ON VECTORIAL FUNCTIONS WITH MAXIMAL NUMBER OF
BENT COMPONENTS
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ABSTRACT. We study vectorial functions with maximal number of bent com-
ponents in this paper. We first give a construction of such functions from
known ones, thus obtain two new classes from the Niho class and the Maiorana-
McFarland class. Our construction gives a partial answer to an open prob-
lem proposed by Pott et al., and also solves an open problem proposed by
Mesnager. We then show that the vectorial function F' : Fyom — Faom,

z — 22" 1 4 £2°+1 has maximal number of bent components if and only if
i=0.

Keywords Vectorial bent functions, Vectorial functions, Bent components,
Niho quadratic function, Maiorana-McFarland class.

1. INTRODUCTION

Bent functions, as a special class of Boolean functions, were introduced by
Rothaus [1] and have been extensively studied (see [2, 3, 4, 5, 6, 7, 8, 9]) due
to their important applications in cryptography, coding theory and combinatorics.

The bentness of Boolean functions can be extended to a general vectorial function
F : Fan — Fax by requesting all component functions f.(x) = Trox jo(cF(z)) (c €

1) of F' to be bent. Nyberg [10] showed that vectorial bent functions can only
exist if n is even and n > 2k, and presented two different constructions of such
functions from known classes of bent functions. The reader can refer to [11, 12,
13, 14, 15, 16, 17, 18] for more constructions of vectorial bent functions. However,
relatively little work was done to construct bent functions from known vectorial
bent functions. In this direction, Mesnager [19] proved the following result:

Theorem. If F' : Fon — For is a vectorial bent function, and ci,ca,c3 € F3,

satisfying c1+ca+cs3 # 0 and f2 + f5,+ 12, = [2 feotes then fo, fe,+ fe fes+ feo fes

is bent and its dual is f [z, + & fo, + fo, fo,-

She raised an open problem to find vectorial bent functions satisfying the above
condition.

Another interesting and important question in studying bentness of vectorial
functions is that how large the number of bent components of a vectorial function
could be. Suppose F : Fan — For is a vectorial function. Nyberg’s condition [10]
is equivalent to that the possible maximum 2* — 1 can be attained only if n is
even and k < §. For k > 4, Zheng et al. [20] showed that this number is at
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most 2 — 2¥=% and presented a class of vectorial functions with 2 — 2¥=% bent
components. The special case k = n was proved by Pott et al. [21], where a class
of binomial functions attaining the upper bound was presented. Further, Pott et
al. [21] raised the following problem:

Problem 1. Determine all linear mappings €(x) over Fon such that the number of
bent components of xf(x) is 2" — 27 .

Let n = k = 2m. There are four known classes of vectorial functions from Fan
to itself with 2 — 2™ bent components:

(a) F(z)=a"*" ([22]);
(b) F(z) =2 (z +2?") = :ETTrQn/W(x), 0<i<n-—1/(21]);

i P . t) .
(c) F(z) = 2% (Tran jom (z) + 3 Y Trgn jom (2)27), where 9 € Fom,p < m
=1

such that 3°7_, ()27 279 =14 1 £ 0 and S () 29141 4
0 for any = € Fom ([18]);
(d) F(x) = xh(Trgnjgm()), where h : Fam — Fam is a permutation ([20]).
We note that functions in (a) and (b) are of the form x¢(x).

We shall work on vectorial functions from Fan to itself with maximal number of

bent components in this paper. Our main contributions are:

(A) We present two new classes of vectorial functions from Fon to itself with
maximal number of bent components via the Niho quadratic function and
the Maiorana—McFarland class. Moreover,

- From the Niho quadratic function, we obtain a new class of quadratic
vectorial functions of the form

F(z)=22""" + u12Tron jo(ugx) = xl(x),

where u;, uy € Fon —Fym satisfying u? uy € Fom and Tr2m/2(u%muQ) =
0. This gives a partial answer to Problem 1.

- From the Maiorana—McFarland class, we obtain a family of vectorial
bent functions and find three distinct bent components G.,, G¢,, Ge,
such that G + G7, + G, = G , where c¢1,c2,¢c3 € F5n and ¢ =

c

1+ ¢z +c3 # 0, so that the conditions of Mesnager [19] are satisfied.
(B) We prove that the binomial vectorial function F(z) = 22" ! 4 22+ (0 <
it <m — 1) has 2™ — 2™ bent components if and only if i = 0.
2. PRELIMINARIES
2.1. Basic Notations. Let n and k be positive integers. For k | n, the trace
n_q
k i
function from Fan to its subfield Fox is Tron jon(z) = > 22"
i=0

For a finite dimensional Fo-vector space V, we always fix a non-degenerate inner
product (, ) = (, )v on V. In particular, if V = F3, we let

((vi), (wy)) = Z VWi

IfV = Fon, let
(w, ) = Tron jp(wzx).
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For W a subspace of V, let Wt = {v € V,(v,w) = 0 for all w € W} be the
orthogonal complementary of W, then dim W+ = dim V' — dim W.

