROOF. By straightforward calculation. (I

PROOF OF THEOREM 2.3.2. We have only to prove the first statement. Let
r = riry where ry is the Ty-part of r. By Theorem 2.2.3 and a straightforward
calculation that we omit, one has

L.s= ED Ag,f[a, 1]
(a,9)

where the direct sum is indexed by pairs (a, g) with a € %Zk/Zk NRy + %Zk/Zk
and g is the largest positive integer such that a € %Zk/Zk + %Zk/Zk. Each of the
subcomplexes (1~\g7f[a, 1],d) is an isomorphic copy of (1~X97f,dT), and the latter we

have already observed to be acyclic in nonzero degree by Lemma 2.3.4. O

2.4. Further study of Anderson’s resolution

2.4.1. Order ideals and Anderson’s resolution. Let r be a fixed positive

integer. Let 7 := [],,,.p. In the previous section, we studied the complex L} 7 for

p|r
any squarefree number f. As noted in that section, we assume that f dividesr.
By Theorem 2.3.2, L7 , is acyclic in nonzero degree. In particular, the complex
L? = L7 ; is a resolution of the universal distribution of level r. In this section, we

T

give more details concerning the complexes Ly ; and L.
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First let us consider the two complexes L . and L7, ,,. We see that
/ !/ o .
r | r, f | f :>LT‘/,f' g L'r‘,f

Now for any two pairs (71, f1) and (rq, f2), consider the sum and the intersection of
the complexes L? . and Lp . Similarly, consider the sum and the intersection

of the groups U, r, and U,, ¢,.

LEMMA 2.4.1. For any two pairs (r1, f1) and (ra, f2), let ro be the ged of rq
and ro, let fo be the ged of f1 and fo, then
(1)' L7.“17f1 mL;mfz = L;o,fo'

(2) Uﬁ,f1 n U7"27f2 = UTo,fo'
ProoOF. Consider the bases given in §2.2 and §2.3. (]

Now for a fixed r, consider the set Fac, = {(h, f) : h | r, f | 7}. Suppose that
(h,f) < (W, f)if h |k and f | f'. By this ordering, Fac, becomes a distributive

lattice. We recall a definition from combinatorics(see, for example Stanley [29]).

DEFINITION 2.4.2. Let (Lat, <) be a lattice. An order ideal of Lat is a subset I
of Lat such that if x € I, then y € I for any y < z. For any « € Lat, the associated
order ideal I, is defined to be the set {y € Lat : y € z}.

REMARK 2.4.3. (1). For two order ideals I, I , then I; Ul and I; N I are
also order ideals.

(2). Each order ideal is uniquely determined by its set of maximal elements.

From now on, we concentrate on the lattice Fac,. Suppose I is an order ideal

of Fac,.. Put

Ly(I)= Y Ly, and U(I)= Y Uny.
(h,f)el (h,f)erl
Note that for any (h,f) € Fac,, L}(Inf) = Lj ; and U(In,y) = Upy. By

Lemma 2.4.1, we have

PROPOSITION 2.4.4. Let Iy and Is be two order ideals of Fac,., then
(1). Lo(I) N Iy) =Le([) NLe(L2), U.(I1 N I3) = U.(I) N U (I2).
(2). Lo(I, ULy) =Le(11) + Lo (L2), U.(Ih U L) = U.(I1) + U, (I2).

The following theorem is a generalization of Theorem 2.3.2:
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PROPOSITION 2.4.5. The complex L(I) is acyclic with the 0-cohomology U,.(I).
PROOF. We let L*(I) be the complex
0 — L1TN(I) oo s LO(T) 5 U,(1) — 0.

Hence it suffices to show that L%(I) is exact. Let z be a maximal element in the
order ideal I. Let I’ be the order ideal whose set of maximal elements is obtained

from the set of maximal elements of I by excluding z, then
I=Tul,.
By Proposition 2.4.4, we have
L} (1)/Ly(I;) = Ly(I") /L3 (I' N 1).

Now we prove the Proposition by induction on the cardinality of the set of maximal
elements of I. If I has only one maximal element, this is just Theorem 2.3.2. In
general, both I’ and I’ N I, have fewer maximal elements than I has. Thus the
exactness of L (1) follows from the exactness of the three complexes L& (I,), L*(I")

and Le(I' N I,,). O

Now tensoring L?(resp. L?(I)) by Z/MZ for any positive integer M, since L
is composed of free abelian groups, immediately from Proposition 2.4.5, along with

Theorems 2.2.3 and 2.3.2,
COROLLARY 2.4.6. (1). One has

UT/MUT‘7 Zf n= O;
0, if n#0.

H(L3/MLY) =

(2). Moreover, for any order ideal I of Fac,., one has

U-(I)/MU.(I), if n=0;

0, if n#£0.

H*(Ly(1)/ML(I)) =
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2.4.2. A double complex structure when r is squarefree. In this sub-
section supposing that r is squarefree, i.e., r = 7, we construct a double complex
with total complex L?. Consider the sublattice Div,, = {f : f |} 2 {(f,f) : [ |
r} C Fac,. Let J be an order ideal of Div,.. Thus we can define

Ly9)=> L}, and U (J) = Y Uy.
fed fed
If we change I by J in Propositions 2.4.4 and 2.4.5, the corresponding results still
hold. In particular, we let J(n) be the order ideal generated by all f with |T| < n.
Let L2 (n) = L2 (I(n)) and U,(n) = U.(I(n)).

For any p | r, for any a € QF/Z* such that p { ord(a), the Frobenius F'r, is

given by a — pa. For the symbol [a, g] where p | g, let
dipla, g] = ~w(p,9) §j[mgw+§§
vEFE\{0}

and

oyl ] = w(p. ) ([o, 7] = [Fry o, 7))

if ptg,let dipla,g] = dypla,g] = 0. Furthermore, we let di, = > . di, and
dar =37, d2p, then easily we can check that d3,. = d3, = 0 and dy,da, +dordy, = 0.

For any pair of factors g | ¢’ | r, set
Li(g',9) = ([a,g] - orda = 1/g'),
For any p | g, the map

©p: Le(g',9) — Le(9',9/p), la,g] — la,g/p]

defines a natural isomorphism between L,.(¢’, g) and L.(¢’,g/p). Now for any g | r,

T
L} = @ L.(g1,92), where g2 | g1, % .
1

(91,92)

Let I'(9) :== {(91,92) : 92 | 91, % € J}, then

L (9) = @ L (91,92).

(91,92)€T(J)

In general for any p | r, define

op: LP — Jany la, 9] — x4(p)]a, g/p]
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where x,(p) = 1 if p | g and 0 otherwise. Let p(LP) be the subgroup of LPT!
generated by ¢, (LP) for all p € r, inductively, let ¢™(LP) be the subgroup of LP+™
generated by ¢, ("~ 1(LP)) for all p € r. By this setup, there is a filtration of L?
given by

(ps+p([/75) g (szrpfl(Lferl) g . g IP.

This filtration enables us to define the double complex structure of L? compatible

with the differentials dy, and dg,. For the element [a,g] € L?

T

we say [a,g] is of

bidegree (p1,p2) if [a, g] € ¢P2 (LP1)\@P2TH(LP1~1), more explicitly, if
p1 = |Torda| — S8, P2 =8— |Suppa’| - |Tg|

Then we see that the elements of L,(¢’, g) are of bidegree (—|Ty/|, |Ty| — |T,|). Let
LE1:P2 he the subgroup of L generated by all symbols [a, g] with bidegree (p1, p2),
then

wr= P P L.

[Tgl==p1—p2 [Ty |=-p1
qlg’

Then we see that di, maps LP1P2 to LPr+LP2 and do,. maps LP1P2 to LP1P2tl
Hence we construct a double complex (L?*;dy,ds) with the single total complex

L?. Note that the second filtration of L is given by the map ¢.

PRrROPOSITION 2.4.7. The E; term of the spectral sequence arising from the
double complex (L*;dy,d2) by the first filtration(i.e., Hy' (L3??)) is

EPP? = Us(s —p2)/Us(s —p2 = 1), if pr = —p2;

0, otherwise.

where s = |T.|. Thus the spectral sequence for the first filtration degenerates at .

PROOF. Note that

L= @ Lo
p2>s—n

then it is easy to see that L®P2[—ps] is nothing but the quotient complex

L?(s —p2)/L8(s — p2 — 1). The short exact sequence

0—Li(s —p2 = 1) — L3(s = p2) — L2 [=pa] — 0
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induces a long exact sequence
= H'(L}(s — p2)) — H'(LyP2[=po]) — H (L3 (s —po — 1)) — -+

By Proposition 2.4.5, for i # 0 and —1, both H*(L2(s — p2)) and H1 (L8 (s —
pa+ 1)) are 0, so is HY(L$P2[—py]). Therefore the above long exact sequence is

just the exact sequence
0 — H N (L2 [=po]) = Up(s = p2 = 1) = Up(s = p2) — HO(Ly2[—pa]) — 0,

Since the map from U,.(s —pa — 1) to U, (s — p2) is injective, the proposition follows

immediately. O

REMARK 2.4.8. It is an interesting problem to investigate the spectral sequence

coming from the second filtration of L*®*.

2.4.3. Another double complex structure of L?. . In the above subsec-
tion, we give a double complex structure for Ly when r is squarefree. Actually
in general, Ly has another double complex structure. Write d = Zp‘r d,. By

Lemma 2.4.1, for any p | r, d2 = d?

=/p = dpdip + dijpdy = 0. Hence

PROPOSITION 2.4.9. The complex L is the total single complex of the double

complex (Ly*; dy, dr),,) given by

(la,9] € LY :ptg)  ifq=0
L= la.gle Lt :plyg) ifq=-1

0 if otherwise.

and L' 2 L?®

o0 _Te
Moreover, we have LYY =L p

r7/p

PRrOOF. Clear. O

REMARK 2.4.10. This observation enables us to regard L as a double complex.
More generally, we can even consider |T;|-tuple complex structure in L?. In the
sequel, we won’t need this double complex structure. We include it here for the

hope that it could be used for future investigation on this topic.
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2.5. Basic Theory of Spectral Sequences and Group Cohomology

Let R be a commutative ring. Any module in this section will be referred as a
R-module. We outline basic theory of spectral sequences and group cohomology in
this section. Our goal is to include necessary results for future study. For details,
one should read the classical books such as Cartan-Eilenberg [5], Mac Lane [22]
and Serre [32].

2.5.1. Basic theory of spectral sequences.

DEFINITION 2.5.1. A spectral sequence E = (E,,d,) is a sequence of bigraded

modules E,.,r > 1 with a differential
dy: EPY — EPYrartl =0 1.
of bidegree (r,1 — r) and with the isomorphism
H*(E.,d.) 2 Ey1,7=0,1,---.

In practice, we always have E, = E,y; = --- for r > rg. We call this limit group

E and say the spectral sequence (E,.) converges to Eu.

DEFINITION 2.5.2. Let E’ be a second spectral sequence, a homomorphism

f: F — FE’is a family of homomorphism
fT:E’I‘ —>E,:‘,T':O,1,2,"' ’

of bigraded modules, each of bidegree (0,0), such that d, f, = f.d, and such that

each f.y1 is the map induced by f; on cohomology.

We now work with the most general sources of spectral sequences. Let (K*®,d)
be a cochain complex(i.e., degd = 1). A filtration F of K* is a family of subcom-
plexes { FPK*, subject to the conditions:

.. CFPK* C FPHIK* C ... UFPK'=K°,

and for convenient, set F*°K® =0 and F~°K*® = K*. If there exists p € Z, such
that FPK® = K*, then the filtration F is called bounded below; if there exist p € Z,
FPK® =0, then F is called bounded above. If F' is both bounded above and below,
then F' is called bounded.
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THEOREM 2.5.3. Let K*® be a filtered complex as above. Then there exists a
spectral sequence {E,} with

FPEPta

P _
0 Fr+1Kp+aq’

EPY —HPH(GrPK®),
BP9 =GrP(HPVI(K®)).

