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We investigate random-cluster representations of the q = 1- and 2-state Potts models in three dimensions, i.e.,
the bond-percolation and the Ising model, respectively. Using a recently developed sampling technique, we
determine the probabilities C1共r兲 and C2共r兲 that a pair of lattice sites at a distance r are connected by at least
one and two mutually independent paths, respectively. The scaling behavior of C1 and C2 at criticality is
governed by the magnetic and the backbone scaling dimension Xh and Xb, respectively. From a finite-size
analysis of the numerical data, we determine Xh = 0.4768共7兲 and Xb = 1.125共3兲 for the percolation and Xh
= 0.5178共7兲 and Xb = 0.829共4兲 for the Ising model.
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I. INTRODUCTION

The Ising model and the percolation problem have for
many years been of great interest to physicists and mathematicians. While the Ising model presents a very simple theoretical description [1] for thermodynamic phase transitions in
magnetic systems, the percolation provides a fascinating illustration [2] of many important concepts of critical phenomena in terms of geometric properties. Both models can be
exactly mapped onto the random-cluster model [3], in which
thermodynamic singularities of the Ising model can also be
represented in terms of percolation clusters. For an introduction, we start with the Hamiltonian of the q-state Potts model
[4] on the square lattice
H/kBT = − K

兺 ␦  ,

具i,j典

i

共 = 1,2,…,q兲,

j

共1兲

where the sum is over nearest-neighbor (NN) spins and K is
the coupling strength. The random-cluster model is obtained
as follows. Between each pair of NN sites, a bond is placed
with the probability p = 1 − exp共−K兲, so that the whole lattice
is decomposed into connected clusters, i.e., the well-known
Kasteleyn-Fortuin (KF) clusters [3]. The statistical weight of
each bond-variable configuration is given by the partition
function of the random-cluster model
Zrc共q;K兲 =

兺b vn qn
b

c

共v = eK − 1兲.

