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fffs1: GLASSO - Graphical lasso
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Friedman et al. (2007) #2 Higraphical lasso 7712, BT Z J6 IE SR b
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log det(Q) — tr(SQ) — A||Q]l4

HASAEAR T ZRFE, (1Qll, = X oyl

2
BT HIEX, ..., X4 1id ~Ny (, ), BRAIR RS IH 45 Tk fb
log det(Q)) — tr(5Q), 0 =x71
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Z ;. Friedman, J., Hastie, T. and Tibshirani, R. (2007). Sparse inverse covariance
estimation with the graphical lasso, Biostatistics 9: 432-441.
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55 5€ X35 1 € X7 b A Jey vl By IR AN HE AR 1 IR

EH2. Rikx ~ N (n,2), XMETERANG =V, E), FIR=ER S
o HiTH LK (Pairwise Markov property, € X3) :

X Lx;|x, (i,j)eE CFA, jZIERAAEL)
o AHBL KM (Local Markov property) -

X L X oy | Xoeys €(0) =gk €V 1k ~ i,k i}

2 p(x %) = p(x | Xieqiy)
o BARTL MR (Global Markov property)

Xp LXg | %o, TRESCHEANB
(RIA, B2 [8] B3 45 i A2 St CHR ) FELL T i, A, B, CHLJF)s

WEBH. 2 WLKoller, Friedman (2009), Probabilistic Graphical Models



Pairwise

X, L X5 | X_q,5

X_5 =1Xgs X3, X4}

ne(5) ={2,4}

Local Global

L

X5 1 X{1,3} | X{2,4}
ne(5)={2,4}

X, L Xg | Xc
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a@: Hammersley-Clifford 5

B AT A5 1-2 A8 MOKE 55 R0 B FHE BT vy 40T PRI AR b . B DL I ) R
RIAR P8 SR in) e 37— R /il oA 0 A, e AT AN RGP BE
HRET (NS )

WiELhrE= (FHREEREEN) RIKEESRSEE

p(xi|x_;) = p(xllxne(l)) =12, ..
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B3 (1) FATEZ B EAEE: R EY, y,
E(x) =E(y) = 0,2

y|lx~N(ax, 0%), x|y~N(by, t%), &
EARETE, () IR —JCIER?

y=ax+e¢&, &~N(0,0%),& I x
x =by+ ey, £~N(0,72), &1l y

ab < 1,a/c*=b/7>.
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Jij~i

7€ #3 (Hammersley-Clifford i€ B AFIRTE ). BIX = (X, ..., xp) T IRAIL
SRIEZSEEER (FAFIEDS) -

xi|X_; ~N (#i - z Bij (xj — 1) Ki_1>» i=1..,p
Jij~i

%j&’l’a )I_\I”/Q‘\BU — Bji = 0. iEQ = (a)l-j), ;H\:EIII(U“. = K;, wij = Kiﬁij,l' =/=jo
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1 P12 :8119
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HCEHZ ! T MRFINELE A T

€ 34 (Hammersley-Clifford & ). # & [RFEALIA MBS - fip(x) > 0
CRLIER) , MEAF W T

1
p(x) = exp (— D bexc) )
C

HAp Cr i K A%l T 574 (Clique), Z : partitiond—4k & %4
S P AE T IR & (%) > 0 BIATI X A R — N IEERI AT ? 2 WHI3, EH3

B, WEx = (x;,i = 1,2,. YWaofe S KK, ThifCERE
mOCRAEED , Wcliqueln 4 K

G A RA

T I = p(x)-—exp( 2¢l](xl X;j) )
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U S A A 28 PR o BRI, L, —1, T 6B 5
¢ij(xi, xp) —EBRALI

qbl-j(xl-,xj) = aij + bl-xl- + C].X'] + dijxin,
XA Ising T, Horh RFSHd, AR T HIATHE 1548 B AR FIFLRE -

R — 2 (homogeneous), Bl &%Xa,b,c,di&H Fix, Eoln
dij=d , ERMATRZEAEMLAMHF (homegeneous) .

TG FKE,  Ising#p (x) 2 2 A AEBENLAE B IS A (Giit
PR Nloglinear BiAY) . B FIAEK G MR

1
P(Xl = X1, - ,Xn = xn) = Eexp(—a - Zi bl-xl- - Zi~j dijxin), X = +1

EHRp@ MR Z s (SIESHED .



P2 Ising model

XHPIEL 2 R UL, Ising B AL & — MBI, H Tk
WAL EY B G . DL eS8 B, P dsks LA x; =
— 1 or 1 ONERBNHEHAE WA B RS spin) , H
B S AN Ene (DB S5 EERES AN S . ik
(X1, vy X)) 5 KBENLI -

Xi L X_peciy | Xne(i)

FT A I B A (— BRI T fE i+
W RIB N

p(x) = Zexp(~H(x)/T),

;H\:EPH(X)z—] Zi~j XiXj — thxl%ﬁﬁégl%ﬁ
(Hamiltonian), /{6225 TR, AR ST,
TAKIRE. 2] >0, HAWEHETF S, BEEK
X, HiREEAC, BT, SRS €
FERE, MM TRORIH G, FRONAHAR

A
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Partition (fic%) Zs&H—{bH 4L,
Z=12(,h) = Eyer-1,1nexp(=H(x)/T).