REMARK 2.5.4. The last statement of the above proposition is usually written

as B, = H*(K*) and said as “the spectral sequence abuts to H*(K*)”.

Let K} and K3 be two filtered complexes. Let f : K} — K3 be a homo-
morphism compatible with the filtrations, i.e., f(FP(K?)) C FP(KS3). f clearly
induces a homomorphism between the two spectral sequences. Moreover, we have

a comparison theorem:

THEOREM 2.5.5. Let f : K} — K3 be given as above. Suppose that the two
filtrations of K} and K3 are bounded. Then if for certain index k, the induced
map fr: E.(K1) — E.(K>3) is an isomorphism then the same holds for every finite

indexr >k and r = co. f*: H(Ky1) — H(K>2) is also an isomorphism.

REMARK 2.5.6. The hypothesis in the preceding theorem is much stronger than

necessary. For more general results, see Cartan-Eilenberg [5], p318, Theorem 1.2.

A special but also the most common example of a filtered complex is one arising

from a double complex. In a word, a double complez is a bigraded abelian group

K*® — @@Kp,q
p q

equipped with anticommuting differentials d and § of bidegree (1,0) and (0,1)
respectively. We write it as (K'**;d, d) hereafter. The total single complex K,

otal

is then the complex with degree n component
oat = P K
ptg=n
and with differential d + §. The total complex comes with two natural filtrations:

'FPK = (P K7,

p'Zp
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and

"R @ Jre
q’2q
Corresponding to the above two filtrations, we have

EPIK) = HY(KP®), BPI(K) = HY(K*9).
'EYY(K) = Hy(HJ(K))," E3*(K) = Hj(Hz(K)).
REMARK 2.5.7. From now on in this thesis, we call ' FP K the first filtration of

K, or the filtration given by d(by p); we call ”FPK the second filtration of K, or

the filtration given by d(by q);

2.5.2. Group cohomology. Let A be an abelian group. Let G be a group.
Let A be an abelian group, equipped with a G-action. Then A becomes a Z[G]-
module. Consider the trivial Z[G]-module Z, let P, be a projective resolution of Z,

then the group cohomology
(2.1) HY(G,A) :=Ext{(Z,A) = HY(Homg(P,, A)).
For each exact sequence of G-modules
0—A—B—C—0
then there exists a long exact sequence
.— HY(G,B) — HY(G,C) — HIY(G, A) — HI™YG,B) — - --

From the definition, to compute the group cohomology, it is essential to choose a
projective resolution of Z first. We first recall the “standard bar resolution” here.
Let Py = @,~, P; where P; is the free Z-module
P=@B 7 (90,90
g;€G

with the G-operation by

9(g0,- -+, 9i) = (990, , 99i)-

The homomorphism 0 : P; — P;_1 is defined by

i

8(907"' 7gz) = Z(_l)j(go7"' 7.@]’7"' 791)

Jj=0
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This complex is well known to be a projective resolution for the trivial module
Z. Now for any G-module A, form the complex K* = Homg(P,, A). An element
of K* = Homg(P;, A) can then be identified with a function f(go,- - ,g;) having

values in A and satisfying the homogeneous condition

f(s'g()a"' ,S'gi)ZS'f(g(),"' 791)

Thus f is uniquely determined by its values at (1,g1, -+, g1+ g;). Write

f(ghgl) :f(lagla"' 791"'gi)7

by the one to one correspondence of f and f , we regard f as elements in K*. Then

the differential d induced by 9 is given by

df(gr,-,9iv1) =91 - f(g2, -, git1)
+ Z(_l)]f(glv 959541, agi+1) + (_1)i+1f(glv o 7gi)'

j=1
We now compute the group cohomology of A in the case ¢ =0 and 1 :

(1). ¢ =0. In this case,
H°(G,A) = Homg(Z,A) = A° = {a € A: ga=a forall g € G}.
(2). ¢ =1. A 1-cocycle is a map c of G into A satisfying the identity
c(g9') = gelg') + e(g).

It is also called a crossed homomorphism. It is a coboundary if there exists a € A

such that ¢(g) = ga —a for all g € G.



CHAPTER 3

{£1}-cohomology of the Universal Distribution

Ever since Sinnott proved his famous result on the index of the Stickelberger
ideal and the circular units of cyclotomic fields in [35], the sign(or {£1}) cohomol-
ogy of the universal ordinary distribution has been closely connected with the index
formula. Actually the computation of the sign cohomology handled by Kubert [17]
follows the idea employed in [35]. In this chapter, we use Anderson’s resolution to
give a brand new way to compute the sign cohomology of the universal ordinary
distribution and predistribution. Not surprisingly, this new point of view gives a
new proof of Sinnott’s index formula for the Stickelberger ideal in cyclotomic fields.
In this chapter, we assume that the dimension of the universal distribution is 1.
However, our computation is also adaptable to the higher dimensional case. We

also suppose that r is not 2 mod 4 and the number of prime factors of r is s = |T5|.

3.1. Regulators and an abstract index formula

3.1.1. Definition of regulator reg(A, B,)\). Let A and B be lattices in a
finite dimensional vector space V' over R. Necessarily there exists some R-linear

automorphism ¢ of V' such that ¢(A) = B. Put
(A: B)y :=|det |,

which is a positive real number independent of the choice of ¢. We call it the
Sinnott symbol of A to B. Context permitting, we drop the subscript and write
simply (A : B).

Note that

(1). For lattices A, BC V,if BC A, then (A: B)y = #(A/B).

(2). Given lattices A, B, C CV, then (A: B)(B:C)=(A:C).

(3). Let f: Vi3 — V4 be an isomorphism of vector spaces. Let A and B be

lattices in Vi, then (A : B)y, = (f(4) : f(B))v,.

27
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For more results about the Sinnott symbol, see Sinnott [35] and [36].

Given a finitely generated abelian group A, we denote the tensor product A@R
by RA. Now let two finitely generated abelian groups A and B, and an R-linear
isomorphism A : RA — RB be given. Choose free abelian subgroups A’ C A
and B’ C B of finite index. Then A’ and B’ are of the same rank and hence
isomorphic. Choose any isomorphism ¢ : B’ — A’, it can be naturally extended to
an isomorphism R¢ : RB’ — RA’, and make the evident identifications RA’ = RA
and RB’ = RB. Now put

__|detRgo )| -#B/B
(3.1) reg(A, B, ) := FA/A ,

which is a positive real number independent of the choice of A’, B’ and ¢. We call
reg(A, B, \) the regulator of A with respect to A and B. We often write it reg A in
abbreviation.

Here we calculate a few examples of the regulator:
ExaMPLE 3.1.1. If both A and B are finite, then reg(A, B,0) = #B/#A.

ExAMPLE 3.1.2. Let f: A — B be any homomorphism of finitely generated
abelian groups with finite kernel and cokernel, then reg(4,B,Rf) =

# coker f/#ker f.

ExAMPLE 3.1.3. Let A, B and C be finitely generated abelian groups. Let
A:RA — RB and p : RB — RC be R-linear isomorphisms. Then regpuo A =
reg [ - reg .

EXAMPLE 3.1.4. Let V be a finite dimensional R-vector space. Let A,B C V
be lattices. Let @ : RA — V and 8 : RB — V be the natural isomorphisms induced
by the inclusions A C V and B C V respectively. Then reg(4,B,3 ! o a) =
(B: A)y.

3.1.2. Regulators attached to maps of complexes. Consider bounded
complexes of finitely generated abelian groups

(A,dA):-~-—>Ai—>Ai+l_>...

and

(B,dB):mHBiHBi“Hm
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and an isomorphism

A:RA— RB

of bounded complexes of finite dimensional vector spaces. The map A induces an
isomorphism

H'(\) : H(RA) — H'(RB)
in each degree i. Note that we also have RH'(A) = H'(RA) and RHY(B) =
HY(RB).

ProrosiTION 3.1.5. With the hypotheses above, then

(32) H(reg AZ)(fl)l — H(reg HZ(A))(*DZ

i 7
PRrROOF. First we claim that there exist subcomplexes A’ C A and B’ C B
satisfying the following conditions:

(1
2

). A’ and B’ are free abelian groups of the same rank as A* for all 4.
(2). HY(A") and H'(B’) are torsion free for all i.

(3). A’ and B’ are isomorphic complexes of abelian groups.

().

4). The sequences

0— HY(A") — H'(A) — H'(AJA") — 0
and

0 — H(B') - H(B) - H(B/B') — 0
are exact for all 7.

This claim can be proved by induction. First since A and B are bounded complexes
of finitely generated abelian groups, without loss of generality we may suppose these

complexes to be of the form
(AvdA)5"'O*)AinﬁwuﬂAflﬂAOHO...
and
(BadB):-~~0—>Bfn—>..._>Bfl_)BO_>0”.'

Consider the subgroup im(ds : A= — A%) of A%. Let r be the rank of im A~}
and let {e1,---,e.} be a maximal independent set in im A~!. We can enlarge
it into a maximal independent set Ey = {e1, -+ ,es} of A°. Set A’® be the sub-

group generated by Ey. Then A°/A’ is finite. Now consider the inverse image of
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A0 it is a subgroup of A~!. Moreover, it must have the same rank as A~!. Since
ker(dg : A™! — A% is contained in the inverse image of A%, so is
im (da : A72 — A7), Find {f1,---,fs} € A7! such that da(f;) = e;. This
set is an independent set in the inverse image of A’ and has only trivial in-
tersection with ker(dy : A=' — AY). We select a maximal independent set in
im(A=2 — A~1), enlarge it to a maximal independent set in ker(A~! — A°), to-
gether with {f1,---,fs} € A~!, we get a maximal independent set E_; in the
inverse image of A’°. Denote the free subgroup generated by E_; by A’~!. Con-
tinuing this setup, we obtain a subcomplex A’ of A such that A" is free, (4/A’)!
is finite and H?(A’) is torsion free. Similarly for the complex B, we can construct
a subcomplex B’ of B such that B® is free, (B/B')" is finite and H*(B') is torsion
free. Hence A’ and B’ satisfy conditions (1) and (2). But (3) and (4) easily follow
from (1) and (2). Hence we proved our claim.

Now choose an isomorphism ¢ : B’ — A’ of complexes. We have

ree \)(-D' — |det R o X[ - #£(B/B)\ Y
R S (e

. |det RH(¢) o H'(\)| - #H*(B/B’) (-1
-1l ( FHI(AJA) )

7 %

=[fes B )"
Here we use the following facts: (1). If A is a complex of finite abelian group, then

[TGem (a)=" = [leran2"

3 K3

(2). If V is a complex of R-vector spaces, ¢ is an automorphism of V', then

[T det | V" =T I det H(0)| V"
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3.1.3. The abstract index formula. Consider the following data
(V, L, G, 0; di, d2, ¢):
e A finite group G.
e A bounded graded finitely generated left R[G]-module

V:@Vi such that V¢ =0 for i > 0 and i < 0,

equipped with two differentials d; and dy of degree 1.
An R[G]-linear isomorphism ¢: (V,d;) longrig?nfarrow (V,dz) of cochain

complexes.
e A lattice L* in V? for each i such that L = 691 L is G, d; and dsy-stable.
Hi (L) = Hi (L) = 0 for all i # 0,
Hj (L) and Hj (L) are free abelian groups.
e An arbitrary left ideal 6 C Z[G].

For any left Z[G]-module M, let M? be the subgroup of M annihilated by 6. From
these data, we have the following trivial consequences:

o H) (V%) =H) (V%) =0 forall i # 0.

o L% is a lattice in V' for all i.

e HY (L)’ and H) (¢L)? are lattices in HJ (V7).

By Proposition 2.1, as suggested by Anderson [3], we have
THEOREM 3.1.6 (Abstract Index Formula). Data (V,L,G,0;d1,ds) as above,

(3.3) (HY,(L)": HY,(oL)?) = [ Idet(e’ | V)TV - I(L, dy;0) 7" - I(L, da3 ),

where for any bounded complex of Z[G]-modules A, we define
# coker(H°(A%) — HOY(A)?)
HH(AD) D)

(3.4) 1(4;0) = # tor HO(A?) . ITiz0

provided that the cardinalities of all the groups involved are finite.

