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Abstract The Hilbert genus field of the real biquadratic field K = Q(+/8, V/d) is
described by Yue (Ramanujan J 21:17-25, 2010) and by Bae and Yue (Ramanujan
J 24:161-181, 2011) explicitly in the case § = 2 or p with p = 1 mod4 a prime
and d a squarefree positive integer. In this article, we describe explicitly the case that
8 = p,2p or p;py where p, p1, and p, are primes congruent to 3 modulo 4, and d
is any squarefree positive integer, thus complete the construction of the Hilbert genus
field of real biquadratic field K = Ko(+/d) such that Ko = Q(+/8) has an odd class
number.
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1 Introduction

For a number field K, the Hilbert genus field of K is the subfield E of the Hilbert class
field H invariant under Gal (H/K)?. Note that the Galois group G = Gal (H/K) is
isomorphic to the ideal class group C(K) of K via Artin’s reciprocity map. Then by
Galois theory
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Gal (E/K) ~ G/G? ~ C(K)/C(K)>.
Let A be the unique multiplicative group such that K*> ¢ A ¢ K* and
E=HNKKK* = KA. (1)

Given K, a natural question to ask is how to explicitly construct the Hilbert genus
field E of K, or equivalently, how to give a set of generators for the finite group
AJK*2.

Suppose 8 and d are squarefree integers, and K is the biquadratic field Q(+/8, v/d).
Recently much work has been done on explicit construction of the Hilbert genus field £
of K. Bae and Yue [1] worked out the case for real biquadratic fields K = Q(,/p, Vd)
with prime p = 1 mod 4 or 2, following earlier work of Sime [6] and Yue [8]. Note
that in their case, Q(,/p) has odd ideal class number. In [5], we worked out the case
that K is biquadratic and Ko = Q(+/8) is imaginary with odd ideal class number, i.e.,
8§ = —1,—2or —p with p = 3mod4.

In this paper, we shall work out the construction of the Hilbert genus field of
K = Ko(/d) for 8§ = p, 2p or p1p> where p, pi, p> are primes = 3mod4 and
d a squarefree positive integer. Combining with the results of Bae and Yue [1], this
completes the construction of the Hilbert genus field of real biquadratic fields K =
Ko(+/d) such that K¢ has odd class number.

Our strategy to explicitly construct E follows from [1,5,8]. From now on, we
suppose

(1) K = Q(+/8, V/d) where § = p,2p or p1 pa with p, p1, pa primes = 3 mod 4, and
d a squarefree positive integer;

(2) Ko = Q(+/8) which has odd class number in our case (see [2, page. 134));

(3) E = K(+/A) the Hilbert genus field of K where K*> ¢ A C K*;

(4) s is the number of finite primes of Ko ramified in K.

(5) t =r(Uky/Uky,NNk koK) where Nk k, is the norm map and for a finite abelian
group A, r2(A) is the 2-rank of A.

(6) D} ={x € K* | x totally positive and vy (x) = 0 mod 2 for all finite primesp of K }.

We shall use the following facts from time to time.

Proposition 1.1 Assume K and K are given above.
(1) Foranyx € D}, all nondyadic primes of K are unramified in K (\/x). Moreover,
A C Df.
(2) We have
r(CK) =r(A/K*?) =s—1—1. @)
Proof (1) The proof is similar to that of [8], Lemma 2.1.
(2) The second equality follows from (i) r2(C(K)) = (C(K) Gal <K/’<o>), (i)

C(K) Gal (K/Ko) has no 4-torsion, since K has odd class number, and (iii) by the
class number formula [3, Lemma 4.1, P.307] for cyclic extensions,
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—1
C(K) Gal (k/Ko)| _ |C(Ko)] - 2 )
[Uk, : Uk, N NK]

O

By Proposition 1.1. we first study the group Ukg,/Uk, N Nk,/k,K to obtain the
2-ranks of A/K*?. Then we find a set of representatives of A /K*2. Our results are
stated in Theorem 3.5 (§ = p case), Theorem 4.4 (§ = 2 p case) and Theorems 5.4, 5.7,
5.9,5.12, and 5.15 (6 = p1 p> case). To illustrate our results, we give three examples
here.

Example 1.2 (Theorem 3.5) Let K = Q(V/3, V/115115). 1t is clear that 115115 =
Sx7Tx11x13x23=3mod4, (2)=(3)=—-1land () = (%) = (%) = L.
Thenn =5, m =3, O+ = {11,13,23}, and rp(Q4+) = 2. Letgq; = 11, g = 1

We see that 0 (23) = o (g1)0 (¢2), thus, g3 = 11 x 13 x 23 = 3289. By computation,

3289 = 7092 — 3 x 4082, let a3 = 709 + 408+/3, then
E = Q(3,35,V7, V11,V13,323, Ja3).

Example 1.3 (Theorem 4.4) Let K = Q(+/14, +/1921). It is clear that 1921 = 17 x
113 = 1 mod4, (%—‘7‘) = —1, and (%) =1.Thenn =2,m =1, 0y = {113},
r(Q4) = 0, and g; = 113. By computation, 113 = 307> — 14 x 822, let o =

307 + 824/14, then
E = Q(/14, V17,113, Jay).

Example 1.4 (Theorem 5.4) Let K = Q(+/21, ¥/12155). It is clear that 12155 =
5x11x13x17=3mod4, (31) = (#) =—1,and () = (3}) = 1. Thenn = 4,
m=2,04y=1{5,17},r(Q+) =1, =5and g = 5 x 17 = 85. By computation,
85 = 12192 — 21 x 2662, let ap = 1219 4 266+/21, then

E = Q3. V7, /5, V1, VT3, /T3, Jam).

2 Preliminary results

We fix the following notations in this section:

For a number field or local field F, we let OF be the ring of integers of F and
Ur the unit group of Op. If F is a number field and p a prime of F, we let Fy
be the completion of F at p. If F is a local field, let Ul(p") = 1 + 7"OF where
is a uniformizer of F. A (homogeneous) Diophantine equation is solvable if it has
(non-zero) integer solutions. An integer solution of a Diophantine equation is called
primitive if the greatest common divisor of the components is 1.
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2.1 Local computations

We first give several results about properties of extensions of the local field Q». The
proofs of these results are routine, which we omit here.

