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Basic idea: effect systems

If an expression e maps entities of type 71 to entities of type m
e.T1 — T2

then we can annotate the arrow with properties of the program

_ ¥
€.T1 — T2

Example analysis Choice of the property ¢ of a function call

Control Flow which function abstractions might arise
Side Effect which side effects might be observed
Exception which exceptions might be raised
Region which regions of data might be effected

Communication which temporal behaviour might be observed



The plan
e a typed functional language
e With a traditional underlying type system

e Several extensions to effect systems:

Analysis characteristica properties
Control Flow subeffecting sets
Side Effect subtyping sets
Exception polymorphism sets
Region polymorphic recursion sets

Communication polymorphism temporal



Syntax of the Fun language

e = clx|fnr x =>eqg|funs f x =>ep|e1 e

T T

program points

|  if eg then eg else ex | let x =e1 inep [ e; OP ep
not polymorphic

Examples: e (fny x => x) (fny y => y)

o let g = (funp f x => f (fny y => y))
in g (fny z => z)



Underlying type system: typing judgements

r|_U|_6:’7'

T i=int | bool | 71 — T

Fa=1[]]|T[z~— 7]

Assumptions:

e cach constant ¢ has a type 7¢

e cach operator op expects two arguments of type 71 and 72 and

op op
gives a result of type 1y



Underlying type system: axioms and rules (1)
[ |_U|_ C .
|_|_U|_Cl7:7' |fl_(:1:)=7-

[Mx — 12] FyL eo : 0

[ Fy fogr x => eg 1 72 — 70

[ f— 12— 1ollz— 7] FyL eo: 70

[y fung f & => eqg ! 72 — 70

|_|—U|_612’7'2—>TO |_|—U|_6227'2

[ |_UL €1 €2 . T0



Underlying type system: axioms and rules (2)

[ Fy_eg:bool Ty er:7m [y ex:r

[ Fyp if eg then eq else ey T

[ '_UL e1 .71 r[.:U — 7'1] l_UL €2 . T9

[ FyL let © = e in e I 77

|_|—U|_€11 |_|—UL€2:

[ |_UL e1 OPp eo .



Example:

let g = (funp £ x => f (fny y => y))
in g (fny z => z)

Abbreviation: T = [f— (Tt —>7) > (Tt = 1)][x— T — 7]

Inference tree:

Mely— 7l Pyl y: 7

M Pyl f (fny y=>y) 7 =71

[JFy  funp £ x => £ (fny y => y) 1 (7 > 1) — (7 — 1)



Control Flow Analysis

The aim of the analysis:

For each subexpression, which function abstractions might it
evaluate to?

Values of type int and bool can only evaluate to integers and booleans

Values of type 71 — 7 can only evaluate to function abstractions

e annotate the arrow with the program points for these abstractions

subeffecting



Control Flow Analysis: typing judgements

FFCFAG:?
T := int | bool | 71 & 75
ra=[]]|T[z~—7] pu={m}p1Upa|0

Back to the underlying type system: remove the annotations

|int| = int |bool| = bool

71— Ta| = |71) — |72

For type environments: |[|(z) = |[[(z)] for all =



Control Flow Analysis: axioms and rules (1)

F l_CFA C.Tc

AN

l_CFA Tr . T if F(QZ‘) =T

Lk

F[CIJ — 5'\3;] |_CFA €eo - 7A'O

subeffectin
Y J

r Fcea fnr x => eg  Tx T0

~ . imue . .
C[f— Tz > Tollz — T2] Fcra eo : To

~ U
[ Fcpa fung f o =>eg ! T2 il 90\?0

[ |_CFA el . 5'\2 — 7A‘O [ l_CFA € . ?2

[ l_CFA e1 €o . 5‘\0



Control Flow Analysis: axioms and rules (2)

r ~cEa €o : bool r FcEp €1 T r FCEA €2 i T

[ Fcppn if eg then eq else e ! T

[ |_CFA el . 5'\1 I’[x —> 5'\1] l_CFA e . 5'\2
[ Fcpa let € = e inep @ 7o
r - eq o Tk r - en | T2
CFA €1 - Top CFA €2 - Top

[ |_CFA €1 op e . Top



Example (1)

let g = (funp £ x => £ (fny y => y))
in g (fny z => z)

Abbreviation: T, = [f +— (7 02k 7) AFL 2 8 &)z s 7 A0ZH 7

Inference tree:

My — 7] Fcpa y: 7

T e £ (P05 AL G b2y rp ey fay y >y o7 A0 7

fo l_CFA f (:Enyy=> y)?—®>7A'

[ ] l_CFA funp £ x => £ (fny y => y) ) (? ——>{Y’Z} 5'\) ——>{F} (5'\ —(Z)> ?)



Example (2)

let g = (fung £ x => f (fny y => y))
in g (fny z => z)

Abbreviation: g = [gs (7 104k 7) AL (7 L 3))

Inference tree:

AN

Fglz— 7] Fcpa 207

':g FCFA & (?&?){—Fh(?—@ﬁ) ¢ Fcpa fnz z=>2z:7 AZYE T

g Fcra g (fnzz =>2) 7 b7

the program never terminates assuming {Y,Z} ={Z,Y}




Example:
Abbreviation: 7v = int — int

Inference tree:

[x — 7] Fcpa x0Ty [y — int] Fcpp v : int
L~ XV . N
[] l_CFA anx=>X.Ty{—}>TY [] l_CFA fny y=>y .7y

[] Fcra (fny x => x) (fny y => y) : 7y

Note: the whole inference tree is needed to get full information about
the control flow properties.