PrOOF. Consider the complexes (L%, d;) and (L?, dy) with the restriction map
¢:V? — VY Note that:

(1). reg(L*?, L% ¢') = |det(¢ | V)] for all 4.

(2). Since H} (V%) = H} (V) =0foralli # 0, H} (L) and H} (L) are both
finite and H*(¢) = 0. Hence reg(H}, (L9), H), (L), H(¢)) = #H) (LG)/#HZ'I1 (LY)
for all ¢ # 0.
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(3). Now for j = 0, 1, consider the map o : HJ (L) — HJ (L)°. We have
H°(¢) o Ray = Ray o H%(¢). Then
reg(Hyg, (L), Hg, (L%), H’(9))
=reg(a1) - reg(an) " - reg(Hy, (L)’, Hg, (L)’ H'(9)),
where

# coker(Hy (L)” — HJ (L))
I‘eg(Oéj) = 4 tor Hg/ (L)

and
reg(Hg, (L)’, Hy, (L)’ H(¢)) = (Hg, (L)’ : Hg,(¢L)°).
Now applying Formula (3.2) in Proposition 2.1 to the case A = (LY, d;), B =
(L?,dy) and \ = ¢, we immediately get (3.3). O

3.2. Spectral sequences revisited
Let G be a group and let Z[G] be the integral group ring of G. Let 6 be a left
ideal of Z|G]. Let M = Z|G]/0, let (P,0) :
s P P Py —0
be a projective resolution of M. Assume that we have a complex of left G-modules
(A,d):--~—>Ai—>Ai+1 ..

satisfying

e Ai=0fori>0andi<0.

e H(A)=0 fori#0.
Let KP7 = Homg (P,, AP), therefore we have a double complex K** = (K?9;d, §)
with the differentials d and ¢ induced by d and 0 respectively. Let K*® be the total
complex of K**. From the theory of double complex as introduced in § 2.5, there

exist two filtrations of the double complex K*®®. For the first filtration, we have
'EYT = HP(Extg (M, A));
for the second one,

0, if p#0;

ExtL (M, H(A)), ifp=0.

//EP,G —
5 =
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Since the second case collapses at p = 0, we have
H(K*®) = Ext, (M, H°(A)).

From now on we will focus only on the first case. We omit the symbol ’ from our

notations. Then
ED? = HP(Extl (M, A)) = Ext% (M, H(A)).
Let ¢ = 0, then
E?? = HP(Ext%(M, A)) = HP(A%).
LEmMMA 3.2.1. E%0 =im (H°(A%) — HO(A)%).
PROOF. Because Fil! K* is trivial, we have
E%0 = Fil° HY(K*) = im (H°(Fil° K*) — H°(K*)).
It is easy to see that HO(Fil® K*) = A%? and therefore
E%0 —=im (A°? — HO(A)Y).

Consider the following diagram with exact rows:

0 AO 6 [(07 KO,l

[ [ [
0 —  A-10 _  g-10 9% | g1

we see that A~1% is contained in the boundary of K = @ K?~P. Furthermore,

noting that H°(A%) = coker(A='? — A°%) the lemma follows immediately. O
PRrROPOSITION 3.2.2. Under the assumption above, if one has

(3.5) # Extg, (M, H(A)) = [[ #H'~(Ext, (M, A)),

)

then

(3.6) 1(4;0) = [] #HPExtL(M, AN = T #ESHEY™.

p+q<0 p+q<0
q>0 q>0
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PROOF. First note that the given identity (3.5) is nothing but

[[#ECer =] #E %
q q

From the theory of spectral sequences, H*(E,) = E, 11, then
JIDU > HEDT > > 4B

Hence by (3.5),
#Ey M= By = = B,

which means that for r > 2,
im(d, : ;79T 5 BIT0Y) = im(d, : B9 — BT =,
Therefore we have a shorter complex:
. Blmafretr=2 |, plog-ratr—1 _,
Now we set to prove the following fact:

(3.7) H (#E,’?’q)(_l)pﬂ - #tor EX is independent of 7.

p+¢<0

(p,9)#(0,0)
Observe that in the set {EP7: p+q <0, ¢ > 0}, the only term not finite is E2°.
If we substitute E%C by its torsion, we get a collection of complexes composed of
finite abelian groups and with differential d,. The cohomology groups are E?/, (or
tor ngl). By the invariance of Euler characteristic under cohomology, (3.7) is
proved. Note that E%0 is free and
[T ER) D" = coken(HO(A%) — H(A)").
p+q<0

(p,q)#(0,0)

The formula (3.6) now follows immediately. O

3.3. The universal distribution and predistribution

From now on, we shall apply the abstract index formula to the study of Sinnott’s
index formula on the Stickelberger ideal. In this section, we are going to produce
the data satisfying the hypothesis of Theorem 3.1.6. To achieve this goal, we first

introduce the concept of the universal predistribution.
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3.3.1. Universal predistribution. From the study in §§ 2.2 and 2.3, we have
an abelian group A, =< [a] : a € %Z/Z > and operators X,, and Y,, on A,. The

universal distribution of level r is given by

Up=Ar/ Y VoA

plr
The Anderson’s resolution of U, is given by
. g
Ly :@Lﬁ = @ <la,g]:g|r|Ty| =—p,ac ;Z/Z>
P
with differential

d,la, 9] =Y w(p, 9)Yyla, g/p]
plg

where Ypla,g] = (1 — X;)[a,g] = [a,g] — >_,—,[b,g]. This leads us to give the

following definition:

DEFINITION 3.3.1. The (dimension 1) universal predistribution of level r is the
abelian group

Or =Ap/ > XpA,.

plr

The (dimension 1) universal predistribution is the abelian group

O=A/ DY XpA.

p prime

Almost parallel to the theory of the universal distribution, we immediately have

PROPOSITION 3.3.2. (1). For each positive integer r, the group O, is free
abelian and the family {[a]} indexzed by a € 1Z/ZN Ry gives rise to a basis for O,.

(2). The group O is free abelian and the family {[a]} indezed by a € Ry gives
rise to a basis for O.

(8). The natural map O, — O is a split monomorphism.
PROPOSITION 3.3.3. The complex Ly with differential

dr[aa g] = Z w(pv g)Xp[a7 g/p]
plg

gives a free abelian resolution for the universal predistribution O,..
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As known from Chapter 2, A, has a G, = GLi(Z/rZ)-module structure. In
the one-dimensional case, G, = GLy(Z/rZ) = (Z/rZ)*, we identify G, with the
Galois group Gal(Q(u,)/Q). Thus for o; € G, such that o4((.) = ¢! for any r-th
root of unity ¢, let 0+([a]) = [ta] and o¢([a,g]) = [ta,g], then U, and O, become
G,-modules and (L2, d,) (resp. (L$,d,.)) becomes G,-module resolution of U, (resp.
0,).

In Example 2.1.9, the Sinnott module is a model of universal distribution de-
scribed as a submodule in R[G,]. Here we give an example of the universal predis-

tribution.

PROPOSITION 3.3.4. The universal predistribution O, is isomorphic to Og,, ),

the integer ring of the cyclotomic field Q(u,.).

PrROOF. Define e, : A, — Ogq(u,)

Z nila;] — Z n; exp(2mia;)

Then immediately we have

(a). e, is surjective.

(b). kere, D (>°,,_,[bl,n|r, a € 2Z/7Z).
By (b), e, induces a map from O, to Og,,). Since both O, and Og(,,) are free
abelian groups of the same rank ¢(r), by (a), the map induced by e, is an isomor-

phism. O

3.3.2. The data (V,,L,, J,0;d,, dy, ¢r). In order to apply the abstract index
formula, now we generate the data (V;., L, J; d.., dh ¢, ) satisfying the hypotheses
of Theorem 3.1.6. We denote by L, the abelian group structure of L?. Let L, 4 be
the free abelian group generated by the symbol [a, g]. Let V4, V,* and V, be the
R-extensions of L. 4, Li and L, respectively. Naturally the differentials d, and d,
can be extended to V;.. Let ¢ = o_1 be the complex conjugation in Gal(Q(u,)/Q).
Let J = {1,c} and let § = (1 + ¢)Z[J]. We only need to produce the connecting

map ¢r.
Let ¢ : R® A, - R® A, given by

la] — Y @
n|ree
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Then ¢, is an automorphism of R-vector space RA ., the inverse map is given by

NN Z M(”)[na]’

n|ree

where p(n) is the Mobius function. We have
LEMMA 3.3.5. ¢, induces an isomorphism from RU, to RQO,..

PROOF. A straightforward calculation. O

Identifying V,? and R ® A, under the map [a, 1] — [a], we extend ¢, to V,. as

follows:

na,
¢T:VI"_)‘/;‘7 [avg]}_> Z [ ng]
n|re

(n,g)=1

Then ¢, is an automorphism of the vector space V,. with the inverse map ¢, ! given

by

Zu )[na, g]

n|re
(n,9)=1

The following proposition establishes the connection between (V;.,d,.) and (V;.,d,.).

PROPOSITION 3.3.6. ¢, is an isomorphism from cochain complex (V,,d,) to

cochain complex (Vy,d,.), i.e. ,
dr‘ﬁr = ¢rd;
PRrROOF. By direct calculation. O

The remaining part of this chapter is devoted to the study of the application
of Theorem 3.1.6 to this data. First note that V,? has a basis consisting of

{la,g] — [-a,9] : 0 < a < 1/2}.

Denote by ¢ the restriction of ¢, to V,%. Then ¢f is an automorphism of V,f. We

have

ProrosiTION 3.3.7.

(3.8) Hdet (@2 v =TT [Ja -

x odd p|r
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PRrROOF. First notice that V. ;4 is invariant under ¢,. Moreover, let h = r/g, for
any f | h, define
Vi, =R @ (x,g]: fx=0),

g T

then clearly V7f o is invariant under ¢,. By definition, we have V,ffg =V,4. Put

Ve =iy S

plf

We can see that Vr(f;) is a real vector space with a basis {[$,9] : (a,f) = 1}.
Furthermore V,«(,};) is a free R[Gy]-module of rank 1. The induced map ¢, on VT(/;)
is an automorphism. Let

Tty =Tr - Tf UTy.
For each p € T} 4, define

iV — VY

gl 30 10

n

n|p>

Note that 7, o Tp; = Tp; © Tp; and

¢T|Vr(‘f;) =Tp, O -0Tp,

()6
g

where p; passes through Ty,,. Moreover, the subspace Vg has a basis {[$,g] —

[f%, gl : (a,f) =1,0 < a < f/2}. The restriction maps ¢? and Tg have the relation:

0 — 0 P 0
¢T|VT%)9 =Tp © ©Tp,

Since the map 7, is exactly the left multiplication map by the group ring element

Do % on V,«(,];)a, by [36] Lemma 1.2(b), we have

i (1 —pers)=eN/ 25 Gif ¢, + odd;

detTg =Gy f = H X(Z (LI;) =

X eveneGy 1 b (1+p=cns/2)=e/ens  if ¢, ; even.
where ¢, ¢ is the smallest number satisfying p/ =1 (mod f). We have
det(¢f : VD) = T] aps
p€Ty,q
Now by the Inclusion-Exclusion Principle, we have

det(¢? : > VIO = [ det(e,: V7071,
Plf PIfL#1



3.4. MORE SPECTRAL SEQUENCES 39

Hence

H ap.f = H det (¢, : V;"J:;f G)M(f )
pETf,q F'\f

By the Mdbius inverse formula,
det(ér - V%)) = [T T avs
fl % PETy g
Therefore we have
w(g)
Hdet( V0= H(H H ap, f ) .
i glr 5 pETy g

Now let’s look at the right hand side of the above identity. The exponent of a,_ ¢ is

1, it =1,
b f a b

> plg) = ulg) = g
gl%, (p,9)=1 9l 7 0, otherwise.

here p®|| r. Write r = r,, - p®, then

Hdet V“9 (=" Hazw’p H H(l fx(p)p*1

plr x odd p|r

3.4. More spectral sequences

We apply the spectral sequence method in §3.2 to our data (V,., L., J, 6; d,, dr, D).
Let d = d,. or d,.. Let M = coker(Z[J] e Z[J]). Then M has a projective resolu-

tion

d dq1
Ja-l .,

(P,0) - B 2] a1 25 2[J), 2 2 2]y — 0

where Z[J], = Z[J] and 9; =1 + (—1)? - c. Now let

Fova Homg(Z[J]4, LP) := (L,q), ifg>0
0, if q<0
and let K** = (K?9;d, ) where
d(z,q) = (d(2),9), 0q(z,q) = (=1)P(L + (=1)%c)w,q + 1).