共2兲

Here, the sum is over all bond-variable configurations, and
nb and nc are the total numbers of bonds and KF clusters,
respectively. It can be shown [3–5] that the partition sum of
the Potts model (1) is equivalent to Zrc in Eq. (2). The Ising
and percolation models are the special cases with q = 2 and
q → 1, respectively. Near the critical point Kc共q兲, the scaling
properties of KF clusters in Eq. (2) are governed by the
thermal and magnetic scaling fields.
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In addition to the thermal and magnetic scaling dimensions Xt and Xh, there are still a number of critical exponents
that characterize structural properties of critical KF clusters
in Eq. (2) and do not have a thermodynamic analog. Among
them there are fractal dimensions [6] of “backbones” and of
“red” bonds. Here, we shall briefly review definitions of
these quantities in the language of the bond-percolation
model in two dimensions. Consider an L ⫻ L square lattice
with periodic and fixed boundary conditions in the x and y
directions, respectively, i.e., the so-called bus-bar geometry.
If a potential difference is applied to the “bars” y = 0 and y
= L and the aforementioned bond variables are regarded as
conducting units, the backbone then consists of those bonds
that would carry a current and the so-called “Wheatstone
bridges.” The current vanishes on these “bridges” accidentally because of zero potential difference between their ends.
If a bond carries all the current and thus becomes “hot” after
some time, this bond is then named a red bond [6]. At criticality, the mass (the total number of bonds) of red bonds and
that of the backbone scale as Nr ⬀ Ld−Xr and Nb ⬀ Ld−Xb, respectively. Here, d = 2 is the lattice dimension, and Xr and Xb
are termed the red-bond and the backbone scaling dimension,
respectively. Apparently, all the red bonds are on the backbone, and the backbone is only a part of the KF cluster which
connects the bars y = 0 and y = L. This yields the inequality
Xh 艋 Xb 艋 Xr. For a KF cluster with one or more red bonds, it
will, if any of the red bonds is eliminated, split into disconnected subclusters. Therefore, the magnitudes of Xb and Xr
reflect the “compactness” of a critical KF cluster.
For the general q-state Potts model in two dimensions, the
nature of thermodynamic singularities is now well established. For instance, the thermal and magnetic dimensions Xt
and Xh can be obtained exactly from the Coulomb gas theory
[7,8]. A large amount of information is also available for
geometric exponents. For instance, the red-bond dimension
Xr has already been identified with the exponent [9–11] that
governs the renormalization flow of the bond probability p.
As a result, exact values of Xr can be included in the prediction of the conformal field theory [12,13]. However, except
for some special cases, e.g., the uniform spanning tree 共q
→ 0兲 [4], the backbone dimension Xb has not been exactly
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obtained. Numerous theoretical attempts have been carried
out. It was conjectured [14,15] that Xb = 7 / 16 for the percolation model, which, however, has been falsified by numerical tests. More recently, Xb is related [16] to the solution of a
partial differential equation, which appears to be intractable
even numerically.
In parallel with these theoretical attempts, several numerical determinations of Xb have been reported, including
Monte Carlo [17–20] and transfer-matrix [21] analyses. One
of the Monte Carlo methods uses the so-called burning algorithm and evaluates the mass of the backbone Nb in the
aforementioned bus-bar geometry. From the scaling behavior
of Nb, Grassberger [18] determined that Xb = 0.3569共8兲 for
the two-dimensional percolation model. For the q = 2- and
3-state Potts models in two dimensions, it was estimated [19]
that Xb = 0.25共1兲 and 0.25(2), respectively.
Recently, another Monte Carlo approach was proposed
[20] which makes use of a different formulation of the backbone problem. It has been shown [22–24] that the backbone
problem can be related to so-called k-connected clusters,
where k 艌 1 is an integer. A cluster is k connected if, by
eliminating any k − 1 sites, no separation into disconnected
subclusters is possible. Thus, any two sites in such a cluster
are connected via at least k independent paths without any
bond in common. Near criticality, the scaling behavior of the
mass of these k-connected clusters is dominated by a family
of critical exponents Xk. It is obvious that the aforementioned
KF clusters defined in Eq. (2) are just one type of oneconnected cluster, so that X1 is just the magnetic dimension
Xh. Moreover, it can be shown [24] that X2 is equal to the
backbone dimension Xb. In the bus-bar geometry, this can be
understood as follows. According to the definition of the
backbone mentioned earlier, a site on the backbone must be
connected to both bars by at least two mutually independent
paths, where “independence” means that these paths do not
have any bond in common. For an infinite system, if one
replaces the bars simply by a point, the backbone is then
related to the problem concerning two mutually independent
paths. On the basis of the relation X2 = Xb, an efficient sampling technique was developed [20] to investigate the probability C2共r兲 that a pair of sites at a distance r are connected
via at least two independent paths. The quantity C2 was referred [20] to as the “backbone correlation function,” and
moreover the backbone dimension Xb has been determined
for several critical Potts models in two dimensions, including
q = 2 − 冑3, 1, 2, 3, and 4. Moreover, it was argued [20] that,
for the whole tricritical branch of the two-dimensional Potts
model, the backbone dimension Xb is equal to the magnetic
dimension Xh. Numerical confirmation of this equivalence
was also provided [20]. This is due to the fact that, in this
case, the red-bond scaling field is irrelevant 共Xr ⬎ 2兲.
In comparison with the two-dimensional case, exact results are scarce for critical behavior in three dimensions.
Therefore, investigations have to depend on approximations
such as ⑀ and series expansions, and Monte Carlo techniques.
Extensive studies have been carried out and significant results have been achieved [2,25–34]. For instance, the percolation threshold of the bond percolation on the simple-cubic
lattice was determined [26] as pc = 0.248 821 6共5兲, and the

backbone dimension was reported [35] as Xb
= 1.145共15兲. From quantities such as the mean cluster size,
the thermal and magnetic scaling dimensions were estimated
[2,25–27] as Xt = 1.859共3兲 and Xh = 0.477共3兲, respectively. By
means of conformal invariance and simulations of the anisotropic limit of the bond-percolation model defined on a
spherocylinder, it was recently reported that Xh = 0.479共1兲
[36]. For the Ising model, there is also some consensus
[28–34] that the values of Xt and Xh are 0.413 and 0.518,
respectively, with differences only in the last decimal place.
However, it seems that so far little attention has been given
to the geometric exponents of the Ising model, such as Xb
and Xr.
In this paper, we present, using the technique developed
in Ref. [20], a numerical study of the backbone problem for
the percolation and the Ising model in three dimensions. The
models and the Monte Carlo procedures are briefly reviewed
in Sec. II. Section III presents the finite-size analysis, and
thus the results for Xh and Xb for both models. A brief discussion is given in Sec. IV.
II. MODELS AND METHODS
A. Dilute Ising model

We start with the Hamiltonian of a dilute Ising model on
the simple-cubic lattice
H/kBT = − K

sis j + D 兺 s2k
兺
具i,j典
k

共s = 0, ±1兲.