Some subtleties

e formally we should write {m}U---U {m,} but we write {mq,---,mn}

e we can replace 1 2L 7 by 11 22 75 whenever 7 and ¢, are “equal
as sets”

p=pUl p=pUgp
P1Upo=poUp1  p1U(p2Up3) = (p1Upr)Ues

P1 =2 P2=p3 Y1 =] p2=¢,
1 = @3 1 U po = ¢ U ph

Y=

e We can replace 71 by 7 if they have the same underlying types and
all annotations on corresponding function arrows are ‘“equal as sets”

~ __ =/ ~ __ =/ —

(71 & ) = (7 &5 7)

F=7




One more subtlety

The function fny y => y has type 7 AZE 2 as well as 7 b 7

Iﬁ[x — 5'\;(;] l_CFA eo - 5'\0

~ U
[ |_CFA fnr x => eg . Tz i} S0>

70

Conservative extension lemma
(i) IfT Fcpa e:7 then [Ty e |7].
(i) If I Fy_ e: 7 then there exists ' and 7 such that
[ Fcpa e 7, [ =T and |7] = .
If we replaced the above rule by
F[aj — 7A'x] '_/CFA eo - ?o
{7}

r l_/CFA fnr © => eq ! Tx —H 10

then some programs would have no type in the Control Flow Analysis!



Operational Semantics

Different choices:
e Structural Operational Semantics

e Natural Semantics
— with environments

— with substitutions

Assumption: e is a closed expression; it evaluates to a value

written Fe — v



Natural Semantics for Fun (1)

Fc—c
= (fnr x => eg) — (fn, = => ¢p)

= (funy f & => eqg) — (fnr = => (eg|[f — funy f & => egl))

Fep — (fny x =>en) Fexy— vy Feglr— v — vg

Fe1 eo — vg



Natural Semantics for Fun (2)

Feg— true Fej — v

— if eg then ey else eo — v

-eg — false Fep — vp

— if eg then e] else eo — vy

Fep — wv1 Fes[x— v] — vo

—let £ = e in eo — Vo

Fei1 — vy Fey— vo

if v91 Op vo = v
Fe1 op eo — v



Example:
Expression: (fny x => x) (fny y => y)

We have
|—fnxx=>x—>
|—fnyy=>y—>
= x[x— fny y => y] —

fIlY §7r=> Yy

The application rule gives

- (fny x => x) (fay y =>y) —



Example:

Expression: let g = (fung £ x => £ (fny y => y))
in g (fny z => z)
We have

- funp £ x => f (foy y => y) —
(funp £ x => f(fny y => y))

For the body of the let-construct we replace the occurrence of g with

fnp x => ((funp £ x => f (foy y => y)) (fny y => y))

The operator evaluates to this value and the operand fny; z => z evalu-
ates to itself.

The next step is to determine a value v such that

F(funp f x=>f (fny y=>y)) (fay y =>y) —

and we enter a circularity!



Semantic Correctness

Assumption: If [ ] bcpa 01 179, and [ Fepa 0o @ 75, and

Theorem: 1f [] bFepa e: 7 and Fe — v then [ ] Fcpa

Consequences:
o if[]Fe: Ty & 7 and Fe — fng then 7 € ¢

o if[]Fe:T 0, 7> then e cannot terminate!



Auxiliary results needed for correctness proof

o If 4 Fcpa e @ 7T and Vx € FV(e) : M1(z) = a(x)

then FQ I_CFA e.T.

o If [] Fcpa eg:7p and Tz — 7p] Fcpa e: 7

then T Fcpa elz — eg] @ 7.



Important questions

e can all programs be analysed?

e does there always exist a best analysis result?

Can we establish a Moore family result?



Complete lattice of annotations
(Ann,C) is a complete lattice isomorphic to (P(Pnt), ©)
Complete lattice of annotated types

(T}Ee[f], [C) is the complete lattice with
e clements: annotated types 7 with underlying type 7 (i.e. |7| = 7)

e ordering defined by

/
FLT .




Moore family result

Define
JUDGCFA[F l_UL e . ’7']

to be the set of typings I tcpa e : 7 such that [T Fepp e @ 7] =
[ |_U|_ e . T

Then JUDGcpall Fyp e : 7] is a Moore family whenever I - e : 7.



Implementation

e type reconstruction algorithm for the underlying type system;

unification procedure for underlying types

e type reconstruction algorithm for Control Flow Analysis;

unification procedure for annotated types

e syntactic soundness: whatever the algorithm determines is correct
with respect to the specification

e syntactic completeness: if some analysis result is allowed by the
specification, then the algorithm will produce it (or something bet-
ter)



Underlying type system

WUL(ra 6) — (7-7 9)

substitution: the modifications needed for
6 : TypVar —¢n, Type

the type of e: 7 € Type T = 1int |bool | T4 — T | &
ac€ TypVar a::=% | o | c |-

the expression to be analysed

the current type environment: I ::=[ ]| Nz — 7]

Idea: if WUL(F,e) = (’7‘,9) then (9 F) |_UL e . T
for all ground substitutions



Type reconstruction algorithm (1)
WuL(T,¢) = (re, id)