From §3.2, the spectral sequence of the second filtration collapses at Fo, and

H™(K*) = Ext’j (M, HS(L,)).
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We introduce a complete resolution

01

a1 o @‘..AZ[J]O_,...

(F,0): — Z[J](H-l —q>Z[J]q

Let FP? = Homg(Z[J]q, LY) = (L?,q) for any q. Let F** = (FP%d,d). We can
see that the double complex K** is a subcomplex of F'*:*. Moreover, for n > 0, by

the degeneration of the second spectral sequence,
H™(K*) = H"(F*) = Ext"(M, H}(L,)) = H"*'(J, H)(L,)).
Now consider the first filtration. For ¢ > 0, we always have
'ELIK) = ERI(F).

Now we compute 'EY?(F)(we drop " in the sequel). First we show that the spectral

sequence degenerates at Fs. For this purpose, let

p : .
GFPa — (LY, q), if g even;
where
la,g],  if 2a # 0;
B(la, g]) =

2[a,g], if2a=0.
It is easy to verify that SF*® = (SFP? d,§) is a subcomplex of F'**. Furthermore,
the quotient complex QF** = F**/SF** has vertical differential 0, hence the
spectral sequence of @ related to the first filtration degenerates at Es(for the second
filtration, degenerates at E7). Now look the quotient map f : F** — QF®*. It

induces maps
o BE(F"*) — EPY(QF™)

We claim that f; is an isomorphism. Note that (recall » Z 2 mod 4)

Doaro(Zla, ) D Zl~a,g) D Z[0, 9| D Z[5, 9], if r even;

692(1;60(2[@79} @Z[—G,QDGBZ[O»QL if r odd.

Ly

9

Every subspace Z[a, g P Z[—a,g] is a trivial Z[J]-module, therefore has trivial
cohomology. Since

'EYYF**) = @ HIY(J, L),
‘Tg|:_p
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f1 is clearly an isomorphism. By this isomorphism, for all » > 1 the map f, is an
isomorphism. Since the first filtration is finite, hence bounded, by Theorem 2.5.5,
the quotient map f is a quasi-isomorphism and the spectral sequence of the first
filtration of F'** degenerates at Fs. Now we compute EL?(F**) = EVY(QF**).
Denote by x4 the cocycle represented by [0, g] and by y, the cocycle represented by
[1/2,g], then for ¢ > 0,

@g(<x9> D(y,)), if g odd, r even;
By = ]:I(H_l(J’ LY) = @g (q), if ¢ odd, r odd;
0, if ¢ even.

Here () represents the Z/2Z vector space generated by z. Immediately we have

EY? =0 for q even. Now for ¢ odd, if r is odd, the induced differential d* is

. =P
d* d*
Tg — 0, Ty Tg/pi;
=1
if r is even, the induced differential d' is
d' d'
Tg > 62p1yg/27 Tg > 62p1yg/2-
and
i R
Tg— D Tg/p, T 02p,Yg/2: Yg E :yg/pi + 02p, Yg/2-
i=1 i=1

Write X? the chain complex E*? for ¢ odd. This is well defined since this complex
only depends on r. We calculate the cohomology groups for X9 for different » and
d:
(1). r is odd and d! = d'. This is trivial:
(B5,d) = B} = (2/22)().

(2). ris odd and d! = d'. In this case, if 7 = p®, it is easy to see that
Ho(x;a,dAl) = H*l(x;,a,cil) = 0. Now if r = ry7ry and (r1,72) = 1, we can check

(X2, dy) = (X7, db,,) QX3 day,)-
By Kiinneth’s formula, H?(X®,d") = 0. Therefore we have

(EY.d)=--- = (E%%,d) = 0.
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(3). ris even and d* = d'. Since X? is a Z/2Z-vector space, by the formula

above about d', we always have

it (X — P+1) = (_""pfl),

By counting the Z/2Z-dimension, i.e.,
dim E¥'? = dim ker(X2 — XPT') — dim im (X2~ — X?)
we have
(Bp?,d) = (2/22)().
(4). r is even and d* = d*. In this case, if r = 27,
HO(XS.,d") = H™Y(X3.,d") = Z/2Z.

Now if r = 2%, 7/ > 1 odd, set

X7 = P (xg) Plus)

glr’

and
—p —p
dy : xg — Zzg/pw Yg — Zyg/pr
i=1 i=1
Then we have

(Xp, d3) = (X3a, d3) (X2, dh).

’
L]

Similar to the case (2), we can see HP(X,?,

('EY?,d) = HP(X?,d") = 0.

d) = 0. By Kiinneth’s formula again,

Combining all the cases above, for d = d, we have

(—Sp) i odd:
(3.9) (BP9, d)(F**) = (Z/2Z) , if ¢ odd;

0, otherwise.

For d = d, we have

(3 10) (qu d)(F' o) Z/2Z7 ifq()dd, r=2% p=0or —1;
: 2 > ’ =

0, otherwise.

By results of (3.9) and (3.10), we easily have
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THEOREM 3.4.1. The group G, acts trivially on the cohomology groups
HY(J,0,) and H*(J,U,) fori=1 or 2, moreover,

7)27, if r = 2%

(3.11) HY(J,0,)=H*J,0,) =

0, otherwise.
and
(3.12) HY(J,U,) = H*(J,U,) = (2/22)%" .

REMARK 3.4.2. 1. The second statement is first proved in Yamamoto [40].
The spectral sequence method employed here makes the calculation significantly
simpler than those in [40] and in [35]. Moreover, this same spectral sequence
method can also be applied to the universal distribution of higher dimension, thus
we can recover the results in Kubert [17].

2. For any cyclic group C € G, which has trivial intersection with G for all

p*||lr, we can also obtain a similar result without any extra difficulty.

PROPOSITION 3.4.3.

2, if s=1; X 2, if r=2%
I(L,,d;0) = I(L,,d;0) =

2277 ifr> 1. 1, otherwise.
PROOF. Since K** and F** have same Fs-terms for ¢ > 0, and since the (first)

spectral sequence of F'** degenerates at Fs, the condition in Proposition 3.2.2 is

satisfied. For d = d, by (3.9), then the exponent of 2 in I(L,.,d; ) is equal to

Z (_1)p+1<8>: 1, if s =1;
p+q<0 —P 2572 if s> 1.
q>0 odd
The case d = d immediately follows from Proposition 3.2.2 and (3.10). O

3.5. Sinnott’s index formula

With all our efforts, now we can use the abstract index formula to to prove
Sinnott’s index formula on the Stickelberger ideal, i.e., we prove here the following

theorem:
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THEOREM 3.5.1 (See [35], Theorem). Let R = Z[G,] and let S be the Stickel-
berger ideal of Q(u,). Then
[R™:S57]=2",
wherea =0 ifs=1anda=2"2—-1if s> 1.

NoOTE 3.5.2. In this section, the subscript r is omitted from our notations(i.e.,

G is the Galois group G, and so on). p is always a prime factor of . The superscript

W

is in accordance with the superscript “0” in the previous sections.

PROOF. We consider the following diagram:

e
RU™ HRO HRO’

R

where z > 1 and ¢~ = ¢|py-,

Vo) - [ra) = 3
(n,r)=1
B(la] — [—a]) = QLTF’L Z (exp(2miat) — exp(—2miat))o;
te(Z/rZ)>

and
a® = Boyp® op.
1(*) is well defined and all the above maps are isomorphisms of vector spaces. Then
we have
(R :al(U7)
(3.13) =(R™:8(07)) - (B(07) : Bu(07)) - (8419(07) - W (UT))
=(R™: 4(07)) - (07 : ¢1(07)) - (07 : ¢~ (U7))
Here for the second equality, we use the property that if V; and V5 are two vector

spaces and f is an isomorphism from V; to Va, then (A : B)y, = (f(A) : f(B))v,.
Now for the three factors at the last line of (3.13), we have:
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LEMMA 3.5.3.

2m) = ¢ /2 JA(K,) (K, i r £ 2
(3.14) (R™:B(07)) = ) (K)/d(Kr) fr#

12m)~eW2\ JA(K,) Jd(KT),  if r =2

—~

PROOF OF LEMMA 3.5.3. We first consider the following diagram with exact

TOwWS: )
0 ot : V) AN im(l—¢) —— 0
H k Js
0 0f —L 5 0te0- =% 200 —— 0

where ¢ is the natural inclusion map. By Theorem 3.4.1, if r is not a power of 2,
O~ =im(1 — ¢); if r is a power of 2, then O~ /im(1 — ¢) = Z/27Z. Therefore,
2p(r)/2

(0:0t®07) = (im(1 —¢):207) =
2¢(r)/2=1 " if p = 2,

. ifr £ 20

Now let T be the map from CO to C[G] such that T'([a]) = ), exp(27ita)o, , then
we have T'|co- = 2miB|co-. Then on one hand,
(RT® R~ :T(0Y ®07)) = (RT : T(0F)) - (R~ : T(07))
on the other hand,
(RTeR :T(0T307)=(R"®R :R)-(R:T(0))-(0:0Ta®07).

But we know (Rt @ R~ : R) = 2=¢("/2 and by the definition of T, (R : T(0)) =
d(K) and (Rt : T(0")) = y/d(K*). Now the lemma follows from the above

results and

(R : B(07)) = (2m)~?"/2(R™ : 2miB(07)).

LEMMA 3.54. Let S=T;={p: p|r}, then

(3.15) (07 :9@(07) = ] Ls(x,x).
x odd
PrROOF OF LEMMA 3.5.4. Note that if we let

@S(Qi): Z %,

(n.m)=1
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then ¢(®) is just the left multiplication of ©g(x) on RO~. By [36] Lemma 1.2(b),

we have

(0~ ("‘) H x(0s(z)) = H Lg(z, x)-

X odd x odd

LEMMA 3.5.5.

27T 1 A—x(p)™pt ifs>1

plr x odd

(3.16) (O™ : (p_(U_)) = if s=1, r#2%

=

—_

, if r=2%.

PrROOF OF LEMMA 3.5.5. This follows from the abstract index formula (3.3),

Proposition 3.3.7 and Proposition 3.4.3. g

Now let z approach 1, then
lim a®)([a] — [~a]) = lim F H® () ([a] — [~a])

r—1

exp(2nmiat) — exp(—2nmiat)
(3.17) “omi Z Z n

Z = —{at})o

If we let a = lim,_; o(®), by (3.13), (3.14),(3.15) and (3.16), with the class number

h™ = PO T L0y dK,) JdK) w @,

X odd

and since (U~ : (1 —¢)U) =22, then we have

formula,

(R :a((1—)U)) =lim(R™ : a@(U™)) - (U™ : (1 —¢)U)

r—1
(3.18) hs 2P if s>
Z—;?, if s=1.