Lemma 2.1 ([1], Lemma2.4) Suppose F = Qy(+/—3)andw = (—1++/—-3)/2 € F.
Then

(1) Up/Uz = (3) x (1 +20) x (1 + 4o).

(2) The extension F(z/3, 1+ 2w)/F is totally ramified, and F(v/1+ 4w)/F is
unramified.

(3) Fora € Ufp, ifa = 1 or 3 mod 4, then F(\/g, ﬁ)/F(\/g) is an unramified
extension; if a = 1 + 2w or 1 + 20> mod 4, then F(v/3, J/a)/F(/3) is a
ramified extension.

(4) Ifa € Ur and a = x or w-x or * -x mod 4 for some odd integer x, then F (\/a)/ F
is unramified if and only if x = 1 mod 4.

Lemma 2.2 Suppose F = Qy(/—1). Then m1 = —1 + /—1 is a uniformizer of F
and

v = (vf)’
(2) F(\/3) = F(/=3) is unramified over F.

Lemma 2.3 Suppose F = Q1(v/3). Then —1 + /3 is a uniformizer of F and

(1) US = (U®)*.
(2) F(v/—1) = F(/=3) is unramified over F.

Lemma 2.4 Suppose F = Q(~/2n) where n is an odd integer. Then 1 = /2n is a
uniformizer of F and

2
() Uf) = (UR) and U} = U U + 722 + 207,
(2) FW1+ 72+ 73+ 7% = F(V1+ %) = F(+/5) is unramified over F.

Lemma 2.5 Suppose that p = 3 mod 4 is a prime, then

(1) If p = 3mod 8, then in the field Q2(+/3), /p = ~/3mod %, where T = —1++/3.
(2) If p = Tmod8, then in the field Qy(v/—1), /P = V—1modn* where 1 =
—1+/~1.

2.2 Fundamental units of real quadratic fields

We need the following proposition about fundamental units of real quadratic fields,
for the proof see [4, p. 91] and [9, Theorem 1.1].

Proposition 2.6 Suppose K = Q(~/d) is a real quadratic field with odd class number.
Let €4 = x + y~/d > 1 be the fundamental integral unit of K. We have
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(1) Ifd = p with p =3mod 4, then €, = 2u§, withu, € K, and x = 0mod 2. More
precisely, if p =3 mod 8, then x = 2mod4; if p = 7Tmod 8§, then x = 0 mod 4.

(2) Ifd = 2p with p = 3mod 4, then €3, = 2u%p withuzp € K, y = O0mod 2 and
X +y=3mod4.

(3) If d = p1p2 with p1 = p> = 3mod4, then €p,p, = piu
x =3mod4 and y = O0mod 4.

2

pipy With up,p, € K,

2.3 Solutions of quadratic Diophantine equations

Lemma 2.7 Suppose that py = py = 7 are odd primes, then there exists a primitive
positive integer solution (xq, Yo, 20) of 272 = x% — p1p2y2 such that (xq, z9) =
(1, 0) mod 4.

Proof The solvability follows by checking the corresponding Hilbert symbols. Let
€pip» = U +v,/p1p2 > 1 be the fundamental unit of Q(,/p1p2). Then according to
Proposition 2.6 (3), # = 3mod 4, v = 0 mod 4. First, we show that —p; = x> — 27°
(i = 1,2) has a primitive positive solution (x;, z;) such that 4 | z;. Any integral
solution is clearly primitive, and moreover, x; is odd and z; even. Replacing (x;, z;)
by (3x; +4z;, 2x; + 3z;) if necessary, we can get z; such that4 | z;. Then (xo, 1, z0) =
(x1x2 + 2z122, 1, x122 + x2z1) is a primitive solution of p1p2y2 = x2 — 272 with
4 | zo. If x9 = 1 mod 4, there is nothing left to prove, if x9 = 3 mod 4, then (xou +
P12V, Xov +u, Zo) is a primitive positive solution such that xou + p1 prv = 1 mod 4.

O

Remark 2.8 In the above proof, we used twice the following trick: if F' is a quadratic
field, and € is a unit of norm 1, then Nr,qg(n) = N implies that Nr,q(en) = N. The

first time F = Q(v/2), € = 34+2v/2, 17 = x; +2;+/2; and the second F = Q. /P1D2),
€ = €p,py>and n = xo+yo./p1p2. We shall employ the trick a few timesin Lemma 2.9.

Lemma 2.9 Suppose p, pi, and p> are primes = 3 mod 4, and N is a squarefree odd
integer.

(1) If gcd(N, p) = 1, and the equation Nz*> = x> — py? is solvable, then it has a
primitive positive integer solution (xo, Yo, 20) With 2 | yo.

(2) If gcd(N,2p) = 1 and Nz*> = x> — 2py? is solvable, then the equation has a
primitive positive integer solution (xq, Yo, zo) with xo + yo = 1 mod 4.

(3) Suppose that gcd(N, p1p2) = 1, and Nz> = x* — p1 p2y? is solvable. Then it
has a primitive positive integer solution (xo, Yo, zo) satisfying either (i) 2 1 zo
and xo + yo = 1mod 4 or (ii) (x9,z0) = (1,0)mod4 if p1p> = 1 mod 8 and
(3,2)mod 4 if p1 p» = 5Smod 8.

(4) Supposethat p1 p> = 1 mod 8 and gcd(N, p1p2) = 1. Ifthe Diophantine equation
2Nz = x2 — pi pay? is solvable, then it has primitive positive integer solutions
(x0, Y0, z0) and (xy, ¥4, z4) with xo = 1 mod 4 and x; = 3 mod 4.