共3兲

The spins assume the values ±1 and 0. Those in state s = 0 are
referred to as vacancies. The abundance of vacancies is controlled by the chemical potential D, and nonzero couplings K
occur only between NN Ising spins. For D → −⬁, the vacancies are excluded, and the model reduces to the “pure” Ising
model, i.e., the spin- 21 model [1]. This model has been investigated extensively, and the critical point was determined
[34] as Kc = 0.221 654 55共3兲. Along the critical line Kc共D兲,
the amplitude of the irrelevant scaling field with the exponent y i = −0.821共5兲 varies as a function of D.
It was reported [28,34] that this amplitude is very small
near D = ln 2, and thus the present paper investigates the dilute Ising model (3) with D = ln 2. At this point, the critical

FIG. 1. An illustration of the KF cluster and the path P for the
case of w = 2. The system size is L = 8, and the occupied bonds
crossing the periodic boundaries are shown at both sides as half the
length of the whole bond.
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FIG. 2. An illustration of the KF cluster and the path P for the
case of w = 1. The system size is L = 8. The bonds g and h are red
bonds.

coupling and the corresponding vacancy density were deterand vc
mined [28,34] as Kc = 0.393 422 25共5兲
= 0.400 694共1兲, respectively. During the simulations, we
fixed the global density of vacancies at the critical value vc,
while they are still allowed to move freely over the lattice
according to the Boltzmann distribution. This means that an
external constraint is imposed. For such a constrained system, it is known [37] that the thermal exponent y t
= 1.5868共3兲 [34] is renormalized to y ⬘t = Xt = 1.4132共3兲. Thus,
the constrained specific heat has only a finite cusp at criticality [37,38] instead of being divergent. Large-scale simulations of the model (3) under the constraint are now possible
because of the so-called geometric cluster method [39]. This
algorithm is developed on the basis of geometric symmetries
such as the spatial-inversion symmetry, and has been explained in Ref. [39]. The geometric cluster simulations of
these constrained systems suffer little from critical slowing
down. This may be related to the fact that the constrained
critical specific heat takes a finite value.

B. Sampling procedure

The sampling procedure for the backbone correlation
function C2共r兲 has already been described in detail in Ref.
[20]. For completeness, it will be briefly recalled as follows.
For simplicity, we consider a bond percolation on the L
⫻ L square lattice with periodic boundary conditions. Then, a
site A is randomly chosen, and the site at a distance L / 2 from
A in the x direction is denoted as B. According to the aforementioned definition of C2, the task is then to determine how

many independent paths exist between A and B. We introduce a variable w = 0, 1, and 2, representing the cases that
there is no path, precisely one path, and at least two mutually
independent paths. For this purpose, one grows a KF cluster
from site A. This is done similarly as in the standard Wolff
[40] steps for the Ising model. However, since we are interested in the backbone problem, one has to store the bond
variables. For system size L = 8 and the bond probability p
= 1 / 2, Figs. 1 and 2 illustrate two typical and similar KF
clusters, where the occupied bonds are represented by solid
lines.
After completeness of the KF cluster, if site B is not in the
cluster, then A and B are not connected. Thus, one has w
= 0, and the current sampling procedure is completed; otherwise, one continues as follows.
A path P is formed from A to B, and this is done [20] by
a “smart ant” which walks from A via the occupied bonds
that are already stored in computer memory. The ant can
always arrive at its destination B, since it is in the KF cluster.
We illustrate the paths P in Figs. 1 and 2 as thick lines.
If only one independent path can be formed, at least one
red bond occurs between A and B and, moreover, it must be
on the path P. Therefore, the remaining task is to check
whether there is any red bond on P. This can be done as
follows. Temporarily eliminate all the bonds on the path P,
and let the ant restart its journey. In the case of Fig. 1, the ant
can still arrive at its destination B via the periodic boundaries. Thus, no red bond exists on P, and one has w = 2. In
Fig. 2, after the elimination of path P, the ant cannot reach B
but it can still arrive at site R. This means that the bonds
a , b , …, and f are not red bonds, and thus they can be restored. With the restoration of these bonds, the ant can continue its journey, but it cannot go beyond site R, because
bond g is a red bond. In this case, the variable w = 1.
It was shown [20] that the computer time cost by this
sampling procedure is in the same order of that by a standard
Wolff step [40]. Moreover, for the Ising model, it occupies
only a relatively small fraction of the total time since additional simulations are needed. With the variable w, one can
then define
C1 = 具␦w,1 + ␦w,2典 and C2 = 具␦w,2典,

共4兲

where 具 典 means the statistical average. The quantity C1 is the
probability that site A is connected to B, and represents the
magnetic correlation function. The quantity C2 is just the
aforementioned backbone correlation function.

