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We show that for a monic polynomial f(x) over a number field 
K containing a global permutation polynomial of degree > 1
as its composition factor, the Newton Polygon of f mod p

does not converge for p passing through all finite places of K. 
In the rational number field case, our result is the “only if” 
part of a conjecture of Wan about limiting Newton polygons.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction and main results

Let K be a number field and f(x) be a monic polynomial in K[x] of degree d ≥ 1. 
For a finite place p of K, denote the completion of K at p by Kp. Let Op be the ring 
of p-adic integers and kp be the residue field. Then kp is a finite field of q = qp = ph
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elements for some rational prime p = pp and some positive integer h = hp. Denote by kmp
the unique field extension of kp of degree m. Denote by ΣK := ΣK(f) the set of finite 
places p of K such that f(x) ∈ Op[x] and (d, p) = 1. Note that almost all finite places of 
K are contained in ΣK .

Let p be a place in ΣK . By modulo p, we get the reduction f of f , a polynomial 
over kp. For a nontrivial character χ : Fp → μp, the L-function

L(f, χ, t) = L(f/kp, χ, t) = exp
( ∞∑

m=1
Sm(f, χ) t

m

m

)
, (1.1)

where Sm(f, χ) is the exponential sum

Sm(f, χ) = Sm(f/kp, χ) =
∑
x∈km

p

χ(Trkm
p /Fp

(f(x))), (1.2)

is a polynomial of t of degree d − 1 over Qp(ζp) by well-known theorems of Dwork–
Bombieri–Grothendieck and Adolphson–Sperber [1]. The q-adic Newton polygon NPp(f)
of this L-function does not depend on the choice of the nontrivial character χ.

Let HP(f) be a convex polygon with break points

{(
i,
i(i + 1)

2d

)∣∣∣∣ 0 ≤ i ≤ d.

}
,

which only depends on the degree of f . Adolphson and Sperber [2] proved that NPp(f)
lies above HP(f) and that NPp(f) = HP(f) if p ≡ 1 mod d. Obviously, there are 
infinitely many p ∈ ΣK such that p ≡ 1 mod d, thus if lim

p∈ΣK

NPp(f) exists, then 
lim

p∈ΣK

NPp(f) = HP(f).

Recall that a global permutation polynomial (GPP) over K is a polynomial P (x) ∈
K[x] such that x �→ P (x), where P is the reduction of P modulo p, is a permutation on 
kp for infinitely many places p ∈ ΣK .

In 1999, D. Wan proposed a conjecture, whose complete version in [16, Chapter 5]
and [4, Conjecture 6.1] is as follows:

Conjecture 1.1 (Wan). Let f be a non-constant monic polynomial in Q[x]. Then f con-
tains a GPP over Q of degree > 1 as its composition factor if and only if lim

p∈ΣQ

NPp(f)
does not exist.

In this note, we give a proof of the “only if” part of Wan’s conjecture. Moreover, we 
get the following main result.

Theorem 1.2. Let f be a non-constant monic polynomial in K[x]. If f contains a GPP 
over K of degree > 1 as its composition factor, then lim NPp(f) does not exist.
p∈ΣK
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Remark. The “If” part of Conjecture 1.1 is much harder. So far, we know the following 
results:

(1) polynomials of small degree. This is shown by Sperber [13] and Hong [8,9].
(2) polynomials of the form xd + axs. This is proved by Yang [16], Zhu [17,18], Liu–

Niu [11] and Ouyang–Zhang [12].
(3) polynomials of the form P (xs). This can be deduced by Blache–Férard–Zhu’s results 

in [4].
(4) the general case. This is proved in Zhu [17].

Remark. If we replace Q in Conjecture 1.1 by any number field K, then the “if” part 
does not hold in general. We give an example here. Let � be a prime number greater 
than 3. Let K = Q(ζ�) and f(x) = the Dickson polynomial D�(x, 1). By Lemma 2.5, 
f is not a permutation polynomial for all kp with p � 3�ω. Thus f is not a GPP over K. 
By Lemma 2.5, one can easily check that f is a GPP over Q. Theorem 1.2 implies that 
lim
p∈ΣQ

NPp(f) does not exist. By Proposition 2.3, lim
p∈ΣK

NPp(f) also does not exist.

