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gn(0) = 02 — 1 6B fhit 5
B EL M REG,6) =0



e ATy Lt

EZ. 34

Z AR | 22 B 21 (0] A A R (multiple linear regression model) s A A 7l .
y=By+X B+ .+ X B +e=Lo+X'b+e £~(0,0°),eH5xMAL

EBREAR (Vi) X X pa)r 1=12.,n 00, SRETF EiREARA, A
i = fo+ X+t Xi,p—lIBp—l +&=[, +Xin + &, (1)
g iid~(0,0°), &5x AT

ZH )% ) R B AR S v [ (design matrix) :

T ST
X XKipa 1 X X
T =T
X = Xo1 0 Xypa _ 1 X, X,
nxp - . . . - : - :
T T
1 x, - Xn,p1 1 X, X,



R (D LR - R RIA N
ynxl — anpB px1 +8n><1’ €~ (O,Gzln), < EX ?@.j (2)

e R AT E A
y=u+g, ueC(X)
IEXAI B AX = (L X gy s X gy )y T AL

y=Uu+ge=1p, +x(1),81+...+x(p_1)ﬁp_l+s

B, B (y,, %), i=12...,n AL, 3 iE 1] B2k Pk (Rl 9 AR 7T
y.=a+bx +¢,
1 X

1 X

=(1.x)

n

BN y=Xp+e=1la+xb+e



B /N _3¥E (Ls: Least Squares)

NS, B~ TRIERAMLRZET I
kil minY a7 =min> (v, B, —x/bf = min]e|” = minjy — Xp|]

BeRP BeRP BeRP peRP

{45107 RA B o/ IME FOBFR M B/ — 3 (LS ) i -

B H. (B 2R M IR A AR 8 35 A2 Gauss - Markov(GM) 5t :
Yot = XoeoPpa T €0 €~ (0,0°1,), € 5X JAL
D RA T B = (X TO X Ty, R IENTIRE A7)
XTe=XT(y— Xp) =0
EXFNHRE, WILSHHp = (X TXOX TyiE—, Hp=EPHILmiGET .

Telm PR LSt T i AR, TE U W AE GMAR Bl L IR 26 A
BT LSTRRER B S HUER G T LS THAY 5 — A B E i 2 AE
P et e fmflivh b o7 2= N (GMERE, JaTHD



WE: ROt E (B B et i, P23),
582

min|ly=XB|I>= min ||y—-u|?
ﬁeRp”y Bl ueC(X)lly |

SMETEUSETY7EC(X) EIIE RN R B RD, #%
y=Py=X(X"X) X"y=X$

= LSflitp=(X"X)"XTy
y—y L C(X), 5t SXFE—HIERS, 2 IE 5
XT(y-9)=X"(y—-XB)=0.

EXFIER, BIEEX XA, M = (X TXO X TymE—,
Kl e 5 XML, Al
EB|X)=(XTXOIXTE(Y| X)=(XTX)IXTE(XB+g| X)
=B+ XTX)'XTE(| X)=p+(X"X)'XTE(e) =P

= E(B) =E(E(B| X)) =B.



SIEE (FEFEA 2K T)
o(a'x)

D #a,xeR", N
OX

:a;

o(x" AX)

(2) EHAANNXNXTFREERE, x e R™, -

HAR R Q) = ly - XBI*=y'y -2y ' XB+p' X 'XB ,

%:—waf +2XTXB=-2XT(y—Xp) = —2X e

A2 N0, 15 1IEN T
XTe=XT(y-XB)=0 < X"Xp=X"y

= LSfliitp=(X"X)XTy.

e RTRURI P AR & GREGAEFE M ESR T
EXHFAT X = (X, X,) T,

2

Q)= lly-XBIF=>(y,-%"B), % ?— —ZZX( _%7B)=0

i1

EDZ“TB ny,:>|3 (ilip?f] (;iiyij:(xTx)xTy

= 2AXO



LSfli 142 1E U
XTe=XT(y—XB)=0
PIfd, Z A REEEARIEX L e AN, Xa2RN
XLlesEXTe)=0=> FEXTe=058H

— M, BETn LA EITTEA
gn(6) =0
%R HIRRO 5 HOm it (iR ga(0) =222 =) .
0 & Tt it SR T AR it g — N B4R
Egn(6) =0
BHWLE, g.(8) =0HE(D) =6= g,(6) ~0, VHKEEG,(6) = 0.