Proof (1) Let €, = u + v,/p > 1 be the fundamental unit of ' = Q(/p),
then by Proposition 2.6 (1), 2 | u. Let (x1, y1,21) be a primitive solution of
Nz? = x> — py?. Obviously, 2 { z1. Applying the above trick to F, € = €p and
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n = x1 + y14/p, We get a solution (xo, yo,z0 = z1) satisfying 2 | yo. Since
X0 + yo /P = (x1 + ylﬁ)ez for a = 0 or 1, it is trivial to check that
gcd(xg, yo) = 1, and the solution is primitive.

(2) Letey, = u+v+/2p > 1 be the fundamental unit of Q(y/2p), then by Proposition
2.6(2),2 | vand u +v = 3mod 4. Let (x1, y1, z1) be a primitive positive solution
of Nz2 = x? — 2py?®. Now just apply the trick to F = Q(/2p), € = €2, and
n = x1 + y1+/2p, we get the desired solution.

(3) Let €p,p, = u + v /p1p2 > 1 be the fundamental integral unit of Q(,/p1p2),
then by Proposition 2.6 (3), #x = 3mod4, v = Omod4. Let (xq, y1,z1) be a
primitive positive solution of Nz> = x> — pj p2y?. Now repeat the trick to the
case F' = Q(/p1Dp2), € = €p,p,> and n = x1 + y1.,/P1P2.

(4) A primitive solution (xg, Yo, zo) and its associated solution (x1, y1, zg) obtained
by x1 + y1/P1P2 = (X0 + Yo/P1P2)€p, p, Or €y, p, as given in (3) must satisfy
the condition that one of x¢ and x; = 1 mod 4 and the other = 3 mod 4.

O

2.4 Decomposition and congruence

Lemma 2.10 Suppose py and p; are distinct primes = 3mod 4. Let F = Q(/p1p2).
Assume N = 1mod4 is a squarefree integer such that gcd(N, p1p2) = 1, and
the equation Nz2 = x2 — p1p2y2 has a primitive solution (xo, yo, 20). Take ¢ =
X0+ /P1P2Y0 if 21 20 and o = )MT‘/M) if 2 | zo. Let o be the conjugate of o in
F. Then

(1) The element o € OF, and the ideal aOF is relatively prime to aOF.

(2) If2 1 zo, then o« = xo + yomod 4Op.

(3) If p1p2 = Smod 8 and 2 | zo, then in the local field Q2(/p1p2) = Q2(V/=3),
o = w(—xg) or wz(—xo) mod 4, where w = %

(4) If pipo = 1mod 8 and 2 | zg, then 01 = (2, @) # 02 = (2, @) are the two dyadic
primes of F, and o = xo mod 0% and o /2° = xo mod D%C’)FBI for an even integer e.

Proof The proof of (2)—(4) is similar to that of [1, Lemma 2.6]. Now we prove (1).
One can check that oo and @ + @ € Z, so o € OF. Assume p is a prime of Of such
that p divides both « O and ¢OF, then o, @ € p, and @ + o € p. If p is an odd prime,
we have xg or2xo = o +a@ € pNZ = (£), then € | xgand £ | Nz2. If € | p1p», i.e., if
£ = py or py, then £ | zo, because gcd(N, p1p2) = 1, thus £2 | xg — Nz% = plpgyg,
now £ | yo, which contradicts that (xg, yo, zo) is primitive. If £ | N, then £ | yg, hence
02 | N z% = xé —p1p2 yé, therefore £ | zg, which is also a contradiction. If £ | zg, then
£ | yo, which is impossible. «OF and N is squarefree, £ | zo and we must have £ | yo,
which is impossible. If p is a dyadic prime, then 2 | zpandxo = o +o € pNZ = (2),
i.e., 2 | xo, hence 2 | yg, which is also impossible. O

Lemma 2.11 Suppose p1 and p> are distinct primes = 3 mod 4 satisfying p1p> =
1mod8. Let F = Q(/p1p2). Suppose N is a squarefree integer such that 2Nz> =

x2 — p1pay? has a primitive solution (xo, yo, z0). Let o = xo+y+ VP2 nd @ be its
conjugate. Then 0| = (2, a) and 0y = (2, @) are the two dyadic ideals of F. Moreover,
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(1) For N = 1mod 4, if2||zo, thena = xo+2mod 03 and a/2 = xo+2mod 0] OF, ;
if4 | zo, then o = xop mod D; and a/2¢ = xg or 5x9 mod D?OFOI for an odd integer
e.

(2) For N = 3mod4, if 2||zo, then @ = xo + 2modd3 and a/2 = —(xo +
2) mod D%OFDI ;if4 | zo, thena = xg modbg anda /2° = —xgor3xg modD?(’)FDl
for an odd integer e.

Proof We prove the case N = 1 mod 4, the other case is similar.

2NZz2
We have aor = <0

=0mod2 and @ + @ = x¢ € Z, hence @ € OF. By the

same technique of Lemma 2.10 (1), we can show that ¢ OF is relatively prime to «OF .
Moreover, by the fact that v € 2Z, we know 01 = (2, @) and 03 = (2, @) are the two
dyadic ideals of F. If 2|z, then € 91 and & € 07. Thuso = xg —& = xgmod 02 =

NzZ
X0 +2mod0% anda = x +2mod0%. Thena -@-27! = 2—20 = lmodb%(’)Fal and
a
5 =a ! =xy+2mod D%OFDI.
If 4 | zo, then a@ € 8Z, thus & € 0}, @ € 3. Then & = xp — & = xo mod 3 and
Nz2
& = xgmod d].1f2¥ 120,k > 2,thenby @@ 2**~D71 = =32 = Tor5mod 9{O,
(because N = 1 or Smod 8),
% =a ! = xg or 5xgmod 030
2(k=D+1 — =40 0 1Yy -
O

Lemma 2.12 Suppose py = p» = 7mod 8 are distinct primes and F = Q(,/p1p2).
Suppose (xo, Yo, 20) is a solution of 2z*> = x> — p1pay? as given in Lemma 2.7.
Let o = )MT‘/M X()_T‘/m be its conjugate in F. Then 01 = (2, o)
and 0y = (2,®) are the two dyadic primes of F and o = xomod 0% and a/2°¢ =
xo mod 0?(’) Fy, for an odd integer e.

