BIRCH’S LEMMA OVER GLOBAL FUNCTION FIELDS

YI OUYANG AND SHENXING ZHANG

ABSTRACT. We obtain a function field version of Birch’s Lemma, which reveals
non-torsion points in quadratic twists of an elliptic curve over a global function
field, where the quadratic twists have many prime factors. The proof is based
on Brown’s Euler system for Heegner points of function fields and Vigni’s
result.

1. INTRODUCTION AND MAIN RESULTS

In this note, we shall give a function field version of Coates-Li-Tian-Zhai’s gen-
eralization of Birch’s Lemma.

1.1. Birch’s lemma. Let E be an elliptic curve over Q of conductor IV, and let f :
Xo(N) — E be a modular parametrization of E such that the cusp [co] € f~1(0).
Assume f([0]) ¢ 2E(Q). Assume [ > 3 is a prime number such that [ = 3 mod 4
and every prime factor p of N splits in Q(v/—1), i.e., the Heegner Hypothesis is
satisfied for (Q(v/—I), N). Then Birch showed that E(~)(Q) is of Mordell-Weil
rank 1, where E(-Y is the quadratic twist of E by —I.

Recently Birch’s Lemma was generalized by Coates, Li, Tian and Zhai in [CLTZ,
§2]. If there is a good supersingular prime ¢; for E such that ¢; = 1 mod 4 and
N is a square module ¢, they showed that for any fixed integer £ > 1, there are
infinitely many square free integers M with exactly k prime factors, such that the
Mordell-Weil rank of the quadratic twist £(™) is 1. In particular, F = X 14) with
g1 =5 and E = X((49) with ¢; = 5 are two examples satisfying the assumptions.

1.2. Heegner points in function field and Vigni’s result. Let C be a ge-
ometrically connected, smooth, projective algebraic curve over a finite field F of
characteristic p > 2. Denote F' := F(C) the function field of C. Let oo be a fixed
closed point of C and denote Op the Dedekind domain of elements of F' regular
outside co. Let F, be the completion of F' at co and let C be the completion of a
fixed algebraic closure of F.

Suppose E/F is a non-isotrivial (i.e., j(E) ¢ F) elliptic curve defined over F.
We assume that F has split multiplicative reduction at co. This assumption is not
essential since we can replace F' by a suitable finite separable extension and oo by
another closed point. Then the conductor of F can be written as noo with n an
ideal of Op. As explained in [GR], there is a nonconstant morphism

f:Xo(n) > E (1)
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defined over F', where Xy(n) is the compactified Drinfeld modular curve of level n.
We translate the modular parametrization f to ensure f~!(O) containing a fixed
cusp FPy.

Let K = F(V/1) (I € O) be a quadratic extension of F, and O be the integral
closure of Op in K. Write Gal(K/F) = {1,7}.

Assumption I. Assume oo is ramified in K and h := h(Ok) is odd.

Note. Assumption I means that the class number of K and the degree of oo are
both odd, and the constant field of K is still F. By abuse of notation, we denote
by oo the only place of K above oo and identify Gal(Ko/Fs) = Gal(K/F).

Assumption II. The pair (K,n) satisfies the Heegner Hypothesis, i.e., every
prime dividing n splits in K.

Note. By Assumption II, nOg = 9" with 91 an ideal of Ok.

Fix an nonzero ideal 9T of Op which is prime to n. Then we can construct a
Drinfeld-Heegner point as follows. Let Ogy = Op +9MOk be the order of conductor
M in Ok . The proper ideal Ngp = NN Oy of Ogy satisfies

Ogm/‘ﬁgm = OK/‘)“(% OF/I‘L.

Thus the two lattices Ogy and My of C give a pair (Pox, Phy) of Drinfeld modules
of rank 2 with a cyclic n-isogeny, hence define a point Py on Xo(n). Furthermore,
Py is defined over the ring class field Hyoy of conductor 9t of K. As described in
[B2, Chapter 2], this field is an abelian extension of K which is unramified outside
primes dividing 9t and splits completely at co. Thus we can embed Hyy C Ko,
and we regard Hgy as a subfield of K., from now on.
Denote
zom = f(Pom).

For a complex character x of G = Gal(Hoy/K), let

E(Hom)§ == {x € E(Hoym) @ C: 27 = x(0)z for all 0 € G}
be the y-eigenspace of E(Hor) ® C. Denote

X Trag k=Y X Ho)o
oceG

Vigni in [V] shows that

X ' -Trpy, x (zon) # 0 in E(Hop)§ = dime E(Hop)$ = 1. (2)
For a quadratic extension K(vM) of K in Hoyy with M € Op, let xp be the

associated quadratic character. Under certain assumptions, we will show that
X -Tr(zon) is non-torsion for some M.

