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315 Box and Cox: #7i. BJF. DAY

George E. G.E.P.Box (1919-2013), Z=EH%iit#5, FisherfZ 45,
FUBAEILR BRI LA, 106047 GlERHITHE R o
Gt R, ETSURELI RS 01 BATAR B

Box—Cox transformations, Box-Jenkins models, Box—
Behnken designs, robust statistics, etc.

David Sir D.R. Cox (1924-2022) 9+ H 4t 127 5K, ARHR T [E 2
Roxbee Cox T.. 9.

Proportional hazards model (Cox model), Cox process

Box-CoxZ2#: Box, George E. P.,, Cox, D. R. (1964). An analysis of
transformations. Journal of the Royal Statistical Society, Series B
26 (2): 211-252.
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HiJ 3R BCAZ 955 Wi o A2 By {EBCAZ 4t -

boxcox(y~x)

FESCERM T AR, 0 B A2 &t Al fif Box-Cox A2 i

boxcox(x~vy)

1. 62T FLAN Y1) I L B SR A
R: library(MASS)H [\ boxcox kK £

e : boxcox(BrainWt~BodyWt, data=brains) #/1 i BrainWt '] BCZZ #
F K boxcox(BodyWt~BrainWt, data=brains) # H 2% & BodyWt /') BCAZ #
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R IR R & AR A

MaxSalary, = 3, + B, xScore, + B, x NW, + B, xNE, + &, & ~ (0,06°)
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%113, B £Ese (http://staff.ustc.edu.cn/~ynyang/2023/lab/se.xls) =& T
1BANMRR(EFEST. TEIN. R8RS LS TIESKETE.

Salary LB (1000$)
Experience T (45

Salary Experience
71 26
R 69 19
73 22
= 8- 69 17
o 65 13
_ 75 25
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69 25
____________________________________________________________ 45 4
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> lines(lowess(se, f=2/3), col = 2) # lowess J712: 4 »3




&L AR R

Salary = S, + S, x Experience + &,

> a=Im(Salary~Experience, data=se)
> plot(a)
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N > Im(Salary~Experience+ |(Experience”2), data=se)
ZHMANE
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1) 5% & (outlier): Y575
2)  EALHT i (high-leverage point): X%
3) &gl s (influential point): (X, Y) &5z, AN—ERH
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John Wilder Tukey

John Wilder Tukey (June 16, 1915 — July 26, 2000) =& &2 4 %
R, W& AT PO AR HAFFT . Tukey’s lemmas
A Eboxplot DA #5161 i Fe 8T A

19704, Tukey#2 i 1 Jackknifeflitl; 19745E3¢H T #5218 15 /7% (projection
pursuit); 19774F R T CIRZEEFE 247) —45 ( Exploratory Data Analysis)
oR IRV B (summary). IR L. FRf@ MR, em o dT, et RIIR 2 07
R B 5 Tukey MBS 5% (summary, boxplot,stem, ggplot, trimmed mean, ...) -

Tukey ‘s range test, Tukey's test of additivity, the Tukey
lambda distribution and Tukey's lemma.

| Tukey's range test: R R T ZEZSNTRNZHZ MGFELREERL
5, TS 2047 (post hoc analysis after anova), PIMSHLECR
L RRIRERZE 2 [0 22 57 2 . Tukey(¥range testijl @ik ff — A7k,



Terms and phrase coined by Tukey

alanysis

alias (in time series)
ANOVA
badmandments
bagplot

batch

bispectrum

bit

biweight

bland distribution

borrowing strength
boxplot

cepstrum
coco
complex demodulation

confimatory data analysis (CDA)

darius

data analysis

dedomulation
defficiency

depth (median of vectors)

dyadic ANOVA

exploratory data analysis (EDA)

faceless value

family of covers
fences

5-number summary
frogs

froots

finite character

Garden of Eden
hamming

(hanging) rootogram
hanning

hat matrix
hinge
Huberizing

jackknife

linear programming
midmean
multihaver
Munkery
polyspectrum
polykay
polysampling
polyspectrum
prewhitening
quefrency
RadGaussianization

rahmonic
regressogram
reroughing
rootogram

rough

running median
saphe cracking
schematic plots
slash distribution
smear-and-sweep
smelting
smoothing and decimation

software

stem-and-leaf
tapering

toolglass
trimming
twicing

vacuum cleaner
vague concept
window carpentry
winsorizing
Winsor’s principle
Zorn’s Lemma
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(%) « SN EESEEFIIREA Im.out=Im(log(BrainWt)~log(BodyWt), data=brains)