For a vectorial function F': V' — W, the component function of F' at w € W is
the function Fy, : v = Fa, v — (w, F(v))w.

2.2. Bent and vectorial bent functions. We call F' : V' — 5 a Boolean function
where V is a finite dimensional Fs-vector space. In particular, if V' =y, then F
is represented by a unique reduced polynomial R(X7, Xs, -+, X,,) over Fs.

The Walsh transform of F': V — Fy is

We(w) =Y (=1)FOH) g eV, (1)
veV

its inverse Walsh transform is

(D7) = e 3 W)™, @)
weV

In particular, if V = F3, the Walsh transform of F' is

n
F(v1,0p)+ >0 wiv;
i=1

We(wy, - wa) = Y (=1) : (3)

its inverse Walsh transform is

Uy v 1 2”: wiv;
()P = LS Welwn, - w) (DS (@)
(w1, ,wn ) EFY

if V.= Fgyn, the Walsh transform of F is

We(w) = 3 (~1)F @ Tsen, 5)
z€EFon
its inverse Walsh transform is
xT 1 I'on wx

(D)7 =55 X0 Wr(w)(=)T0. (6)

wEFon

dim V.

Definition 1. A Boolean function F : V — Fy is called bent if Wg(w) = £27 2
forallw e V.
The dual of a bent function F', denoted as F*, is defined via the equality

dim V.

We(w) =27% (—=1)F @),

Lemma 1. A Boolean function F : V. — Fy is bent if and only if its first derivative
D,F(v) =F(v+a)+ F(v)
in the direction of a is balanced for all 0 #a € V.
For a vectorial function F : V' — W, the Walsh transform Wg(a,) of F is

We(a,w) = Wg,(w) = Y (-1 g e W —{0}we V.
veV
In particular, if ' : Fon — Far, the Walsh transform Wg(a,w) of F is

WF(a’w) = WFa (w) = Z (_1)Tr2k/2(‘1F(x))+T1‘2"/2(W3¢)’ a € F;n’w € Fon,
zEFon
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Definition 2. A vectorial Boolean function F : V. — W is called bent if Wg(a,w) =
dim V.

Wg,(w) =+272 foranya € W —{0} andw €V, i.e., its component functions
F, for all a # 0 are bent.

Lemma 2 ([10]). If F : V. — W s a vectorial bent function, then dimV s even
and dim W < 42V

2.3. Bent components.
Proposition 1. Let n =2m =dimV and F : V — V be a vectorial function. Set
Sp:={veV: F, is not bent}.

Then

(1) (Pott et al. [21]) |Sp| > 2™, and |Sp| = 2™ if and only if Sp is an
m-dimensional Fy-subspace of V.

(2) (Hu et al.[22]) Moreover, if V = Fan and |Sp| = 2™, then Sp = Fam.
3. CONSTRUCTION OF VECTORIAL FUNCTIONS WITH MAXIMUM NUMBER OF
BENT COMPONENTS

Assume n = 2m. The main goal of this section is to construct vectorial functions
from V of dimension n to itself with maximal number of bent components.

3.1. A Generic construction. This construction is inspired by recent work of
Mesnager [19] and Tang et al. [3].

Definition 3. Suppose f : V — Fo and {uy,us,...,ux} CV for2 <k <n. We
say that (f;uy, - ,uk) satisfies Condition A if f(x) is a bent function and

Dy, Dy, f*(x) =0 forall pairs 1<i<j<k. (7)

Eq. (7) means that f*(x + u; + u;) = f*(z + w;) + f*(x + v;) + f*(x). By
induction, for any (w,ws,--- ,wy) € F5, one has
k k

Fr@+ Y wiw) = f*(x) + Y wDy, f* (). (8)
i=1 i=1

Theorem 1. Suppose G:V -V, 0£8€V,2<k<n and {u1,ug,...,ur} CV
such that (Gg(x);u1,--- ,ug) satisfies Condition A. Then for any reduced polyno-
mial H(X4, -+, Xg) over Fo, the function

Fg(x) := Gp(x) + H((ur, ), -, (ug, )) (9)
is a bent function, whose dual is
Fg(x) = Gi(x) + H(Du, Gj(x), -+, Do, G5()).

Our proof of this theorem is almost identical to that of [3, Theorem 8], which
we include here for completeness.