But by (3.17), a((1 — ¢)U) is nothing but e~S’ in [35]. and by [35], Lemma 3.1,
we have (e~ S’ : S7) = w. This is enough to finish the proof of the theorem.. O



CHAPTER 4

General Group Cohomology of the Universal

Ordinary Distribution

This chapter is the core part of the thesis. We use Anderson’s resolution to
study the G,.-cohomology of U, for any odd squarefree integer r. In §1, we offer
a detailed study of the cohomology group H*(G,,Z) and H*(G,,Z/MZ). In §2,
we construct a double complex K** whose cohomology is exactly the group coho-
mology H*(G,,U,). We then study the spectral sequence of K** under the first
filtration. This spectral sequence is shown to degenerate at Eo. We thus get a com-
plete description of H*(G,,U,.). In the last section, we give an explicit description
of the 0-th G, -cohomology group of U,./MU, where M is an integer dividing £ — 1
for all primes ¢ dividing . The results obtained will be used in the next chapter to

provide a rationale for Kolyvagin’s construction of “derivative classes”.

4.1. The cohomology groups H*(G,Z)

In this section, let G be a finite abelian group. By the structure theorem of

finite abelian groups, then there exists a decomposition

(4.1) ¢=]]¢G:
i=1
where G; =< 0; > is a cyclic group of order m;. We let S = {1,---,s}. For any

T C8,let Gr = [];cr Gi € G and let mp = ged{m; : i € T}. Let M be a given
factor of mg. Let R = Z>¢[S]. For any e = (e;) € R, set

e suppe = {i € S :¢; # 0}.

e dege =) gei.

e w(e) = (w(e);) € R, where w(e); =

j<i €+

For any e, ¢’ € R, set w(e,e') =3, _; €je;.

We compute the cohomology group H*(Gr,Z) and H*(Gr,Z/MZ) in this
section. Recall in § 2.5, to compute the group cohomology, it is necessary to find a

47
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projective resolution of the trivial G-module Z. We explained in § 2.5 the standard
bar resolution. In this section, we’ll introduce another projective resolution of Z,
depending on the decomposition (4.1). This projective resolution is constructed by

forming a tensor product. First we give the following definition:

DEFINITION 4.1.1. Let (X, <) be a finite totally ordered set and z € X. Sup-

pose that to every x of X we have a module A, associated to z. We call
AX :Awl ®.'.®Aajn

the standard tensor product of A, over X if X = {x1,--- ,x,} and 1 < -+ < xp,.
Similarly, we can define the standard tensor product of elements a, € A, and of

complexes A3.

4.1.1. A projective resolution of Z. Let
i, 0ij i
(Pie, 8;) : - =& P ji1—> Py =% Py —0

with P;; = Z[G;] for any j > 0, 0;; is the multiplication by 1 — o; if j is even and
by E;n;o_l ok if j is odd. It is well known that P;, is a Z[G;]-projective resolution
of trivial module Z. For any T' C S, let Py, be the standard tensor product of P,
over ¢ € T. It is well known by homological algebra that Pr, is a Z[Gr]-projective
resolution of trivial module Z. Now for the collection {P, ., : i € T'}, the standard
product of P; ., over T is a rank 1 free Z[Gr]-module whose grade is ), e;. Now
let e € R be the element whose i-th component is e; if i € T and 0 if not, and write
the standard product of P, ., over T as Z[Gr][e], then
Pro= P zZ[Gr]lel.
supp eCT
For any v = (- ® x; ® - - - ) € Z|Gr][e], the differential is given by
Or(z) = (~1)*i(-- @00 1(z:) @),
€T
In particular, for T'= S, let
P, =Pg. = @Z[GS] [¢].
eER
For any T" C T, we have a natural inclusion ¢ : Z[|G][e] — Z[Gr][e] for any e € R

such that suppe C T”. By this inclusion, P+, becomes a subcomplex of Pr,.
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Now we define a diagonal map @1 : Pre — Pre @ Pr,. First set
q)ie,i,ie; : Pi,eqy-‘re; I Piei 02y P)w;

1®1, if e; even;
1—{1®o0y, if e; odd, €} even;

Y oo, ife odd, € odd;

0<m<n<m;—1

Then the map ®; : Pis — Pie ® Pje given by ®;., ;s is the diagonal map for
the cyclic group G; (see Cartan-Eilenberg [5], P250-252). For any e, e’ € R with
support contained in T', consider the standard product Pe ¢r of Pie, ® Pier over i € T'.

The isomorphism
a:-P’L'e71®Pje; —)P]eg ®Piei
r@yr— ()Y e

induces an isomorphism « : P. .o — Z[Gr][e] ® Z[Gr][e'] by

(o (zi@yi) ) — (1) gy )@ ().

On the other hand, the standard product of the diagonal maps Pic, ie; over i € T
defines a map 0 : Z[Gr]le+ €] = Peer. Welet @, = o and let

Prpg = E Peer.

e,e’:deg e=p,deg e'=q
supp e+e’'CT

Then @7 defines the diagonal map from Pre to Pre ® P7e. This map enables us

to compute cup product structures.

4.1.2. The cohomology groups H*(Gr,Z) and H*(Gp,Z/MZ). Let C? =
Homg, (Pie,Z), then C? is the complex

0 msg
—

7 — 7

my

ZLZ—>

with the initial term at degree 0. We denote by Cij the j-th term of C?. By the

theory of group cohomology,

H*(Gy,Z) = H*(C}).
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Now for any T' C S, let C%, be the standard tensor product of C{ for ¢ € T'. If

write
Home, (Z[Gr][e], Z) = Zle],
then
C} = Homg, (Pre,Z) = P Zle].
supp eCT
and

H*(Gr,Z) = H*(C3).
Moreover, for any 77 C T, the inclusion ¢ : P7/4 < P, induces a map
Gy — CLy,

which is just the natural projection of

P zd— P zll
supp eCT supp eCT”
On the other hand, G7/ can also be considered naturally as a quotient group of
G, by this meaning, the inflation map is just the injection
@ Zle] — @ Zle].
supp eCT” supp eCT

Now for any j € Zx>( even, let

00— TP 0 0., if j>0.

For any e = (e;) € 2R, i.e., ¢; even for all i € S, we let C? be the standard product
C?“ over i € S. If suppe C T, then C? is a subcomplex of C¥. and
cr= g c
e€2R
supp eCT

Figure 1 shows us what the decomposition looks like in the case S = {1,2}. Denote
by A, the cohomology group H*(C?) and A? its n-th component. Then

H*(Gr,Z)= €P Ae, H"(Gr,Z)= P Al

e€2R e€2R

supp eCT supp eCT

We now study the abelian group A.. First we need a lemma from linear algebra:



4.1. THE COHOMOLOGY GROUPS H*(G,Z) 51

FIGURE 4.1. The complex C% when S = {1,2}.

LEMMA 4.1.2. Let v = (mq,ma,--- ,my)" be an n-dimensional column vector
with integer entries m;, then the greatest common divisor of the m; is 1 if and only

if there exists an n x n matriz B € SL,(Z) whose first column is v.

ProOOF. Well known. O

Now suppose suppe =T = {i1,--- ,4;} and |T| = ¢t. If t = 0, then T = 0, it
is easy to see that A, = AY = Z. Now if T # (), we claim that C?[dege — ] is
isomorphic to the exterior algebra A(z1, - - ,z;) with differential d(z) = > m;z; Az
and degx; = 1. This claim is easy to check: First if ¢ = 1, let T = {i}, then
C:% = C%~1 @ C%. This case is trivial. In general, if C?*[e; — 1] is isomorphic to
A(z;), the tensor product of C?“ [e; — 1] is nothing but C?[deg e —t] and the tensor
product of A(z;) is just A(zy,- -, z), hence they are isomorphic to each other.

Now since the greatest common divisor of m; /mr is 1, let B be the matrix given
by Lemma 4.1.2 corresponding to the vector (--- ,.m;/myp,---). Let (y1, -+ ,4t) =
(z1,-- ,x¢)B. Then {y1,---,y:} is a set of new generators for the above exterior

algebra and we have d(z) = mp y; A z. We see easily that
H* (A, @) = (Z/mrZ)”

and
HI(A@y, -+ ) = (Z/mrz) ) 0 < j <t -1,

Combining the above analysis, we have
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PROPOSITION 4.1.3. There exists a family of complezxes

{C: C C* =Homg,(P.,Z) : e € 2R}

such that

52

(1). For each T C S, we can identify C} = Homg, (Pre,Z) with @ (@)

e€2R
supp eCT
through the following splitting exact sequence

0— @ C:—C*—C}; —0
e€2R
supp eZT
(2). The cohomology groups H*(C?) = A, and H™(C?) = A are given by:
(a). Ifsuppe # 0, let m, be the greatest common divisor of £; —1

for i € suppe, then A, is the abelian group (Z/meZ)ysuppc‘A,

and

n (Z/meZ)(‘supgelil), ifn=dege—j and 0 < j <|suppe| — 1;
‘ 0, if otherwise.

(b). If suppe =0, then A, = AY = Z.
For the case H*(G,Z/MZ), the situation is much easier. We have

PROPOSITION 4.1.4. There exists a family

{le] € H*(Gs,Z/MZ) : e € R}
with the following properties:

(1). For each T C S and n € Zxq, the restriction of the family

{le] :e € R, suppe C T, dege =n}
to H"(Gr,Z/MZ) is a Z/MZ-basis of the latter.

(2). For each T C S and e € R such that suppe € T, the restriction of [e] to
H*(Gp,Z/MZ) vanishes.

(8). One has the cup product structure in H*(Gr,Z/MZ) given by

Aol = T (5 )erel

€S
e;ei=1(2)

for alle,¢’ € R.
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PrROOF. The complex C},; = Homg, (Pie,Z/MZ) by definition, is a complex
with C?V“ = Z/MZfor j > 0 and the differential 0. In general, C}, 7 = C3®Z/MZ
is exactly the standard tensor product of C}, ; for all i € T'. Write

Ctyr = Homg, (Pre, Z/MZ) = > Z/MZ[e].
supp eCT
Since now Cj, r has differential 0, H*(C3, r) = C§; 1. The restriction map is easy
to see. This finishes the proof of 1) and 2).

For the cup product, the diagonal map ®7 given above naturally induces a
map:

;\LT X C;W,T — C;\/[,T

which defines the cup product structure. More specifically, the cup product map
Z/MZle] x Z/MZ[e'| — Z/MZ[e + €']

is induced from ®. .. Now the claim follows quickly from the explicit expression

of (I)e,e“ O

4.2. Study of H*(G,,U,)

From now on, we compute the cohomology group H*(G,., U,.) for the dimension
1 level r universal distribution U, when r is odd squarefree. We denote by ¢
or {; the prime factor of r. We want to use the results of §4.1. Similar to the
decomposition (4.1), we have the decomposition:
(4.2) G =[] G
ol
This similarity enable us to observe the following correspondences:
(1).i€S~4|r,
o i< jl; <yl
o m; ~ U —1,
o G; = {0;) ~ Gy, = (04,).
(2. TCS~g]r,
o My~ my,
o G~ Gy,
o Ppy ~ Py

(3). R=Z>o[S]~{h:h|r>*}, e€ R~ h|r™,



4.2. STUDY OF H*(G,,U,) 54
e suppe ~» h = Hahﬁ,

o dege =Y, e; ~ degh = Y, ve(h),
o wle,e) = Zjde;-ei ~ w(h,h') = le<w€i ve,; (W )ve, (h).

We define
-2 -2
Ne=> o}, Di=Y iof € Z[Gy.
k=0 k=0

Moreover, define

Ny =[[Ne, Dy =]]D: € ZIGy).

Lg lg

4.2.1. The complex K,.. Set
K?* := Homg, (Pre, L}).
Let d and § be the differentials of K?'® induced by the differentials d of L? and 0
of P, respectively. If we let
[a, 9, h] = ([h] = la, T]) € Homg, (Ph, ([a, 9])),
then
K = <[a,g,h] rae 272, |T,| = —p,degh = q>;
T

dla, g, h] =Y w(l,g)([a,g/t, k] = Y [b,g/t,h]);

tlg th=a

(1 - 0—2)[0’79) hﬂ? Zf Uﬁ(h) even;

5[0,’97 h] = (_l)qul Z(_I)W(W(h)) .
el Nela, g, h4], if ve(h) odd.