. T .
Residual-hif & & x-y E5
‘ﬂ\frican_elephant
[an]
C]. | .
. _short-taued_shrew‘ ‘Asian_elephant _
© ‘Little_brown_bat %
™
= g — oo @
[aw] o 8}
o] - -
3 G
= % o
e 8 o %o ° Humd
o
S o C Yoo, C @
o ! g °Fot W@ @ © o
| | | |
-1 0 1 2 -4 -2 0 2 4 6 8
Residuals log(BodyWt)

@ x-7FH (EFLF
@ v+ C(outlier)

> hatvalues (Im.out) #FLFE
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5| FH1. (Sherman - Morrison - Woorbury A =X 4R 1B )
RBEA, FTIE, ST nxUn &u, v, FA—uv' 1, FH
A'uv'A™

1-vTA’

BRI (1 —uvD) =1 +uv' /(1-v'u).

(A—uv) ' =A"+

fff: Sherman-Morrison-Woodbury 2\
XU, ViEn X kAERE, & AppmA A—UVTHIE, T

Apn — UVt =A"1+ AU, —vTA tu)y-tyTa-1
Ry il

_yTy-1 — R T e S B R B SR T
(I =UV )™ =l + Ul = VUV PR vk Y >R 0

T ATH RSB SE 5 det(A — UVT) = det(4) det(l, — VTA™1U)

Rif: S4nfRKIE, nfERE BRI # FERT . L0 SRR AR R U, V).
i =1,2,.., FEE x nERERE(A — UVT) ™, SMWARBIB, #
ke << n, BATR FEUE—UORFERE K184~ DU F kBN RE 8.



ﬁ_ﬁ%ﬂz 1E§-&E’-ZE—1J‘Y‘RX1 = XnXpB + &, EN(O; O-Zln)rX = (Xlr ;Xn)T; LS/fﬁ_H_‘j'g
B, W% Ne,i=1,..,n KEFHRARSS = |y — XB||* = S e2. MG
AN Sy, % R ARy = X_ B+ e, €.;~(0,0%L,_,), FLSfHTTFIFE
SV RS BN B = (XTX_) " X Ty  FIRSS = |ly_; — x_:B",

(DB =B—-&"X)x;e;/(1 — hy) -

—_ 2 Y :(Y1’---’Yi—1'yi+1 ----- yn) ’
(2) RSS = RSS — €; /(1 — hii) X_i _ (Xl,...,Xi_l,Xi+1 ..... Xn)T

A A2 15 FH
Q MIBR—ANEA fE LS vF B SE B R LS T AR 2 e, A EFHILE .

O RSS < RSS, HMIGEFEA S i, MIBREFIT BN . 251% S RFL A ER,; —
1 GemR) , NERZEF A AEE 2 RIERE D (BriEe; = 0)

Q #e, =0, MBREHE A M H/D ZREF LT . X a] LU IEN 7
FBAEM: 0=X8 X (Vx — XZE) = Ykzi Xie (Y — XH;)




AE2RES: (1) X =(6%,)T XX =2 xx", XTy=Yxy,
i=1 i=1

= XTX =X XL +x%, XTy=Y %y, =X,y +XV,
=1

ERh =% (XTX) %
(XTX) X% (XTX)™
1-x," (XTX)™'x,

S T 1y T, Ty \-1 (XTX)_lxiXiT(XTX)_l Ty
:>B_(X—i X—i) X Yi—[(x X)"+ 1—XiT(XTX)_1Xi ](X y Xiyi)

1L (X TX0) = (XTX =x ") = (XTX) ™+

Tuyle oT/vTwy-lv T _
LB (XTX) x4 LR XX (XY XY = (X X) T (X X)X,

1-h; \
(XTX)_lxi(yi_XiTﬁ) 0 (XTX)_lXiei

1-h; ~b- 1-h,

h..