WuL(l, z) = (I'(z), id)

Wy (I, for  => eg) = let «, be fresh
(10,00) = Wy (I'[z — az], eg)
in ((6g az) — 70, 00)
Wy (I, funy f =z => eg) = let a,, agbe fresh
(10,00) = Wy (I'[f = az — agllz — az], ep)
01 = Uy (10,00 @)
in (91(90 Oza;) — 91 T0, 91 o 90)

Wy (M e eo) = let (71,01) =Wy (M e1)
(12,02) = Wy (01 T, e2)
a be fresh

03 = Uy (02 11,72 — @)
in (93 Q (93 06> o0 (91)



Type reconstruction algorithm (2)

Wy (I, if eg then e else ep) = let (7q,00) = Wy (I, eg)

(71,01) = Wyr(0g T, e1)
(12,02) = Wy (01(60 T), e2)
03 = Uy (02(61 10),bool)
04 = Uy (03 10,603(02 1))
in (04(03 m2), 04003005007)

WyL(F,let © = e1 inep) = let (71,01) =Wy (I, e1)

(72,02) = WyL((017) [z — 71],e2)
in (7‘2, 92 e) 91)

Wy (I, e1 op ep) = let (71,01) =Wy (I, e1)

in

(12,02) = Wy (01T, e2)
03 = Uy (62 T1,75,)

04 = Uy (03 2,75))
(Top, 94093092091)



Example:

WuL(l ], (fnx x => x) (fny y => y))

call Wy ([ ], fnx x => x)

create the fresh type variable 2 and return (a — ', id)

call Wy ([ ], foy y => y)

create the fresh type variable ‘b and return (b — 'b, id)
create the fresh type variable c
call Uy (a — 2, (o — 'v) — c) and return [a — b — ’'b][c — b — 'b]

return (b — b, [a — o — 'b][c — b — b))



Unification
UUL(int, int)

Uy (bool, bool)

Uy (11 — 10,77 — T5)

Uy (T, a)

Uy (o, T)

Uy (11, T2)

id
id
let (91 = Z/{UL(TlaTj/[)
0> = Uy (01 12,01 T5)
in 6004

( [a— 7] if a does not occur in 7

X or if o equals 7

\ fail otherwise

([ [a— 7] if a does not occur in T
X or if o« equals 7

\ fail otherwise

fail in all other cases



Example:

Uy (2 — ', ('b— D) — )

call L{UL(’a, b —'b)

return [a — o — 'b]

call Z/{UL(/b — /b, /C)

return [c — b — 'b]

return [a — b — 'b][c — o — 'b]



Towards an algorithm for Control Flow Analysis

Problem: two annotated types may be equal even when their syntactic
representations are different ( X,Y equals Y X )
— the annotated types constitute a non-free algebra

— the underlying types constitute a free algebra

Idea:

— restrict the form of annotated types to be ‘simple” :
only annotation variables are allowed on function arrows

— introduce constraints on the values of the annotation variables

We can adapt the unification procedure to work for Control Flow Anal-
VSIS.



Control Flow Analysis

Wcea(T,e) = (7,6, C)

|

set of constraints: 3 O ¢

@ € Ann pu=A{r}]e1Upa|0]p
B € AnnVar  pgu="1]"2]3]...

substitution: the modifications needed for I
6 : (TypVar U AnnVar) —¢, (Type U Ann)

the type of e: 7 € Type T = int | bool | 71 SN To | «
e

o € TypVar =4 | | |-

the expression to be analysed

the current type environment: [ 1= []] |°[a: — T]



Unification of “simple” types

Ucra (7 £

Ucppa(int, int)

Ucpp(bool, bool)

7-27 T]_ —> 2)

Ucpa (T, )

Ucra(a, T)

Ucpa(T1, T2)

id
id
let 0g = [8" — B]
01 = Ucra(Oo 71,00 71) A
0> = Ucpa (01 (60 72),601 (00 75))
in 6>0671 080

( [a — 7] if o does not occur in 7

< or if « equals 7

\ fail otherwise

( [a — 7] if o does not occur in 7
¢ or if « equals 7

\ fail otherwise

fail in all other cases



Example:
Ucra(a 5 h, (b 2 'b) —3 %)
construct ['3 +— 1]

call Ucpa(a, b —2 'b)

return [a— b 2, 'b]

call Z/{CFA(/b b /C)

return [c — b 2, 'b]

return ['3 — "1][a — b 2 "p][c +— !

—2, ']



T heoretical properties

T he unification algorithm is syntactically sound: if it succeeds then it
produces a unifying substitution.

T he unification algorithm is syntactically complete: if there is some way
of unifying the two simple types then the algorithm will succeed.

Formally: Let #; and 7 be two “simple”’ types.

o If Urpp(T1,72) = 0 then 0 is a “simple” substitution
such that 671 = 0 1>.

o If there exists a substitution 6” such that 0”7 075 then there
exists substitutions 8 and ¢’ such that Ucpa(71,7) = 0 and 0" = 6’ 00.