1.3. Main results. For a finite prime q of Op, denote

aq = #r(q) + 1 — E(r(q)),
where E is the reduced curve of E and k(q) is the residue field of O at q. Let
dq be the order of q. Let ¢* € Or be a generator of g% such that ¢* is a square
in K. This is possible since oo is ramified in K/F, any generator of g% is of
even valuation at co in K,. Adjust it by a suitable root of unity we can make it a
square in K. Let ¢ = ¢* or l¢* such that 7(,/q) = /q.
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Definition. A finite prime q is called sensitive for FE if it satisfies (i) aq = 0, (ii)
#£(q) =1 mod 4, and (iii) the Artin symbol [n, F(1/¢%)/F] = 1.

Assumption III. Assume E possesses a sensitive prime qy, which is inert in K.

Let
dy = the order of n in Pic(Op) (3)
and n* be a generator of n? such that n* is a square in K. Then by Hasse’s
reciprocity law and the condition that the Hilbert symbol (¢*, —n*)s, = 1,

[ar, F(V=n*)/F] = [n, F(\/4i)/F] = L.
Definition. For each integer k > 2, 3 is the set of finite primes q # q; of Op
satisfying (i) #r(q) = 1mod 4, (ii) aq = 0mod 2*, (iii) g is inert in K, (iv)
9, F(vV=n*)/F] = 1.
Note. We will see in Lemma 2.5 that Xy is infinite if Assumption III is satisfied.

Let us recall the Atkin-Lehner operator w, acts on a pair (D, Z) € Xy(n) of
Drinfeld modules as follows:

wo = [Jwp, wp(D,2) = (D/Zyr, (Dyi + Z)/ Zyr), (4)
pln

where p¥|ln and Dyx (resp. Z,x) is the subgroup scheme of D(resp. Z) annihilated
by p¥. Let

w = wi. (5)
If we compose f with multiplication by a suitable odd integer, we may assume
f(P§) is of order a power of 2.

Assumption IV. f(P}) ¢ 2E(F).

Theorem A. Assume Assumptions I-1V are satisfied. For each integer k > 0, let
q2,---,qx be distinct primes in the set 3 and M = q1 ---q,. Then E(F(\/W))_,
the 7 = —1 part of E(F(VIM)), is infinite. Moreover, EMM)(F) has Mordell-Weil
rank one and the BSD conjecture holds for EM) /F.

Theorem B. Under Assumptions I-IV, if the degree of q1 is even, then for each
integer k > 1, there are infinitely many square-free M having exactly k prime
factors, such that EM)(F) has Mordell-Weil rank one and the BSD conjecture
holds for EMM) /F .

2. ProoF
2.1. Quadratic subfields.

Lemma 2.1. Let q be a finite prime of Op unramified in K.

i) The order of q in the ideal class group of Op divides h.

ii) If the size of its residue field k(q) is = 1 mod 4, then Hq contains a unique
quadratic extension of K, which is K(\/q).

Proof. i) Let a be a generator of q¢ where d is the order of q in Pic(Or). We claim
that d is odd. If not, q%/2Ok is principal since h is odd by Assumption I. Let b
be a generator of (%20, then b = ae for some £ € F¥, and K = F(y/ag). Since
the degree of co is odd, this implies that the valuation of ae at oo in O is even,
contradicts to the fact that oo is ramified in K.
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The order of Ok in Pic(Of) divides the greatest common divisor (d, k), the
ideal (q(’)K)(d’h) is principal and generated by some ¢ € Ok. If d {1 h, let a =
d/(d,h), then ¢ € a'/*F*. But a > 2, this is impossible! Hence d | h.

ii) By class field theory, the Galois group

(O /90k)*

(Or/a)*
has cardinality #r(q) +1 (see [B2, (2.3.8)]). By Assumption I, [H : K] = 2 mod 4
and there exists a unique quadratic sub-extension in Hy/K, which is denoted by
K(Vad').

We see that q is the only prime ramified in K(y/a)/K and K(va')/K. Then
a’ /a has even valuations at every finite places, (a’/a)Og = I? for a fractional ideal
I of Ok. Since h is odd, I must be principal, K(va') = K(\/ea) with ¢ € F*.
Hence we may assume a’ = ea.