Proof. Applying the inverse Walsh transform to the Boolean function H : F§ — Fy
defined by H(X, -, X}), we get

1 K s X
(—1)H XXz, ~Xk>:27 S Walwy, - wg)(=1)== X (10)

(w1, wi) EFE
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Take X; = x; = (u;,z) for 1 < ¢ < k and then multiply both sides of the above
identity by (—1)%s®)+{w2) note that Zle wiT; = <Zf:1 Wik, T), we get
(_1)GB(®)+H(961,~~Jk)-&-(w,w)
Gg(w)-l—(w-i—vél WiuG,T)

— Y Walwn () :

(w1, ,wi ) EFE
which leads to

W, (w) = Y (-G a o
zeV

w2 Y Wl w1

2€V (wy, ,wy,) €FY

k
Gg(z)+(w+ > wiug,x)
i=1

k
1
= or Z Wg(wy, - ,wk)WGB(w+Zwiui).

(w1, yw ) EFE i=1
By definition of the dual of a bent function, then
k
2m Gi(wt > wiug)
Wr, (W) = 5 S Wawy, - wg)(—1) =

(w1, wk)EFE

k
gm . S5 wiDu, G (w)
= 27(*1)%(“)) E Wi (wr, -+ wg)(=1)= o

(wy,- ,wk)E]F’QC
This together with (10) yields
WFB (w) _ 2m(_1)GZ(w)+H(Du1 G’[’;(w),Du2 GZ; (w),- Doy, G;} (w))
Hence F3 is bent and
Fi(z) = G(z) + H(Du, Gj(2), -+, Du, G(2)). O

3.2. Construction via the Niho quadratic function. Take V = Fy» with the
inner product given by the trace map. By Proposition 1 and Theorem 1, we have

Theorem 2. Suppose G : Fon — Faon has 2™ — 2™ bent components. Suppose

2<k<nand{uy, - ,ux} CFon such that (Gg(x);ue,--- ,ux) satisfies Condition
A and D,@ulDujGE(x) =0 forl < j <k forall € Fon —Fom. Then for any
reduced polynomial R(Xs, -, Xg) over Fy, the vectorial function

F(z) := G(x) + w1z R(Tran j2(u2x), Tron jo(us®), - - -, Tron jo(upw)) (11)

has 2™ — 2™ bent components. Furthermore, the component Fg(x) = Tron /o(BF(x))
is bent and its dual

Fj(z) = Gi(z) + Dpu, G3(2) R(Du, G(2), - - -, Doy G()).

Remark 1. (1) Comparing with the constructions in [21, 20], the vectorial function
constructed by Theorem 2 is new and its dual is explicitly given.

(2) Comparing with the constructions presented in [3] and [27], the vectorial func-
tions with maximal number of bent components by our construction can have high
algebraic degrees if we choose the reduced polynomial R with high algebraic degree
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and uq,us, ..., ux linearly independent over o, in this case the algebraic degree of
R(Trgn j2(u1), ..., Tron j2(ugx)) is equal to the algebraic degree of R(Xy, ..., X})
(see [3]).

From now on in this subsection, let G(z) = 22" 1. For 8 € Fon — Fom, let
v =848 €Fhn.

The component function of G at 8 is the monomial Niho quadratic function

Gp : € Fan = Trgn (B2 ). (12)
It is a bent function (see [19]) and its dual G is given by
G(x) = Trom o (v '2¥" T1) + 1. (13)
To apply Theorem 2, we first show that the function Gg(z) satisfies Condition
A when u1,us, - ,u; are appropriately chosen.
Lemma 3. Suppose 8 € Fon — Fom, k < m and {uy,us, -+ ,ur} C Fon such that

’IYQH/Q(’V_lufmui) =0 foralll <i<j<k. Then (Gag(z);us,---,u) satisfies
Condition A and for 1 < j <k,

Dy, Gj(x) = Tron ja(y~ Lou?

j ) + Tr2m/2(’y*1u2-m+1).

j
Proof. By Eq. (13), the derivative of G;(z) in the direction of u; € Fan is

D,,Gj(x) = Trzm/z(’y_lem'H) +1+ Trzm/g(’y_l(a: + uj)Qm'H) +1
= Tron 9 ('yflu?mx) + Tr27n/2(771u?m+1).
Then the second order derivative in the direction of (u;, u;) is
Dy, Dy, G5(7) = Doy, G(x + u;) + Dy, Gj()

= Trgn/Q(ﬁy’lu?m:c) + Tron /o (’y*lu?m (x4 u;))
= Tron o (v "0l u;) = 0,

with the last equality followed by our assumption. O

By Lemma 3 and Theorem 1, then we have

Theorem 3. Let 8 € Fon — Fam and Gg(z) = Trgn/2(6x2m+1). If k < m and
1

{ur,ug, - -+ ,ur} € Fon satisfying Tron jo(y~ ufnul) =0 foranyl <i<j<Ek,
then the function
Fg(z) := Gg(w) + Tron jo(urx) R(Tron jo(uax), - - -, Tron jo(ur)) (14)
where R(Xo, -+, X,) is any reduced polynomial over Fy, is bent and its dual is
Fi(z) = Gi(x) + Du, G(2) R(Du, G(2), -+, Du, G()).
Our first construction of vectorial functions with maximal number of bent com-
ponents is the following result:

Theorem 4. Let 3 <k <m and {uy,uz, - ,ur} € Fom satisfy Trom jo(uiuy) =0
for j > 2. Then for any reduced polynomial R(Xa,- - , Xy) over Fy,
F(x) = 22"y w1z R(Trgn 9 (uzw), Tron so(usx), - - -, Tron jo(ugx)),
has 2" — 2™ bent components. More precisely, for f € Fon —Fom, Fjg is bent and
Fi(x) = Gj(x) + Dpu, G5(2) R(Duy G5 (), - -+, Dy, G ().
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Proof. Since u; € Fam and Trom /o (uiuj) = 0, we have vy~ 'uju; € Fom,
Dy, Dy, G(x) = Tron o (v ujus) =0, 2< i< j <k <m,
and
Dgu, Dy, Gj(x) = Trzn/z('y_luj,é’ul) = Trom jo(uju1) =0, 2 <5 < k.
Therefore, (gg(z); Bui, us, ..., uy) satisfies A for any 5 € Fon — Fom. O
Remark 2. In Theorem 4, if we take {u; : 1 <i < m} to be an orthogonal basis of

Fym over Fy under the inner product (z,y) = Trom /2(2y), and take the polynomial
R(Xs,...,Xm) = X2 X, then the function

m
F(J?) = .I‘2m+1 +u1x H Trgn/g(uil‘)
=2

has maximal algebraic degree m and maximal number of bent compnents 2™ — 2.
For k = 2, we have the following result.

Theorem 5. Suppose uy,us € Fon such that ulugm € Fom and Tr2m/2(u1u§m) =0.
Then
Fz)=22""" 4 u12Tron /o (uz)
has 2" — 2™ bent components: for B € Fon — Fom, Fg is bent and
Fj(x) =Tram ;oA 2" ) 4 14 (Tran /o (A (Bu1)?" 2) + Tram o (A (Bur)®" 1)
X (TI'Qn/Q ()flugmx) —|— TI'Qm/Q ()\71U§m+1)) .

Note that the function F'(x) given by Theorem 5 is of the form x¢(z), thus is a
solution of Problem 1. We now show it is not equivalent to the functions in cases
(a) and (b) in the introduction. Recall for a vectorial function F and a,b € V,
0p(a,b) :=|{x € Fon : F(x + a) + F(x) = b}|. The differential spectrum of F is

{6p(a,b): a €F5., beFan}.
It was shown in [23] and [21] respectively that

O p2m 11 (a,b) S {O,Qm} and (szr_ﬂ(lJrzgm)(a,b) S {O,Qng(i,m),Qm} (0 <i< m)

Then the inequivalence of our function in Theorem 5 to theirs follows from

Theorem 6. Suppose ui,us € Fon — Fom, ulugm € Fom and Trgm/g(ulugm) =0.
Then the differential spectrum of F(z) = x®" 1 4 u12Tron 9 (ugx) is given by

{Oa2}7 Zf T‘I‘Q"/Z(UQG’) = 1a

dr(a,b) €
F(a ) { {07 2m_1, Qm}, Zf Trzn/Q(UQG) = O

Proof. We have

F(z+a)+ F(x)

m "
=2"q +xa2

e u12Tron 9 (u2a) + u1aTron o (uz(z + a)).
Notice that if  is a solution of F(x 4 a) + F(x) = b, so is z + a.
(A) Assume Tryn /5(uza) = 1. The equation F(x + a) + F(x) = b is reduced to

2

2 0+ 2a® + @ fugx + u1aTrgn j3(ugw) +ura = b, (15)



8 XIANHONG XIE!, YI OUYANG?Z:3

and then to one of the following two systems of equations:

Tron jo(uzx) = 0; Tron jo(uzx) = 1.

{ 22" a+2a®" +ux=b+a2 T+ U1, { 22" a+xa®" +uix=b+ a2m+1,
We claim that 22" a+za?” +uiz is a permutation over Fon. Then dr(a,b) € {0,2}
follows from the claim immediately.

For z,y € Fan, let

2"a + za®" +uxr = y2ma + yazm + ury.

Set 2z = Tron jom (za®") — Tron jgm (ya®") € Fom, then y =z + uflz and

m om m m

2 = Tran jom (za®" —ya®") = —Trgn jom (a® ui'2) = 7ZTr2n/2m,(a,2 urt)
= Z(l + Tr2n/2m (a2mu1_1)) = O

Suppose Tron jom (a? u;') = 1. Notice that u3"uy € Fjn and auy? = 22—

ui up’
thus
m aus

mo_1 —2
Tron jom (a® uy ") = Tron jom (auy® ) = Tr2n/2m(u%mu2) =

_ Tr2n/2m (C“,LQ) —1

m

= Tron jom (ati2) = ui us.