TABLE I. The data for C1 and C2 ⫻ 10 for the critical bond-percolation model in three dimensions. The numbers in parentheses are the
statistical errors in the last decimal place.

C1
C2

C1
C2

6

8

10

12

14

16

18

20

0.20747(3)
0.13899(6)

0.15496(2)
0.06889(4)

0.12411(2)
0.04049(3)

0.10378(2)
0.02641(2)

0.08926(1)
0.01846(2)

0.07839(1)
0.01359(2)

0.06996(1)
0.01039(2)

0.06321(1)
0.00815(1)

24

28

32

36

40

48

60

80

0.05301(1)
0.00537(1)

0.045719(9)
0.003801(8)

0.040200(9)
0.002803(8)

0.035905(9)
0.002149(7)

0.032465(9)
0.001694(7)

0.027260(8)
0.001117(6)

0.022031(8)
0.000676(5)

0.016723(8)
0.000354(5)
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FIG. 3. The backbone correlation function C2 for the bondpercolation model, shown as ln C2共L兲 vs ln L.
III. RESULTS

FIG. 4. Illustration of finite-size corrections in the backbone
correlation C2 for the bond-percolation model. This is shown as
C2L2Xb − b0 vs Lyib, where the values of Xb , b0, and y ib are taken
from the numerical fit: Xb = 1.125共3兲 , b0 = 0.688共13兲, and y ib
= −2.0共5兲.

A. Bond-percolation model

The bond-percolation model was investigated on L ⫻ L
⫻ L simple-cubic lattices with periodic boundary conditions,
and the bond probability p was set at the critical value [26]
pc = 0.248 821 6共5兲. The magnetic and backbone correlation
functions C1共L / 2兲 and C2共L / 2兲 were sampled for three pairs
of points in the x , y, and z directions, respectively, and the
average values were calculated. The system sizes were chosen as 16 values in the range 6 艋 L 艋 80, and a number of
2.1⫻ 107 samples was taken for each system size. The numerical data for C2共L / 2兲 are listed in Table I. In comparison
with the magnetic correlations C1共L / 2兲, the backbone correlations C2共L / 2兲 are relatively small, which indicates that
critical KF clusters are rather “ramified.” According to the
least-squares criterion, we fitted the data for C1共L / 2兲 and
C2共L / 2兲 by
C1共L/2兲 = L−2Xh共a0 + a1Lyi + a2L−2 + a3L−3兲

共5兲

and
C2共L/2兲 = L−2Xb共b0 + b1Lyi + b2L−2 + b3L−3 + b4Lyib兲, 共6兲
where ai and bi are unknown parameters. The correction
terms with exponent y i arise from the irrelevant scaling field,
of which the exponent y i has been determined [26] as y i =
−1.14共15兲. For the backbone correlation C2, new finite-size
corrections could appear, and thus we include the term with
the exponent y ib in Eq. (6). Figure 3 shows the data for C2 on
a logarithmic scale, i.e., ln C2共L / 2兲 versus ln L. The approxi-

mate linearity indicates that corrections to scaling are not
very significant.
If the exponent y i is left free during the fit for the magnetic correlation C1, we have Xh = 0.4769共6兲 and y i
= −1.5共3兲, where the quoted error margins are two standard
deviations, as obtained from the statistical analysis. The estimation of y i is consistent with y i = −1.14共15兲 [26]. The fit
with y i fixed at −1.14 yields that Xh = 0.4768共4兲. Taking into
account the uncertainties of the percolation threshold pc, we
conclude that Xh = 0.4768共8兲 is a reasonable estimation,
which is in good agreement with existing results Xh
= 0.477共3兲 [25–27]. In the fit for the backbone correlation C2,
it seems unnecessary to include all correction terms described by Eq. (6), because not all of them can be well determined, and moreover results do not depend on whether
they are present or not. After excluding the terms with a1 and
a2, we obtain Xb = 1.125共3兲 and y ib = −2.0共5兲, which improves
significantly over the existing estimation Xb = 1.145共15兲 [35].
The fit to the data for C2 is illustrated by Fig. 4.
We mention that, in Eqs. (5) and (6), the analytic corrections with exponents −2 and −3 are included just because the
data fits indicate the existence of corrections decaying faster
than the term with y i. In these equations, the corrections with
exponents my i − n can occur, in principle, where m ⬎ 0 and
n ⬎ 0 are integers. Therefore, in the analysis of the numerical
data, we made several tries by using different combinations
of correction exponents. We find that the results for Xh and
Xb do not sensitively depend on these combinations.