and o =

Proof The proof is similar to that of Lemma 2.11. O

3 The case § = p with prime p = 3mod 4
In this section, we assume prime p = 3mod4, Ko = Q(,/p) and K = Q(/p, Jd)
such that ged(d, p) = 1. Let €, > 1 be the fundamental unit of K. Note that by
Proposition 2.6, €, = 2uf, foru, € Ky. Let

0 =1{q1,92, -, qn} = the set of odd prime divisors of d, 3)

and inside Q, the subsets

04 = qu, -+, qm | q; satisfies (ﬂ) = 1] 4)
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Q—Z[Qm-i-l»"' . qn | g; satisfies (qﬁ) =_1]~ (%)
J
We set
2 —1 2
r2(Q+) = the 2-rank of the subgroup of u5 generatedby o (g)={{— ). | —
q q
forg € Oy, (6)

and if Q4 = ¥, we set r2(Q4) = 0. We denote by the above subgroup §+. If
r2(Q4+) = 1, choose g1 € Q such that o(q) is a generator of Q. If r2(Q4) = 2,
choose g1, ¢2 € Q4 such that (o (q1), 0(g2)) = 3.

Lemma 3.1 Suppose conventions on d as above. Thens = m+nifd = 1 or3mod 4
andm+n+1ifd =2mod4, andt = r(Q+).

Remark 3.2 By Proposition 1.1, we hence know m(A/JK*2) =5 —1— r(04).

Proof Ifq € Q4,theng splitsin Ko, ifg € Q_, then g isinertin Ko. All these primes
are ramified in K /K. If d = 2mod 4, 2 is ramified in K¢, and the dyadic prime in K
is ramified in K. The above primes are the only primes ramified in K /K. We thus
get the values of s.

We know that Uk, = {£1} x e%. Thus

o t =0ifand onlyif —1, &¢, € NK;
o t=1lifandonlyif Ug, N NK = (1, —1) or (1, €,) or (1, —€,);
e t =2ifand onlyif —1, +e, ¢ NK.

To check —1 or ¢, € Ng/k,K, one just needs to check if (—=1,d)p, = 1 or
(%€p, d)p = 1 for every prime p of Ko ramified in K.
For every prime q above ¢ € Q, we have

(—lLd)g= (D" = (DT = (__1)
q

For g € O_, let q be the prime above ¢. By Lemma 3.3 of [7], we have
(—=1,d)q = (Nkoy(=1),d)qg = (1,d)g = 1.
Bye, = 2u§, for every prime q above g € O, we have

2
(€p,d)g=2,d)g= (—) and (—€p,d)qg=(-2,d)qg= (_) .
q q
For the prime q above ¢ € O_, we have

(£ep, d)q = (Ngy0(F2),d)g = (22, d), = 1.

@ Springer



Hilbert genus fields 353

Let 0 be the dyadic prime of Ky above 2, the product formula gives
(=1, d)o=(ep,d)o = (—€p,d)o = 1.

Hence

e t =0ifandonlyifg = I mod8forallg € QO4,ie.,r(Q4+) =0.
e r=1lifandonlyif O, = ((—1, 1)) or ((I, =1)) or (=1, =1)), i.e., 2(Q4) = L.
e t =2ifandonlyif O, = {£1} x {£1},1e., rn(Q4) =2.

m}

Suppose Q4 # @. For any j such that r2(Q4) + 1 < j < m, g; is chosen as
follows:

o If n(Q4) =0, thenforall 1 < j <m,letg; = gq;.

o Ifrp(Q4) =1,theno(qj) = o(q1)* fora € {0, 1}. Letg; = qfqjfor2 < j < m.

o Ifr2(04) =2, theno(q;) = 0(q1)%0(q2)" witha,b € {0, 1}. Let §; = q%q3q;
for3 <j <m.

By construction, g; is uniquely determined by the condition that the Jacobi symbols

—1 2 .~
(~—) = (~—) = 1, 1.€., qj = 1 mod 8.
qj 4dj

Lemma 3.3 The equation gjzz = x2 — py? is solvable in 7 and has a primitive
positive integer solution (xj, yj,z;) suchthat2 | y;.

Proof The solvability follows by checking the corresponding Hilbert symbols. Then
by Lemma 2.9 (1), it has a primitive positive integer solution (x;, y;, z;) such that
2 | Yj- [m}

Let (x;, y;, zj) be such a solution given in the above Lemma. Then set

aj =xj+/pyj- 7

Lemma 3.4 The elements gj € Q (ie, 1 < j <n)andaj (rn(Q+)+1=<j <m)
defined above all belong to D; Ifd =2mod4, 2 € DZ.

Proof Since g is ramified in K, we see that g; € Dfforl <j <n.

Foraj, we know that o jaor j = qui, qlquﬁ, 42425, 0r qlqijzﬁ; thus, o is totally
positive. Since (x;, y;, z;) is a primitive solution, a; Ok, is prime to @ ; O, , hence
a Ok is relatively prime to & ;O . Since q1, q2, and ¢ are ramified in K, we see that
oo ;O is a square of an ideal in Ok, thus o € DZ. If d = 2mod 4, 2 is ramified in
K, thus2 € D. o

We can now state and prove the main result of this section.
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Theorem 3.5 Assume p and d as above. Then the Hilbert genus field E of K =
QP V) is QU/Ps /GTs - -+ s s /Ut 15 - > /Am) if d = 1 or 3mod 4 and
Q(ﬁ, D NS s Sy g1 o) if d = 2mod 4, where r = r2(Q4)

is given by (6), a; is given by (7), and there is no Jfoj-termin E ifm =r.

Proof We note the fact that K (,/g;)/K is always unramified.