Type reconstruction for Control Flow Analysis (1)
Wera(F,e) = (7, id, 0)
Wera(T,z) = (F(z), id, 0)

Weea(T, fnr @ => eg) = let ay be fresh
(70,00, Co) = Wera(T [z — azl, eq)
Bo be fresh
in (0o aw) 7y, 0, CoU{d 2 {r}})

WCFA(Fael 62) = let (%\1701701) — WCFA(F76/]\.)
(T2,02,C2) = Wcpa(b1 T, e2)
o, 3 be fresh
03 = Ucpp(0a 71,70 —> a)
in (03 a, 6306050601, 63 (0> C1)Ub3 C>s)



Type reconstruction for Control Flow Analysis (2)

Wera(T, funy f o => eg) =
let agz, ap, Fgbe fresh
(70,00, Co) = Wera(TLf — az 2% agl[z — azl,eq)
01 = Ucra (70,00 o)

in (01(0p o) 180050, g, 70 0y 06,
(01 Co)U{01(6g Bo) D {7}})

WCFA(IC, if eg then e1 else ep) =
let (70,00, Co) = Wcra(l', e0)
(%\17 917 Cl) — WCFA(HO r) 61)
(T2,02,C2) = Wepa(f1 (6g ), e2)
03 = Ucpa(02 (61 7o), bool)
04 = Ucpp(03 72,03 (02 71))
in (94 ((93 5'\2), 94093092091090,
04 (03 (02 (01 Cp))) U by (63 (62 C1))Ubs (03 C2))



Type reconstruction for Control Flow Analysis (3)

WCFA(I:,let x =e1 in ep) =
let (71,01,C1) = Wcra(l, e1)
(72,02,C2) = Wcpa((01 T) [z — 71],e2)
in (T2, 62001, (02 C1)UC>)

Wera(Te1 op ep) = let (71,601,C1) = Wera(l, e1)
(72,02,C2) = Wcpa(01 Ty e2)
03 = Ucrpa(02 71, T%p)
04 = Ucrp(03 T2, 75,)
in (Top, 64093092091,
04 (03 (02 C1))U b4 (63 C2))



Example:

Wera(l ], (fnx x => x) (fny y => y))

call WCFA([ ], fny x => x)
create the fresh type variable a2 and the annotation variable '1
return (a —L fa, id, {1 D {X}})

call Wepa([ ], fny y => y)
create the fresh type variable 'b and the annotation variable /2
return ('b -2 "o, id, {'2 D {Y}})

create the fresh type variable c and the annotation variable ’3

b) —c)

call UCFA( /—> a, (/ —2>
return ['3 — /1][a — b -2 'b][c — "o —2 "p]

return ('b —2 b, ['3 — "1][a — b —2 b][c = b —2 b], {'1 D {X},’2 D {Y1})



Example:

Weea([], let g = (funp £ x => £ (fny y => y))
in g (fn; z => z))

— (/aa T {,1 B {F}7,3 D) {Y}7 })



Syntactic soundness theorem

If Wepa(T,e) = (7,60,C) and 6g is a ground validation of T, 7 and C
then 00(0T) bFepp e:0g 7

0. is a ground validation of T/, 7 and C if and only if
e 0 is defined on all type and annotation variables in f’, 7 and C

e O, maps all type and annotation variables in its domain to types and
annotations without variables

e O is a solution to the constraints of C: 04 = C



Syntactic completeness theorem

Assume that [ is a “simple” type environment and that @/ T Fcpa e : 7/
for some ground substitution 8. Then there exists 7, 0, C and 6 such
that

1. WCFA(F76> — (’7/:,9,0) ,
2. 0 is a ground validation of 6 T, 7 and C,

3. 0gob = 0’ except on fresh type and annotation variables (as created
by Wcra(T,e)), and

4. Qg?zﬁ'\/



T he syntactic soundness theorem revisited

Problem: If the constraints generated by Wcgas cannot be solved then we
cannot use the soundness result to guarantee that the result produced
by Wcga C€an be inferred in the inference system.

But the constraints always have solutions:

Lemma: i1f WCFA(I:,e) = (7,60,C) and X is the set of annotation
variables in C' then

{04104 = CAdom(0y) = X}
iIs a Moore family.



Side Effect Analysis

The language: an extension of Fun with imperative constructs for cre-
ating reference variables and for accessing and updating their values:

el=-:--|newys T :=ejinep|!r|7T :=eg|e1 ; e

Example:

newg r := 0
in let fib = fun f z => if z<3 then r:=!r+1
else f(z-1); f(z-2)
in fib x; !r

{IR,R:=}



Semantics (1)

We introduce locations & € Loc in order to distinguish between the
various incarnations of the new-construct — the configurations will then
contain a store component

€ Store = Loc —y, Val
where v € Val is given by

vi=cl|fnx=>¢el|¢ (closed expressions only)



Semantics (2)

= (e1,¢1) — (v1,92) F{ea[r— &, [ — v1]) — (v2,<3)

- (neww r 1= e1 1n eo, > — <’027 >

where ¢ does not occur in the domain of

= (18,6) — ((£),9)




Side Effect Analysis

FFSEGI?& 02

o= {1m} | {mi=} | {mewr} | o1 Ugpo | 0

T = int | bool | T4 & To | ref, 7

=[]z~ 7]
Example: newgp r :=0
in let fib = fun f z => if z<3 then r:=!r+1
else f(z-1); f(z-2)
in fib x; !r

IRR:=
[x — int][r — refi int] Fgp £fib : int t L int & ()

[---][r — refR int] Fgp r:=!r+1 : int & {!R,R:=}



Side Effect Analysis (1)
/|;|—SECZ’7'C & ()