5. R g.(0) = OMIfiEN 6, TaylorfEJT
0= gn(8) = gn(0) + gn(8)(6 — 6)
~ gn(0) + G,()(6 - 0)
Hrbgr(0)— M RnTUMSI AL, KB ERHG,(0) ~ E[g,'(0)] 2 G ()
=0 -0~ G,(0)"gn(8), E(0—6) =~ G,(6)'E(gn(6)) = 0.



LSfitt- FE A VEM A (moment method)

AR y, =B, +Xb+e =X"B+s, & SXML, ¢ ~ (0,69 .

o VIR - ERIE: y=XB+ee~(0,0°1), e GXHhATL,

A Rel [N E(Re ) =0, iR REAREY | Xe [ n%T0:

) X =X"e=XT(y—Xp)=0,
i=1

HILSHIIEN 52 XTy=X"Xp=0=p=(X"X)"XTy

L ST R B 7 v A mT fa] FL M IR Oy «

AR y=XB+e HLENAFXT
XTy=XTXB+ X¢
FEFXe—T(2XTe=0), FEMNAZEXTYy =XTXB,



b T RIS 2 TeX T, Rina H ek
ARTTREM A RIS e ep x nHifEZT = £ (X T):

Z'y=Z"Xp+Z"¢
H4z2Te=0E1ZTy=2"Xp, W NEHKTIE, XREHEN
e572" = f (XM = E(Z"g) =0,

Hae b, FTIMERIZ (W1 Z 5 A7) #Ri 2 E(Z Te) =0, 2 E & FRH T FE -
ZTe=02"Ty=2"XB
HE—25, EHC(ZTX)=C(ZT"), W5 A fiE
HZTXA[E, A E—
B=(2"X)*Z7y
BT
EB|Z,X)=(Z"X) Z"E(XB+g|Z, X)
=l3+(ZTX)_1ZTE(8|Z,X)=B.



A2, BPf# 2R AR i Gauss-Markov R W AN e (— & ank!)
R E T R A A BRI TSR, RS R B A BB A

AR Rty = XB + e FX He AT, EFIENGFEXTe = O8N EHL

BSAFAEAMNER Z (AT R e
Zle, HZ5XHxK
WE(ZTe) = 0ASL, A NiRfhTH AR 2 G E R
Zle=7Z"(y—XB) =0
HIMRER = (ZTX) 12Ty, AT EAER/DN RS WHS).

Bk

20213 W/REZFTER
J. Agrist, G.Imbens, D.Card.

WTRENEF R, &M
T THATE.

10



LS vt - ST RE I R

AT DU R AR S 8] AL B R AR T AR
B, XEHEFEREMN, EYUBLEMRTENTEALEREL
G T E LS T iE LI B AL, thinp > niEF .

y = XB + e B 1E A2 H € J7 #5 (over - determined system):
yn><1 = an pB pxl’ n/[\j:_[‘%ng > p/l\il%%l]%
A Ry e C(X) I A il (— HAN AT BE).

o FATAIRBAIT B RZE ||y — XB||* Fe/h, XALST .