We first show the case r(Q4+) = 0 and d = 1,3mod4 in detail. By Lemma
3.1, we have 7 (A/K*?) = m +n — 1. We now show that A/K*? is generated by
{91, ..., qn—-1, 1, ..., oy} Firstly, we show the set

{q1a~~7Qn717051,--~705m} (8)

is independent modulo K*?.
: aj bj
Consider & = []; g; Hj a;’, where a;,b; € {0,1}, gi € {q1,...,qn-1}, @) €
{or, ..., o). Let Ko = Q(/ pd), then

2,' bj
Nk & =[]a []a - »*  »eka.
i J

Suppose & € K*2, then Nk, (£) € K32, thus b; = 0. Now & = [[; ¢ € K*2,
since K has only three quadratic subfields: Q(,/p), Q(d), Q(/pd), we must have
a; = 0. Therefore, the set (8) is independent modulo K 2

Second, we show that K (@) /K, 1 < j < m, are unramified extensions. By
Proposition 1.1 (1), we only need to show they are unramified at the dyadic primes of
K.

Let © be a dyadic prime of K and let 0 = ® N Ok,. If p = 3mod 8, then
Koo >~ Qz(\/g). Since g; = 1 mod 8, y; = O mod 4. By the Lemma 2.5 (1), we have

oj =xj+ /P =X+ + (=1 + Py =x; +y; + (=1 ++/3)y; mod 7°,

where 7 = —1 + +/3 is a uniformizer of Q»(+/3). Since 4 | Vi, aj = xj +
y;j mod 73, According to Lemma 2.3 (1), Koo (/) = Koo(/xj +y;). Because
xj+y; ==l,£3mod8, due to Lemma 2.3 (2), Ko,5(,/a;)/Ko,» is unramified, thus
Ko(/aj)/ K is also unramified.

If p = 7mod 8, then Ko p =~ Q2(v/—1). Since g; = 1 mod8, y; = O0mod4. By
the Lemma 2.5 (2), we have

aj=xj+yiVP=x+yj+(=1+/pyj=xj+y+(~1++/~D)yjmod x>,

where 7 = —1 + /=1 is a uniformizer of Qa(+/—1). Since 4 | y;, @; =
xj+y;modz. Since x; +y; = 1, £3mod 8, by Lemma 2.2, Ko.o( /o)) /Koo is
unramified, thus Ko (,/;)/ Ko is also unramified.

Ford = 1,3mod4 and r = 1 or 2, the proof is similar to the above situation.
We first show that {ql, i1, Uy (Q )1 ,am} is a Z/27Z-basis of A/K*z,
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then use the fact that the construction of & (j > r2(Q+)) implies that K ( NCT )/K is
unramified.

For d = 2mod 4, the proof also follows from the same strategy. We note in this
case K (v/2) /K is an unramified extension. O

4 The case § = 2p with prime p = 3mod 4

In this section, we assume p = 3 mod 4 a prime, d > 0 squarefree and gcd(d, p) = 1,
Ko = Q(/2p), and K = Q(/2p, /d). Let €2p > 1 be the fundamental unit of K.
Then €3, = 2u% » where u3, € K¢ by Proposition 2.6. Similar to Sect. 3, set

0 =1{q1,92, -, qn} = the set of odd prime divisors of d, ©)]

and inside Q, the subsets

2
0. =[q1,~-~ . qm | q; satisfies (—p) = 1], (10)
qj
. 2p
O =1{qm+1, -, qn | q; satisfies 7 =-—1t. (11)
J

We denote by §+ the subgroup of u% generated by o(q) = ((_71) , (%)) for
q € Q4+ and set o
r2(Q+) = the 2-rank of O, (12)

andif 04 = ﬂ;we setra(Q4) = 0.1frp(Q4) = 1,choose g1 € Q4 suchthato(qp)is
ageneratorof Q. If »(Q4) = 2,chooseq1, g2 € Q4 suchthat (o (q1),0(q2)) = u%.

Lemma 4.1 Suppose conventions on d as above. Then s = m +n ifd = 1 mod 4 or
6mod8andm +n—+1ifd =3mod4 or2mod8, andt = r(Q4).

Proof The proof is similar to that of Lemma 3.1. O

Suppose Q4 # @. Forany j suchthatr(Q4)+1 < j < m, we again get a unique
q; = qfqé’qj fora, b € {0, 1} satisfying

—1 2 .~
(~—) = (~—) =1, ie,qg; =1mod8..
qj qj

By checking the Hilbert symbol and then Lemma 2.9 (2), we have

Lemma 4.2 The equation ijzz = x2 — 2py? is solvable in 7. and has a primitive
positive integer solution (xj, y;, zj) such that x; + y; = 1 mod 4.

Let (x;, y;, z;) be such a solution 0f57]-z2 = x? — 2py?. Set
aj =x;++/2py;. (13)
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Lemma 4.3 The elements q; (1 < j < n) and aj (r2(Q4) +1 < j < m) defined
above all belong to D; Andifd =2mod4, 2 € DE.

Proof The proof is similar to that of Lemma 3.4. O
We can now state and prove the main result of this section.

Theorem 4.4 Assume p and d as above, then the Hilbert genus field E of K =
QW2p.Vd) is QW2Zp. NG - VGn ST - o) if d = 1mod4 or
6mod 8, and Q(ﬁ,\/ﬁ,\/q_,-n 0> A1 -5 A/0) I d = 3mod4 or
2mod 8, where r = ry(Qy) is given by (12), «; is given by (13), q; = q; if
qj = Ilmod4 and q; = 2q; if q; = 3mod4. If m = r2(Q), there is no /a;-
termin E.

Proof We note the fact that if = 1 mod 4 or 6mod 8, K (\/?]T )/K is always unram-
ified and if d = 3mod 4 or 2mod 8, K (,/g;)/K is always unramified.

We first show the case d = 1 mod 4 or 6 mod 8 and » = 0 in detail. By Lemma 4.1,
we have (A /K Ty =m—+n—1. By the same technique of the proof of Theorem
3.5, we can show that A/K*2 is generated by {q1, ..., gn—1, 1, ..., Up}.

Second, we show that K (ﬁ) /K, 1 < j < m, are unramified extensions. By
Proposition 1.1 (1), we only need to show they are unramified at the dyadic primes
of K.