-




(2) H(1), ) ,
RSS = |ly—i = X_iB||” = [ly—i — X_iB + X_;(XTX)""x;e;/(1 — hy) |

2 |y — XiB+ a||2 = |ly_; - X_l-/[§||2 +aTa+2a"(y_; — X_;B)

Vi = X_B|* = Byt = RSS — e,

55 0
a'a=e’x](XTX)~ 1[XTx_l](XTX) 1x;/(1 — hy)?
= e?x{ (XTX) T XTX — x;x] | (XTX)"1x;/(1 — hy)?
= e/h;;/(1 — hy)

KA, 2aT(y_; — X_;B) = —2efhy/(1 — hy)

FrbL RSS = RSS — e? — e?h;;/(1 — hy)) = RSS — e?/(1 — hy).

(3) H(1), TMEY; = x{B = x{ (B — (X"X)"'x;¢;/(1 — hy)
=¥, —eihy; /(1 — hy)
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W BEAvar@)=o?(XTX) L BTEAD; = (B-B) 6 (X TX)(B—B)/ p
A HA AR 5 BT D R B,

i3 XHELI<i<n, Dizixirﬂ Her =—

p 1-h, G+/1-h.
PRI (ZRIA R W] cook il B 45525 )8 1 hAlr).

WEB: AW , B=p-(XTX) xe /(1-h),

.............................................................................................................................

e EE: DFFITS, = Ny DFFITS, |> 2\E, REA A i R

! 6\/h_ii n

DFBETAS, (k) = — B P, 1<k <p. #|DFBETAS, (k) [> =, ifiBi
G (XTX)? ikk n
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Bl1(2k): s EESEKERRR, REFZEE (GRZEHr+82m 5 Hr)
> myfit =Im( BrainWt ~ BodyWt, data=log(brains)
> plot(myfit, which=1:6)  #default: which=c(1,2,3,5)

Residuals vs Fitted Normal Q-Q Scale-Location '
[ e e [ebEaaR
. o R R - 00 ° .
w ta g, ®e " i _ = | 000000 0.—_,?:80 ' N D D Lo
I R I ot R ke
= - 0000"-‘0; 000%0 g 3—0 " fo% s o o : N
T 8 o] o, Tul ' (2) ggnorm: R Z IEAR?
i T T T :\avler_owsslm T U;\.afer B T T T g_| T T T T T i ( ) qq - =
2 o 2 4 [+ ] 2 1 o 1 2 2 o 2 4 [+ ] 1 » AN N D
Fitted values Theoretical Quantiles Fitted values i (3) ZIJE-{ME @ (ﬁﬁﬁ Ig] E(]
1
1
AY N, A:Aé: AY Al
Cook's distance Residuals vs Leverage Cook's dist vs Leverage h;/(1-h; i %i‘?ﬁ) zjﬂ%? —rﬁ%v
o Fuman . e R g_ 2.5 D, 5 ak |
: g - 9 s 1l i (4) Cook’s D: §ZHA 43T
z = g - @, 1 a g = '
H N E o . : H '
2 water |onossum Wusk shrew M Wo g N D
. H “T L IR O i ' (5) FRE-ALFFE: S2m AT
§:|H....I.....|.|||.|||.|.|..|.|.|......|“||..|.|‘.”.u K :_ -~ “iosusessitance 8 e e i o
DI 1IU 2‘0 3‘0 4‘0 E-IU GID U.IDD D.IDZ D.ID4 D.IDG D.IDS D.‘Iw DI D.IDZ 008 008 04 i (6) D VS h: E}u@ ﬁj\*ﬁ
Obs. number Levera ge Leverage hy :_ __________________________________________

2L se AR HERL S (lowess ) , £ 26 Ncookith & D-45 /5126 (D=0.5, D=1).
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(D) EMBE— AR, WIERZEF T — e N AR (A i)
(2) & AR R — AR, bR 25— Ei"jJDJZK’EE
(3) & AR I — s, WPUE RE—eEmm (AL .