o AT LAVIL /D T FEAN L, R RS T FE L W& R L T 7R

TS 0 4% 7 K%, BR NPre - conditioning) (77 s> T FEAN B, X%

W T I R FIRHS A Z T - R (27 kxn) , 18
Z'y=7"XB,

HATIR TR FIZ IR A RERRE S ZRN 5XA R, HZAME (FEHD .
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R 5E TR p>nif, By =X, B, +& FTRGESEPTEAER M
n<p /R 5E J5 F2(underdetermined system)
ynxl = anpoxl , N< pi
WA TT 2, N T REA B, 185X e
HAEER ], than
o NEFFE: B FRHIZRM: 5 R ) fide Ay IE B E sl A B
o LA BAMEERIGEK (B, B=X"Y;
o JR4gEFNElasso: M/ ML B, FEORT ) BB || B, -

12



RE N ZRILSAL T

3 &1E o BY =P y=Xp=XX"X) X"y, KAME{EFIE.
ee=y'=y-9y=(1,-P)yFRNEENE.

Bik L IEM 5H2: XT(y—XB)=X"e=0, Ble L C(X),
KElihe 11, Ble=1"e/n =0 (FEALIE NO

72 ViRl RSS =lelP=lly - XBIP=y (I, - Py

o s R R 1
o *IILSHITE ;6% == S‘Z -

lell” -
p
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LSAE T I G T 1 i

HE B Rey, .., &y 1id ~(0,02) KB T AT IR Z B0 40
€1, i, Eg KB, & ~0H|g| =0
Ve B B AR A R e, RATLEERFLS, A 7 R L/, KA
AIMLS T &, o, LSEUHBEFHARENTEGF THEALAENB?
HAGE/ F EZ T ? BIIR ZRSSAM S K ?
Feit gl #1(2)
RSS = s, — Siy/Sxx

— 2
= Sge — st/sxx
LR BT 5 A2 S AR 1)

fian, y=Xp+e, f
RSS=lel*=y"(I,-P)y=(Xp+&) (I, -P)(Xp+&)=¢"(I, - Py)e,
PHIRE CUXEER) -
E(RSS)=Ee' (I, — P, )e=tr((I, - P, ) var(e))= (n—r)c’
Hrbr =tr(P, ) = rank(X).

513 CRID
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Tofw i

11 EHx~(W,X), WEMX AX)=p' Ap+tr(AX).

WEAH: E(x"AX) = Etr(x" Ax) = Etr(Axx") = trE(Axx") =trAE(xx"),
RAE = E(x—p)(x—p)" = E(xx" ) —pp'
FTrPAE(X" AX) = trA(Z +pp') =tr(AZ) +trApp” =tr(AX) +p' Ap

TR MRy = X B+e, Ee=0,var(e)=c’l, Hr
eS5XPAL . BRXZYHFRET (n> p, EXTX®[IE) ,

(1) LSThiHIILApRTE: EB) =B,

() LSThit2: var@|X)=o(X X )",

(D REHEMIT I EwmE: E(G?)=0%

WERH: R e 5 XHRAT, By BA
e E(y|X)=E(XB+g|X)=XB+E(e| X)=Xp+E(e) = XB
e var(y| X)=var(Xp+e| X) =var(e| X) = var(e) = o°l




BT %
(=128

@ E@IX)=E(XX)" Xy X )= (XX X [E(y| X)]=B= EB) =B
(2) var(B | X) = var(X "X "X Ty | X)
= (XX ) X T[vary | X)IX (X TX ] = o?(X T )
(3 FI— WM EAEUEH TE(RSS | X) = (n—p)o?s
= E(RSS) =(n-p)o”’
= E(6°) = E(RSS /(n— p)) = o°.