Let D be a dyadic prime of K and let 9 = © N Ok,. Then Ko » >~ Qa2(+/2p). Let
7 = /2p be a uniformizer of Ko p. Since (x;, yj, z;) is a primitive positive solution
of ajzz = x? —2py? and g; = 1 mod 8, we must have x;, z; odd and 2 | y;. Recall
that we choose x;, y; such that x; + y; = 1 mod 4.

If x; = Imod 4, y; = Omod 4, we have

aj=x;+yjy/2p=1,5mod .

If x; = 3mod4, y; = 2mod 4, we have
aj=xj+yj/2p=1 +rl+mdorl+72+ 70 + 7 mod 7.

By Lemma 2.4, in both cases, K¢ » (\/oz_j)/Ko,a is unramified. Therefore, K5 (\/oz_j)
/K= is also unramified.

The other cases follow the same strategy as above. If d = 3 mod 4 or 2 mod 8, we
need the fact that K (v/2) /K is an unramified extension. O

5 The case § = pj p» with distinct primes p; = p> = 3mod 4

In this section, we assume p; and p» are distinct primes = 3 mod 4, d > 0 squarefree
and prime to pip2, Ko = Q(/Pi1p2) and K = Ko(vd) = Q(/p1p2, Vd) or

Ko(vp1d) = Q(/p1p2, v/ p1d). Let €, > 1 be the fundamental integral unit of

Ko. Then €y, p, = pl“%npz where up, ,, € Ko by Proposition 2.6. Let

0 ={q1,92, -, qgn} = the set of odd prime divisors of d, (14)
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and inside Q, the subsets

(o {q1,~- . qm | q; satisfies (p;j”) 1}, (15)

0 = {am+1, -+ aun | g satisfies (2222) = —1}. (16)

Proposition 5.1 Suppose that py, pa, d, and Ko as above.
(1) If K = Ko(+/d), then prime q € Q. splits in Ko and every prime q of Ko
above q is ramified in K and

—1
=) o (2).

Prime g € Q_ is inert in Ko, and the prime q above q in Ky is ramified in K and
(=L d)g=(€ppy. d)g = 1.

If p1p2 = 1 mod 8§, then 2 splits in Ky and for 0 a dyadic prime of Ko, we have

d—1 d—1 .
-z  if2 (—1)2 21d

(—1, d)a = ( )d/Z—l l‘f Td and (GPIPZ’ d)a = p%*l 421 l‘f T
(=D 2" if2|d, (-5t if2 4

If p1p2 = Smod 8§, then 2 is inert in Ky, the dyadic prime 0 of Ky is ramified in K
ifand only if d = 2 or 3mod 4, and

(=1, d)o = (€p;pr, d)o = 1.

2) If K = Ko(/p1d), then all the assertions in (1) hold if replacing d by p1d.

Proof Similar to the calculation in Lemma 3.1. O

5.1 The case p1p; = 5Smod 8

This situation is similar to the previous two sections. For ¢ € Q4, let o(q) =
*71) , (%)) € ,u% and let §+ = (0(q) | ¢ € Q+) be the subgroup ofu% generated

by {o(q) | ¢ € O+}. We set
r2(Q4) = r2(Q4) = the 2-rank of O, (17)

and n(Q4+) =0if Q4 = D. If r(Q4+) = 1, choose g1 € O+ such that o(g) is a

generator of Q. If r2(Q+) = 2, choose q1, 2 € Q4 such that (o(q1), o(q2)) = /L%.
Proposition 5.1 tells us that
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Lemma 5.2 If K = Ko(v/d), thens =m +nifd = 1mod4 andm +n+1ifd =2
or3mod4, andt = r(Q4). If K = Ko(v/ p1d), then s = m + n if prd = 1 mod 4
andm+n+1if prd =2 or3mod4, andt = ra(Q4).

Similar to the previous two sections again, if O 7# @, forany j such thatr(Q4)+
1 < j < m, we associate to ¢; a unique g; = qfngj for a, b € {0, 1} such that the

Jacobi symbols
-1
4qj qj

By checking the corresponding Hilbert symbols and then by Lemma 2.9 (3), we
have

Lemma 5.3 The equation ajzz = x2 — py pay? is solvable in Z and has a primitive

positive integer solution (x, y;, z;) satisfying either (i) 2 { zj and xj+y; = 1 mod 4
or (ii) (xj, zj) = (3,2) mod 4.

For such a solution, we set

. Xj+./P1DP2Yj .
aj =xj+/pi1p2yj, if21z; and aj:]fppy], if2]z;. (18)

By the same method of Lemma 3.4, we can show that o € DZ for K = Ko(+/d)

or Ko(+/p1d).

Then we have the following theorem.

Theorem 5.4 Assume p1pr = 5mod 8 and d as above.

(1) The Hilbert genus field E of K = Q(/p1p2, Nd) is given by the following
table.

d Hilbert genus field E

lmod4  QG/P1p2:vql1>---» Nan, SO %m)
2mod8  Q(J/P1P2s V2, NG -+ Nl fFr i s s /)
6mod 8 Q(«/Pll’Zymv\/zﬁ aaaa ma\/ar—kl aaaa m)
3mod4  Q(/p1, /P2, V41, - - Vs T Vm)

where

o r =r2(04) andif m =r, there is no Jfo;-termin E;
e the numberq; = q; ifq; = 1mod4,q; = p1q;ifq; = 3mod4andd = 1 mod 4
or2mod8, and §j = 2q; if g; = 3mod 4 and d = 6 mod 8.

(2) The Hilbert genus field E of K = Q(/p1p2, ~/ P1d) is obtained by replacing
d by p1d in (1).
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Proof We prove the case that K = Q(,/p1p2, Vd), the proof of the case K =
Q(/P1p2. v/pi1d) is similar.

We just need to show that the extension K (,/@;)/K is unramified.

By Proposition 1.1, it suffices to show that K (,/&;)/K is unramified atevery dyadic
prime D of K. Letd = D N Ok,. Then Ko 5 =~ Q2(v/=3).