Since Tran/p(uga) = 1, we have Tron /o(uza) = Tr2m/2(u%mu2) = 1, which is a
contradiction to the assumption Trgm/g(u%muQ) = 0. Thus z = 0 and 2%"a +

m . . .
za®" + u1z is a linear permutation over Fox.

(B) Assume Tran j3(uga) = 0. The equation F'(z 4 a) + F(z) = b is reduced to
2?0+ xa®”" + a4 u1aTrgn j5(ugw) = b. (16)
Assume that z,y are two solutions of (16). Then

220+ xd® + a4 u1aTron j5(upw) = b, (17)
yzma I ya2m L2 UlaTrgn/Q(u2y) =, (18)

which means that z = = + y is a solution of

2

22" a + za?

+u1aTrgn j5(ugz) = 0. (19)
or equivalently,

m m m m
{z2 a+ za?" =0, {z2 a+ za?" =ua,

Tran s2(ugz) = 0; Tran jo(ugz) = 1.

Thus dr(a,b) = 0 or the number of solutions of these two systems of equations.
Let X, = {z € Fan : Tron/o(ux) = 0}. The zero set of the first system of

equations is the Fao-vector space a 2" Fom N X.u,. Note that dimp, a 2" Fom = m

and dimp, X, =n —1, a 2" Fom N X, must be of dimension either m — 1 or m.
For the second system, note that 22" a + za®" € Fam, we must have uja € Fom.

m
m . m m .
Hence uga™2" = 222 € Fym. The solution of 22" a+2a?" = wjaisz =

A B2 __wia___
= (wa) a?™ (14€)
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with £€2”+1 = 1. Then

_om
UgU1 Uga ura

PR T+¢

= Trgm/Q(uza*QM ura) = TI'Qm/Q(UQU%m) =0.

Tron jo(u22) = Tran jo( ) = Tran ja(

Hence the second system has no zeroes at all. O

3.3. Construction via the Maiorana-MacFarland class. In this case, we let
V =TF9m X Fom and the corresponding inner product be

((y1,21), (Y2, 22)) = Trom j2(y1y2) + Trom j2(2122).
Let ¢ be a permutation of Fom, and G be the associated map defined by
G :Fom X Fom — Fom X Fom
(y,2) — (yo(2), 2).

Then G has maximal number of bent components: for (a,b) € Fi. X Fam, the
component function

Ga,b(ya Z) = Ter/Q(ay¢(Z) + bz)v (20)
at (a,b) is a bent function in the Maiorana- MacFarland class, whose dual
G p(y:2) = Tram (2 +b) ™ (a™1y). (21)

We assume ¢ is an automorphism of Fom from now on in this subsection.

Theorem 7. Let 2 < k < m, (a,b) € F5.. x Fam, ¢ and G be given as above. If
the set {u; = (u;1,u;2) € V 1 1 <i <k} satisfies

Trom /2 (uj12¢*1(a*1ui71) + umcb*l(a*luj,l)) =0 forall 1<i<j<k,
then (Gap(y, 2);u1, -+ ,ug) satisfies Condition A and for 1 <i <k,
Dy, G (Y, 2) = Trom o ((z+ )¢ a  uin) + U0~ (a (Y + u;1))).
As a consequence, for any reduced polynomial H(X1,- - Xi) over Fy, the function
Fau(y,2) = Gap(y, 2) + H(Trom jo(u1,1y +u122), ..., Trom jo(up 1y + ug22))
is bent and its dual is
ap(Y,2) = Gop(y, 2) + H(Du, GG 4 (y,2), - -+, Du, G (Y, 2)).-

Proof. Tt suffices to check that (Ggp(y, 2);u1,- -+ ,uy) satisfies Condition A. By
Eq. (21), the derivative of G} ,(y, 2) in the direction of u; is

Do, Gap(y,2) = Gop(y + uin, 2 + i) + Go (Y, 2)
=Trom /o ((z + )¢~ (@ 'us 1) + uind ™ (a™ (Y + uin))).
Then the second order derivative in the direction (u;,u;) is
Doy; Do, G (y, 2)
= Du,Gop(y + ti1, 2 + ui2) + Du, Gg 3 (v, 2)
= Trym /5 (¢~ (a™ ") (uj20 ™ (ws1) + ui20™ " (uj1))) = 0. U

Our second construction of vectorial functions with maximal number of bent
components is the following result:
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Theorem 8. Let 2 < k < m, ¢ and G be given as above. Suppose u = (u11,0)
and choose u; = (u; 1, u;2) for 2 <i <k such that