Thsez:7 &0 ifM(z)=7

[z — 7] Fsg eo : To & ¢0

FI—SEfn5B=>€oiﬁ'\x —£0, 5‘\0&@

C[f — 72 29 7o][x — 72] Fsg eo : 7o & o
Chepfun f @ => eq: 7w 20 79 & 0

Mhsper T 2570 & 1 TThspex:To & vo
Msper ex 1T & w1 UwaUpg




Side Effect Analysis (2)

I:FSEeO:bool&goo FFSEeli?&¢1 FI—SEeQZ?&@Q

r —sp if eg then e1 else ep ! T & woUp1Upo

CFsper 71 & o1 Te— T1]Fspen: T & o

r Fsp let x = e in ex I To & p1Upo

rl—SEeliT(}p&gol rl—SEBQZTOQP&QOQ

[ Fspe1 op ex: Top & p1Upo



Side Effect Analysis (3)

Cheptla:7 & {In} if [(z) = ref,7

FFSEGI?&QO

_ if T(z) = ref 7
Mgz i=e: 7T & pU{m:=}

Chsper i1 & p1 [z refrm] Fspen: 7o & oo

r Fog newr x :=e1 inep I Tp & (1 Upp U {newn})

Chsper 171 & o1 [ hgpen: 7o & oo

M Fspe1 s en: T & p1Upo



Example:
int & {newB, 'A,A:= 1B}

new, x:=1 /

in (newg y:=!x in (x:=!y+1; !y+3))

+ | (newc x:=!x in (x:=!x+1; !x+1))

N\

int & {newC, 'A, C:=1C}

For the overall program:

int & {newA,A:= A newB, !B, newC, C:=,1C}



Subeffecting and subtyping

FFSEGZ?&QO
Fl—SEei’?/&QO’

subeffecting

subtyping

¢ C ¢’ means that ¢ is “a subset” of ¢’

? < #is defined by Shape conformant subtyping

<71 9C¢ H<H <7 F<LT

T<T

~ ~ F =~ =~/
25 75 <7 L)Té refr 7T < refp T

AN

T1
The ordering on 71 -& 75 is contravariant in 71 and covariant in 7o



Example: subtyping

int {!A}, int & ()

N\

newp x:=1

int ASh it & ()

/

in (fn £ => f |[(fn y => x)| + £ |(fn z => (x:=2z; 2))|)
(fn g% 1)
IAA:= IAA:=
(int CAAT) int) CAAT) int
Subtyping:
A IAA:=
int Q int < int CAA:T) int
A:= IAA:=
int —i———l> int < int vA J int




Example: subeffecting

int {!A’A:=}\ int & 0 int {HAA:=} int & 0

newp x:=1 \ /

in (fn £ => f |[(fn y => 'x)| + £ |(fn z => (x:=2z; 2))|)

(fn g\:f 1)

(int

{1AA:=} {1AA:=}

int) int




Exception Analysis

The language: an extension of Fun with constructs for raising and han-
dling exceptions:

e.:=---| raise s | handle s as e in ep

where s is a string (a constant)

Example:

handle pos as z := 1000
in let £ = fn g => fn x => g x
in f (fn y => if y < O then raise neg else y) (3-2)
+ f (fn z => if z > 0 then raise pos else 0-z) (2-3)

£ ineg;
£ {pos}

{neg}



Semantics (1)

Values v € Val can be raised exceptions:

vii=c|fn x =>e|raise s (closed expressions only)

The semantics of the new constructs:

+ raise s —

-ey — -e> — raises Fe; —

- handle s as e7 in eo — - handle s as e7 in e» —

if vp # raise s



Semantics (2)

New rules for the old constructs:

el —

Fel eo —

Fei1— (fnxz =>¢eg) Fep —

—e1 ep —

Fep — (fnx =>eg) Fex— vy Feglr— vy] —

Fei1 eo —

plus similar rules for the other constructs



Exception Analysis

Mece: 6 & polymorphism

pr={s}|p1Upa|0|p

o :::v(aly"'70477,76]_7"'76771)-7/:

AN

T = int |bool | T4 & 75 | a

Co=[]|T[z~— 7]

Example: handle pos as z := 1000
in let £ = fn g => fn x => g x
in f (fn y => if y < O then raise neg else y) (3-2)
+ f (fn z => if z > 0 then raise pos else 0-z) (2-3)
Typing judgement:
D, ¢

[ JFEsfn g => fn x => g x:V a,'b,/1. (a L) D L) & 0



Exception Analysis (1)
Chesc:me & 0
Iﬁl—Esaci & () if T(z) =25

[z — 7] Fes eo 7o & ¢0

Iﬁl—Eanw=>eO:7A'x 0, 7o & ()

Cf — 7 2% 7]z — 72 FEs eg - To & o

FI—ESfunfx=>eO:7A'x 0, 79 & 0

Chpser i 7o 2570 & 1 [Thpsen: 7o & o
[T FEser eo i To & p1Upo U g




Exception Analysis (2)

Iﬁl—EseO:bool&goo Iﬁl—Eseli?&gpl FI—ESeQZ?&@Q

r —gs if eg then eq else ep ! T & woUp1Upo

Cheser o1 & o1 Tl 1] Fesen: 7o & ¢o

r FEs let x = e ines I To & p1Upo

rl—EseliT(}p&gol rl—ESeQZTOQP&QOQ

[ FEs e1 op en i Top & p1Upo



Exception Analysis (3)

