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1 Introduction

The congruent number problem is about when a positive integer can be the area of a rational right
triangle. A positive integer n is a non-congruent number if and only if the congruent elliptic curve

E:=EM . y? =25 —n’z (1.1)

has Mordell-Weil rank zero. In [3,4], Feng obtained several series of non-congruent numbers for E(™ with
the lowest Selmer groups. In [5], Li and Tian obtained a series of non-congruent numbers whose prime
factors are = 1 (mod 8) such that E(™ has second lowest Selmer groups. The essential tool of the above
results is the 2-descent method of elliptic curves. In this paper, we will use this method to get a series
of odd non-congruent numbers whose prime factors are = 1 (mod 4) such that E(™) has second lowest
Selmer groups, which include Li and Tian’s result as special cases.

Suppose n is a square-free integer such that n = p;---pr = 1 (mod 8) and primes p; = 1 (mod 4),

Pi

then by quadratic reciprocity law (££) = (2—7)
y :

Definition 1.1.  Suppose n = p;---pr = 1 (mod 8) and p; = 1 (mod 4). The graph G(n) := (V, A)
associated with n is a simple undirected graph with vertex set V' := {prime p | n} and edge set A :=
{pg: (5) =—1}.

Recall for a simple undirected graph G = (V, A), a partition V = Vo UV} is called even if for any v € V;
(i=0,1), #{v — V1_;} is even. G is called an odd graph if the only even partition is the trivial partition
V =(UV. Then our main result is:
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Theorem 1.2.  Suppose n =p1---pr =1 (mod 8) and p; =1 (mod 4). If the graph G(n) is odd and
§(n) (as will be given by (4.5)) is 1, then for the congruent elliptic curve E = E(™),

rankz(E(Q)) =0 and 1(E/Q)[2%] = (Z/27)>.

As a consequence, n is a non-congruent number.
The following corollary is Li and Tian’s result [5]:
Corollary 1.3.  Suppose n = p1---pr and p; = 1 (mod 8). If the graph G(n) is odd and the Jacobi
symbol (#) = —1, then for E = E™),
rankz(E(Q)) =0 and II(E/Q)[2%] = (Z/2Z)>.

As a consequence, n is a non-congruent number.

2 Review of 2-descent method

In this section, we recall the 2-descent method of computing the Selmer groups of elliptic curves. This
section follows [5, pp. 232-233], also cf. [1, Section 5] and [7, Chapter X. 4].

For an isogeny ¢ : E — E’ of elliptic curves defined over a number field K, one has the following
fundamental exact sequence:

0— E'(K)/¢E(K) — SY)(E/K) — II(E/K)[p] — 0. (2.1)

Moreover, if 1) : E/ — FE is another isogeny, for the composition 1 o ¢ : E — E, then the following
diagram of exact sequences commutes (cf. [8, p. 5]):

0 0 0

0 —— E'(K)/pB(K) —— $¥)(B/K) —— ILI(E/K)[p] —0

: |

0 —— B(K)/{ppE(K) — SW9)/(B/K) — I(E/K)[Y¢] —0

|

0 —— B(K)/YE'(K) — SWN(E'/K) —— TI(E'/K)[¢] —0.

0

Now suppose n is a fixed odd positive square-free integer, K = Q, and F/Q, E'/Q, ¢, ¥ = ¢ are given
by

E=E":y? =2 n%, E = E™ cy? =2 + 4n’x,

p:E—FE, (z,y)— (—

x2’ x?
2 2 2
Yy~ y(z® —4n%)
cFE E - ).
1/) — ) (1’) y) g <4x2) 8:52 >

Then @ = [2],1¢ = [2]. In this case t; and 15 are exact. Let S®)(E’/Q) denote the image of S(#)(E/Q)
in S (E’/Q). Then

(¢ (B
HI(E/Q)p] = T2 EID) g gy = 2 E/D)

- #E(Q/pE(Q) ~ #EQ)/YE Q)
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and
 #SW(E/Q) #SW(E'/Q)
#HE/ QR = 25 Gy /ob @) #EQ)VE (@) (2.2)

Similarly,
#SW(E'/Q) - #5¥)(E/Q)
#E(Q)/YE'(Q) - #E'(Q)/¢E(Q)

The 2-descent method to compute the Selmer groups S¥)(E/Q) and S™)(E’/Q) is as follows (cf. [7]
for general elliptic curves): Let

#LI(E'/Q)[2] = (2.3)