Tromja(¢p™ (ur,1)ui2) =0 and win = ¢(ui ).
Then for any reduced polynomial R(Xs, -+ Xy) over Fs, the vectorial function
F(y,z) = (yp(2), 2) + (u1,1y, 0) R(Tram jo(u21y + uz22), . . ., Trom jo(up,19y + up 22))
has 2™ — 2™ bent components: for any (a,b) € F5, x Fom,
Fap(y, 2) = ((a,0), F(y, 2)) = Tram 2(ay¢(z) + b2)
+ Trom jo(aur,1y) R(Trom o (u2,1y +u222), . .., Trom jo(up 1y + Uk 22))
is bent and
Fop(¥,2) = Gy (4, 2) + Duy 1a,0Ga b (4 2) R(Duy G (Y, 2), - -, Du Gy (9, 2))-
Proof. Since TI‘2m/2(¢_1(U]_’]_>Ui72) =0 and u; 1 = ¢(u;2), we have
D, Diauy 1,0Gi (45 2) = Trom ja (671 (@™ i 29~ (aun 1))
= Trom jo(ui2¢™ (u1,1)) = 0.
for 2 <i <k, and
D, Du, G5 (y: 2) = Trom o (671 (@™ 1) (w20 (uis1) + ui2d ™" (u1))) =0

for 2 < i < j < k. Therefore, (Ggp; (au1,1,0),uz,...,us) satisfies Condition A for
(G/, b) c ]F;m X Fgm. O

Suppose m’ is a divisor of m, then (20) can be written as
Gap(y, 2) = Tram ja(ayd(2) + bz) = Tromr 5(GY 4 (Y, 2)),
where G, (Y, 2) = Troym jom (ayd(z) + bz).
Theorem 9. Suppose m' is a divisor of m, G ,(y,2) = Trym jom (aye(z) + bz).

Then G, ,(y,2) is a vectorial bent function for (a,b) € F3n x Fam. Furthermore,
forc € F5,0, Gea,eb(y, 2) = Trom 5(cGy (Y, 2)) s a bent function and its dual is

om’ s
saes (Y 2) = Tram 2 (207 ((a0) "1y) + beg ™" ((ac) "1y)).
Proof. Note that for any ¢ € F% _,, one has (ca, cb) € F5. X Fom, thus Geq,(y, 2)

2m’)
is bent function in the Maiorana-MacFarland class and the dual can be obtained
directly from (21). O

Remark 3. Take a = b = 1. Let ¢y, ca, c3 be three pairwise distinct elements in F;m,
such that ¢ :=¢q + ca + ¢c3 #0. For s € {¢,¢1,c2,c3}, let

Gs(y,2) = Gy s(y,2) = Trom j2(syo(2) + s2).

Then G, and G, are all bent functions and

GC1 (y72) + GCz(yaz) +GC3(yvz) = GC(y7'z>' (22)
To have the equality
G, (y,2) + Ge, (y, 2) + GZ, (y, 2) = Gy, 2). (23)

it suffices to find an automorphism ¢ of Fom such that

(C1) ¢t (cty) = o (el y) + o7 Hex 'y) + ¢ ez 'y);
(C2) co™M(ey) = 107 (e M y) + a9 (ex M y) + c3p ez ).
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Take ¢ = ¢~1 : 2+ 271, then (C1) and (C2) are satisfied, so is Eq.(23). This gives
a solution of the open problem proposed by Mesnager ([19, Open Problem 2]).

4. BINOMIAL VECTORIAL FUNCTIONS WITH MAXIMAL NUMBER OF BENT
COMPONENTS

We still suppose n = 2m. The main result of this section is

Theorem 10. The binomial vectorial function F(z) = 2"+t + 22 for0<i <
m —1 on Fan has 2™ — 2™ bent components if and only if i = 0, i.e., F(x) is affine
equivalent to x2"t1.

Remark 4. The special case of odd m was proved by Zheng et al. [20].
From now on, fix i such that 0 < i < m, and let
d = ged(m + 4, 2m) = ged(m + 14, 24).
Let F(z) = 22"+ 4 22 *1. For a € Fyn, the component function F,(z) =
Tron jo(az? 1 4 az?'*+1). Let
La(y) == a®y* +(a+ ")y +ay. (24)
If a € Fom, then Fy(z) = Tron /o (awzi“) and (24) is reduced to
La(y) = a*y*" +ay. (25)
For any y € F5.., the derivative of F,(x) at direction y is
DyFu(x) = Tran ja(a((@ 4+ )2 + (2 + 9)> ™)) 4 Tran jp(a(z®" 1 + 22 +1))
= Tr2n/2(x(ay2i +(a+a®" )" + azn_inn_i)) = Trgn/g(xLa(y)*Qi).

