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作业 2链接

� 练习 4.1随机向量 x = (x1, . . . , xn)
⊤,假设随机变量 x1, . . . , xn iid ∼ N(0, 1),我们称随机向量 x服从 n元标准正

态分布,记作 x ∼ Nn (0, In)。假设 A是 n× n正交矩阵,证明 y = Ax ∼ Nn (0, In).
证明 设 A = (aij)n×n
∵ A是正交阵 ∴

∑n
j=1 a

2
ij = 1 ∀i,

∑n
j=1 akjaij = 0 ∀k ̸= l

∵ Y =


y1
...
yn

 = Ax yi =
∑n
j=1 aijxj . 而 x1, · · ·xn

iid∼ N(0, 1)

∴ yi ∼ N(0, 1)

又对 ∀k ̸= l Cov (yk, yl) =
∑n
j=1 akjalj = 0,即 yk 与 yl 独立

∴ Y = Ax ∼ Nn (0, In)

� 练习 4.2设 a,b ∈ Rn为常数向量,假设 ∥a∥ = ∥b∥ = 1,且 a⊤b = 0。假设 n× 1随机向量 x ∼ Nn (0, In),试证明
√
n− 2× a⊤x√

∥x∥2 − (a⊤x)
2 − (b⊤x)

2
∼ tn−2.

证明 构造 n×n的正交矩阵A =


a⊤

b⊤

∗

,令 y = Ax =


a⊤x

b⊤x

∗

 =


y1
...
yn

由题 1可知, y1, · · · yn
iid∼ N(0, 1)

即 y ∼ Nn (0, In)
∵ ∥y∥2 = y⊤y = x⊤A⊤Ax = x⊤Inx = x⊤x = ∥x∥2

∴ ∥x∥2 −
(
a⊤x

)2 − (b⊤x)2 = ∥y∥2 − y21 − y22 =

n∑
i=3

y2i ∼ χ2
n−2

∴
√
n− 2

a⊤x√
∥x∥2 − (a⊤x)

2 − (b⊤x)
2
=

y1√∑n
i=3 y

2
i /(n− 2)

∼ tn−2

� 练习 4.3假设两组样本:
y1, y2, . . . , yn0 iid ∼ N

(
µ0, σ

2
)
,

yn0+1, yn0+2, . . . , yn0+n1 iid ∼ N
(
µ1, σ

2
)
.

零假设 H0 : µ1 = µ0 的两样本 t-检验统计量为

t1 =
ȳ1 − ȳ0√(
1
n0

+ 1
n1

)
s2
,

其中 ȳ0 = 1
n0

∑n0

i=1 yi, ȳ1 = 1
n1

∑n0+n1

i=n0+1 yi, s
2 = 1

n0+n1−2

(∑n0

i=1 (yi − ȳ0)
2
+
∑n0+n1

i=n0+1 (yi − ȳ1)
2
)
。另外一方

面, 我们记 xi = 0, 1 ≤ i ≤ n0 为第一组的标号, xi = 1, n0 + 1 ≤ i ≤ n0 + n1 为第二组的标号。记 r 为
(xi, yi) , i = 1, . . . , n = n0 + n1 的样本相关系数, x, y的相关性检验统计量

t2 =
√
n− 2

r√
1− r2

,

试验证 t1 = t2 。
证明
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r =
Sxy√
SxxSyy

, x̄ =
n1

n0 + n1
, ȳ =

n0ȳ0 + n1ȳ1
n0 + n1

Sxx =

n∑
i=1

(xi − x̄)2 = n0

(
n1

n0 + n1

)2

+ n1

(
n0

n0 + n1

)2

=
n1n0
n1 + n0

Sxy =

n∑
i=1

(xi − x̄) (yi − ȳ)

= n0

(
− n1
n0 + n1

)
(ȳ0 − ȳ) + n1

(
n0

n0 + n1

)
(ȳ1 − ȳ)

=
n0n

2
1 (ȳ1 − ȳ0)

(n0 + n1)
2 +

n20n1 (ȳ1 − ȳ0)
(n0 + n1)

2

=
n0n1 (ȳ1 − ȳ0)

n0 + n1

Syy =

n∑
i=1

(yi − ȳ) =
n∑
i=1

y2i − nȳ2 =

(
n∑
i=1

y2i − n0ȳ20 − n1ȳ21

)
+
(
n0ȳ

2
0 + n1ȳ

2
1 − nȳ2

)
= (n0 + n1 − 2) s2 +

n0n1
n0 + n1

(ȳ0 − ȳ1)2

r =
Sxy√
SxxSyy

=

√
n0n1
n0 + n1

ȳ1 − ȳ0√
Syy

, 1− r2 = 1− n0n1
n0 + n1

(ȳ1 − ȳ0)2

Syy
=

(n0 + n1 − 2) s2

Syy

∴ r√
1− r2

=

√
n0n1
n0 + n1

ȳ1 − ȳ0√
(n0 + n1 − 2)s2

=
ȳ1 − ȳ0√(
1
n0

+ 1
n1

)
s2
· 1√

n− 2

∴
√
n− 2 · r√

1− r2
= t1

� 练习 4.4假设有二元数据 (xi, yi) , i = 1, . . . , niid,其中 xi, yi 各分别仅取 0,1值,其样本相关系数记为 r。另一方
面,这种二元属性 (离散)数据常常以列联表的形式表示: 其中 a为 xi = yi = 1的样本个数 (即 a =

∑
xiyi, c =∑

(1− xi) yi等等), n1 = a+ b, n0 = c+ d,m1 = a+ c,m0 = b+ d。该列联表的独立性检验的 Pearson卡方统计
量为

X2 =
n(ad− bc)2

n0n1m0m1
.

试验证等于 X2 = nr2 。
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证明

r2 =
S2
xy

SxxSyy

Sxy =

n∑
i=1

(xi − x̄) (yi − ȳ) =
n∑
i=1

xiyi − nx̄ȳ = a− n1m1

n

Sxx =

n∑
i=1

(xi − x̄)2 =

n∑
i=1

x2i − nx̄2 = n1 −
n21
n

Syy = m1 −
m2

1

n

∴ r2 =

(
a− n1m1

n

)2(
n1 − n2

1

n

)(
m1 − m2

1

n

) =
(na− n1m1)

2

n0n1m1m0

=
(ad− bc)2

n0n1m0m1

∴ X2 = nr2
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