Notice that oo is ramified, K, and I, have the same residue fields. Since a’ is
a square in Ko, it follows that K (va') = K(\/q). d

Gal(Hy/Hy) =

2.2. Heegner points and the Atkin-Lehner operator. Let A, A’ be two Op-
lattices of rank 2 in C with A’/A =2 Op/n. They define a pair of Drinfeld modules
with an n-isogeny, thus a point on Xy(n), which we denote by P(A, A’).
For a nonzero ideal a of Ogy, the Galois group acts on the set of Heegner points
by
P(a, ey} Hn/K] = paa~! aa~iny)), (6)
where « is a nonzero fractional ideal prime to /90t and [—, Hon/K] is the Artin
symbol, see [B2, §4.5]. The Atkin-Lehner operator w, acts on the Heegner points
by
P(a,aMy,)) = P(ady!, aN 1), (7)
Let
Pop := P(Om, Ny,
then (see [B2, 4.6.17])
PRI = (P). (8)
Let Hy = K(,/q1,-.-,+/qx)- This is a subfield of Hyy and [Hoy : Ho] is odd.

Lemma 2.2. Let S be the orbit of Pop under Gal(Hon/Hy)-action, then w,S = 75
set-theoretically.

Proof. This is because that the restriction of M7, Hon /K] on F(,/q;) is
n F(Va@)/F] = [n, F(V/q7)/Fl = 1. O

Lemma 2.3. w has a fized point on Xo(n).

Proof. Since the degree of co in F' is odd, we may choose ¢ € C' — F, such that
c? generates n% . Note that d, is odd by Lemma 2.1, write d, = 2t + 1. Let
A=n+ntctand A’ = Op + n~!c™! be two lattices in C, then A’/A = Op/n
and

P(AA) =P A n7t71A)

(
(I‘l 21 7t+OFC)

(11 —1 +n—2tc 2 Il_tC_l—‘rOF)
(A, A) € Xo(n).

[l
T 9T



BIRCH’S LEMMA OVER GLOBAL FUNCTION FIELDS 5

That is to say, P(A,A’) is a fixed point of w. O
Lemma 2.4. The morphism [+ fow : Xo(n) = E is constant.
Proof. We can write f as the composite of

Xo(n) = Jo(n) = Jac(Xo(n)) % A = Jo(n)/(T, — ap;ptn) > E.

Here T, is the p-th Hecke operator, h is an isogeny. Let f4 : P — g([P] — [P)) be
the composite of the first two maps.
By definition, w is a linear involution on Jy(n) as

w([P] = [R]) = [P] = [F’]-

It induces a linear involution w = £1 on A since wo T, = T}, o w.
If w = +1, then

(fa—faow)(P)=w(fa— faow)(P)
=w o g(([P] — [Po]) — ([P"] = [Io])) = w o g([P] — [P*])
=g9([P"] = [P]) = (facw — fa)(P).

The image of f4 — faow lies in A[2], which is finite. Thus f4 — f4 ow is a constant.
Let @ be a fixed point of w, then

fa(By’) = fa(By’) — fa(Po) = fa(QY) — fa(Q) = O
and f(P}’) = O, which contradicts to Assumption IV. Hence w = —1.
On one hand,

29([P] + [PY] = [Po] = [FG°]) = fa(P) + fa(P") + wfa(P) + wfa(P") = 0.
On the other hand,
g([P] + [P*] = [Po] — [Fy’])
=(fa+ faow)(P) — g([FPy’] — [Fo])
=(fa+ faow)(P) — fa(Fy").

The image of fa + fa ow lies in fa(P’) + A[2], which is finite. Thus fs + fa ow
is constant, so is f + fow = f(P§"). O

Lemma 2.5. Assume E possesses a sensitive prime q1, which is inert in K. Then
for each integer k > 2, Xy, is infinite of positive density in the set of primes.

Proof. Set J = F(y/—n*, E[2¥]), then KN J = F and q; is unramified in J. There
is a unique element o in A = Gal(JK/F), whose restriction to K is 7 and whose
restriction to J is the Frobenius automorphism of some prime of J above q;.
Assume q is a finite prime not dividing Iqyn, whose Frobenius automorphisms in
A lie in the conjugate class of 0. The characteristic polynomials of the Frobenius
automorphisms of q; and q acting on the 2-adic Tate module T5(E) are X2 +##x(q1)
and X2 + a,X + #r(q), respectively. Since E[2¥] = Ty(E)/2*Ty(E), we have
aq = 0 mod 2% and #£(q) = #x(q1) mod 2%. Also q is inert in K since q; is inert
in K, and q splits in F'(v/—n*) since q; splits in this field. Hence ¥, contains all
such primes and it follows that X, is infinite of positive density in the set of all
primes by the Chebotarev density theorem. O