For any g | r, set
K?*(g) = Homg, (Pre, Lg) = ([a, 9’ ] : [a,g'| € L§, h | ™)
and
K}* = Homg, (Pge,L3) = (la,g',h]) : [a,¢] € L, | 9>).
Furthermore, for any order ideal J, set
K}*(J) := Homg, (Pre, L3 (7)) = Y K*(g).
g€l

and set

K?*(n) := Homg, (P.e, L5 (1)).
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Set
<[a’h} ca€lz)z,h| 7ﬁoo>
<[a’h] — S pealb k]l ra€ tZ)Z,h | roo>7

with the differential § induced by 0. Correspondingly,

U? := Homg, (Pre,U,) =

<[a,h] ta € %Z/Z for some g € J,h | r°°>

Ur(0) = : |
<[a,h] = 2tb=albs h] s a € JZ/Z for some g €1, h | 7“°°>

which is a subcomplex of Ur. We consider U? as the double complex (U?*;0,0)

concentrated on the vertical axis. We have a map
[a,h], ifg=1,

0, if g # 1.

u: K> — U [a,9,h] —

r o

PROPOSITION 4.2.1. The map u(resp. its restriction) is a quasi-isomorphism
between K2* (resp. K2*(J)) and U*® (resp. U2*(J)). Therefore
(1) Hiyo(K2*) = H(Gr, Up), Hippoy(K2*(3)) = H* (G, Ur (7))
(2). Hypoat(K73y) = H* (G, Uy /MU,),
Hio (K73, (9) = H* (G, Up(9) /MU,(7)).

ProoOF. Immediately from Theorem 2.3.2(resp. Proposition 2.4.5 for J), we
see that keru is d-acyclic, and hence, by spectral sequence argument, it is (d + §)-
acyclic. On the other hand, u is surjective. Thus u is a quasi-isomorphism. Now
(1) follows directly from the quasi-isomorphism. For (2), just consider u® 1, which

is also a quasi-isomorphism. O

From Proposition 4.2.1, the G,.-cohomology of U, is isomorphic to the total
cohomology of the double complex (K?*;d,d). Therefore we can use the spectral
sequence of the double complex K?* to study the G,-cohomology of U,. The
spectral sequence of K?* from the second filtration has given us Proposition 4.2.1.

Now we study the spectral sequence from the first filtration. Then
EPY(KY®) = H{(KP»®) = HY(G,, LP).

Recall the double complex structure given in §2.4.2, we have

P = @ PP — @ @Lr(g’7g)7

p1t+p2=p [Tgl=—p glg’
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then

EPUKy) = @ EPHUG L, 9))

[Tgl==p glg’
For the double complex K?*(J), Recall

L) ={(91,92) : 7g92/g1 €3, g2 | g1}

from §2.4.2. We have
EMK* ()= @ HUG.L(d,9).
(9',9)€T(9)

4.2.2. A Lemma. Let S be a totally ordered finite set in this subsection.
Suppose that for any 7' C S, there is an abelian group B associated to 7', and set
AT - @ BT”.

T"CT
Then for any 77 D T, there is a natural projection from A7, to Ar. Now let Csr
be the cochain complex with components given by

g,T = @ A,

| T |=s—n
T'2(S\T)
and differential d given by
d: AT/ — @ AT’\{z}

i€T'NT

T — Z (i,7'NT) )x| i
i€T'NT

where z|pn ;) is the projection of x in Apn ;3. It is easy to verify that Cyr is

indeed a chain complex. Furthermore, we have
LEMMA 4.2.2. For any T C S,

D157 Br, ifn=0;

0, otherwise.

H"(Cyp,d) =

PRroor. Let éng be the subcomplex of €%, with the same components as

C% 1 except at degree 0, where

Csr = O Br.

T'2T
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We only need to show that ég,T is exact. We show it by double induction to the
cardinalities of S and T. If T = (3, we get a trivial complex. If S consists of only
one element, or if T' consists only one element, it is also trivial to verify. In general,
suppose {9 = max{i : ¢ € T'}. Let Sp = S\{i0} and Ty = T\{ip}. Then we have the

following commutative diagram which is exact on the columns:

A0 d o1 d Pt—1

0 ——  Cn — G —— G — 0 ——0
[# [r [r [r

0 —— @0 _4 el _4 Gt _4 Ct — 0
S, T ST ST S,T
[k K Js Js

0 —— é B 4, A L»~~ét_1 Lét — 0
T So So,To So,To

Here p means projection and ¢ means inclusion. The differential d is induced by
the differential d of the second row. Notice that the third row is a variation of the
chain complex é:S'o,To’ the first row is the chain complex é§7T0. By induction, the

first row and and the third row are exact, so is the middle one. ([l

We shall apply the above lemma to study the Es terms of K?®. Again we’ll

use the one to one correspondence of ¢,7,g to i, S,T.

4.2.3. The Study of F; terms. By §4.2.1, we know that
EPK) = @ @PHUG L, 9).
| Tyl=—p glg’
Now let’s consider the induced differential d,. of d, in the E; term. As we know in
62.4.2, d, = dy, + do,, we can write d, = di, + da,. We first look at da,, which is
induced by the map
Lr(gl7 g) — @ Lr(g/a g/‘e)a
ar

la, g — > w(t.g)(1 — Fr;)a, g/1].

tlg
Since for any ¢ | g, L..(¢', g) and L,.(¢’, g/¢) are G,-isomorphic by the map ¢, given
in §2.4.2, and since for any ¢ > 0, HI(G, A) is a trivial G-module, we have

do, = Zw(ﬁ,g)(l — Fr; Y@ =0.
tlg
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The map di, is induced by the map

Lo(g',9) — €D L.(d /4, 9/0),

lg

a,9] — — Y w(t,g)NelFria+ 5,9/0]
Lg

For any ¢ | g, consider the map

Yo: Le(g',9) — Le(g'/0, 9/0),
1
a, g] — Ne[Fr; a+ 79/

The map v, is a G --homomorphism and therefore induces a map in G,.-cohomology:

He) : HY(Gy, Lr(g', 9)) — HY(Gr, Lr(9' /€, 9/0)).
We have the commutative diagram:

»
L.(g', 9) — L.(g'/¢,9/0)
leg/ leg,/e
Z res Z
where the top row are G,-modules, the left Z is a trivial Gy--module, the right Z is

’

a trivial G /p-module, and 6/ is the homomorphism sending [%-, g] to 1 and [ng” 9]

r
to 0 if z # 1. Then the above diagram induces the following commutative diagram:

HY(G,, (g, 9) ——2 HI(Gy, Li(g' /0, /)

&2 [

HY(Gy,7Z) LA HY Gy 4, 7)
where 67, (and 07, ) is the isomorphism given by Shapiro’s lemma(See Serre [32],
Chap. VII, §5, Exercise). We identify H?(G,, L,(¢,g)) with H(Gy,Z), more-
over, to keep track of g, we'll write HY(Gy/,Z) as H4(Gy 4,Z). Then we see that
H(1)y) is the restriction map from H9(Gg 4,Z) to HY(Gy /4. g/¢, 7). The induced
differential d, = d;, is exactly the map

HY Gy 4, Z) — P H Gy /0,90, L),
g

T — Z w(l, g)zy.

lg
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where z; is the restriction of x in H(G g /¢, 4/¢, 7). Hence we have a cochain complex
Clg;r, 9)
dir dir
HY Gy g, 2Z)— : @H Greg/0: 1) - "_I’Hq(Gr/y,hZ)_)O
g

Note that the complex E}¢(K®*®) is just the direct sum of €(g;r, g) over all factors
g of r. Moreover, the complex E}?(K?®*)(J) is the direct sum of €(g;r, g) over all
gel.

Recall in Proposition 4.1.3, we obtained

HY(G,,Z) = €P Af.

h‘g200
If we let
Al = HY(Gy,7), Bl = P Af.
h|g2oo
h=g

then we have A =@, |, BY,. The complex C(g; 1, g)[—|T,||satisfies the conditions
in Lemma 4.2.2, thus the n-th cohomology of the cochain complex C(g;r,g) is 0 if

n # —|T,| and > By if n = —|T,|. We have the following proposition:
glg’

PROPOSITION 4.2.3. One has

1. BPUKyY = P P AL

|Tyl==p glhlr2e

2). BN K ()= P P 4.

|Tgl==p g|h|r2=
g€J

4.2.4. Proof of Theorem A. Finally we are in a position to prove the main

theorem(Theorem A) in this paper. Put
Sy® =<[a,g,h] e K2* a#0ifg|h>.

It is easy to verify that SP® is a subcomplex of K?* using the explicit formulas for

d and § given in §4.2.1. Set
QY =K1 /SP* =< [0.9,h] : g | h > .
Note that the differential of Qy’® induced by d, is 0. Moreover, set

Syt () ==K (1) NSy,
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and
Q™*(9), :=K2*(9)/87°(0) =< [0,9,h] - g€J, g|h>.
Let f be the corresponding quotient map, then we have a commutative diagram:
Kpe(9) —" K
K g
Qre(l) —— Q-

We make the following claim

PROPOSITION 4.2.4. The quotient map f : K3'* — Q* is a quasi-isomorphism.

Moreover, the quotient map f : K2*(J) — Q*(J) is a quasi-isomorphism.
PRrROOF. Let
Ly :=<10,9,h] : h [ >=Homg, (Pre, L(1,g)) € K3*

and let

Ly =<[0,9,h]:g|h> L,*:=<[0,9,h]:91h>

Through the map L,(r,g) — Z, [0,g] — 1, we have a commutative diagram

£ L DL
| | |
cc— p o P c

glh[r2e gth|r2e

where C*® and Cj, are those C*® and C? given in Proposition 4.1.3. By this diagram,
we identify L§ with C®. By Proposition 4.1.3, we have

ker(H*(Gy,Z) — H*(G,;1,2)) = H*( @ C}).
£|h|r2o0

Then by the proof of Proposition 4.2.3,

ker(d|ga(es)) = ker(H*(Gy, Ly (r,g)) — H*(Gr, L (r/(, /1))

tlg
=NH"( P c=H8() D ¢
Lg L|h|r2ee L|g |h|r2e°

=H'( P Ch=H (L))

glh[r2ee



4.2. STUDY OF H*(G,,U,) 61

where the second and the last identifications are made using the isomorphisms given
in the commutative diagram above. Hence we have
EPUKY®) = P ker(drlmoes) = P HUL,).
|Ty|=—p |Ty|=—p
On the other hand,
@ =@y
glr
Since d, = 0 in Q®*, the spectral sequence of Q®* by the first filtration(i.e., by d,.)

degenerates at E7. We have
BPUQE) = BpQi) = D ALy,
Since the projection map from L} to L;’ in the commutative diagram above is
nothing but the restriction of the quotient map f at L7, by the above analysis, we
get an isomorphism

fo: EPYKD®) — ERI(QY®).

Thus the spectral sequences of K* and Qp'® are isomorphic at E, for r > 2.
In our case, the first filtration is finite, by Theorem 2.5.5, therefore f is a quasi-
isomorphism .

The case J is similar. In this case,

Ep,q Koo @ ker d ‘Hq(L‘ ): @ Hq(ﬁ«;;),
g€d [Tyl=—p
[Tg|=—p
and
N =EPL,.
ged
Now follow the same analysis as above. (I

For any factor g of r, set

H}(G,,Z) ﬂker (G, Z) — H*(G, 0, Z))
Llg

we see that
H*(LS) = H)(Gr,Z)
by the identification of L3 and C*®. The following theorem is the main result in the

thesis:
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THEOREM A . (1). The cohomology group H*(G,,U,) is given by
H* (G, U,) =P H; (G, 2)[|T,| | =D P AullT,]]-
glr glr glhlr2e
where Ap[|Ty|] represents the cohomology group H*(C3[|Ty|]). More specifically,

we have

Hn(Gm UT) — @Hg-‘-lTﬂ(GT, Z)_
glr
(2). The cohomology group H*(G,,U.(3)) is given by

H* (G, U, (9)) =P H; (G DTy | =D P AnlIT,]]-
g€l g€ g|h|r2e®
More specifically, we have
H™(G,,U(9) = P Hy'14\(G,, 2).
g€l
ProOOF. We only prove (1). The proof of (2) follows the same route. By
Proposition 4.2.1 and Proposition 4.2.4, we know that

H*(GT7 UT) = ;otal(Kv.") = ;otal(Qv.”)'