(1) SEFR_I 5 fa] B, Mﬁ¢ Feid: H bR ﬁﬁ%%ﬁ

RSS,, = man(yl —X; TB)2 > min Z(yl - X; TB)2 = RSS,,_4
WWT*AﬁﬁﬁF%%$ﬁﬁﬁ¢

) X = (%28 = (')
RSS(X1, X5) = ming, g, |ly — X1B1 — X2B2|?
< minm,[;z:o lly — X181 — XZBZHZ

= ming, |ly — X, B1 1> =RSS(X;)

(3) PAR? = 1—RSS/SS s, HURINEARNHUN, RSSIRAD, PesE RECH.
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i AEDEI\% .

At KCHE R FOT0L A T 5 SRR ) 4 vk
2 RIS AU T A R 16 7

____________________________________________________________________________________________
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fy<1: Jackknife F¥EMHIT

Jackknife Invented by Quenouille(1949), named by Tukey (1958).
123537 7] Tukey: If you had exactly the right tool for the job, you’d use it. But
if you don’t, then you‘d use a jackknife. Jackknife method is an all-

purpose( /7 fiE) tool.

BIALCE T BT Xy, X, did ~U(0,0), ICFEARM/NEIKHES N
Mgy S Sy S =
0

BRI 0, = X, = max()IEAE T 0. E@) =—-0=0-—"—

H‘]ﬂzi@{éﬁ d= (X(l) + (X = Xgy) + -+ Xy — X(n—l)))/ =X /N, 5

i S o A I I - n 1
AN A K 6 - X BAZ LA T 6-X,) =0 =6, =——=x,,.
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BIA2. MWBIATE MRS RN O 14510, Al e — AN T8] b Rl e O< i
d,=0-X, @

BT X ., XA AT SRR, TR AN —VNXICHR AT TT X,
1 A MRS B L/ FIL-1/ 0, P, n— LN S B A

Xnopy + (n-1) X

\

n

X(n1)

v5 LR OREE

4 -0 Xy +(N=1)X,
n-1 "~ )

(2)

n

FiRd Fad, 5 BREREAECE nFin -1, &s— XK

A 1
A _ J—
2(-Dd,; =nd, = 0; =2X;,) — X,y _H(X(n) ~ X )

FrJgdackknifefdiit, HmzE/NT 0, Ofw%E.
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Jackknife H TR IE{fRZ (Quenouille,1949)

) BB ARV A T REARX,, ..., x I OO, B HmZDb =c/n, Bl
‘ E@)=0+2,
n

BAVA B A TR E b, IR IE .

ackknife W%ﬂeﬂ@ﬁﬁ%é(-”,izl ..... n,d=>6%n,
i1t i=L

R 22 bt (n=1) (0 — 6), K2 1Mk 2 J5 i dackknifefti 114
éJackknife S (n-1) (5 - é)

kb ARYE IR Z X %?n—14‘%1?%)?E’Mﬁﬁé(“)ﬂ‘]ﬁa%?’ﬂi:

E@)=0+-% = E@-4)="C-°-_C°
n-1 n-1 n n(n-1)

= E(@-0)=c/n(n-1)=b, /(n-1),
Bl (n-)E@ -6)=b., FrLh(n-1)(0 —6) & mZb HI Tk,
NI g = 0 — (N—1)(0 - O)E I TR T



BIAZE, & =x,.E(d)= 9+%, 175 2 Fl Jackknifels IE Qi

6" = MHIFx 5 [ #R KAl = max x; =

j#i

__'_'_4
Xmy X # Xy
Xon X = Xy

40 = iéﬂ—” In=((N=1)X + X))/ N, BLEIFI2A X0 —IANREAR 55

MBI, T8 — 0= (X, —X)/N
Fﬁ u é]ackknife = é o (n _1)(5 - é) = X(n) o (n _1)(X(n—1) o X(n))/ n