S = {prime factors of 2n} U {cc}, Q(S,2) = {b€ Q*/Q*?:2|ord,(h), Vp¢&S}.
Note that Q(.S,2) is represented by factors of 2n and we identify these two sets. By the exact sequence
0 E(Q)/¢E@ > Q(S,2) > WC(E/Q)y),
where
it (zy)a, O 1, (0,040, j:d— {Cq/Q}

and Cy/Q is the homogeneous space for E/Q defined by the equation

Cyq: dw?® = d* + 4n?2*, (2.4)
the p-Selmer group S*)(E/Q) is then
SYNE/Q) = {d € Q(S,2): Ca(Q,) #0, Vp e S}. (2.5)
Similarly, suppose
Cl:dw? = d* —n?2*. (2.6)
The 1)-Selmer group S)(E’/Q) is then
SW(E'/Q) = {d € Q(S,2) : C4(Q,) #0, Vp e S}. (2.7)

The method to compute S#)(E/Q) follows from [1, Section 5, Lemma 10]:

Lemma 2.1. Letd € S¥)(E/Q). Suppose (o,, 1) is a nonzero integer solution of do® = d>v2+4n?p?.
Let My, be the curve corresponding to b € QX/QX2 given by

My dw® = &t +4n?2?t, dow — dP7t? — An®pz® = bu’. (2.8)

Then d € S (E/Q) if and only if there exists b € Q(S,2) such that My is locally solvable everywhere.

Note that the existence of o, 7, i follows from Hasse-Minkowski theorem (cf. [6]).

3 Local computation

We need a modification of the Legendre symbol. For z € Q, or € Q such that ord,(x) is even, we set

6)-(=5).

Thus () defines a homomorphism from {z € Q*/Q*? : ord,(z) is even} to {£1}.
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3.1 Computation of Selmer groups

In this subsection, we will find the conditions when Cy or C); is locally solvable. We will not give the
details since we only need to consider the valuations and quadratic residue.

Lemma 3.1. d < SY(E/Q) if and only if d satisfies
(1) d > 0 has no prime factor p =3 (mod 4);
(2)(%£4) = 1 for all odd p | d;

(3) (¢) =1 for all odd p| (2n/d);
(4) if 2| d, n =+1 (mod 8).

Proof.  In this case Cy : dw? = d?t* + 4n?z%. Tt is obvious that Cy(R) # 0 < d > 0. Assume d > 0.
(i) If 21 d | n, then Cy : w? = d(t* + 4(n/d)?2%).
*p=2 Cil@) #0=d=1 (mod 4)
op|d Ca(Qy) # 0 (2L 5 )—1andp—1 (mod 4).
o ptd Ca(Qp) #0 = ( )
(i) If 2 | d | 2n, then Cy : w? = d( + (2n/d)%2%).
ep=2 Cy4(Q2) # 0 <= d=2 (mod 8), n==+1 (mod 8).
e2+pld Cyq(Qy) # 0 — (n/d)—l and p=1 (mod 4).
e p1d. Cal@y) £0 < (4) =1.
Combining (i) and (ii) completes the proof of the lemma. O

Lemma 3.2. d<c SW(E'/Q) if and only if d satisfies
(1) d = £1 (mod 8) orn/d = =+1 (mod 8);
(2) (M%) =1 for all p| d,p=1 (mod 4);
(3) (4) =1foralp]|(n/d),p=1 (mod 4).
Proof.  In this case Cf : dw? = d?t* — n?2%.
(i) If 2 | d, by considering the 2-valuation of each side, we see C/)(Q3) = 0.
(ii) If 21 d | n, then C/} : w? = d(t* — (n/d)?2%).
op=2 C4)(Q2)#0<+=d= =1 (mod 8) or n/d==£1 (mod 8).
ep|d CiQ,) £+ () =10 <%/d>—1-
e pld Q) #0 = () =Tor (34) = 1.
Combining (i) and (ii) completes the proof of the lemma. O

hSRISRE]

'EI&

3.2 Computation of the images of Selmer groups

Suppose 0 < 2d € S(‘P)(E/(@)7 d is odd with no prime factor = 3 (mod 4). We want to find a necessary
condition for 2d € S (E/Q). Write 2d = 72 4+ u? and select the triple (0,7, 1) in Lemma 2.1 to be
(2n,n7/d, ). Then the defining equations of Muyy,qp in (2.8) can be written as

w? = 2d(t* + (n/d)*2%), w—7t* — (n/d)uz? = bu?. (3.2)

By abuse of notations, we denote the above curve by M;,. We use the notation O(p™) to denote a number
with p-adic valuation > m.