Lemma 2.6. We have E(Hy)[2*°] = E(F)[2].
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Proof. Since in every subfield of Hy which is strictly larger than F', at least one
prime dividing lq; - - - qx ramifies, but only the primes dividing 2noo may ramify in
the field F(F[2°°]), we have

E(Ho)[2%] = E(F)[2>] = E(F)[2]. (9)

Note that q; is a sensitive prime for F, reduction modulo q; is injective on
E(F)[2*°], and there are #r(q1)+1 points with coordinates in £(q1) on the reduced
curve F. It follows that E(F)[2°°] has order at most 2. O

2.3. Euler system. For a factor ? of 9, let d = [] ¢;. We have a Euler system
q:[0
as follows (see B2, (4.6.8), (4.8.3)]):

eps o
Proposition 2.7. For q| 3, we have Try,_, /i, Tqo = @qTo-

Let ¢¥ar = Trp,, /a1, (zon). Define K (v/d)-points yq, zq of E by

Zd ‘= Xd -Ter/K(xgn) = Xd -TFHO/K(z/)M)a (10)
Ya = Xa-Trm, /K (o). (1)
Then 2y = yar and zg = baya where by = [] aq = 2"eq for d # M.
al 3t

2.4. Finish of the proof.

Proof of Theorem A. If k = 0, y1 = Trg,/x(21), y1 + 7(y1) = W(Ok)f(F) =
F(Py). If yy is torsion, then there is an odd number m such that my; € E(K)[2*°] =
E(F)[2]. It follows that f(FP’) = m(yr + 7(y1)) = 2mys, which contradicts to
Assumption IV. Hence y; is non-torsion, so is 2y; € E(K)~.

Now assume k > 1. Let o € Gal(Hy/K) which maps /g1 to —,/q1 and fixes all
other ,/g; for i > 1. Then

() +¥m = Tray  k(yais1) (Tm) = aq, Tra, /K(‘@,i>1)(l’%) = 0.
a1 !
Since aq, = 1,

o(vm) +vm = Trg,,  k(vm) = aq, TrHﬂ/K(x%) =0,
a1

where
om = Trg o icvan (@) = Tryg ) e an (Vo).
Then yy = vy — o(vnr) = 2vpr, 0(ynr) +yar = 0.
By Lemma 2.2 and Lemma 2.4, we have
Uu 4 7(ar) = [Hon = Hol f(Fy") = f(F")-

Thus yar + 7(yar) = 2(var + 7(var)) = 0. Hence yp € E(F(VIM))~. Similarly, we
have yq + 7(yq) = 0 if q1 | 2.
By the definition of 34, we have

ym+ Y za=2
R
Let
uv =Yy = Y, €ayd,

29, 0£M
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then yy; = 2%ujps. Since eg = 0 if q; 1 0, it follows that ups + 7(ups) = f(PE).
If ups is torsion, then there is an odd number m such that muy; € E(H)[2%°] =
E(F)[2]. Tt follows that f(P) = m(upr + 7(upr)) = 2mups, which contradicts to
Assumption IV. Hence uy; is non-torsion, so is y;.

The rest of the proof is similar to [V, Theorem 7.1]. By [V, Theorem 6.1], we
can take a suitable rational prime ¢ such that the F;-vector space Sel;(E/Hgyn)XM
is one-dimensional and E[t|(Ho) = 0. Since the Selmer groups can be controlled
as

Sely(E/F(VIM))™ < Sel,(E/K(VM))X™ s Sel,(E/Hgy)X™

they must be all one-dimensional F;-vector spaces.

We know that EUM)(F) = E(F(vIM))~. By injectivity of the restriction map,
dimg, Sel;(EMM) /F) = 1 and HI(EMM) /F)[t] = 0. By the result of Tate, Milne,
Kato and Trihan ([V, Theorem 7.2]), the conjecture of BSD holds for E) /F. O

Proof of Theorem B. If the degree of q; is even, the 2-valuation of #r(q1) is r > 2,
then the 2-valuation of #F — 1 is less than r. Take qg,...,qx in Xk, we have
#r(q) = #k(q1) mod 2" as in Lemma 2.5. Thus the degree of g; is even and then
¢; = q;f. Therefore, M has exactly k prime factors and the result follows from
Lemma 2.5. O
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