[ Fpg raise s:7 & {s}

/|;|—E561:7/:&g01 /I;l_ES€2:?&SO2

[ g5 handle s as e] in ep: 7 & P1U(p2\{5})
p1 only needed if s € ol

Recall: p:i={s} |1 Ups | 0|8

/ . 0 if s = s
tsh\ds} = {s’} otherwise
(PUE\{s} = (p\{s}) U(¢'\{s})
N{s} = 0
B\{s} = B (the best we can do)

Alternative: take p ::=--- | ¢\ {s} and axiomatise set difference



Exception Analysis (4)

/|;|—E56:7/:&g0
FFEseﬁ?/&gpl

if 7 < 7/ and ¢ C ¢

shape conformant subtyping

Mhese: 7 & ¢ if
e 7 & o do not occur free in I and ¢
generalisation

|2|—E56I ?&g&
F"Esei( ?)&g@

instantiation



Example: polymorphism

int —i935l>int & ()

handle pos as z := 1000
in let = fn g => fn x => g x

in / £ |[(fn y => if y < O then raise neg else y)| (3-2)

+ f |(fn z => if z > O then raise pos else 0-z)| (2-3)

N

int P int & ()

Instantiations:
f: [ar int;’b— int;1 — {neg}]( )

= (int 2L 5ne) @ (int 1208h jp¢)

f: [a+— int;’b|—+:rnt;ﬁ_F%-{pos}]( )

= (int —iBgiL»int) —Q>(int —iBgiL'int)



Example: subtyping

handle pos as z

in let £ = fn g

int 28% int & ()

:= 1000
=> fn x => g x

in /£ | (fn y => if y < O then raise neg else y) | (3-2)
+ f |[(fn z => if z > O then raise pos else 0-z)| (2-3)
(int —Be8POSE, 5pe) B, (5py ABCEROSE, 4p 4 int P9Sh int & ¢
Subtyping:
int —EES§E> int < int {neg,posy int
{pos} {neg,pos}

int —— int < int int



Example: subeffecting
int BPOS &0

handle pos as z := 1000
in let f = fn g => fn x => g x //////
in £ | (fn y => if y < O then raise neg else y) | (3-2)
+ f |(fn z => if z > O then raise pos else 0-z)| (2-3)

N

: : : : . neg ,posy
(int {neg,pos} int) —Q>(1nt {neg,pos} int) int t }>1nt &




Region Inference

Memory model for stack-based implementation of Fun

(r1,01)

(r3,03)

(r2,05)

(r1,1) (r2,1) (r3,1)

ril r2 r3

Region inference:. determines how far locally allocated data can be
passed around and when the allocated space can be reclaimed



Region Inference

The language: an extension of Fun with explicit region information:

ee = catr|x|fnx =>eceeqgat r|fun f [0] T => eeqg at r | ee1 ees
| if eeg then eeq else ees | let = = eeq in ees | eeq Op eep at r

| ee[r] at 7 | letregion ¢ in ee

Copy local region
where
rn = rl|r2|r3]|--- region names
0 = "M |"2]7"3]--. region variables
r = po|m regions



Example:

EXxpression

(let x =7 in (fn y => y+x)) 9

Extended expression

letregion 901, 03, 04
in (let x = (7 at 01)

ril

in (fn y

=> (y+x at 02) at 03))

7

"

r2

r3

(9 at 04)

rd



Semantics

|

pF (ee,s) — (v,¢)
‘ ‘ store: Store = RName —yj, (Offset —¢, SVal)

value: v = (rn,o0) € RName x Offset

environment: p € Env = Var, — RName x Offset

Storable values w € SVal are given by

w ::=c | close fn x => ee in p | reg-close [g] fn = => ee in p

g

ordinary closure region polymorphic closure




Semantics (1)

pb{cat rn,¢) — ((rn,0),s/(rn,o0) ) if o & dom(s(rn))

pk{z,¢) — (p(x),s)

pbE {((fn = => eeqg) at rn,g) —
((rn,o0),s[(rn,o0) ) if o Z dom(s(rn))

p b {(fun f[g] x => eeq) at rn,q) —

((rn,0),s[(rn,0) )
if o Z dom(s(rn))

pt(ee1,s1) — ((rn1,01),52) pt (eea,s0) — (v2,¢3)
polz — vo] - (eeq, s3) — (vo,<4)

p = (ee1 een,c1) — (vp,s4)
if ¢3((rnq,01)) = close fn x => eeg in pg




Semantics (2)

pF (eeg,s1) — ((rn,0),50) pt (ee1,s2) — (v1,63)

If S TN, o — true
p (if eeg then eeq else 662,g1> N <’Ul,§3> 2<( ) ))

P - <6607§1> - <(Tn70)7§2> P - <6827§2> - <’02,§3>

if ¢ rn,o)) = false
p (if eeg then eeq else 662,g1> N <02,g3> 2(( ) ))

p b (ee1,51) — (v1,52) plr — v1] F (een, ) — (v2,¢3)
p <let Tr = eeq1 in 662,§1> — (UQ,§3>

p (ee1,61) — ((rn1,01),52) pk (eez,s2) — ((rn2,02),63)
p b ((ee1 op eer) at rn,¢1) — ((rn,0),s3[(rn,0) )
if ¢3((rn1,01)) op <3((rn2,02)) = w and o & dom(sz(rn))