If2 ¢ zj,thenby Lemma2.10(2),a; = x;+y; = 1 mod 4in K¢ 5. Thus, by Lemma
2.1(4), Ko,a(\/oTj)/Ko)a is unramified. Hence Ko (,/@;)/Kp is also unramified.

If2 | z;,thenby Lemma2.10 (3),a; = w(—x;) ora)z(—xj) mod 4. Since now x; =
3mod4, by Lemma 2.1 (4), Ko 2(,/@;)/ Koo is unramified. Thus, Ko (,/a;)/Kxo is
also unramified. O

5.2 The case p1p> = 1 mod 8

This is the most complicated situation. We divide this into four cases:

5.2.1 The cases d = 1 mod 4 and (d, p1) = (2,7) mod 8 for Ko(~/d) and
pi1d = 1mod4 and (p1d, p1) = (2, 7) mod 8 for Ko(+/p1d)

We note that pid = 1 mod 4 is nothing but d = 3 mod 4. The form we adopt here is
to illustrate the symmetry between d and p1d.

As in the previous cases, we can again define §+, the 2-rank r(Q4) of O, and
choose g1 and g» according to the value of > (Q ). Proposition 5.1 gives the following
lemma:

Lemma 5.5 Ifd = 1 mod4 (resp. pid = 1mod4) for K = KO(«/E) (resp. K =
Ko(W/pid)), then s = m +n and t = rp(Q4). If (d, p1) = (2,7) mod 8 (resp.
(p1d, p1) = (2,7)mod8) for K = Ko(\/z) (resp. K = Ko(s/p1d)), then s =
m+n+2andt =r(Q4).

Suppose Q4 # @. For any j such that ,(Q) + 1 < j < m, we associate to g; the
unique integer ¢; = qfqé’q j fora, b € {0, 1} such that the Jacobi symbols

()-()-

Lemma 5.6 The equation ijzz = x2 — p1pay? is solvable in 7. and has a primitive
positive integer solution (x, y;, z;) satisfying either (i) 2 { zj and xj+y; = 1 mod 4
or (ii) (xj,z;) = (1,0) mod 4.

By Lemma 2.9 (3),

For such a solution, we set

. X+ /PPy
aj =+ /pipayj. if2}z; and a]:"fp”’”f, if21z;.  (19)
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For (d, p1) = (2, 7) mod 8 (resp. (p1d, p1) = (2,7) mod 8), set

_ X0t 4/P1P2Y0
- 2

oo with (xg, zo) = (1, 0) mod 4 as given in Lemma 2.7.  (20)

By the same method of Lemma 3.4, we can show that «; € D;g for K = KO(\/E)

or Ko(v/p1d).

Theorem 5.7 (1) The Hilbert genus field E of K = Ko(v/d) is Q(/p1p2. VGi ...,

\/217, SO - /) ifd = 1mod 4, and Q(/p1p ,\/E,\/Z]T,...,\/ﬁj,\/a_,
NI - o) if (d, p1) = (2,7) mod 8, where r = r2(Q+) is defined as above,
ajis given by (19), qj = qj ifq; = 1mod4 and p1q; if qj =3mod 4. If m =r, the
terms /& (j > 0) are not appearing in E.

(2) The Hilbert genus fields E of K = Ko(«/p1d) for the cases p1d = 1 mod 4
and (p1d, p1) = (2, 7) mod 8 are obtained by replacing d by p1d in (1).

Proof We only show the case that K = K((+/d). The case K = Ko(«/p1d) is similar.

In this case, for d = 1 mod4 or (d, p;) = (2, 7) mod 8, we show that K(\/a_j)/l(
(r(Q4)+1 < j <m)isunramified. By Proposition 1.1, it suffices to show that they
are unramified at every dyadic prime © of K. Let © N Ok, = 0.

If 2 { zj, then by Lemma 2.10 (2), ; = x; + y; = Imod 4 in Ko = Q. Thus,
Ko.2(,/j)/ Koo is unramified, and therefore, Ko (,/a;)/K is unramified.

If 2 | zj, then by Lemma 2.10 (4), Koa(/rj) =~ Qa( /%) or Qa(y/x; +4).
Since x; = 1 mod4, Ko o(,/@;)/Ko,o is unramified; thus, Ko (,/aj)/Kp is also
unramified.

For (d, p1) = (2, 7) mod 8, we show that K (,/xg)/K is unramified at every dyadic
prime of K. Since p;p> = 1 mod 8, we see that K =~ Q1(+/d). By Lemma 2.12,

@ _ 3 _ 3
5 =0 mod 970k, ,, and ag = xomod o3,

where e is an odd integer. Thus, Kg, (\/ap) = Qa2(+d, V/2x0) and Ko, (Jag) =
Qa2 (v/d, /Xp). Since xg = 1mod4 and d = 2mod 8, Kg, (/ap)/Kp, (i =1,2)1is
unramified. O

5.2.2 The cases d = 3mod 4 for Ko(~/d) and p1d = 3 mod 4 for Ko(/p1d)

By Proposition 5.1

Lemma 5.8 If d = 3mod4 for K = Ko(v/d) and pid = 3mod4 for K =
Ko(/p1d), thens = m +n + 2 and

1, if forallq € Q4. (771") =

=
2, ifthere existsq € O+, (771’1

. 1)
):—L
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Ift = 2,choose g1 € Q4 suchthat (_q—’l”) = —1. Suppose O+ # . For any j such
thatr < j < m,weletq; = q{q; fora = 0 or 1 uniquely determined by (:7—’;‘) = 1.
By computing the Hilbert symbols associated to the equation g jzz =x2 — p1p2y?,
we see that the equation is solvable in Z. Let (x;, y;, z;) be arelatively prime positive
integer solution of g 72 = x? — p1p2y? and set

. Xj+4/P1DP2Yj .
oj =Xxj+/P1Dp2Yj, 1f21’Zj and o zjfppy], 1f2|Zj- (22)

By the same method of Lemma 3.4, we can show that «; € D;.