Tz AR var(B| X) = O'Z(X TX )‘Hﬂﬁ)\ (Plug -in) o ¥ fh it

RI753 B 5 Z I it
—
var@| X) =6%(X X ]

16



BICEED, R (Y, X)), i=12..,n 57, i A2 ] BR 2k 1 ] ) AR 7T
Y, =a+bx +¢,
FoUFar L 27 FRAT SR IB LS T M H 5 2, X EIRATTLA
R 1) =8 TR
1 X
iﬂﬁ=(ZJ,Y=(y1,---,yn)T, WitkEX = ¢ |=(,X), x=1c,
1 X

n

BTNy = XBp+e=1a+xb+¢g, LSt

A —_ N1 _
A a ~ n nx ny
| . |= XTX 1xT —
b (bj ( )Xy (m_( > xf} (2 X. yi}
_ 1 )y Xi2 —NX ny _ y — )_(Sxy /SXX
B n(Z Xiz — n)_(z) —NX n 2 X Y - Sxy /Sxx

: 2 (X x* —nx
var(B| X) =o?(XTX) " == ( " Xj
ns, {—-nx n

J(1/n+X*/s, —XIs,
=0
—X/s,, 1/s,,



5 S : SHERAPEASKRR nx nAEFEA B, A—B >0 (JEfsE), NIFR
fELoewnerfi 7 = X AANNTB, 1B/EA> B.

M. #HA>B, NI EfAkxnfEfEC, CACT >CBC'

& H2(Gauss - MarkoviE #). Z A y = XB + e, 85X, Sk,
T BT 5/ Tt B = (X TX) X Ty Bt TR R At i (BLUE,
best linear unbiased estimate, ), B %77 B 2k 14 T A A 1B = Cy

var(ﬁ) > var(p),
HACRAN S5 XA K HIp = nH HHERE

EB: BB =C YT (= L 5 X %)
B=E(B|X)=E(Cy|X)=CE(y|X)=CX,
L AHAEATBARAT, BCX =1 o

18



Syvar(B) = Evar(B | X )+ var(E(B | X)) = Evar(B | X),

var(B) = Evar(B| X), AT H 75 ZEH .

var(B| X) =Cvar(y | X)CT =c2CCT > var(| X) = (X "X) ™.
EICCT >(X"X)™.

EACX =1, P, <1, LA
(XTX) =CX(XTX)*XTCT =CP,CT <CC,
it Lhvar(B| X) > var(B| X), var(B) > var(p).

R BRA, e N5 XA 2R B & B R, AR Z=ABHBLUE.
B, S JEBHIBLUE, B, —Bp, — BIBLUE, %%,

19



F T B L AR y, = a+ b, + & HIAE— TRttt , HGMER
L var(b | x) = var(p|x) = /s,
WCREAR T #s2 = I(n-1), ERZENT

var(b | x)xs? > o I(n—1),
3 U B 25 3 AN 7 ZE AN ET BRI AR N, BIGRTb S A A ] B s il
(Uncertainty principle, A~ 5 1 J5 2, I A A 7 £1).

20



i TEZEE

T E 2 B3 (Instrumental Variable method) i [ 7 4 4 4 A
FRZSEREAMIINFELT, KMEET RN T,
RIE R

TELE  MRAMRA y = a + bx + ¢ P x REBIAN G A GEA
M/ A FENLR T 1, FRaxedMER (exogenous) , IEHES
x GeMar . AR HERT Ty 2 8] 8 5 55 R 525 4411

HhAPE

B2, FIPFEEL R, B B RIK 5] 20 7 1 1) 7] S5 B
y=a+ bx+¢

Hy NERLRE, x AURKKIE (ZEI55% 5 Snow ERARIIE

T x oA (MEHLEBUE, B85, b RILSAl T2 e im Ay o

21



NAERE

B h, By = a4+ bx + & PRI R A

BH], —SeAMar, Frard N4 (endogenous). LT
L] HEE Wy e Ay 2 ) R B S 22 2

N A

Y WA ER, B LLERAE RHE R S g Sx, y &K
BRAMNTIMREZR AEFERME . HELFFZR K 7 TAA
=75 (Wright, 1928) ;ﬁ\a‘ééﬁf TR V‘éﬁ’]ﬁﬁkfﬂi
(natural experiment), 448, X E&IEH MR

22



Ry = o + bx + £, e~(0,02), xS NI (W)
EBATAE— A B AR5 (natural experiment) =4 [ 4 AR & z, 1 A2
z5 e ML (OhE) , zHxHER,
zPR N L EA & (instrumental variable, 1IV) .