The case p | d. For i, =7/p (mod pZy), i, € Z), and i = —1, then
pl (T —ipn), PI(T+ipp).
It is easy to see v(t) = v(z), we may assume that z = 1, 2 = :l:i”T" (mod p), then M, is given by
My w? =2d(t* + (n/d)?), w—71t* — (n/d)u = bu.
(i) If v(bu?) = m > 3, then by w? = (7¢* + “* + O(p™))? = 2d(t* )

(ut2 - %T)Q =O0(p™).
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Let t? = du + B, where v(3) = a > %, then

() + (5 o) 2o ),
d du dpu 2 n 2n2
Take the square root on both sides, then
w=+ 2—”<1 +2 <”‘ﬁ+ 62> - 1<ﬂﬁ)2 +O(p30‘_3))
1 2 2n? 8\ n
=+ (27 +7B+ n,u(gﬁ> + O(p?’a_Q)),

but on the other hand,

np

2
w=Tt2+F+bu2=7n+Tﬁ+bu2.

The sign must be positive and
bu nu(ﬂﬂ) +O( Ja— 2)

b/py _ (np/py (n/by _opy (21
thusp|ba(p)_( )a( )_(p)_( ) ]
(ii) If v(bu?) = m < 2 and tQE% (mod p), let tQZ%-l—paip, then

. 2ipn ) no pda
w? = 2d - paiy, - <Tp +pazp> = —4p?. 5 (1 +5 )

and

. [na pda i, ™ N .
=y 7(1 * E) — g T+ 00Y)
pYi,m ([ [ n 2 nip 9 9 no do 3
= —-— —F— | ——(r—1i =+ 2p“i — 4+ O(p”).
n ( P + pT) 2dr (7 = iph) Pty p 4n +0w")

If v(bu?) = 2, then , o =t (mod p), and

9 nip no do 3
= — + 2p? —
bu ~ 54 —L(r zp,u) D70p o I +O0(p°)
—nip(T — ipp)3 (3T 4 dpp)
_ P 8Pd7_3 P + O(p3)
—nip(T — ipu)3

T Y +0(*) =0(*),

which is impossible. Thus v(bu?) =1 and p | b,

(0)-(22)- (). « ()-(3)

(iii) If v(bu?) = m < 2 and t? = —iy(n/d) (mod p), then

bu? =w — 1t — (n/d)p = (ri, — p)n/d + O(p)

=2i,mn/d+O(p) = (1+1p)* - % T+ 0(p),

thus p{ b and (£) = (2)("42).
Note that 27 = 7 + pi, (mod p) and (%) =1, hence we have
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Lemma 3.3.  The curve M, defined by (3.2) is locally solvable at p | d if and only if

b ) b )
cither p| b, (ﬂ) _ (m) or pih, (_) _ (m)
p p p p

The case p | %.  In this case t is a p-adic unit if and only if w is so.
(i) If v(w) = v(t) = 0, then w = £v/2dt?> (mod p) and (£v2d — 7)t? = bu? (mod p). Since (V2d —

7)(V2d+7) = 2d — 72 = §? and V/2d + T are co-prime, ord,(v/2d — 7) is even and (‘/Q_z’T) is well defined.

We may assume ptv/2d + 7. If w = —/2d (mod p) or v(u) = 0, then pt b, (%) = (7‘/?77). Otherwise
v(p) > 1,w = v2d (mod p), v(buQ) >1

(Tt2 + pn/d + bu?)? = 2d(t* + (n/d)?),
—n7/d)? = bu* (2w — bu?) = bu(27t* + O(p)),

+7), Then M, is locally solvable if and only if

pib, (%d):l and (2):(%)

(i) If v(2) = 0 and w = pwy,t = pt1, then w? = 2d(p?t] + (pd)2 24, wy = i\/_d 2 (mod p) and
bu?/p = (£v2d — 1) 22 (mod p). Thus M, is locally solvable if and only if

o (2)-s wa (2)- (),

2(V2d — 7)(V2d — p) = (1 + p — V2d)* = (@‘“) = (2(@—7)).

p

Note that

From now on, suppose n =p; ---py = 1 (mod 8) and p; =1 (mod 4). Pick i), € Z, such that zf) =1,

then
@T(T+mp).1<1 v2d >2.