TABLE II. The data for C1 , C2 ⫻ 10, and C22 ⫻ 100 for the dilute Ising model in three dimensions. The numbers in parentheses are the
statistical errors in the last decimal place.

C1
C2
C22

C1
C2
C22

6

8

10

12

14

16

18

0.15598(3)
0.31726(9)
0.4668(2)

0.11571(3)
0.18909(9)
0.2151(2)

0.09214(2)
0.12878(8)
0.1211(1)

0.07656(2)
0.09479(8)
0.07649(9)

0.06550(2)
0.07339(7)
0.05212(8)

0.05722(2)
0.05881(6)
0.03758(7)

0.05081(2)
0.04850(6)
0.02818(6)

20

24

28

32

40

48

64

0.04565(1)
0.04081(5)
0.02170(5)

0.03794(1)
0.03030(5)
0.01394(5)

0.03243(1)
0.02359(4)
0.00956(4)

0.02832(1)
0.01893(3)
0.00689(3)

0.02257(1)
0.01318(2)
0.00400(2)

0.01873(1)
0.00979(2)
0.00258(1)

0.01395(1)
0.00613(2)
0.00125(1)
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which was obtained from the magnetic susceptibility. For the
backbone problem, we simultaneously fitted Eqs. (6) and (7)
by the data for C2 and C22, respectively, such that the backbone dimension Xb appears only once. As in the case of the
bond-percolation model, we found no evidence that new correction terms with y ib exist. We obtain Xb = 0.829共4兲, where
the quoted error is again twice the standard deviation. The
data for C2 are shown in Fig. 5 versus L−2Xb, where Xb
= 0.829 was taken from the fit.
FIG. 5. The backbone correlation function C2 for the Ising
model, shown as ln C2 vs L−2Xb, where Xb = 0.829共5兲 is the backbone scaling dimension.
B. Dilute Ising model

The dilute Ising model (3) on the simple-cubic lattice was
also investigated with periodic boundary conditions. Several
Monte Carlo cluster steps were performed between subsequent samples. The simulations took place at the critical
point [28,34] vc = 0.400 694共1兲 and Kc = 0.393 422 25共5兲. As
mentioned earlier, the total number of vacancies is fixed at
Vc = L2vc, and thus a combination of the Wolff [40] and the
geometric [39] cluster steps was used. For finite systems L,
however, Vc is not an integer. Thus, the actual simulations
were performed at two numbers 关Vc兴 and 关Vc兴 + 1, where the
brackets [ ] denote the integer part. Numerical data at criticality were obtained by linear interpolation between 关Vc兴 and
关Vc兴 + 1. System sizes were taken as 14 values in the range
6 艋 L 艋 64. Apart from the quantities C1 and C2, we also
sampled the probability C22 that the randomly chosen site A
is simultaneously connected to B and D by at least two mutually independent paths, where B and D are two points at a
distance L / 2 in the x and y directions, respectively. The data
for C1 , C2, and C22 are listed in Table II. The scaling behavior of C22 is described by

IV. DISCUSSION

In conclusion, we have numerically determined the backbone dimension Xb for the bond-percolation and Ising models in three dimensions. As the thermal and magnetic dimensions Xt and Xh, geometric critical exponents are also
universal, and thus our results for Xb should also apply to
other systems within the percolation and Ising universality
class in three dimensions.
In addition to the backbone and red-bond dimensions Xb
and Xr, there are other exponents characterizing geometric
properties of critical systems, e.g., the fractal dimension Xmin
of “chemical” paths [17]. In percolation theory, these exponents have received significant attention, and they are considered to be of some physical relevance. For instance, the
chemical-path dimension Xmin is the analog in percolation of
the dynamic scaling exponent of critical phenomena [17].
However, further explorations of the geometric exponents
seem appropriate for other critical systems in three dimensions.
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