Now

ot (Q7) = D H™ T I(L

glr
Part 1) follows immediately. O

REMARK 4.2.5. 1). We can see that Part (1) is actually a special case of Part
(2) when the order ideal J is Div,.

2). By Theorem A, in the case n = 0, we have
HY(G, U)=1
in the case n = 1, we have

YG Uy =] 2/mg2.
glr
It is likely that the cohomology classes in H'(G,.,U,) have a natural role to play

in the cyclotomic Euler system method, but this role has not yet been worked out

in detail.

In the case Z/MZ, we have
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THEOREM 4.2.6. There exists a family
{egn € H (G, Uy /MU,) 2 g |7, h [T, g|h}

with the following properties:
(1). For each n € Z>q, the subfamily

{egn:glr, b7, g|h,degh=n+[Ty[}

is a Z/MZ-basis for H"(G,,U, /MU,).
(2). For any order idealJ of r, let U,(J) = }_ 5 Ug. By the inclusion U,(J) —
U,, H*(G,,U.(3)/MU,(J)) can be considered as a submodule of H*(G,,U,/M,).

Furthermore, the subfamily
{Cg,h tge J» h | roo’ g|h}

is a Z/MZ basis for H*(G,,U,(J)/MU,.(7)).
(8). One has cup product structure

/ ;-1
O C Ve | ( 5 ) Cg,nh!

ve, (hh')=1(2)

for all h,h' | 7> and g | h.
PROOF. 1). By Proposition 4.2.4, we have induced quasi-isomorphism:
fel: Koy — Quy

Now since the induced differentials of d,. and § in Q;;M are 0. Consider the cocycle
[0,9,h] in Q:,’Xw there exists a cocycle C, j (unique modulo boundary) which is the
lifting of [0, g, h] by the quotient map f ® 1. Hence u(Cy ;) ® 1 is a cocycle in
the complex U3 ;. Let ¢, denote the cohomology element in H* (G, U,/MU,)
represented by the cocycle u(Cy, ,)®1. Then {cy : g | h} is a canonical Z/MZ-basis
for the cohomology group H*(G,,U,/MU,). This finishes the proof of (1).

(2). Similar to (1), just consider the map f & 1: K}73,(9) — Q}3,(7).

(3). For the cup product, there is natural homomorphism

Z/MZ@UT/MUT — UT/MUT‘v
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therefore H*(G,,U,./MU,)(and also H*(G,,U.(J)/MU,.(J)) has a natural

(
H*(G,,Z/MZ)-module structure. By the theory of spectral sequences(see, for ex-

ample Brown [4], Chap. 7, §5), we have the cochain cup product
Chu @Ky — K70
By using the diagonal map ®, defined in §4.1, it is easy to check that:
Chv @83 S ST
hence we can pass the cup product structure to the quotient and have
Cra © QN — QU

Now (3) follows immediately from the explicit expression of ®,.. This concludes the

proof. O

4.3. Explicit basis of H(G,.,U,/MU,.)

In §4.2, we obtained a canonical basis {cg4 : h | 7°°,g | h} for the cohomology
group H*(G,,U,/MU,). However, little is known yet for the explicit expression
of the cocycle ¢4 5, in the complex Home, (P, U, /MU, ), which makes it necessary
to study how to lift the cocycle [0,g,h] in Q) to the cocycle Cyp in K773,
Unfortunately, we are unable to get a complete answer for this problem in this
paper. We obtain a partial solution in the 0-cocycles case, however, which is enough

for us to prove Theorem B.

4.3.1. The triple complex structure of K,. Recall from §2.4.3, L has a

double complex structure, therefore we can make K, a triple complex. Set
KP1vP24 .= Homg, (P, LP*P?) = ([a, g, h] : [a, g] € LPVP? degh = q)
with the differentials (dy,, da-, d) given by

1
le[a=g7h’] = _Zw(&g)NE[FTZIG’—F ng/éa h]a
g

dola, g,h) =Y w(l, g)(1 = FryY)la, g/t h],
g
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and ¢ as given in the double complex K?*. In this setup, we see that K, (J) becomes
a triple subcomplex of K,., moreover
@ KP1P2:d
p2>s—mn
Correspondingly, we have triple complex structures on K, pr, K, a7 (9) and K, pr(n).
This triple complex structure enables us to construct different double complex struc-
tures in K, and K., ps. By studying those double complexes, we can gather more

information about K,. This method will be illustrated in the next subsection.

4.3.2. The double complex (K T’gj’ ,dy,0). For fixed po, let
K3 - D AT
P1,
with differentials d; and §, then we get a double complex (K37 d1,4). Similarly,
we can get the double complex (K:’X/[,dl + 4,ds) whose (p1 + ¢, p2)-component
is @K As before, for any J, we have double complexes K777°(J) and
@ K777 (J) which are subcomplexes of K77 and @ K7 respectively. First

we have

PROPOSITION 4.3.1. (1). Hp,,,,(K}57%;dy1,0) is a free Z/MZ-module gener-
ated by cocycles C’ -, With leading term [0, 9, h] and the remainder with q-degree less
than deg h over all pairs (g, h) satisfying |Tg| = s — pa and g | h.

(2). Moreover, Hf, (K}77°(0);d1,0) is a free Z/MZ-module generated by
cocycles C’;’h with leading term [0, g, h] and the remainder with q-degree less than

dege over all pairs (g, h) satisfying g € J, |Ty| = s —p2 and g | h.

PrROOF. We only prove (1). The proof of (2) is similar. First look at the

spectral sequence of K oohee

d), then

with the second filtration(i.e., the filtration given by

E{“’q(K;”gj") = HY(G,, LP+P?).
Next for the differential d;, induced on E7, with the same analysis as in computing
the By terms of (K;d, d)(see §4.2, Proposition 4.2.3), we have
D P z/mz, ifp =-
B IR ) = § 1o pdg s
0, if p1 # —
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Furthermore, let (Q +2:2.0,0) be the double complex generated by all symbols
[0, g, h| satisfying |T,| = s — p2 and ¢ | h, which can be considered as a quotient

7172)

complex of K7, As in the proof of Theorem A, the quotient map induces an

isomorphism between cohomology groups. Let C’; » be a cocycle in K o8 with

7172 L4

image [0, g, h] in the quotient Q Then C’!’]’h is the sum of a leadmg term
0,9, k] and a remainder contained in the direct sum of K774 where ¢’ < degh

and p] + ¢ = degh — s. O

PROPOSITION 4.3.2. The spectral sequence of the double compler (K735 di +
0, da) with the first filtration, degenerates at Ey. The spectral sequence of the double
complex (K773,(3); dy + 8, da) with the first filtration, degenerates at E.

PROOF. We only prove the first part. The E;-terms of the spectral sequence

are

Ef1+q7p2(K:7;VI) Hpﬁ-q( 7;02, d1,5)

s total

Note that |EPY| > |EP?| > --- > |ER9| in general for any spectral sequence, then
| @ HL KA 0)| > [ Hiy (K d 4 0)-
p1+p2+g=n
By Theorem A and Proposition 4.3.1, the left hand side and the right hand side
of the above inequality have the same number of elements, hence the inequality is
actually an identity. Therefore, the spectral sequence of K;]’VI with filtration given

by p1 + q degenerates at Ej. |

The advantage of studying the triple complex structure of the complex K, s

is that we can obtain the (—p3)-cocycles of K;ﬁj' rather quickly. Note that
(1—0‘@)D@ZN@ (mod M)

Now for the (—p2)-cocycles Cy ;. the pair (T, h) must satisfy degh = |T,| and

therefore g = h. In this case, for any ¢ | g, we always have
w(l,g) = (—1)v«@),

First

5[0,9,9] =0, [0, g,9] = = w(t, Q)Ne[ 9/t

lg

.9/¢, 91,
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then

532 DL /0. 9/8) = (~1) " [0,5.),
tlg

Continue this procedure, we have
/ /
Cpg = D (LI NI 02Dy (Y30 /9" g/
g'lg lg’
Apparently, we see that if g € J, then the cocycles C’;’ , are all contained in the

subcomplex K7'77*(J). Combining the above results, we have

PROPOSITION 4.3.3. 1). The canonical basis {Cy , : |Ty| = s — p2} of the
Z/MZ-module H=P>)(K}12*) is given by

, |7, |- q/9’
Chg = Y (~)TICITl=To =D/ D 13 /g*»g/g’,g/g’]-
g’lg llg’

2). If we restrict our attention in the subcomplex K737 (J), then the Z/MZ-
module H(_pz)(K;:gj"(j)) has a canonical basis {C}, , : |Ty| = s — p2, g € T}.

4.3.3. Proof of Theorem B. In this subsection, we prove

THEOREM B . The image of the family

D, Z% Ve

£|r!
in U,./MU, is a Z/MZ-basis for H*(G,.,U,/MU,).
PRrROOF. First we claim that
1
Dy[Y 71 € HO(Gr Uy /MU,) = (Uy/MU,)".
Lilg
We prove it by induction on g. For g = ¢, it is easy to see that (1 — o;)Dg[}] =0
for all £ | . Now in general, for any ¢; | g,
1 1
(1= 0)D4[Y 71 = (Fre, =)Dy, [ 3 3]
lg £l(g/45)
which is 0 by induction, for ¢; { g, it is obviously 0. Hence the claim holds.
Now we consider the double complex (K73, di + 8, ds). By Proposition 4.3.2,
we know that (K;;W, dy +0,d2) degenerates at E; for the first filtration. By Propo-
sition 4.3.3, B} 77?2 (K}'},) is generated by {C} , : |Ty| = s — pa}. We plan to lift
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L)

Cy 4 to a 0-cocycle in K, 5> which is guaranteed by the degeneration at E7. More-
over, we can study the lifting C;,g in K'3,(g). Therefore there exists a cocycle C'g,g

in K:z.v[ (9) with the leading term Cy ; and the remainder contained in the direct

sum of K47 (g) where p +ph +¢' = 0 and pj > pa. Hence the image u(Cy,) is

exactly of the form
1
£ D[y 51+ Re(9),

Llg
where Re(g) is of the form

Re(g) = Z nglal.
ord(a)lg
ord(a)#g

Both u(C, ,) and D, [Z%] are 0-cocycles of U,./MU,, and hence is Re(g).

tlg
In order to prove Theorem B, it is sufficient to prove

1
(%) : Re(g) = linear combination of D, [Z Z] forg' | g, g #g.
£lg’
We show (%) by induction on g. If g = ¢, this is trivial. Now in general, without

loss of generality, we may assume that g

linear combination of Dy [Z%] for ¢" | ¢’ but g # g. Then u(Cy ,) for any
e‘g//

r and for any ¢’ | v, Re(¢’) is a

g' | r,g" # ris alinear combination of Dy [Z%] with ¢” | ¢’. By Proposition 4.2.1,
l‘g//
Proposition 4.3.2 and Theorem A, H°(G,,U.(s — 1)/MU,(s — 1)) is generated

by {w(Cy g) : g | 7,9’ # r} and hence by Dy [Z%] But obviously Re(r) €

£g’
Ur(s—1)/MU,(s — 1), so (x) holds for Re(r). Theorem B is proved. O
REMARK 4.3.4. One natural question to ask is if the bases of H*(G,.,U,./MU,.)
obtained in Theorem 4.2.6 and in Theorem B are the same. Unfortunately, they
are not the same even in the case |T,.| = 3. Right now, we don’t know too much
about the explicit expression of the cocycles ¢4 . A deep understanding of those

cocycles might tell us more about the arithmetic of the cyclotomic fields.