— Zx(n) - X(n—l) - % (X(n) - X(n—l) )1 51§IJA2/?%£IJ Elg éﬁ%*a Iﬁ o
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Jackknife H F{ti v+ 75 2 (Tukey, 1958)

Jacknifeft) 5 — N EEHGE 2T EE RS TE (LR KRG IFE max(x)) HI %,

0, 1R ORE: T RiAREARX, ..., x KO —AMtiit 6. Hbr: fhiitvar(d).
100 M AR R O TE, 1207, i=1...,n HIREA KB AREA Ty 2

n — n i ul 2
é]ack = Zg(_l) /n; SJZaCk = Z(e(_l) —3) /(n —1)’
i=1 =il
—1)\? 1.0 /0 3\
Tl %77 2 ) Jackknifefhiit: Var(d) = % s2 - ”Tl (6 -5

i=1

BIA3. #7 Ot BRI, o REMTTZE, RIE(X)=6,var(x)=0".

RVCE W i 0=X, BATE Rivar(d) = o In, HALitvar(@) ===
FRAT R T 56 iE Jackknife 7 VA 19 2 Bt &4kt

0=%, MO = (X, +.c4 Xy + Xy +..X, ) [(N=1) = 1i,
n_
2

WS O, T =L A, =X, BATT ST = _11) i( _%)
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Jackknife 5Bootstrap

B A BEHLANBR — MFEA &, REBEH LI EN — 14> sl 52 B i As &y R 4e it
&, MAZMSAE, AT APl RSt E R ZE . R0, s
NN KX, X BEALE R U BN AN 55, RS O i K St &,

BET G TR Se i & ) e 22 B At M R 3R (IR YR« IXFR ~Bootstrap H Bk

EAEA X0 X, BEOMIE O X,y %, HAE A N B80S 25

5 0iBootstrap {1t 0", REHMEEBIK, 5216, ,6;,....0;, CA1Z ORI Tkt
FRAS, T P SRAt T ) 43 A BURH 6 IR &
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fyk2: TERENR SR

IES AN (u, 0?7 2 S EMER WA B S %, EET O HRER
7 BB IR 25 0 An 7 ZMIE AT ReT O, A

B R . iid ~ B p), ieLT, YR 4 o)

“np > 58, I X ~ N(p, M)

n

)
Ja
A >50, X ~ N(4, 4).

RBEX ~ Pois(A)JEFA 5347, W i> N0, 1—>

31 E1(Deltaiik). (X, —0)->N(0,6°(0)), n—s oo, g (0)

174 HLAF0, VR (g(X,)— 9(6) > N(O.[g' (O)] o2 (0)).
(& TR

B ZBENRIT, dEfH: Vn(g(X,)-g(8)) =/ng'(@)(X, — ).
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WAL

wO=E(Y), o°= 02(9) =var(y), Yyl EZRENLEE XA
1
(9)

B GIE, AN RITERE N Ry, HRRHREgX,) MTES
6k, B

a(y) =

[9'()]?0%(8) = C CHED :g(e)xfﬁde

BIAL, AT H0 T iR ZEsL:
R (X, Yy )reen (X, ) did ~ —JCIERS, o N EARIE R REL, 1A
FEAAH R RE, ) \/ni(rn—p)L)N(O, (1—p2)2> 24N — o,

i R e (B oNFisher's z- 2535 ) .

1 1 1+r, |
g(r,) o I i )dpzzlog[l_rJ—atanh(rn).

n

Jn [atanh(rn) —atanh(p)]i) N(0]),
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A5 L Z R (proportion data) #x ~ B(n, p), p = x/n, N
E(p)=p, o =var(p)=p@d-p)/n.

ﬁ%ﬁ*wﬁﬁ

X 1 )
X)oc | ——dp = dp = arcsin ./
9 (p) ' P9 "
& B2, ATELPHI T Z A e AR H N arcsin o/ P

{5 5 R E FH ) 2 logit 22 4k .
0 —> logit(p) = |og(ij,
1-p

pjjffﬂ/ﬁfi %Mjodds.
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