2. Preliminary

2.1. Zeta functions and L-functions of exponential sums

We fix a rational prime p, a positive integer h and let q = ph. Let C be a curve over Fq. 
The Zeta function of C

Z(C, t) = exp
( ∞∑

m=1
Nm(C) t

m

m

)
(2.1)

is a rational function over Q, where

Nm(C) = #C(Fqm)

is the number of Fqm-rational points of C. If C is smooth and proper, by Weil [15], 
Z(C, t) is of the form PC(t)

(1−t)(1−qt) , where PC(t) is a polynomial of t of degree 2g(C) over 
Z and g(C) is the genus of C. Denote the q-adic Newton polygon of PC(t) by NPq(C).

Let g be a polynomial in Fq[x] of degree d with (d, p) = 1. The fraction field of the 
integral domain Fq[x, y]/(yp − y − g), denoted by Lg, is a Galois extension of Fq(x), 
which is the function field of P1

Fq
. So C(g), the normalization of P1

Fq
in Lg, is a Galois 

cover of P1
Fq

with Galois group isomorphic to Fp. The Zeta function of the C(g) admits
the following decomposition

Z(C(g), t) =
∏

L(g, χ, t), PC(g)(t) =
∏

L(g, χ, t).

χ:Fp→μp χ �=1
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Hence the study of the polynomial PC(g)(t) reduces to the study of L(g, χ, t) for nontrivial 
characters χ.

For polygon P , denote by Len(P, λ) the horizontal length of the segment of slope λ. 
As the Newton polygon NPp(f) of L(f, χ, t) is independent of the choice of χ �= 1, we 
have the following result:

Lemma 2.1. For any λ, Len(NPq(C(f)), λ) = (p − 1)Len(NPp(f), λ).

By [7, Corollary 5.2.6], if PC(t) =
2g(C)∏
i=1

(1 − αit), then PC/Fqn
(t) =

2g(C)∏
i=1

(1 − αn
i t). By 

the same method there, one has the following result.

Lemma 2.2. Write L(g, χ, t) in the form (1 −α1t)(1 −α2t) · · · (1 −αd−1t). For any n ≥ 1, 
we have

Sm(g, χ) = −(αm
1 + αm

2 + · · · + αm
d−1)

and

L(g/Fqn , χ, t) = (1 − αn
1 t)(1 − αn

2 t) · · · (1 − αn
d−1t).

In particular, the q-adic Newton polygon of L(g, χ, t) is the same as the qn-adic Newton 
polygon of L(g/Fqn , χ, t).

Proposition 2.3. Let L/K be a finite extension of number fields and P a place of L above 
p a place of K. Then

NPp(f) = NPP(f).

In particular, lim
p∈ΣK

NPp(f) exists if and only if lim
P∈ΣL

NPP(f) exists.

Proof. By definition, NPp(f) is the q-adic Newton polygon of L(f/kp, χ, t) and NPP(f)
is the q[kP:kp]-adic Newton polygon of L(f/kP, χ, t). By Lemma 2.2, we have NPp(f) =
NPP(f). �

We also need the following result about the divisibility of Zeta functions of curves.

Proposition 2.4 ([3, Proposition 5]). Let X, Y be two smooth separated complete curves 
over Fq. If there is some finite Fq-morphism π : Y → X, then

PX(t) | PY (t).
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2.2. Global permutation polynomials and Dickson polynomials

Let a be an element in a commutative ring R. For any n ≥ 1, the Dickson polynomial 
of the first kind associated to a of degree n, denote by Dn(x, a), is the unique polynomial 
over R such that

Dn

(
x + a

x
, a
)

= xn + an

xn
. (2.2)

One can easily check that

Dn(x, 0) = xn (2.3)

and

Dmn(x, a) = Dm(Dn(x, a), an). (2.4)

Lemma 2.5. Let a ∈ Fq and n be a positive integer.

1). If a = 0, then Dn(x, 0) = xn is a permutation polynomial of Fq if and only if (n, q−
1) = 1.

2). If a �= 0, then Dn(x, a) is a permutation polynomial of Fq if and only if (n, q2−1) = 1.

Proof. Due to [5], see [10, Theorem 7.16] for quick reference. �
Proposition 2.6 (Fried–Turnwald). Let f be a GPP over K. Then f is a composition 
of linear polynomials αix + βi ∈ K[x] and the Dickson polynomials Dnj

(x, aj), where 
aj ∈ K and nj are positive integers.