The root set of Ly (y) in Fan forms an Fya-vector space, hence the number of the
roots of Ly(y) in Fon is either 1 or a power of 2.

Lemma 4. Assume va(i) = va(m). For & € Fya such that §2d/2+1 =1, leta= ﬁ
Then a ¢ Fom and Lo (y) = 0 for any y € Faa.

diseven, m=2.m and i = ¢ .4 with m’ and ¢’ both

Proof. By vs(i) = va(m 5 5

odd. Then » »
" el 2" — ¥ —ga

This means that a ¢ Fam and

2t omti

21 m-i
+tay=aly” +(1+y"  +y).
Note that for any yg € Foa = Fo2i N Fom+i, y(z)m = y§m+i, hence L,(yo) = 0. O

Lo(y) = a®y*" + (a +a*")

We need the following two general results.

Lemma 5. [28, Theorem 5.30] Let x’ be a multiplicative character of F5.. of order
24 — 1. Then for any (a,b) € F3. x Fom,
242

d_ < )
D7 (Tl (Lqy T 0) 3 (@) G,
=1

xEFym

<

where Y and G(x) are the conjugate and the Gauss sum of x.
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Lemma 6. Suppose d < m is a factor of m. Let ged(2? —1,%) =t. Then the set
N ={y € F3u : Trom (y*'~1) = 0} has order
2m —2d (24 —1)(—1)%F ! m
a, qft £ 1,
9d + 9d - ;:71 G(x)a, ift#1
xe®2,) " T \xo}
gm—d _ 1, ift=1.

IN| =

where IF‘; is the set of the multiplicative characters of F3, and xo is the trivial
character. In particular, N is non-empty.

Proof. We have

N = 557 (1)t a2
2

vEF,4 yeF2m

et Y X YTt (26)

velF, yEFsm

2m 1 1 )
Suppose F5,. = (3), then F3,. = J;25"  B'F}.. Note that ged(Z7=+,27 —1) =
ged(2,24 —1) = ¢. If t =1, one has

2™m 1
om 1 9d_1 Ao (i)
INl= "%+ 2 (=1) e
veF:,  i=0
3L
ST SR TR e
2 'UE]F* =0
2m —1 241 T 2m — 24
A S ) Tramp() 2 — 2
= Tod T ;;(1)2/2 = =k
veF,

If t # 1, suppose X’ is a multiplicative character of F3,. of order 2¢ — 1, then by
Lemma 5 and Eq. (26),

2m —1 1 Fom v2d—1
INl=—s—+ 3 > ( > (—1)Tramely )—1)

UEF;d yEFom

oam _ 2¢—2
= od Qd > (Z X (v 1)
1)€]F*’ Jj=1
om 71 242
S et D SR (27)
veF:, j=0

Suppose N is the norm mapping from Fom to Fea. For x € IFQd, it can be lifted
from Fya to Fom by x' = x o N (see [28, Theorem 5.28]). Furthermore, x is of order
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24 — 1 if and only if ¥’ is of order 2¢ — 1. Then

T WENT) = 3 XN@)GoN) = (-D)F Y 3w )60,
=0

XGIF;d XG]F;d

2‘171

2m_1

Suppose § = 327-1 € F},, then I}, = U 63 (6 ) By Eq. (27), we get

7n1

om 1 (—1)%~! m
|N‘ = 2d + 2d Z Z U X X) !

UG]FQd XEF;

d
29—-1 -1

D YLD YD D (E ey
7=0

xefy, vesi (625
. 2d_1
2m 1 (=1)7 ¢ o
e L SR EED D ks
x€F:, J=0
Note that ng(t(zchi) ngl) =1, then
2d—1_1 2d—1_1
it — o _ 0, if X # Xo;
= 3 w6 = Y xe) = { P iy
=0 i=0 ze(st) T X = Xo-
Hence we have
om _ 2d (2d _ 1)(_1)%—1 m

By properties of Gauss sum, we have

om —2d _ (24 _ 1)(t —1)2%

IN| = 5d

Note that ¢ # 1 and
om — 24 (29 —1)(t —1)2

m
2

=2m 2% L (+ —1)2% — 27> 2m 2% Hd

Since t = ged(%,24 — 1) <27 — 1, then 2™ — 22 T4 > 2m — 2524 > 0 if & > 4,
If m = 3d, then t = ged(3,2% — 1) = 3 and d is even. one has

IN| =23 —2¢ — (29 —1)2% +1 5 234 _ 9% +1 >

If m = 2d, then ¢t = gcd(2,2¢ — 1) = 1, which contradicts to ¢ # 1. Thus we
complete the proof. O

Back to our situation, we have the following result.