Theorem 5.9 (1) Assume p1pr = 1 mod 8 and d = 3 mod 4 as above, then Hilbert
genus field E of K = Ko(Wd) is QU/PT, /P2y /ATs -+ /s /%t -+ /)
where t is given by (21). If m < t, there are no Joj-terms in E.

(2) Assume p1p2 = 1 mod 8 and p1d = 3 mod 4 as above, then Hilbert genus field

E of K = Ko(/p1d) is Q(/P1, /P2s /G1s - - s /Qiis /O - -, /OAm) Where t is

given by (21). If m < t, there are no Jaj-terms in E.

Proof (1) It suffices to show that K (,/cj)/K is unramified at every dyadic prime ©
of K.

Since p1p2 = 1mod 8, Kpp =~ Q2 and Ko =~ Qa(W/d). If 2 { zj, then o is a
2-adic unit in Q,. Since d = 3 mod 4, Ko (,/a;) is unramified over K.

If 2 | zj, then by the same method of Lemma 2.11, one can show that there
exist odd integers u j, v; such that K, (\/oz_j) ~ (@2(\/3, Juj) and K@z(\/a_j) ~
Qa2 (Vd, JVj)- Since d =3mod 4, Ko, (,/&;)/ Ko, (i = 1,2)is unramified.

The proof of (2) is similar to that of (1). m]

5.2.3 The cases (d, p1) = (2, 3) mod 8 for Ko(\/ﬁ) and (p1d, p1) = (2,3) mod 8
Jor Ko(/p1d)

By Proposition 5.1

Lemma 5.10 In these cases s = m +n + 2 and
. 1, ifforallg € Q4+, g =1 mod4, 23)
2, if there existsq € Q4+, ¢ = 3mod4.

If t = 2, choose g1 € Q4 suchthatg; = 3mod4.Fort < j <m,letg; = Z“q{’qj
(a,b € {0, 1}) uniquely determined by the following rules: (i) if ¢; = 1 mod 4, then
b = 0;ifg; = 3mod 4, then b = 1; (iii) the equation §;z> = x> — p; p2y? is solvable.
By Lemma 2.9 (3) and (4), we have

Lemma 5.11 There exists a primitive positive solution (xj, y;, z;) for ijz2 =x? -

p1paz? satisfying
(1) If g; is odd, then either zj odd and x; 4+ y; = 1 mod 4, or z; even and x; =
1 mod 4.
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(2) If qj is even, then either 2||z; and x; = 3mod 4, or 4 | zj and x; = 1 mod 4.

For such a solution, we set

. Xj+/pP1p2y; .
oj =Xj+/P1DP2Yj, lesz and ozjz'lfppy/, if2]z;. (24)

By the same method of Lemma 3.4, we can show that o € D;g.

Theorem 5.12 (1) Assume p1pr» = 1mod8 and (d, p1) = (2,3) mod 8 as above,
then the Hilbert genus field E of K = Ko(v/d) is given by

(i) If forall ¢ € Qy, ¢ = 1mod4, then E = Q(/pip2, V2.NG1 +- - Van »
AT, ),

(ii) If there existsq € Qy, q = 3mod 4, then E = Q(\/p1p2, V2, \/?iT, e, \/'ciT,
SO, o),
where qj = q;j ifqj = 1mod4 and q; = p1q; ifgj = 3mod4. If m < 1(resp. 2)
in (1)(resp. (2)), then there are no , /aj-terms.

(2) Assume p1p2 = 1 mod 8 and (p1d, p1) = (2, 3) mod 8 as above, then the Hilbert
genus field E of K = Ko(s/p1d) has the same description as (1).

Proof In all cases, it suffices to show that K (,/&;)/K is unramified at every dyadic
prime © of K. The proof is similar to that of Theorem 5.7. For the case g; even, one
needs Lemma 2.11 (1). O

5.2.4 The cases d = 6 mod 8 for Ko(«/g) and p1d = 6mod 8 for Ko(«/p1d)

In these cases, forg € Q1, weletg = ¢ if ¢ = 1 mod 4 and 2q if ¢ = 3 mod 4. By
Proposition 5.1

Lemma 5.13 In these cases we have s = m + n + 2 and

1, ifforallg € Q, (i) — 1,
_ p) (25)
2, ifthere existsq € Q, (%) =1
If t = 2, choose ¢ such that (%) = —1. For any j such that t < j < m, we

letg; = 2“q{’ gj with a, b € {0, 1} uniquely determined by the following rules: (i)
g; = 1 mod 4 or 6 mod 8, (ii) the equation ijzz = x> —q1g2y?* is solvable. By Lemma
2.9 (3) and (4), we have

Lemma 5.14 There exists a primitive positive solution (xj, y;, z;) for ijzz =x?—
p1p2z? satisfying

(1) If q; is odd, then either zj odd and x; + y; = 1mod4, or zj even and x; = 1
mod 4.
(2) Ifq; is even, then either 2||z; and x; = 3mod 4, or 4 | zj and x; = 1 mod 4.
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For such a solution, we set

X +«/2171P2)’j’ i£22;.

oj =xj+/pip2yj, if21z; and «; = (26)

By the same method of Lemma 3.4, we can show that «; € D;.

Theorem 5.15 (1) Assume p1p> = 1mod8 and d = 6 mod 8 as above, then the

Hilbert genus field E of K = Q(/P1p2, Vd) is QU/P1P2. N2P1: VA1 - - - NG
N5 -y o) with t given by (25). If m < t, there are no /o j-terms.
(2) Assume p1pr = 1 mod 8 and p1d = 6 mod 8 as above, then the Hilbert genus

field E of K = Q(/P1p2, v P1d) is QP12 N2P1, NA1s -+ s NGns s - -
Jam) with t given by (25). If m < t, there are no , /aj-terms.

Proof In all cases, it suffices to show that K (,/&;)/K is unramified at every dyadic
prime © of K. The proof is similar to that of Theorem 5.7. For the case g; even, one
needs Lemma 2.11 (2). O
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