ZEE TR AME MR (ZEE0E) » ZREF SRR *
[R5 AR i 5%, Lee-Yang circle theoremilF B T % Si4E & 1
AR RN RIR Fising) , JiE R THRRIRER, 8%
RBTSEH, iz KA BRAR

1d Ising: A ¥ it I A A AR

2d Ising: B A5 HffE A M2 (Onsager,1944; Yang CN, 1952)

3d Ising: open

Fre v
| F(x.0) = h(x) exp(n(0)x — A(6)) =
ZO)E T IS B

FERFERAL: Bexp(tx) = 57250 = exp(A(6 + ) — A(9))

ki, E(x) = A'(8) = dlog(Z(6)) /96

75y CPOx ~B@) Z(8)=exp(A(6))

i, ZOERE RO SR A, AR, (B |
SURBORAARIENR T, MASIE L (A TR .

______________________________________________________________________________________________
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MoRi—T, J > 0, mI@itk, Wmicprist&m T Rm, EEIR T
ANBE T, 2B CREEL , HiREET Tk A
(phase transition), 144k (GEEL) -

7y
HR
FHAE

TeTe

—NELRIG] T B Ising AT FUAE 2 LA RT3
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The Spontaneous Magnetization of a Two-Dimensional Ising Model

C. N. Yane
Institute for Advanced Study, Princeton, New Tersey
(Received September 18, 1951)

The spontaneous magnetization of a two-dimensional Ising model is calculated exactly. The result also

gives the long-range order in the lattice.

T is the purpose of the present paper to calculate the
spontaneous magnetization (i.e., the intensity of
magnetization at zero external field) of a two-dimen-
sional Ising model of a ferromagnet. Van der Waerden?
and Ashkin and Lamb?® bad obtained a series expansion
of the spontaneous magnetization that converges very
rapidly at low temperatures. Near the critical tem-
perature, however, their series expansion cannot he
used. We shall here obtain a closed expression for the
spontaneous magnetization by the matrix method
which was introduced into the problem of the statistics
of a two-dimensional Ising model by Montroll* and
Kramers and Wannier.* Onsager gave in 1944 a com-
plete solution® of the matrix problem. His method was
subsequently greatly simplified by Kaufman,® and the
result has been used to calculate the short-range order
in the crystal lattice.”

The Onsager-Kaufman solution of the matrix problem
will be used in the present paper to calculate the spon-
taneous magnetization. In Sec. I we define the specific
magnetization I and express it as an off diagonal
element in the matrix problem. By introducing an arti-
ficial limiting process its calculation is reduced to an
eigenvalue problem in Sec. II. This is solved in the next
three sections and the final result given in Sec. VL. The

ralatinn haturaan T and tha seaal lane sanea aedae ie

where
Vi=exp{H* i G}, (2)
1
and

Ve=exp{H ¥ 5,8,11}. (3)
1

H* and H are given by
e = tanhH*=exp[— (1/kTHVp— V)] (4)
The following abbreviation will be useful :
x=¢ 8, (5)

If a weak magnetic field is introduced the partition
function becomes

Zge= (2 sinh2H)™? trace(V;V V)™, (6)
where

Vi—exp(ac 3. s,}. )

For a large crystal only the eigenvector of V=V;V.V;
with the largest eigenvalue is important. We shall be
interested in the limiting form of this eigenvector as
3c—0.

It has been shown by Onsager® that below the critical
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Statistical Theory of Equations of State and Phase Transitions.
II. Lattice Gas and Ising Model

T. D. LeE anp C. N. Yane
I'nstitute for Advanced Study, Princelon, New Jersey

(Received March 31, 1952)

The problems of an Ising model in a magnetic field and a lattice gas are proved mathematically equivalent.
TFrom this equivalence an example of a two-dimensional lattice gas is given for which the phase transition

regions in the p—v diagram is exactly calculated.

A theorem is proved which states that under a class of general conditions the roots of the grand partition
function always lie on a circle. Consequences of this theorem and its relation with practical approximation
methods are discussed. All the known exact results about the two-dimensional square Ising lattice are

summarized, and some new results are quoted.

INTRODUCTION

N paper I' we have seen that the problem of a
statistical theory of phase transitions and equations

of state is closely connected with the distribution of
roots of the grand partition function. It was shown
there that the distribution of roots determines com-
pletely the equation of state, and in particular its
behavior near the positive real axis prescribes the prop-
erties of the system in relation to phase transitions. It
was also shown there that the equation of state of the
condensed phases as well as the gas phase can be cor-
rectly obtained from a knowledge of the distribution of
roots. While this general and abstract theory clarifies
the problems underlying the statistical theory of phase
transitions and condensed phases, it is natural to ask
whether it also provides us with a means of obtaining

as a theorem in Sec. IV of the present paper and proved
in the appendix. Implications of the theorem are dis-
cussed in Sec. V.

Also in this paper we shall give a proof (Sec. IT) that
the problem of an Ising model with a magnetic field is
mathematically identical with that of a “lattice gas.”
From this identification we were able to trace exactly
the transition region in the p—ov diagram of a two-
dimensional lattice gas in detail. This will be presented
in Sec. ITI and forms a clear illustration of the dis-
cussions of paper I and of Sec. V of the present paper.

At the end of Sec. V we give a summary of all the
exact knowledge known to us about the two-dimensional
Ising model in a magnetic field and its relationship with
the distribution of roots of the partition function.

II. ISING MODEL AND LATTICE GAS
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