2 T+ iy

Note that (%) =1, we have
Lemma 3.4. My defined by (3.2) is locally solvable at p | 5 if and only if

o (%)t ()= (22 ).
o (2 ()= (22) ()

By Lemmas 2.1, 3.1, 3.3 and 3.4, we have

Proposition 3.5.  Suppose n = py---pr = 1 (mod 8) and p; = 1 (mod 4), then 2d € S (E/Q) if
and only if d > 0 and (Q”T/d) =1 forp|d, (%) =1 forp| 4. In this case 2d € S@)(E/Q) only if there
n/b
plb, <L)
p

exists b € Q(S,2) satisfying:
i =
(5. = ()-(7)
p p p
2)ifpl,i2=-1,

(1) ifpld, iy =7/ (mod pZy), i
i (2)- (253, () (2252).
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4 Proof of the main result

4.1 Some facts about graph theory

We now recall some notations and results in graph theory, cf. [3,4].

Definition 4.1. Let G = (V, A) be a simple undirected graph. Suppose #V = k. The adjacency
matriz M(G) = (a;;) of G is the k x k matrix defined as

Qg5 1= ! Vit ¢ (41)
1, if VU5 € A.
The Laplace matriz L(G) of G is defined as
L(G) = diag{ds, ..., dx} — M(G), (4.2)

where d; is the degree of v;.

Theorem 4.2.  Let G be a simple undirected graph and L(G) its Laplace matriz.
(1) The number of even partitions of V is 2K=1=" where r = rankg, L(G).
(2) The graph G is odd if and only if r =k — 1.

(3) If G is odd, then the equations
Cc1 t1
cr tr

has solutions if and only if t1 + -+t = 0.
Proof.  The proof of the first two parts follows from [3]. We have a bijection

F5/{(0,...,0),(1,...,1)} = {partitions of V}
(c1y.. k) — (Vo, V1),

where V; = {v; :¢; =i (1 < j < k)}, i € {0,1}.
Regard L(G) = diag{di,...,dr} — (a;;) as a matrix over Fy. If

c1 by
L(G)<z>=<;>eF’5,
Ck b

k k k
b; = d;c; + Zaijcj = Zaij(ci + Cj) = Zaij(t + Cj) = Z Ajj = #{Uz — ‘/l—t} e Fs.
j=1 j=1 j=1

cj=1—t

then if v; € Vi, t € {0,1},

(1) The number of even partitions is

%#{(01,...,%)61&?3:[/(6') ( : ) = (E)}:2k—1—r.

(2) follows from (1) easily.
(3) Since L is of rank k — 1, the image space of L is of dimension k — 1, but it lies in the hyperplane
x1 + -+ z = 0, thus they coincide and the result follows. O
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4.2 Graph G(n) and Selmer groups of E and E’

From now on, we suppose
n=p---pp=1(mod 8 and p;=1 (mod 4).

Recall for an integer a prime to n, the Jacobi symbol (£) = Hp‘ n(%), which is extended to a multiplicative
homomorphism from {a € Q*/Q*?: ord,(a) even for p | n} to {£1}. Set

a 1 a
—|==1-1—-)). 4.3
st () =
The symbol [£] is an additive homomorphism from {a € Q*/Q*? : ord,(a) even for p | n} to Fs.
By definition, the adjacency matrix M (G(n)) has entries a;; = [5—1] For 0 < d | n, we denote by {d, 5}
the partition {p: p|d} U{p:p| 5} of G(n).
The following proposition is a translation of results in Lemmas 3.1 and 3.2:
Proposition 4.3.  Given a factor d of n.
(1) For the Selmer group S*)(E/Q),
(1a) d € S¥)(E/Q) if and only if d > 0 and {d,n/d} is an even partition of G(n);
(1b) Suppose

Pi

C; = . n
’ 0) Zf Di | -5

t; =
d’

Then 2d € S (E/Q) if and only if d > 0 and

c1 t1
o()-()
Ck tr
(2) For the Selmer group S™W)(E'/Q),

(2a) d € SY)(E'/Q) if and only if d = +1 (mod 8) and {d,n/d} is an even partition of G(n);
(2b) 2d ¢ SW(E'/Q).

Proof.  One only shows (1b), the rest is easy. For any 4, let [i] be the set of j such that p; and p; are
both prime divisors of d or n/d. Then

d n/d

diCi -+ Zaijcj = Zaij (Ci -+ Cj) = Z aij = |:—:| or |:L:| .