Semantics (3)

P = <€67§1> - <(Tn/7 O/)7§2>
pt {ee[rn] at rn,¢1) —

{(rn,0),s2[(rn,0) )
if o & dom(so(rn)) and <o ((rn/,0")) = reg-close [o] fn = => eeg in pg

p = (ee[g — 1], 61 ) — (v,$2)
pF (letregion ¢ in ee,¢1) — (v, 5o \77)

if {rn}nNndom(s) =10
where

undefined otherwise

(\r7) (rn, 0) = { s(rn, o) if (rn,o0) € dom(c) \ {rn}



Region Inference

[ Fgrie 10 @r & ¢ polymorphic recursion

o ={put r}|{getr}|p1Ups | 0|0

o :::\V/(Oé]_,“‘,()én,ﬁl,"',ﬁm), [Ql?"'?gk] T
|V(Oél,"',an,ﬁl,“-,ﬁm).’?
T .= 1int |bool | (71©@rq) Bp, (75@r5) |

Co=[]|T[z~— 7]

Example:

[x — int®@p;1] kR (fn y => y+x)
((int®@py) Lo, (int@p2))@p3 & ()
where ¢ = {get g4, get o1, put g5}



Region Inference (1)

|/; l_Rl C C . (TC@’I’) & {DUt T}
I:I—R|a:' x:.0 & () Iflﬁ(x)za-
F[:U — ?x@rg;] |_R| €0 eeqQ . (?OCQTO) & ¥0
r Fr fn x => eg fn x => eeg (72 @1y B¢, T0@rg)0Or) & {put r}
C[f — V3[0].7@r] kg fn @ => eg ~ fn z => eeq  (TOr) & ¢
Mg fun f @ => eg ~~ fun f [0] = => eeg (il rer) & ¢

it ﬁ and ¢ do not occur free in I and )

[ Frier ~eeq 1 ((72@r Ho20, 7,@rg)@r1) & 1
M FRies ~ eex: (T20@rp) & ¢o

r FRle1 eo ee1 eep : (TpQ@rg) & p1Upo U poUBou{get r1}




Region Inference (2)

r FRI €0 eeq : (bool®@rg) & g
[ Fgiel ee1 : (F@r) & o1 T Fgj e ees : (TO@r) & p»o
FI—R|if ep then e else eo if eeg then eep else ees .
(T@r) & poUpi1Upo U {get ro}

 Thgiep ~ eep: (61@r1) & o1
I‘[x — 51@7“1] |—R| €2 een . (?2@7“2) & oly)

F |—R| let ¢ = eq in (o) let £ = eeq in een . (?2@7"2) & 901U902

M hRier ~ eeq: (75,0r1) & o1 T Fgiep ~ eex: (72,0r3) & @7

[ Frie1 op eo (eeq op eer) at r:
(Top@r) & p1Upp U {get r1, get o, put r}



Region Inference (3)

AI_I—R|6 ee:(j‘@r)&go f7 < # and o C o
M FRie ee . (7'@r) & ¢/

[ Fge ee: (T@r) & ¢
[ Fgie ee . (Va.7)@r) & o

if & do not occur free in T and ¢

[ Fge ee : (V3[3).7@r) & o
[ Fgie ee : (Va3[o].7@r) & ¢

if & do not occur free in T and ¢

[ hrie~ ee: (VaB.7@r) & ¢
[ hrie~ ee: (0 7@r) & ¢

if dom(9) C {&, 3}

[ Fge ee : (VaB[p].7@r) & ¢
[ Fgie eel60] (0 7@r") & o U {get r, put r'}

if dom(0) C {a, (3,3}

r Ry € ee . (7T@r) & ¢ if © = Observe(lﬁ,?,r)(go) and
r FRI € ee . (7@r) & ¢/ occurs in ¢ but not in ¢’




Observable effect

Observe(T,7,7")(p): the part of ¢ that is visible from the outside (i.e.
from I, 7 and /)

AN

{put r} if r occursin I,7, or r/

Observe(l, 7,7 )({put r}) = 0 otherwise

7\

\

7 AN

{get r} if r occurs in I',7, or 7’/
4

Observe(l, 7,7 )({get r}) = J otherwise

\

Observe(l, 7,7 (p1 U ©o) Observe(T, 7,7 (p1) U Observe(T, 7,r") (v5)

Observe(T, 7,7 (1) = 0

. . — ~ /
G if 3 occursin [ ,7, orr

Observe(T,7,7)(3) = {@ otherwise



Communication Analysis

The language: an extension of Fun with constructs for generating new
processes, for communicating between processes over typed channels,

and for creating new channels:

e ::=---| channel, | spawn eqg | send e on es | receive eq | e1; o

Example: pipe [f;, £5] inp out

inp out




Example:

let node = fng f => fn| inp => fnp out =>
((funy h d => let v = inp
in (f v) on out; h d) ()
in funp pipe fs => fn| inp => fnp out =>
if isnil fs then node (fny x => x) inp out
else let ch =
in (node (hd fs) inp ch;
pipe (tl fs) ch out)

Behaviour for node £ in out:

(rec 0. (in-chan?’in-type ; f-behaviour ; out-chan!out-type ; 0))

\ 7 \ 4
" ~"