(2 — TR R A A

(2) z5xtHK;

xSeZ IHBR, Hz5eor,

THARRAN Ty Sx IR RN, Pt = PP flx, #
T, MMz KxrbSe BRI HBR/TE DL

23



ARy, =a+bx +&,¢& ~ (0,06°), efxAHR, i=1..,n,
sz 2 THRARE, WEFMt: ) 567 (2) z,.5xHH5%;
By = (1) x= ()" 2= (@) e = (), 2 = (L,2), X = (1,X),
PR, y=Xp+e=1a+Xb+g.

e57ZM. = E(Z'g) =0,

T — R
é‘z%::{l (y-la Xb)j:o, 8T HA N — T Al (IVLS)

2" (y —1a—xb)

6 B Z(Zi - Z)(y| - y) . Syz ~ =

= = , Auye = —6)‘(.
IVLS Z (Zi . Z)(Xi i )_() SXZ IVLS y

SEUHE, WA NSRBI SR B SR IE, FARAREA:
MKy =a+bx+e& R NzHr, Frbh

0=cov(e, z) =cov(y—a—bx,z) =cov(y,z)—bcov(x,z)

FTLL, b=cov(y,z)/cov(x,z), [RABEAR T Z: b = Sy, [ Sy

24



ﬁﬁ.mp—”ﬁ fTc, BUE(by) - b,n — o

(B! TEEFNIVISH PR ER,
A syZ:syZ/sZZ
s, S,/s,

Xz

>
P

v

FrrbL, IVLSAE AT B R IR P LS VR4S 2

1) Im(x~z): x=c+dz+e&® = LSftiitd =s,, /s,
2) Im(y~2): y=e+fz+e? = LSfhiitf =5, /s,

=b, =f/d.

25



CEZENY

FEREIIVISHE TR R s R

.Sy S, _2(dz,-d 2)(y, - V) _ Sy
z Szz(sxz /Szz) S d Z:(d Zi _d 2)2 Sf(f(

by =
v —
SX

FITEL, VLSl THE 1R Rk 2D LSt

M) Im(x~2): x=c+dz+&c® = LSfhiitd =s_ /s,
A% =dz,

(2) Im(y~R): y=e+f R+&® = LSt =s,; /s, Xl 2D,

2R S ik T B AR A

(1) [BHy~x AR, FNx2NAER (cSetdxR) ;
(2) LLe i fx (5epnr) ;

(3) y~%



B3, 20211 DUREBF Xk 1GF Agrist (E A | BERE (x, ZEENK, D

B HWAN (y) FAERF I Z& (Angrist and Krueger, 1991) . % &£k LA AY
y=a+bx+e,

S5IAF R ERZER (L)), KERZR, BHEES) LikailillE

SRR, BRATEENTRE e . B, XBERXE5EHLZExH K, Hik

ST B AR IEE IR e Ad T B RN

Angrist and Krueger J£Z 2N N2 A JLE i i KA 1FER £ZE (CH4E
12 Hix 26 % B r] N57)

(SN |1(10-02) [2(138) |3(@-64) [4(-98)

NSRS 5% -6 6-6% 6%-6% 6%-6%

M XS B EENEFDFEALLS 4 H R LAHER >, Bl 1644 H
ARETFAREB AN S, EXBAENKEHHAER z (RER, B4
HExf5, HEehkx RRAK , bl z alfE y TEA &

y = earnings

x = years of education
z = HAEZFET

27



a4, B 7R A% 5 5 x (0B1) XA VG BBy s, 3 A5 Y
y=a+ bx +¢

H e R 5y RN NG = . SRR A e NIk,
Klitbxfe WAERD, ZETLSTRES BRI B AL TH 2 /AN IERA Y .