Lemma 7. Suppose va(m) < vz2(i), then there exists a € Fan — Fam, such that
L.(y) has roots in F3,.
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Proof. For va(m) < vy(i), note that d = ged(m,i) = ged(m + i,n). It suffices to
show that there exists a € Fan — Fom such that L,(y) has a root yo € F5... Note
that for y € F5..,

La(y) = a*y* + (a+ a9 tay =¥y 4 (a+ 0¥y fay. (28)
Then we just need to find (a,y) € Fon x F3,. such that

{a+a2 :y_2 Lo,

(ay2i+1>2i 4 ay2i+1 i_92i (29)

:y2 v

for some v € F;, (here a ¢ Fom is automatic). Let z = av=1y¥+1 then we just
need to find (z,y) € Fan x F5,. such that

{Z+£m:17 (30)

22 + 2=y (31)

i_92i

We consider Eq. (31). Note that the Fou-linear maps ¢; : z — 2% + z and

2

P4z * 4 2 from Fom to itself have the same kernel Fou and ¢;(z) = w4(z +

204 zz(ﬁil)d), then Im(y;) C Im(ypq) and hence Im(¢y) = Im(p;). Note
also that the group homomorphisms y — 32 1=2) and y — yztl from F3.. to
itself have the same kernel and image. Then there is a one-to-one correspondents
of solutions (z,y) € Fam x F5,. of Eq. (31) and of

2 4= y2d71. (32)
Eq. (32) is soluble if and only if there exists y € F3,. such that Trym /o (yzdfl) =0,
which is guaranteed by Lemma 6 as d < m in this case. Thus there exists (zg,yo) €

Fx x F* h 2t _ 2t 22t
om 5m such that z5 + 20 = y; .

Let w € Fy2a \ Foa satisfy w +w = vg, then w = w? = wand z =
2o +w € Fan \ Fam is a solution of Eqgs. (30) and (31). Thus, yo € F5. and
a = (zo +w)yy 2 ~'w satisfy the equation L,(y) = 0. O

Lemma 8. For 0 < i < m — 1, if F(z) = 22"+ + 22+ has 27 — 2™ bent

components, then va(m) < va(i).

Proof. Assume vy(m) > wvo(i). In this case d = ged(m,i) = ged(n, ), and 2d =

g g

ged(2i,m). This means 2¢—1 = ged(2™ —1,2'—1) and 22¢—1 = ged(2™ 1,22 1),

which then implies that 2¢ + 1 is a factor of 2™ — 1 and thus prime to 2™ + 1.
Let a be a primitive element of Fon. Let a = o*?"+1) ¢ F5m such that a1 =

a@"+12"=1) By Proposition 1, for this a, Fo(z) = Tran /o (az?*1) is not bent. By

Lemma 1, Dy F,(z) = Tron j2(z(ay® + (ay)®>" ")) is not balanced for some y € Fan,

ie. a21_1y221_1 +1 = 0 is soluble. Let a2 1 = o@"+D@"-1) — yéfzm and let

% 1-2% _ 2271 :
y1 € 5. such that y, =y . Then the congruent equation

(227 — 1)z = (24— 1)(2™ +1) mod (2" — 1)
is soluble, equivalently, the equation
2" —1
22d — 1

is soluble. This is not possible since 2¢ + 1 is prime to 2™ + 1. [

(24 + 1)z =2"+1mod (2¢41)-
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Proof of Theorem 10. If i = 0, the result is trivial. We now assume i # 0 and
va(m) < wa(i).

If F(x) has maximal number of bent components, by Lemma 1, F,(z) is bent
function for all @ € Fon —Fom and hence D, f,(x) is balanced for any y € F5,.. This
implies L,(y) # 0 for all y € F5.. Hence to show F(z) does not have maximal
number of bent components, it suffices to show there exists a € Fon — Fom, such
that L, (y) has a root in F3,.:

(i) If va(m) = va(i), this is implied by Lemma 4.
(ii) If ve(m) < va(7), this is implied by Lemma 7.
Thus for ¢ # 0, F(x) cannot have 2™ — 2™ bent components. O

Remark 5. For a general binomial vectorial function F(x) = 2% + 292, our exper-
imental result indicates that F(z) is affine equivalent to 22" 1 or 22" (x + 22") if
F(z) has maximal number of bent components, but so far we do not have a proof.
We leave this as an open problem for future study.

5. CONCLUSION

We firstly give a generic construction of vectorial functions with maximal number
of bent components, and obtain two new classes of such vectorial functions based
on the Niho quadratic function and the Maiorana-MacFarland class. Moreover,
we solve the open problem proposed by Mesnager, and partially answer the open
problem proposed by Pott et al. We then show that the binomial function F(z) =

22" 4 22+ Fo2m — Fo2m has maximal number of bent components if and only
ifi=0
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