CHAPTER 5

Connections with the Euler System

In this chapter, we give a brief introduction to the cyclotomic Euler system.
We then discuss possible connections of the group cohomology of the universal
distribution and the Euler system. Though the connections are still not fully un-
derstood, our investigation shows hope for future progress. We include the study
we have done so far, and some problems for further investigation. In this chapter,
for any Z[G]-module A and any element « € Z[G], we denote by oA the submodule
{a € A: aa =0} and denote by A, the quotient module A/aA.

5.1. The cyclotomic Euler system

Fix a positive integer m, and let F = Q(pm,)*. For any r € N, (r,m) = 1,
write F, = F(u,) and O, = Op(,,) (note that this notation is different than the one
in Chapter 3). We identify G, with the Galois group of F(u,)/F. Let & be the set
of positive squarefree integers divisible only by primes in Q splitting completely in
F/Q. Let s be the supernatural number attached to &. We can define pg and G
correspondingly.

The cyclotomic Euler system, briefly to say, is a system of the elements
{& € 0,.\{0} : r e N,7 | 5}

satisfying the following two axioms:

(1). Ne& = (F're — 1)&, /-
(2). & = &0 modulo every prime above /.

Given a Euler system {, : r | 5}, there exists a unique Gs-homomorphism &
§:Us — FY

satisfying

69
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REMARK 5.1.1. If we let £ be the map given in Example 2.1.7 of §2.1, one
can see that the associated Euler system is the one given by Rubin [26]. Thus Us
plays a role here similar to that played by the universal Fuler system defined in

Rubin [28].

Now we make the simplifying assumption that £, € O for all r(this assumption
is not as bad as it looks, in application, we can always modify a given Euler system
to satisfy this assumption). Now for any r | s, passing the map £ to the G-

cohomology, we have
H*(&) : H (G, Uy) — H™(Gy, O)).
Fix an odd positive integer M. Let
Sy = {r € & : r is divisible only by primes =1 mod M}

and let m be the supernatural number attached to &,,. Hereafter we suppose that
r | m. Then the map
U, -5 0 < FX
induces a map
k: H(G,,U,/MU,) — H°(G,,FX /FXM),

From Theorem B, we know that H°(G,.,U,/MU,) has a Z/MZ-basis

(D[ 7] 1r)

T el - e N )

therefore the images D, &, in FX/FXM are invariant by G,..
Furthermore, since F,. doesn’t contain any M-th root of unity, we have an exact

sequence

0—Fx M px L FX/FXM 0
Passing to the G,-cohomology, since
HY(G,,F*) =F*, HY(G,,F}) = 0(by Theorem 90),

we have an exact sequence

0— F* 22— HG,,FX/F*M) — 0.
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Thus HY(G,,FX /FM) = F*/F*M . For any r’ | r, we denote by x(r’) the image
of D& in FX /XM Note that x(r') is independent the choice of 7. The elements
k(r) for r € &) are called Kolyvagin’s derivative classes.

Fix a prime X of F above ¢ and a primitive root s modulo ¢. Then s is also a
primitive root modulo o\ for each o € Gal(F/Q). Now for any x € F* which is
prime to ¢, define ¢, () € Z/({ — 1)Z by

=% (mod o).

For any x € F*, denote by v)(z) the A-valuation of x. The following proposition

tells us about the ¢-part prime factorization of £(r):

PROPOSITION 5.1.2 (Proposition 2.4, Rubin [26]). One has
(1). If L1, then vyx(k(r)) = 0 for every o € Gal(F/Q).
(2). If €| r, then vox(K(r)) = o (k(r/L)) for every o € Gal(F/Q).

In application, Proposition 5.1.2(especially the second relation) is the most
important fact about the Kolyvagin classes k(r). Combining with Chebatarev’s
density theorem, Rubin [27] gave an elegant proof of the Main Conjecture over
Q in Iwasawa theory. Moreover, in [25], Rubin proved the Main Conjecture over
imaginary quadratic fields using second dimensional analogous Kolyvagin classes.
As known from above, the x(r)’s are the images of cocycles in HY(G,.,U,/MU,.),
thus if we can recover the above relations in the group cohomology of U,., it might
facilitate the study of the Euler systems. Our goal in this chapter is to find a way

to write down the relations in Proposition 5.1.2 using cohomological language.

5.2. Investigation of connections

5.2.1. The cohomology group H*(Gy,U,). We keep the assumptions of
Chapter 4. For a given prime ¢ | r, we discuss the cohomology group H*(Gy, U.,.).
In this case, since Gy = (o) is cyclic, we choose the projective resolution Pye of

trivial Gyg-module Z as

s Z[G] X5 Z[Gy] = Z[GY) — O.
2 1 0

We also have an acyclic complete complex Py

s Z[Gy) =X Z[G) 2 ZGY) — -
1 0 —1
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Thus the double complex K** = Homg,(Pre, L?) has total cohomology group
H*(Gy,U,), and the double complex K** = Homg, (154.7 L?) has total cohomology
I:I*(Gz, U,). We consider the latter one. Follow the setup in Chapter 4, then

KP = ([a,g.q] : a € 22/Z, g squarctree | , |Ty| = —p)
T

and the differentials induced are

dyfa.gq) = > w(t'.9) ([, 2oa) = > . 5.4

vlg ¢'b=a

5 [CL g q] ( 1)q,1 Nﬁ[a,qu]y lfq =1 mod 2,
14 9, == .
(1_05)[aag7q]7 lquO mod 2.

For the second filtration, then we have
EP9(K®*) = HY(Gy, LP).

Now let’s look the Gy-module L
the definition in §2.3)

P we have an isomorphism of Gy-modules(recall

LP = Lp/é @Lr r/e
([a,9/4],0), ifl]g;
(0,[a,g),  ifltg.

la, g] —

The module Lf /e is a direct sum of trivial Gy-module Z, therefore

0, ifg=1 mod 2;
(GZ7 7’/5)
Lf/e/(é—l)Lf/z, ifg=0 mod 2.

The module Lf 0 however, has the following structure

G
=L, @Pmdfy L7,

([a,g],0), if £1orda;
[av g] =
(0,[a,g]), if £|orda.

The induced module Ind {1’5} L? "y has trivial Tate cohomology, thus H4 (G, LP o /é)

is 0 if ¢ is odd and is another copy of Lr/é/( - )Lr/e if ¢ is even.
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Look at the subcomplex S*° of K*®* given by

KP4, ifg=1 mod 2;
§Pia —

(¢ —=1){[a,g,q] : ¢ torda) P{[a,g,q] : £ | orda), if¢g=0 mod 2.
The above consideration shows that S** is acyclic and E7 "(K"’) is the quotient
complex with the differentials (d,.,0) induced by (d,.,d;). Hence the quotient map
from K** to EP?(K**) is a quasi-isomorphism. Therefore this spectral sequence
degenerates at F5. Now we compute the Fo-terms.
We only need to consider the case ¢ even. Then the complex El"q(K"’) is

isomorphic to a free graded Z/(¢ — 1)Z-module E*® with a basis given by

{la,g] : £{orda},
and with the differential given by

dyafa,g) = Y w('g) ([ 71 = D 0. 5]) +w(tg)(1 = FriYla, 7]
K[/Jﬁg@ {'b=a
:dr/f[ahg] + dlﬁ[aﬂg]

where d)[a, g] = w(f, g)(1 — Fr;")[a, g/¢']. We check that
)y = d,? = dyjdy + dyd, e = 0.

This gives us hints that the complex E*® might possess a double complex structure.

For any symbol [a, g] in EYY(K*?) , we declare [a, ] is of bidegree (m,n) where
m=—{': ' |ged(g,r/0)},  n=—[{":{]ged(g, L}

With this bigrading, the complex E*® indeed becomes a double complex E**® with
differentials d,/, and dj. Actually one can see E** is nothing but the mapping
cone defined by the map

p p
LT/Z N Lr/@

— -1,
1-Fr, o -1

By studying the first filtration of E**®, the spectral sequence collapses at Fs and
coker(1 — Fr; ' : Uy ye /(€= 1) = Uy /(£ = 1)), ifm=0,n=0;
Ey(E**) = Qker(1 — Fry' :Upye/(0—1) — Upe/(€— 1)),  ifm=0,n=—1;

0, if otherwise.
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Thus for ¢ even,
coker(1 — Fr; ' Urje/(6 =1) = Uypyg/(£ = 1)), ifp=0;
ESIK®®) = Sker(1 — Fry b Uyje/(E—1) = Uype/(E—1)),  ifp=—1;
0, if otherwise.

Since this spectral sequences collapses at F5, we have the following proposition

PRroOPOSITION 5.2.1.

. coker(1 — Fr; iU, /(6 —1) = U, ;0 /(£—1)), ifqg=0 mod 2;
oGy = 4 T I U (€)= Uy (6 1)

ker(1— Fr;t : Uy /(€ —1) = U, se/ (€ — 1)), if¢g=1 mod 2.
5.2.2. More on the prime factorization. Let P,.(resp. P) be the group
generated by principal fractional ideals of F, (resp. F). Let I.(resp. I) be the

group generated by fractional ideals of F,. (resp. ). Consider the exact sequence
0—0f—F'— P.—0.

Passing to the G,.-cohomology, we have

pGr
HYG,,0)) = ——
( T ) P

Thus we have

oc 1 PGr
HO Gy, Uy /MU,) 28 (1 (G Un) 8 (G, 00)2 (25,
where “Bock” abbreviate Bockstein. Therefore we have a map

G,
val : HY(G,,U,/MU,) — M( T

) () 5
_— — _— .
P MAT MI
We can show that the map val gives the same information about the prime factor-

ization of k(r) as the valuation maps v, give. Hence the map

(€
Pr

H'(¢): HY(G,, Uy) —

contains all the information we want for prime factorizations. Since our goal is to
recover Proposition 5.1.2, we also need to interpret the map ¢, in the cohomological

level. We speculate that we need a map from H'(G,,U,) to Hl(GT/g, Uy /o).
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5.2.3. Two maps p and p’. First we regard Gy as a subgroup of G,, and
regard G,/ as the quotient group. Then Hochschild-Serre spectral sequences give

the following exact sequence

0 — HY Gy, UF*) — HY(Gy, Up) — H' (G, Up)¥/ — H2(Gyyo, USY)
By Proposition 5.2.1, we know that

HY (G, Up) =ker(1 = Fryt 1 Uppo/(E=1) = Upye/ (€= 1)).

Thus we have a map

p: HY (G, Uy) — HY (G, U9t — HY(Gr o, Up o/ (€= 1)) — HY(G, 0, Up o).
Since

Upje = UF* = Ur,
we have
v HY G0, Urpe) — HY (G, USY) — HY(G,.U,).

Let ay =1 — ZFrz_l, we have a modulo ¢ map

v, — Urie,
oy

[a] — [{a].
It is easy to check that the above map is a well-defined G,-homomorphism. This

modulo £ map thus induces a map
Hi(Gra UT) — Hi(GTa Ur/f/aé)

for every ¢ > 0.

Given two finite abelian groups G1 and Gs of order m; and mso respectively.
Suppose that G is cyclic with a generator 7. Let G = G; x G2. Let M be a
G-module such that H(Gy, M) = M(i.e., M has trivial Gi-module structure). For

any cross homomorphism ¢ : G — M, we have
clor) = oe(1) + (o) = 7c(o) + c(7).

Thus for any o € Gy, we have ¢(7) = oc(7), which is to say that c(7) € H°(Go, M).
It is clear that ¢(7) is independent the choice of ¢ up to the coboundary, thus the
map

¢ — (1)
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is a well-defined map from H'(G, M) to H°(Go, M).
Now applying the above discussion to the case G; = Gy, G2 = G,/ and
M = U, ¢/, we have a map

Ur/@
ay

Ur/e
HY(G, g, 1L
)4) ( v/l o

o HY(G,,U,) — HY(G,, ) — H' (G, /0, Uy )

PROBLEM 5.2.2. What is the relationship between p and p'? How to describe
images of elements of H'(G,,U,) in H'(G,.;¢,U, ;¢)?
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