Angrist (1990) &KIL T — P RARRL: 1970's BARIE], EEMEAT THRT

“IZE” BIsRfl it efl B (draft lottery) o« F1M19-26% 155 & o1 264 1)
SR BENLAED T — NS HERSN (1-365) o {FEFTEZFE A — N FE T,
INF T N R AN R, F TSl EEF. 1970, 71,
724555 IT=195, 125, 95, B z = Loy @& LEAZE, EHEAR

Do, (HEWFRITEIMAT,

CEPTN
Angrist, Joshua D. 1990. "Lifetime Earnings and the Vietnam Era Draft Lottery: Evidence from Social
Security Administrative Records.” American Economic Review. June, 80:3, pp. 313-36.

Angrist, Joshua D. and Alan B. Krueger. 1991. "Does Compulsory School Attendance Affect Schooling
and Earnings?" Quarterly Journal of Economics. November, 106:4, pp. 979-1014.

Angrist, J. D., and Krueger, A. B. 2001. "Instrumental Variables and the Search for Identification: From
Supply and Demand to Natural Experiments,” The Journal of Economic Perspectives (15:4), pp. 69-85.



Hw T HAS &= 141 (Angrsit and Krueger 2001)

Natural and Randomized Experiments

Outcome Variable

Endogenous Variable

Source of Instrumental
Variable(s)

Reference

Labor supply

Labor supply
Education, Labor

supply
Wages

Earnings

Earnings
Earnings

Earnings
Earnings

Achievement test
SCOTES

College enrollment
Health

Crime

Employment and
Earnings

Birth weight

1. Natural Experiments

Disability insurance
replacement rates
Fertility
Out-of-wedlock
fertlity
Unemployment
insurance tax rate
Years of schooling

Years of schooling
Years of schooling

Veteran status
Veteran siatus

Class size

Financial aid

Heart attack surgery
Police

Length of prison

sentence
Maternal smoking

Region and time variation in
benefit rules

Sibling-Sex composition

Occurrence of twin births

State laws

Region and time variation in
school construction

Proximity to college

Quarter of birth

Cohort dummies

Draft lottery number

Discontinuides in class size
due to maximum class-size
rule

Discontinuines in financial
aid formula

Proximity to cardiac care
centers

Electoral cycles

Randomly assigned federal
Judges

State cigarette taxes

Gruber (2000)

Angrist and Evans (1998)

Bronars and Grogger
(1994)

Anderson and Meyer
(2000}

Duflo (2001)

Card (1995)

Angrist and Krueger
(1991}

Imbens and van der
Klaauw (1995)

Angrist (1990}

Angrist and Lavy (1999)

van der Klaauw (1996)

McClellan, McNei1l and
Newhouse (1994)

Levite (1997)

Kling (1999)

Evans and Ringel (1999)
29



w RN AERERE

(0 W FEIAHAG N AME.

(D Z57% 5 (Omitted variable,[8] 577 12 H 508 F2 1l A AR &)
R IEFEAEN: y=a+bx+cz+ 8,0 L x (LACERS, FED
Hrp z 5x fHx. WmRBATEA N =, 83T LR
BRI RSz, WA T/ERA y=a+bx+eHe=cz+5 5 x AL,

(2) RS a5i18](reverse causation, i A% & 2 H 22 & 1] )& [F)

RIFEMRASN y=a+bx+e,e LX
HSZbREREp TAEBMEBCN: x=c+dy+7,
MIETRAERIIRA 140 x=—alb—y/b—elb, FrLA TAERAIG1S = —e /b 5yH %,

(3 HAE W IRZRAL (Errorin Variable, EVZY)

B y=a+bx,+&, X, L&y B X TxMMEFRE, RIEA]
HEeME R x=x,+6, HHx, Lo
y=a+b(x-0)+¢, =a+bx+(g,—bd) =a+bx+e
BIRX =X, +05e =, —bo#h &0, EANHERK.
30
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