Sequential semantics

(fnr x =>¢€) v e[z — v]
let x = v in e elr — v]
V1 Op Vo v ifvg opuvy=w

funy f o => e (fnr = => e)[f — (funy f =z => e)]

1f true then e; else es el
1f false then e else eo €2
v; € e

Evaluation contexts:

= []| P e|v F|letx=F ine |if /¥ then e] else ey | L op e | v op
| send / on e|send v on I | receive I | ;e



Concurrent semantics

CP, PP[p : Eleq]] CP, PP[p : Eles]]
if e1 en

CP, PP[p : E[channel]] CP U {ch}, PP[p : E[ch]]
if ch & CP

CP, PP[p : E[spawn eg]] CP,PPlp: E[O]]lpo : eol
if po € dom(PP) U {p}

CP, PP[p1 : E1[send v on chl]][p> : Es[receive chl]
CP, PP[p1 : E1{O]l[p2 1 E2[v]]

if p1 # po



Communication Analysis

Mhcpe: 6 & ¢ polymorphism & causality
LO = N|p1;e2| w1+ po|recf.p
| 7 chan r | spawn ¢ | 17 | r?7 |
r = {x}|0|riUrs|o
T = int |bool |unit|7T; —= T |7 chan r |«
Gi=V(ay, -, 1,01, )7

Example: 1let node = fng f => fn; inp => fnpy out =>
spawn ((funy h d => let v = receive inp
in send (f v) on out; h d) ())

/
1
node: V a,’0,1,",". (a — ) 2 (2 chan 1) & (b chan "2) % unit

where ¢ = spawn(rec 2. ("17%; 1; ™2!"'b; 2))



Communication Analysis (1)

Chepz:0 & A if T(z) =5

Mz — 7] Fca eo : To & ¢0

Icl—CAfnﬁa:=> eo i Tx 2% T & A

CIf — 7o 29 7]z — 7] Fca e : To & w0

IQI—CAfuan:U=> eo : Tx 2% T & A

FChcper iT 2570 & o1 [Thcpen: 7o & ¢o
[ Fcpaer e To & @15 925 ¥o




Communication Analysis (2)

FFCAeoibOOl&QDO Fl—CAel:%\&Wl Fl—CA€21’/7'\&g02

[ Fcp if eg then eq else es : 7 & g (p1+92)

Chcper:o1 & o1 Tz 1]Fcpen: T & o

FFCAletx=el in es i To & 1 ; ¥o

r Fcaer: 7-op & 1 r ~ca €2 7-op & o

I_I—CAel op ex i Top & p1; wo; N



Communication Analysis (3)

[ Fcp channely : & 7 chan {r}

["Fcaeo:To & oo

r —caA spawn eg [ unit & spawn g

|2|_CA€137A'&S01 FFCAGQI?ChanTQ&QDQ

r —cp send ey on er lunit & @1 9o ro!T

[ Fcaeo: 7 chan rg & ¢q

r —cp receive eq i T & g ; T07T

ChFcper 71 & o1 Thcpex T & @2
M Fcaerren i Top & 915 2




Communication Analysis (4)

r - 7 &
— CAeAT L if 7<7 and ¢ L ¢
MCFcpe: 7 & ¢

-~ o= T1<T1 T<7 eL¢ 77 77 rCof

T T

— 1 i>A2§7A'i L’”A.é 7 chan r < 7/ chan 7/
Chcpe:7T & ¢ if

Chcpe: 7 & ¢ do not occur free in I and ¢

|:|_CA€: ’/7'\&90 if

Chcae: (07) & ¢



Ordering on behaviours

- e1 Lo ol 3 p1 Lo 3L pg
e L p . -

v1 & »3 ©1;93 & p2; ¢4
01 Lo 3L @4 v1 L po p1 L 9o
v1 + 3 & w2+ ¢4 spawn 1 L spawn ¢5 rec8.¢o1 L recB.¢p
<7 <7 rCr riCro <7 ri1 Cro 7o <7
T chan r L 7! chan 7/ 7“1!5'\1 C 7‘2!’/7'\2 7‘1??1 L 7“2?5'\2
©1; (p2;93) T (p1;92); @3 (p1:92); 3 E @1; (p2; ©3)

(p1+ 92); 03 C (p1;93) + (v1:93) (@1:93) + (v1;93) C (01 + 92); @3
e EN @ N Lo e L @ A o, NE @
©1 L o1+ @2 w2 L 01 + ©2 e+l e

recB.¢ C ¢[B — recB.¢] @[B — recB.¢] L recB.p



Example (1)

let node = fng f => fn| inp => fnp out =>
((funy h d => let v = inp
in (f v) on out; h d) ())
in - - -

Type for node:

/.
1
Va,b,1,"M, . (A —="b) & (A chan 1) & (b chan 2) % unit

where o = (rec 2. ("M7a; 1; ™21"b; 2))



Example (2)

let node = .-
in funp pipe fs => fn| inp => fnp out =>
if isnil fs then node (fny x => x) inp out
else let ch =
in (node (hd fs) inp ch; pipe (tl fs) ch out)
Type for pipe:
\v/ /a7 /1’ //1/, //2.
1
((a — %) 1ist) & (a chan ("M U{C})) & (a chan "2) & unit

where ¢ = rec 2. (spawn(rec 3.(("1 U {C})?a; A; 2Va; B3))

+ . spawn(rec 4. ("LU{CH)?a; 1; Cla;4)); 2)