— — — Di Pi
J#i J#i J¢li]

Then (1b) follows from Lemma 3.1. O

Applying Theorem 4.2(3) to Proposition 4.3, we have
Corollary 4.4. If G(n) is odd, there exists a unique factor 0 < d < \/2n of n such that
SW(E/Q) = {1,2d,2n/d,n} = 7/27 x 7|27,
and
SWUE' Q) = {£1,+n} = 7Z/27 x 7./2Z.

For the d given in Corollary 4.4, write 2d = 72 + p2. If 2d € S (E/Q), we suppose b satisfies
the condition that M, defined by (3.2) is locally solvable everywhere. Suppose ¢ = (cf,...,c})T
t'=(t,...t,)" are given by

and

T—l—,uipj} .

. — f pjld,

o 1, if p;j|b, ' [ i '; if pj |

7o, if pitby [M}, T
Pj d

By Proposition 3.5, Lc’ = t', i.e., Lv = t' has a solution v = ¢/, which means that the summation of ¢’
must be zero in Fy by Theorem 4.2(3).
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Definition 4.5.  Suppose n is given such that G(n) is an odd graph. For the unique factor d given in
Corollary 4.4, write 2d = 72 4 p? and 2% = 72 + /. Let i € Z/nZ be defined by

T o
i=— (modd), ¢i=—(mod-|. 4.4
u( ) u’( ) “4)

We define

Then the following is a consequence of Proposition 3.5.

Corollary 4.6. If G(n) is odd and §(n) = 1, then
S@(E/Q) = {1}.

Proof.  Let \* be the Fy-rank of S*)(E/Q), A be the Fy-rank of S(¥)(E/Q), then A\ = 2. The existence
of the Cassels’ skew-symmetric bilinear form on IIT implies that the difference A — \* is even.

By the above analysis, §(n) = >, ¢} # 0, thus 2d ¢ S@)(E/Q), we have \* < A\, A* = 0. O
Remark 4.7.  If we replace d by Z in the definition, d(n) is invariant. Indeed, [3] = [nl/d] For the
other term,

T+‘LLZ - T+‘LLZ " T+‘Ll/l:l
n | | d n/d |’
where i = 7/ (mod d), ' =7/ /i (mod n/d). Let u= (77" — pp')/2, v = (tp/ — p7’)/2, then
w—+vi = (174 pi) (7 + p'i)/2 = T(T' + - %)
=ru(r p+ ) /p? = (1 + p)?/u?-v/2 (mod d).

Similarly, u + vi’ = (7' + p/)?/p/'? - v/2 (mod (n/d)). If we interchange d and n/d, 6(n) will differ

) T+ i’ 7+ 't 7+ i
=] [

[ ] )
[ -[2)- [££2]ves

Thus d(n) does not change, which implies that d(n) does not depend on the choices of d, 7, u and only
depends on n.

4.3 Proof of the main result

Proof of Theorem 1.2.  We shall use the fundamental exact sequence (2.1) and the commutative dia-
gram in Section 2 frequently.

Since E(Q)tor N YE(Q) = {O} and #E(Q)ior = 4, #E(Q)/¥YE(Q) > 4. Since G(n) is odd,
#SWI(E'/Q) = 4 and #E(Q)/vE'(Q) = 4, by (2.1), II(E'/Q)[¢] = 0. Apparently, SW)(E'/Q) D
E(Q)/¢E'(Q) and thus #5¥)(E'/Q) = 4.

By Corollary 4.6, S)(E/Q) = {1}, then #E'(Q)/¢E(Q) = 1. The facts that #E(Q)/¢E' (Q) = 4
and E(Q)ior = (Z/27)? imply that #F(Q)/2E(Q) = 4 and

rankz E(Q) = rankz E'(Q) = 0.
From III(E’/Q)[¢] = E'(Q)/¢E(Q) = 0, the diagram tells us that

LI(E/Q)[2] = IL(E/Q)ly] = S'(E/Q) = Z/2Z x Z/2Z,
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and (2.3) tells us that
HI(E'/Q)[2] = HI(E'/Q)[¢] = 0.
Hence III(E’/Q)[2°°] = 0 and II(E’'/Q)[2%4] = 0. By the exact sequence

0— H-[(E/@)[SO] - H_I(E/Q)[Qk] N H—[(E//Q)[Qkflqp]’

we have for every k € N |

HI(E/Q)[2"] = W(E/Q)l¢] = (Z/22)?,
and thus II(E/Q)[2*] = (Z/27)?. O
Proof of Corollary 1.3.  In this case,d=1and 7 = pu =1, 6(n) = [H‘T{j]7 thus the result follows. O
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