Proof. See [6, Theorem 2] or [14, Theorem 2]. �
3. Proof of main result

We first show

Proposition 3.1. Suppose that f contains Dn(x, a) as a composition factor. Then for 
p ∈ ΣK such that

(1) a ∈ Op;
(2) p � 3nω, where ω is the number of the roots of unity in K;
(3) Dn(x, a) is a permutation polynomial on kp,

there exists v0 ∈ Q such that Len(NPp(f), v0) ≥ 2 and hence the gap between NPp(f)
and HP(f) is at least 1 .
2d
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Proof. Write f in the form f1 ◦Dn(x, a) ◦ f3. As Dn(x, a) is a permutation polynomial 
on kp, by Lemma 2.5, (n, q − 1) = 1. As p � ω, the reduction induces an inclusion 
μK ⊂ μkp

, and hence ω | q − 1. So we have (n, ω) = 1. By (2.4), we may assume that 
n is an odd prime number. Set e = 1 if a = 0 and otherwise e = 2. By Lemma 2.5, we 
have (qe − 1, n) = 1. As n is an odd prime number, (q(n−1)s+1)e ≡ qe �≡ 1 mod n and so 
((q(n−1)s+1)e − 1, n) = 1. Using Lemma 2.5 again, Dn(x, a) is permutation polynomial 
of kmp , where m = (n − 1)s + 1 and s is a non-negative integer. For these m and any 
nontrivial character χ : Fp → μp, we have that

Sm(f1, χ) = Sm(f1 ◦Dn(x, a), χ). (3.1)

Assume that

L(f1, χ, t) = (1 − α1t)(1 − α2t) · · · (1 − αd1−1t)

and

L(f1 ◦Dn(x, a), χ, t) = (1 − β1t)(1 − β2t) · · · (1 − βnd1−1t),

where d1 is the degree of f1. Lemma 2.2 implies that

Sm(f1, χ) = −(αm
1 + αm

2 + · · · + αm
d1−1)

and

Sm(f1 ◦Dn(x, a), χ) = −(βm
1 + βm

2 + · · · + βm
nd1−1).

By (3.1), we have an equality of power series

∑
m=(n−1)s+1

(αm
1 + αm

2 + · · · + αm
d1−1)tm =

∑
m=(n−1)s+1

(βm
1 + βm

2 + · · · + βm
nd1−1)tm.

Hence

d1−1∑
i=1

αit

1 − (αit)n−1 =
nd1−1∑
i=1

βit

1 − (βit)n−1 .

Comparing the poles on both sides, there exist 1 ≤ i < j ≤ nd1 − 1 such that

βn−1
i = βn−1

j .

Denote by v0 the q-adic valuation of βi (and of βj). Then

Len(NPp(f1 ◦Dn(x, a)), v0) ≥ 2.
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Denote C ′ = C(f1 ◦Dn(x, a)), by Lemma 2.1,

Len(NPq(C ′), v0) ≥ 2(p− 1).

Denote C = C(f), one can check that

kp(C ′) = kp(x, y′) and kp(C) = kp(x, y),

where (y′)p − y′ = f1 ◦Dn(x, a) and yp − y = f(x). The embedding

kp(x, y′) → kp(x, y)

sending x to f3 and y′ to y induces a non-constant morphism

π : C → C ′

of complete smooth curves. By Proposition 2.4,

Len(NPq(C), v0) ≥ Len(NPq(C ′), v0) ≥ 2(p− 1).

Using Lemma 2.1 again, we have

Len(NPp(f), v0) ≥ 2.

�

�

�������
�

�
�

��

�����������

HP

NP
�

Ni

�P
�

Hi

�

Ni−1

�

Hi−1

�

Ni+1

�

Hi+1

As in the above diagram, we assume that Ni−1Ni and NiNi+1 are of the same slope. 
The slopes of Hi−1Hi and HiHi+1 are i

d and i+1
d , respectively. As the HP is below the 

NP, we know that Ni±1 is above Hi±1. Hence the middle point Ni of Ni−1Ni+1 is above 
P that of Hi−1Hi+1. So we have

|NiHi| ≥ |PHi| ≥
1
2d. �

Proof of main result. Write f in the form f1 ◦ f2 ◦ f3, where f2 is a GPP over K of 
degree > 1. As every composition factor of a GPP is still a GPP, by Proposition 2.6, we 
can assume that f2 = Dn(x, a) is a GPP over K, where a ∈ K and n ∈ Z>1.
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For the a and n, by definition of GPP, there are infinitely many p ∈ ΣK satisfying
the three conditions in Proposition 3.1. For those p, by Proposition 3.1, the gap between 
NPp(f) and HP(f) is at least 1

2d . However, for places p such that pp ≡ 1 mod d, we 
know NPp(f) = HP(f). So the limit does not exist. �
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